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I INTRODUCTION

The principle of subband coding (SBC) is based on the decomposition of the input signal into narrow

bands, called subbands, by a set of analysis filters at the encoder. Each subband is then maximally

decimated and separately encoded according to a certain bit-allocation criterion. At the decoder, the

decimated and encoded subbands are decoded, interpolated, and filtered by another set of synthesis

filters before being added together to reconstruct the original signal. Multi-dimensional subband

coding theory was first introduced by Vetterli [1]. Later, the first subband image coding results

were presented by Woods and O'Neil [2]. Since then subband coding has been considered as one of

major coding techniques for compressing images and video [3]. The SBe is essentially a frequency

domain approach which consists of two subsystems: (1) subband analysis/synthesis (i.e., subband

representation) and (2) encoder/decoder (i.e., codec). Notice that the subband representation

provides a special way to represent the original source. Only the codec provides actual compression

and decompression functions. For examples, Woods and O'Neil [2] exploit differential pulse code

modulation and its adaptive version to encode the individual subbands. Westerink et ale [4] apply

vector quantization to code the subbands.

A special class of the I-bit (or two-level) moment preserving quantizers, called absolute moment

block truncation coding (AMBTC) [5], is considered as the codec in this paper. Compared with

many well-known coding schemes (e.g., discrete cosine transformation, differential pulse code mod..

ulation, and vector quantization), AMBTC provides fairly competitive image quality at medium

to high bit rates [5]. On the other hand, the AMBTC has a very simple computational structure,

and it is adaptive to the local areas of the input image. However, the compressed image quality

using AMBTC presents severe blocking artifacts at low bit rates. In this paper, a new subband

coding system called subband AMBTC (or SAMBTC) is introduced. The SAMBTC system incor

porates time-domain AMBTC into frequency-domain subband coding along with a new dynamic

bit allocation algorithm.

The paper is organized as follows. Section II provides the essential background on subband

source coding. Section III summarizes the AMBTC algorithm which is used as the codec of the

subband coding system. In addition, we present certain fundamental insights about the AMBTC

algorithm and demonstrate the performance of the full-band AMBTC at low bit rates. Section V is
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concerned with the 'development of an adaptive process for dynamically allocating available bits

among multiple subbands. A new dynamic bit allocation algorithm is derived subject to the

Shannon rate-distortion relationship using a Lagrange multiplier optimization technique. A se

quential implementation algorithm is then developed in order to precisely match the bit rates of

the available AMBTC windows. The new algorithm is then compared with the commonly used

standard-deviation bit allocation algorithm using the sequential implementation form. The coding

performance using SAMBTC system is presented and compared with the ones of using AMBTC.

The final section is a conclusion.

In a companion paper [6], the SAMBTC is further extended to compress color images recorded

in various color spaces.
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II SUBBAND FILTERING FOR IMAGES

The theory and development of subband filtering can be found in numerous sources (e.g., [1]-[3]

and [7]-[9]). Only the essential facts are summarized here. In one-dimensional (I-D) two-channel

subband analysis, a I-D filter pair, Ho ( w) and HI ( w) (called the analysis filters), is used to

decompose an input signal into two subbands. Each subband is then decimated by a factor of two

in both horizontal and vertical directions. Note that the subscripts 0 and 1 denote lowpass and

highpass filtering, individually. For the corresponding subband synthesis, a set of reverse processes

are performed. First, each subband is interpolated by inserting a zero between each pair of adjacent

pixels. Then another set of I-D filters, Go ( w ) and G I ( W ) (called the synthesis filters), is used

to filter the interploated pixels. The filtered results are then merged together to reconstruct the

original input signal.

The quadrature mirror filter (QMF) bank has been frequently used in subband filtering for

both subband speech coding and subband image coding since its introduction by Croisier et al [10].

For the QMF bank, the conditions among the analysis and synthesis filters can be summarized as

follows.

s, (w) 6. H ( w )

HI ( w) == H (w + 1r)

Go ( w ) == 2H ( w )

(1)

Thus, only one low-pass filter H ( w ) needs to be designed for the QMF system. In this paper, the

FIR structure is used in order to maintain zero phase distortion with some amplitude distortions.

The symmetry of a linear phase FIR filter of order N - 1 results in

ho{n) ho(N - 1 - n), n = 0, 1, ... ,( ~ - 1 ) (2)

(3)

Two-dimensional subband filtering can be implemented by sequentially applying one-dimensional

two-channel subband analysis to the source image in both horizontal and vertical directions (called

separable filtering). There are many ways to split a source image into multiple subbands with
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equal or unequal bandwidths. Gharavi and Tabatabai [11] adopted an octave-band (nonuniform)

decomposition for splitting an image, while Woods and O'Neal [2] and Westerink [4] used equal

bandwidth (or uniform) splitting to generate sixteen subbands. As in Woods and O'Neil [2], the

filter coefficients of the one-dimensional Johnston 32 tap QMF filter (i.e., 32D in [12]) have been

used to filter images and produce 16 equal-bandwidth subbands for each image in this paper.

The boundary effects are artifacts introduced in the filtered signal due to the finite length of the

input signal. The length of all practical digital signals are essentially finite, and thus boundaries will

exist. However, because the last pixel of each row in a digital image typically does not correlate well

with the first pixel of the next row, the adjacent rows of a digital image cannot be linked together, one

after the other, to form an one-dimensional signal for the one-dimensional FIR filtering. The same

argument is also valid to columns. Therefore, effective reduction of the boundary effects is necessary

when FIR filtering of a two-dimensional digital image. The boundary effects cause ringing artifacts

in digital images. In order to reduce these artifacts, Smith and Eddins [13] proposed the symmetric

extension method which extends the edges symmetrically before the actual FIR filtering begins.

Later, Vetterli [14] suggested several alternatives for extending the boundary pixels. In particular,

Vetterli [14] suggested that for a medium to high compression application, the simplest and most

robust way to extend the boundary is to duplicate the boundary values - boundary replication

method. The reconstructed images using the symmetric extension and the boundary replication

achieved the best results and were quite close to each other. Vetterli's boundary replication method

[14] is subjectively preferred and is used in this paper.

The new concept of numerically evaluating the reconstruction process is introduced in this paper

as follows. All previous work addressing the boundary effects were from a perceptual standpoint. It is

well-known that each reconstructed image should perceptually appear the same as the corresponding

uncompressed image in the absent of the codec. A quantitative measure of the boundary effects

is introduced here for determining the performance of perfect reconstruction filters. Two digital

monochrome images, LENA and HOUSE (see Figure 1), are used for the simulations. Both images

are decomposed into sixteen equal-bandwidth subbands. The subband synthesis process described

previously is then applied to each image. Although the reconstructed images may subjectively looks

identical to the original, due to the finite representation of numbers and the non-ideal low-pass QMF

filter, the reconstructed images do have small differences numerically. For numerical comparison,

the mean-square error (MSE) and peak-to-peak signal-to-noise ratio (PSNR) are used. They a~e

5



Figure 1: Two uncornpressed monochrome images: (a) LENA and (b) HOUSE. Each image has a
size 256 x 256 with 8 bpp.

defined as:

and

MSE
1 M N

6 MN I: I: [x(m,n)-x(m,n)]2
m=l n=l

6 (255)2
PSNR = 10 loglO MSE dB.

per pel (4)

(5)

(4)

where M and N are the number of rows and columns in a digital image. Two sets of MSE and

PSNR are calculated to evaluate the performance of subband perfect reconstruction filters. The

two sets of measurements are: MSE and PSNR for all the pixels in an image, and MSE and PSNR

1 M N

M SE ~ -- I: I: [x(m, n) - x(m, n)]2 per pel
M N m=l n=l

and

6 (255)2
PSNR = 10logl o MSE dB. (5)

where M and N are the number of rows and columns in a digital image. Two sets of MSE and



if the boundary pixels are not included. These measurements can be used to determine how well

the QMF bank was designed and to check the correctness of the software simulations.

(a) LENA Image
Bands Boundary Min. Maz. MSE (Ipel) PSNR (dB)

4 No 0.0 1.0 0.286372 53.561
4 Yes -102.0 95.0 2.594650 43.990
16 No -2.0 3.0 0.322963 53.039
16 Yes -158.0 121.0 9.944336 38.155

(b) HOUSE Image
Bands Boundary Min. Maz. MSE (Ipel) PSNR (dB)

4 No 0.0 1.0 0.245297 54.234
4 Yes -57.0 70.0 1.136063 47.577
16 No -3.0 3.0 0.244320 54.251
16 Yes -54.0 120.0 3.795395 42.338

Table 1: The performance of alias-free subband reconstruction filters for 4 and 16 subbands: (a)
LENA and (b) HOUSE. Two measurements are calculated - with and without counting the bound
ary pixels. The width of the boundary is 16.
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III ABSOLUTE MOMENT BLOCK TRUNCATION CODING

(AMBTC)

In general, a moment preserving quantizer (MPQ) can be viewed as a compression algorithm which

compresses a set of discrete samples subject to preserving certain moments of these data. Given ~n

image, it is first divided into nonoverlapping blocks. The MPQ is then independently applied to each

block such that the same type of local (or block) moments are preserved in every block. Lema and

Mitchell [5] present a special class of the MPQ called the absolute moment block truncation coding

(AMBTC). In this paper, the full-band AMBTC is incorporated into the subband environment

along with a newly developed subband bit allocation algorithm. First, let's briefly review and

describe some new fundamental insights about the AMBTC algorithm.

A. AMBTC Algorithm

Consider an image divided into n x n nonoverlapping blocks. Let m = n 2 he even and let x =

[Z1' X2, • • • ,zm]T be the vector of the gray level of the pixels in each block. Delp and Mitchell [19]

developed the first MPQ called block truncation coding (BTC) algorithm in which the local mean

and variance of each block are preserved. Lema and Mitchell [5] modified the constraints of BTC and

developed a new algorithm called AMBTC such that, the block mean T/ and the first absolute central

moment a = ~ L~l IXi - ",1 = ~ L~l IYi -",1 (rather than the sample variance u 2 = x 2 -112 in

BTC) are preserved; where Xi and Yi are the gray level of input and output pixels, respectively. Both

BTC and AMBTC are a two-level (or i-bit) quantizers since only two quantization levels (denoted

as a and b) are generated in each block. Assuming the number of pixels which were quantized into

a and b within a block are ( m - q ) and (q), respectively. That is, at the quantizer's output,

m

m",= :EYi - qb+{m-q)a
i=l

(6)

m

rna = :E IYi - 111
i=l

q(b -",) + (rn - q)(l1- a).
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A more efficient way of computing a was derived as [5, Equation (8)]

Using Equations (6), (1), and (8), the quantization output levels were derived as

ma 1 ( )a == 1] - == L Zi
2 (m - q) m - q for Zi$'l

(8)

(9)

rna
b==1] +

2q 1 ( )- L z·
q for Zi>'l I

(10)

To summarize the AMBTC algorithm, the encoding process is:

Step 1: An image is first divided into nonoverlapping blocks with size n X n each. (Usually, n is

power of the two. In this step, we call an n X n AMBTC window is applied to an image.)

Step 2: For each given block of pixels x, the mean value 1] == (L~l zi)/m is calculated and used

as the block (or local) threshold.

Step 3: An n x n bit plane consisting only of 1's and O's is generated from the original block by

independently applying a I-bit quantizer to each pixel in the block such that the quantizer

output is 0 (if Xi ~ 1]) or 1 (if Xi > 1]), where 1 ~ i ~ m. This results in (m - q) zeros and

(q) ones in each bit plane.

Step 4: Two quantization levels a and b are calculated using Equations (9) and (10).

That is, the combination of the two quantization levels a and b and the bit plane provides an

approximate representation for each block. Thus, only the two quantization levels and the bit plane

are transmitted and/or stored. For the decoding process, the O's and 1's of the bit plane are simply

substituted by the quantization levels a and b, respectively.

9



B. Fundarnental Insights

In the following, we provide several important observations about the AMBTC algorithm. The

arguments are also directly applicable to the two-level MPQ. For more fundamental insights about

AMBTC algorithm, Ma and Rajala ([16]- [18]) present eight new properties of AMBTC with

proof. The properties are concerned with the AMBTC quantization error, relationships among

the input, output, and quantization error, and the relationship between the AMBTC and the two

level minimum mean square error quantizer (MMSEQ) in the full-band, as well as in the subband

environments. In addition, Halverson et al [20] generalizes the BTC to include a family of moment

preserving quantizers. Recently, Delp and Mitchell [21] provides fundamental insights about the

MPQ through the Gauss-Jacobi mechanical quadrature.

B.l AMBTC is a VQ

The quantization operation of the AMBTC algorithm operates on a block (through windowing)

of samples. Hence, AMBTC essentially performs a vector quantization. Thus, we can treat the

AMBTC as a special type of vector quantizer (VQ) ([22]-[25]), as follows. The quantization level

set { a, b } is the VQ's codebook. Since there are two classes in the set, it only requires one bit to

address the entire codebook. Hence, the bit plane is the codebook's address (i.e., O's for a and 1's

for b). The major differences between AMBTC and VQ are that the AMBTC adaptively calculates

the codebook for each nonoverlapping block (segmented from an image) based on the gray level

of all the pixels within the block. On the other hand, VQ generates the codebook for the whole

image based on a set of training samples. Second, the codebook size of AMBTC is always fixed

and contains only two classes. The codebook size of VQ is usually much larger and depends on the

system's requirements, constraints and applications. Third, for achieving high quality imagery, VQ

usually needs a sophisticated search algorithm which involves intensive computation. In addition,

the resulting large codebook size demands overhead transmission (thus increase the total bit rate)

and memory space (thus increase the cost).

Note that both VQ and AMBTC are time-domain coding schemes since no transformation is

involved. Like VQ, AMBTC has much less computational load at the decoder than at the encoder.

Notice that there are no mathematical calculations at the decoder but simple quantization level

substitution. Hence, the AMBTC codec is unsymmetrical. The unsymmetrical nature of the codec
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is a desirable property for real-time implementation and many applications.

B.2 MMSEQ - Applying LBG

The I-bit minimum mean square error quantizer (MMSEQ) is formed when its two quantization

levels (denoted as a and b) are generated subject to achieving minimum MSE for each block, instead

of preserving certain block moments. The I-bit MMSEQ has the same formulae as the AMBTC to

generate two quantization levels except for using an optimum block threshold T instead of 1/. That

IS,

and b = ! ( LXi)
P Zi > T

(11)

where ( m - p ) and (p) are the number of 0'5 and l's in the bit plane, respectively.

A well-known iterated search algorithm for designing a vector quantizer called LBG [24] can be

applied to find the optimum block threshold as follows. Let aand Ii be the maximum and minimum

gray values of the block as a set of initial values. The corresponding optimum threshold T is the

midpoint or average of a and b. That is,

T= a+b
2

(12)

With this initial threshold T, the new quantization levels a and b are derived using Equation

(11) which are the centroids of the two classes. If the new quantization levels are different from

the previous ones, then the new threshold T is computed using Equation (12) again based on

new quantization levels. The search procedure is iteratively repeated until either threshold T or

quantization levels a and b are unchanged. Thus, the minimum MSE is achieved.

B.3 Bit-Rate Lower Bound - 1 bpp

In the following, it can be shown that all the one-bit moment preserving quantizers (MPQ) are

bounded below by one bit per pizel (1 bpp).

Let the window size be n X n and let the number of bits representing a and b be Na and Nb'

respectively. Since the bit plane always takes up 1 bit for each pixel, the average bit rate for this
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n X n block of pixels can be calculated as

(13)

Theoretically, when the window size approaches infinity, the bit rate RMPQ is 1 bpp which is the bit

rate lower bound of the MPQ. For those applications which require less than 1 bpp, all l-bit MPQ

are not applicable. However, the SAMBTC approach proposed in this paper is not constrained by

this lower bound. For example, the source image can be decomposed into subbands through several

levels of octave band splitting. The higher subbands can be discarded leading to total bit rates for

the reconstructed image that are less than 1 bpp.

Table 2 summarizes the bit rate contributions from the bit plane and the quantization levels in

the AMBTC at various window sizes. It is important to realize that the bit plane always contributes

1 bpp and is independent of the window size. Notice how quickly the bit rates (column 4 in Table 2)

approach the 1 bpp lower bound as window size goes up. Due to the lower bound, the number of

effective AMBTC windows is small. For the simulation conducted in this paper, we choose a set of

windows as listed in Table 2 plus 0 X 0 and 1 x 1 to denote discard and no compression, respectively.

Window Bit Plane Quant. Levels Total Bit Plane
Size Rate (bpp) Rate (bpp) Rate (bpp) Percentage

2x2 1 4.0 5.0 20%
4x4 1 1.0 2.0 50%
8 x 8 1 0.250 1.250 80%

16 x 16 1 0.06250 1.06250 94.1%
32 x 32 1 0.0156250 1.0156250 98.5%
64 x 64 1 0.0039063 1.0039063 99.6%

Table 2: The bit rate contributions from the bit plane and the quantization levels in the AMBTC
for various window sizes.

B.4 Major Artifacts

Compared with other coding algorithms, AMBTC provides fairly competitive compressed imagery

quality at 2 bpp (equivalent to using a 4 X 4 window) or higher rates [19]. However, the AMBTC

coding performance quickly degrades at low bit rates (e.g., using an 8 X 8 or larger window). In
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particular, two major artifacts occur: contouring artifacts and blocking artifacts. Due to only two

reconstruction levels, AMBTC introduces jaggedness. For the flat areas in an image, the pixel

values vary slowly. As a result, the jaggedness would cause contouring artifacts due to abrupt

changes in the reconstruction values. Generally speaking, contouring artifacts are less noticeable in

the busy areas. Second, notice that no matter what the AMBTC window size is, there are only two

quantization levels. Therefore, for the large window sizes another type of distortion occurs, called

blocking artifacts. This is because an abrupt change in the reconstruction value occurs at block

.boundaries. Generally speaking, the larger the AMBTC window, the more distinct the blocking

artifacts are. In summary, the contouring artifacts are an intr~block distortion, and the blocking

artifacts are an inter-block distortion.

C. Full-Band AMBTC Performance

Two monochrome images, LENA and HOUSE (see Figure 1), are used for the simulations. Each

image has a size 256 X 256 with 8 bpp. Several compressed images at low bit rates using the AMBTC

are presented in Figure 2 for LENA and Figure 3 for HOUSE, individually. These images will be

compared with the ones using SAMBTC at the same bit rates. The corresponding MSE and PSNR

for these eight images are documented in Table 3.

AMBTC LENA HOUSE
Windows MSE(/pel) PSNR (dB) MSE(/pel) PSNR (dB)

2x2 14.021 36.663 20.947 34.920
4x4 63.941 30.073 90.528 28.563
8 x 8 134.931 26.830 168.017 25.877

16 x 16 229.466 24.524 251.807 24.120
32 x 32 374.059 22.401 409.759 22.001

Table 3: The MSE and PSNR for LENA and H01!SE ~sing full-band AMBTC. at various bit rates.
The corresponding compressed images are shown In FIgure 2 for LENA and FIgure 3 for HOUSE.
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V SUBBAND DYNAMIC BIT ALLOCATION

Bit allocation (e.g., [2], [4], and [26] - [40]) is a major concern in coding systems where a given

number of bits must be efficiently distributed among a number of sources. For subband dynamic

bit allocation, these sources are the decomposed subbands. In this paper, a new bit allocation

algorithm is developed from the foundation of Goodman [40] and is compared with the one presented

by Huang and Schultheiss [26] who first recognized the advantage of optimum bit allocation for

transform coding and derived an analytical expression for a number of Gaussian sources. The

standard-deviation based dynamic bit allocation algorithm described in Equation (31) is a direct

result of their work and probably the most frequently used bit allocation algorithm both in image

(e.g., [2, 27]) and in speech (e.g., [28]-[30]) processing. However, the derivations were based on an

approximate relationship between the quantizer distortion and the corresponding bit rate. Thus,

the solution is approximate and sub-optimum. In addition, if the standard deviation of a subband

is small enough, the number of bits allocated for a subband could be negative. In such a case,

Huang et ale [26] used a "trial and error" procedure for practical bit allocation. Improvements to

this method were proposed by Segall [31] and Ramstad [27].

Goodman [40] first considered the problem of optimally allocating the total available bit rate for

encoding analog messages. Goodman began with a formula given by Shannon [41] which relates the

rate and the mean-square error. He presented closed forms for the optimum rate allocation and the

minimum total distortion but did not show the derivations nor prove whether the stationary point

was a minimum or maximum. In fact, the total minimum distortion equation is incorrect. In this

paper, a Lagrange multiplier optimization technique is used to derive an optimum bit allocation

algorithm subject to the Shannon rate-distortion bound [41]. The proposed optimum bit allocation

algorithm for the subbands is proven to provide the minimum distortion. The correct closed form for

the total minimum distortion is derived. More importantly, when the subband has equal bandwidth

with some bandwidth normalization, it can be shown that the resulting bit allocation closed form has

the same formulae as the one for the standard-deviation based algorithm except it uses different

signal characteristics. The former uses subband energy, and the latter uses subband standard

. deviation. Through simulation, it has been demonstrated. that the coding performance of the new

algorithm is significantly superior to that of the standard-deviation based bit allocation algorithm
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at low bit rates.

A. Shannon-Bound Dyrrarnic Bit Allocation - the Direct Form

Shannon has proven that the required bit rate 'R, for any source with bandwidth W is bounded

above by [41]

'R, < Wlog, (P;e) (14)

where Pave is the average signal power of the source, and N is the allowable mean square error or

noise power between the original and recovered sources. Notice that on the left-hand side of Equation

(14), the dimension of the bit rate 'R, is bits per pel, bpp. On the other hand, the logarithmic term

on the right-hand side of the equation is always dimensionless. Hence, the dimension of bandwidth

W should be expressed in terms of bit rate (i.e., bpp).

The Shannon bound is used to specify a relationship between the bit rate and the distortion

for each subband. A subband bit allocation algorithm is then derived based on this bound using a

Lagrange multiplier optimization technique. Given subband i with bandwidth ui; (bpp) and average

signal energy Pi, the bit rate b; (bpp) and the resulting mean square distortion Vi are given by

bi = ui, log, (~:) (15)

or

o, = Pi (2-~) (16)

Let the total distortion of a compressed image be V. Since the subband synthesis is a linear process,

it is assumed that the total distortion 1) is a sum of the individual subhand's mean-square distortion

ti; That is,

subject to the constraints

1)
K

L
i=1

(17)

K

B - L bi, i = 1, ... , K.
i=1

17
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K

W = LWi' i = 1, ... ,K.
i=l

(19)

where Band Ware the given total bit rate and the total bandwidth, respectively. Both have the

dimension of bpp for K sub bands.

It is important to note that the subband bit allocation algorithm essentially allocates the total

number of available bits among the subbands. However, the bit rate with dimension of bits per

pixel, which is equal to the total number of bits divided by the total number of pixels, is used in the

discussion of dynamic bit allocation for the following reasons. First, one of the characterizations

for describing an image is the bit rate. Second, the Shannon-bound rate distortion relationship

(Equation (14)) and the derived bit allocation algorithm (Equation (30)) are expressed in terms of

the bit rate. Third, each AMBTC window results in a fixed bit rate (see Table 2). Hence, it is

more appropriate to use bit rate in the following discussion for bit allocation. That is, if subband

j is assigned a bit rate r, it means that subband j is allocated a fixed number of bits so that the

resulting bit rate is equal to r. Furthermore, B is the total bit rate distributed among K subbands,

and b is the average bit rate ( ; ).

Let the bit allocation vector be denoted as b ~ [bll b2 l ••• , bKf. That is, subbands 1,2, through

K have been separately allocated bit rates equal to bl , b2 , ••• , and b«, respectively. Let ,\ be the

Lagrange multiplier, with the Lagrangian (or Hamiltonian) defined as

(20)

To find the stationary point b*, the necessary conditions are:

81£{.)I ,-
I

Bb1 b1 --+b1 -
VJI 2-;'l - ,\ 0

81£(.) I ,-
2 081-£(. ) 8b] ~--+~- VJ2 2-;;- - ,\

8b -
!!--+!!-

81£(.) I ,- 01/J _::K..BbK bK--+bK- K 2 -K -- ,\

81-l(· ) K

B - Lbi 08,\ - -
i=l

18
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where

(23)

With some mathematical manipulations, the optimum bit allocation procedure for any subband j

with bandwidth Wi and signal energy Pi is derived as:

(24)

for j = 1,2, ... ,K. To check whether the stationary point b" is a minimum or a maximum point,

it is necessary to compute the second order Hessian (or curvature) matrix.

8:J1l(. ) 8:J1l(. ) 8 21l(. )
8b l 8b l obi 8b:J 8b l 8bK

8:J1l(. ) 8:J1l(. ) 8:J1l(. )
8b:J 8b l 8~ 8b, 8b,8bK

Hessian H =

8:J1l(. ) 8 21l(. ) 8 21£(-)
8bK 8b l 8bK 8b2 8bK 8bK

P ('age 2r 1>1

1 WI
2-;'l 0 0

0 P ('age 2f 2-~ 02 w2
"'2 ...

(25)

o o

Since each diagonal item is greater than zero, thus all the principal minors of the Hessian are

greater than zero. That is, the Hessian is positive definite. Therefore, the stationary point b" is a

minimum point, and Equation (24) provides the optimum bit allocation for subbands with arbitrary

bandwidth. Using Equations (17) and (24), the minimum total distortion 1). is

(26)
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When the subband bandwidths are equal (i.e., ui; = ~, for all i), Equations (24) and (26) can

be further simplified as follows. Define the geometric mean of the signal energy of K subbands as

Then, Equation (24) becomes

(27)

. B (W) (Pi)bi = K + K log] P
g

[Equal Bandwidth Case] (28)

Note that the bi is the optimally allocated bit rate for the subband j. From Equation (26), the

average minimum distortion per subband is

• 1). p ( _~)V =-= 9 2 w
ave K (29)

which has the same formula as the Shannon rate-distortion bound expressed in Equation (16) except

that Equation (29) uses the total information (Pg for Pi, B for bi, and W for Wi).

It is important to realize that the bandwidth is a scalable quantity. For example, the frequency

response of a discrete-time sequence has a normalized frequency axis which periodic with period

equal to 1 in f (or 211'" in w). To interpret the actual frequency values from the axis, the sampling

rate is needed. Thus, the quantity W can be scaled by K so that W / K = 1. Then, Equation (28)

becomes

(30)

This formula has the same form as the commonly used standard-deviation dynamic bit allocation

algorithm [26]:

- B (0'0)
bj = K + log] u;

where (1"g is the geometric mean of the standard deviations of the K subbands,

(31)

(32)

The only difference between Equation (30) and Equation (31) is that the Shannon-bound based

algorithm uses the subband signal energy while the standard-deviation based algorithm uses the
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subband standard deviation. The Shannon bound and standard deviation bit allocation algorithms

are referred to as direct bit allocation algorithms in the following.

B. The Sequential Form for SAMBTC

In general, a dynamic bit allocation process is incorporated with a coding system. However, if

the combination of the two are mismatched, 'then poor coding performance may occur even if an

optimum bit allocation algorithm is used. The simulation result shows that the direct dynamic bit

allocation processes are frequently not efficient to use with SAMBTC at various bit rates for the

following reasons. First, a negative bit rate allocation occurs if

(33)

Second, if a subband is allocated less than 1 bpp, the band must be discarded. This is due to the

lower bound of 1 bpp in AMBTC. Third, for subband bit rate allocations greater than 1 bpp, it

is likely that none of the fixed window bit rates in Table 2 exactly match the subband allocations.

In such a case, the window size with the closest bit rate less than the allocated number should be

chosen. The difference between the two is the unassigned bit rate. When the unassigned bit rate is

nonzero, the corresponding subband is referred to as an unmatched subband. In general, there is a

variable number of unassigned bit rates in each unmatched subband. The sum of all the unassigned

bit rates can be quite large, and thus the dynamic bit allocation process is inefficient due to the

mismatch between the process and the quantizer. Hence, a new implementation algorithm called

sequential dynamic bit allocation is developed to eliminate the large unassigned bit rate and the

negative bit allocations that result from the direct dynamic bit allocation algorithms.

Unlike the direct dynamic bit allocation algorithms, the sequential algorithm is an iterative pro

cess. A :flowchart for the Shannon-bound sequential dynamic bit allocation algorithm for SAMBTC

is presented in Figure 4. (For the standard-deviation based algorithm, the subband energy in the

flowchart is changed to the subband standard deviation.) Given a set of subbands from a source,

the signal energy of each subband is calculated. A set of windows is chosen as the set of possible

quantizers [e.g., Table 4) available for each subband. For SAMBTC, only the windows listed in

the Table 4 are allowed. Assume a total bit rate of B and that each subband initially starts with

zero bits. The total bit rate B is gradually distributed to subbands through iterations. At each

iteration, only the subband with the largest signal energy can be assigned a portion of the bit rate.
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Calculate the signal
energy of each subband

Set the flags for
each subband to "0"

Look up the step size,
T , for moving into its
next smaller window

Set its flag
to "1 11 so it
is no longer
considered

No

Yes

No

A look-up table
of the step sizes
between adjacent
AMBTC windows
(see Table 4)

Search for the
....--------------I~subband wi th

the largest
signal energy

Allocate T bits to this band
and divide its signal energy
by a factor r

No

Calculate
unassigne
bit rate

Figure 4: The flowchart for the Shannon-bound sequential dynamic bit allocation algorithm, where
1= = 2" in the equal-bandwidth case. For the standard-deviation based algorithm, the subband
energy is changed to the subband standard deviation.
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The amount of assignment to this subband depends on three factors· its current window size the, ,
required incrementals for changing to the next smaller window, and the remaining total bit rate. If

the subband starts with zero bits, then it will be assigned the number of bits which has a bit rate

equivalent to use the largest available window in Table 4. For a successful bit-rate assignment in

each iteration, the window size changes to the next smaller one for the assigned subband, the energy

of this subband is divided by a factor F = 2" (this condition will be deri~ed later), and the total

bit rate B is reduced by the number assigned at that iteration. Due to energy reduction (by F), a

subband has multiple chances for bit rate allocations (as described above) and is gradually moved

from a larger window to a smaller one (i.e., from a coarser quantization to a finer quantization). The

iterative bit allocation process ends when either the total number of bit rates are entirely assigned

or the remaining unassigned bit rates are too small to let any subband for changing the window size

to the next smaller one. Thus, only in the last iteration at the end of bit allocation process might

have a small amount of unassigned bit rate occur for the total K subbands and are much less than

the one produce in the direct algorithm. To compare the total unassigned bit rate of the direct and

sequential forms at various B, the 16 equal-bandwidth subbands of LENA image is used for both

Shannon-bound based (Figure 5) and standard-deviation based (Figure 6) algorithms.

Window Quantizer Bit Incremental Bit Reduction Factor
Size Rate, b (bpp) Rate, r (bpp) J= = 2'-

OxO
(Discarded) 0.0 - -

64 x 64 1.0039063 1.0039063 2.0054226
32 x 32 1.0156250 0.0117187 1.0081559
16 x 16 1.06250 0.0468750 1.0330249
8 x 8 1.250 0.18750 1.1387886
4x4 2.0 0.750 1.6817928
2x2 5.0 3.0 8.0
1 x 1

(Uncompressed) 8.0 3.0 8.0

Table 4: AMBTC bit rates under various windows. C.olumns 3 .and. 4 are th~ step size rand
the corresponding reduction factor :F for the sequerrtial dynamic bit allocation of SAMBTC,
respectively.

To derive the reduction factor F (in Figure 4) for both equal bandwidth and arbitrary bandwidth

th t bband J. has the highest signal energy among all the available subbands. Ifcases, assume a su
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Figure 5: Total unassigned bit rates and percentages comparison between the sequential form
(denoted by " 0 ") and the direct form (denoted by " * ") of the Shannon-bound dynamic bit
allocation at various B (from 12 to 32). The source image are the 16 equal-bandwidth subbands of
LENA.

B 2:: r, then the subband j is assigned additional bit rate r. The total bit rate is reduced to (B - r).

According to the sequential algorithm, the signal energy of subband j is divided by a factor F. For

the bit allocation in the next iteration, Equation (30) becomes (in the equal bandwidth case)

~ B- r (P.)
bj = ~+ log, i-, (34)

where
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Figure 6: Total unassigned bit rates and percentages comparison between the sequential form
(denoted by " 0 ") and the direct form (denoted by " * ") of the standard-deviation dynamic bit
allocation at various B (from 12 to 32). The source image are the 16 equal-bandwidth subbands of
LENA.

Hence,

hj _ B~ r + loq , [(:Fir) ;:]

bi = ; - [~ + loq , (:Fie)] + loq , (;:) (35)

If the bracketed term of Equation (35) is equal to zero, then hj = bj and

F = 2'" [Equal Bandwidth Case] (36)

The same derivation method developed in the equal-bandwidth case can be directly applied
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to Equation (24) for the arbitrary-bandwidth bit allocation. Hence, the derived result based on

Equation (24) is

(37)

Unlike the equal-bandwidth case, the reduction factor :F for the arbitrary bandwidth bit allocation

does not have a simple closed form. Instead, an approximation technique is required to find the ;:

for each given r to satisfy Equation (37).

C. Subband Coding Perfor-mance

LENA and HOUSE are used to evaluate the performance of the sequential algorithm on real data.

Both images are decomposed into 16 equal-bandwidth subbands. First, the coding performance of

SAMBTC with the Shannon-bound or standard-deviation sequential dynamic bit allocation algo

rithms are compared at various bit rates. The results show that the Shannon-bound technique out

performs the standard-deviation based method, therefore the Shannon-bound sequential dynamic

bit allocation is chosen to be the bit allocation process of the SAMBTC system. The performance

of SAMBTC and full-band AMBTC are then compared.

e.l Shannon-Bound Versus Standard-Deviation

Although the bit allocation algorithms essentially distribute bits among the subbands. As explained

earlier, the total bit rate B is given instead for distributing the bit rate among subbands. The total

bit rate B is varied from 12 bpp to 32 bpp with unit integer increment for allocating bits among

16 subbands (i.e., the average bit rate varies from 0.75 bpp to 2 bpp). The sequential algorithm of

the Shannon-bound and the standard-deviation bit allocations are applied to both images at each

given B. To compare the distribution of windows among the subbands and their sizes, it has been

noticed that standard-deviation sequential bit allocation tends to use larger windows (i.e., coarser

quantization) for choosing more subbands. On the contrary, the Shannon-bound sequential bit

allocation tends to select smaller number of subbands with finer quantization to these bands using

smaller windows.

After the bit allocation process is applied and the window size for each subband is determined,

quantization using AMBTC is independently performed on each subband. The final compressed

image is obtained by combining the compressed subbands together through subband reconstruction.
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Each compressed image z(m, n) is then compared against the original source image x(m, n). For

numerical comparison, the PSNR curves of LEN A and HOUSE are plotted in Figures 8 and 9,

respectively. The Shannon-bound sequential dynamic bit allocation consistently outperforms the

standard-deviation sequential algorithm. In addition, the reconstructed image quality has been

compared at each bit rate. The Shannon-bound algorithm is clearly superior. To illustrate, a set of

compressed LENA and HOUSE images are presented in Figures 10 and 11, respectively, for both

algorithms at 1.5625 bpp (i.e., B = 25).

Based on the simulation results, it is interesting to note that on average the standard-deviation

algorithm has less unassigned bit rate than those using the Shannon-bound algorithm. From this

standpoint, standard-deviation algorithm is more efficient than the Shannon-bound algorithm in

allocating bits among subbands and is expected to perform better. On the contrary, signal charac

teristic used in these two algorithms makes the bit allocation results quite different and causes the

Shannon-bound algorithm to have superior imagery at low bit rates. This reveals that the subband

energy is more effective to use on the bit allocation process than the subband standard deviation

(or variance) in SAMBTC. This might also be true for other coding algorithms.

H

· ·6 · 8 14: 16··•••• y •••• ····1····
5 · 7 13 : 15··· ·-

10 : 122 · 4··.....:..... ·..........
1 · 3 ·· 9 : 11·· · --

Figure 7: A notation for 16 equal-bandwidth subbands

C.2 SAMBTC Versus AMBTC

In order to compare the full-band AMBTC performance with the SAMBTC's, the compression

ratio is held constant for both schemes for each compressed image. Denote the 16 equally divided

subbands as shown in Figure 7 where subband 1 is the baseband. The window assignments for the

subbands of LENA and HOUSE are listed in the Table 5. Quantization using AMBTC is performed

on specified subbands based on the bit allocation result (i.e., AMBTC window assignment). The
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Figure 8: The peak-to-peak signal-to-noise ratio (PSNR) comparison between the Shannon-bound
(denoted by " 0 ") and standard-deviation (denoted by " * ") sequential dynamic bit allocation
algorithms using LENA.

compressed subbands are then synthesized to obtain the final compressed image. Reconstructed

LENA and HOUSE images using the SAMBTC approach with the Shannon-bound based sequential

dynamic bit allocation are presented in the Figure 12 for LEN A and Figure 13 for HOUSE. SAMBTC

outperforms the AMBTC (compared Figures 12 and 2 for LENA and Figures 13 and 3 for HOUSE)

in every case by effectively reducing the blocking artifact and significantly improving the image

quality. Performance comparisons in terms of the MSE and PSNR (including the boundary pels)

are shown in Table 6. Notice that the lower the bit rates (i.e., the higher the compression ratios)

the more the gain in PSNR by using SAMBTC with the Shannon-bound sequential dynamic bit

allocation algorithm.
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LENA image Subband Bit Allocation for the 16
Bit Rate, (bpp) Equal-Bandwidth Subbands of LENA
B b = B/16 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
32 2.0 1 2 2 2 8 2 0 8 0 0 0 8 0 0 0 0
20 1.250 1 2 4 4 0 8 0 8 0 0 0 0 0 0 0 0
17 1.0625 1 2 8 8 0 8 0 0 0 0 0 0 0 0 0 0
16.25 1.015625 1 2 16 16 0 16 0 0 0 0 0 0 0 0 0 0, , , , , , I , , I

II
HOUSE image

,
Subband Bit Allocation for the 16

Bit Rate, (bpp) Equal-Bandwidth Subbands of HOUSE
B b = 8/16 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
32 2.0 1 2 2 4 4 4 16 8 8 0 4 8 0 0 0 16
20 1.250 1 2 4 8 8 8 0 0 0 0 8 0 0 0 0 0
17 1.0625 1 4 4 8 8 8 0 0 0 0 8 0 0 0 0 0
16.25 1.015625 1 4 4 16 16 16 0 0 0 0 16 0 0 0 0 0

Table 5: Window assignment for the 16 equal-bandwidth subbands of LENA (top) and HOUSE
(bottom) using the Shannon-bound sequential dynamic bit allocation algorithm. The subband
synthesised images are shown in the Figures 12 and 13 for LENA and HOUSE, respectively. For
the total bit rate B at 32, 20, 17, and 16.25 bpp, the corresponding unassigned bit rate b, is 0.0156,
0.0313,0.0156, and 0.0625 bpp for LENA and 0.0078,0.0,0.0, and 0.0 bpp for HOUSE, respectively.

LENA image
AMBTC SAMBTC

Bit Rate, (bpp)
8 b = 8/16 MSE (/pel) PSNR (dB) MSE (/pel) PSNR (dB)
32 2.0 63.9405250 30.073 50.582260 31.091
20 1.250 134.930847 26.830 71.741592 29.573

17 1.0625 229.466446 24.524 81.768188 29.005
16.25 1.015625 374.058807 22.401 87.719543 28.700

HOUSE image
AMBTC SAMBTC

Bit Rate, (bpp)
B b = 8/16 MSE (/pel) PSNR (dB) MSE (/pel) PSNR (dB)

32 2.0 90.527916 28.563 82.994003 28.940

20 1.250 168.016830 25.877 130.872787 26.962

17 1.0625 251.807022 24.120 148.455826 26.415

16.25 1.015625 409.908203 22.004 155.042450 26.226

Table 6: Comparison between the SAMBTC and the full-band AMBTC at various bit rates using
LENA (top) and HOUSE (bottom)
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Figure 10: Comparison between (a) the Shannon-bound and (b) the standard-deviation dynamic
bit allocation algorithms using LEN A. Each compressed 256 x 256 LEN A image has 1.5625 bpp.







VI CONCLUSION

A new subband coding system for efficiently transmitting and storing monochrome digital images is

proposed in this paper. Time-domain absolute moment block truncation coding (AMBTC) is incor

porated into frequency-domain subband coding along with a new subband dynamic bit allocation

algorithm to yield subband AMBTC (or SAMBTC). This new bit allocation algorithm is derived

subject to the Shannon rate-distortion bound [41] using a Lagrange multiplier optimization tech

nique. Due to the fixed bit rates of the available AMBTC windows, a sequential implementation

algorithm is proposed to reduce the total unassigned bit rate to zero or nearly zero. Using this

sequential algorithm, the simulation result shows that the new bit allocation algorithm which uses

subband energy is consistently superior to a commonly used bit allocation algorithm [26] which uses

subband standard deviation (or variance). This result indicates that the subband energy is a more

important signal characteristic than the subband standard deviation for allocating bits among the

subbands in SAMBTC. Comparing the coding performance achieved at low bit rates, SAMBTC

completely eliminates the blocking artifacts of the full-band AMBTC, and the overall image quality

is significantly improved.

In addition, we have shown that the full-band AMBTC (in fact, the entire family of the moment

preserving quantizers) has a bit-rate lower bound - 1 bpp. On the other hand, by incorporating

AMBTC into subband coding this lower bound no longer exist in SAMBTC. Also, AMBTC is

shown as a special type of vector quantization (VQ) - the codebook (i.e., the quantization level

set {a, b}) and the codebook address (i.e., the bit plane) are generated for each block. Hence,

SAMBTC can be viewed as a special type of the subband-VQ technique. However, unlike the other

VQ techniques SAMBTC does not have a large codebook which involves intensive computation,

additional transmission time, and extra memory space. So, SAMBTC is flexible and practical for

real-time implementation and application.

In our companion paper [6], the SAMBTC is extended to compress color digital images recorded

in various color spaces.
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