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SIGNAL QUANTIZATION EFFECTS ON RECURSIVE LEAST SQUARES

ADAPTIVE FILTERING ALGORITHMS

1. Introduction

Recursive Least Squares (RLS) algorithms have been applied to adaptive filtering

problems ranging from echo cancellation and equalization to linear prediction and speech

coding. In most of these applications, the problem may be cast as a system identification

problem where based on measurements of system input and output the system impulse

response or transfer function is estimated. However, these measurements involve quanti

zation of analog signals. In echo cancellation for example, the echo generating speech sig

nal and the echo are sampled and quantized by an analog to digital converter. In adap

tive predictive speech coding, by quantizing the error signal in effect a quantized version

of system input is used in the adaptation process.

This paper presents an analysis of the effects of quantizing the input and output

(desired) signal on the estimation of the system impulse response (weight vector) using

the Recursive Least Squares (RLS) algorithm. The quantization process is modeled as an

additive white noise term. This model is valid in many instances where the quantization

exceeds 8 bits. The derivation of the effects of quantization is developed as follows. The

quantization terms are incorporated into the RLS algorithm. Using the method of the

associated differential equation introduced by Ljung [1], a vector differential equation is

associated with the RLS algorithm which includes quantization. The differential equation

is shown to consist of two coupled vector differential equations. One differential
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equation describes the asymptotic trajectories of the mean of the estimate of the impulse

response; the other describes a matrix related to the autocorrelation matrix obtained

through time averaging. The steady state solution of this vector differential equation

yields the estimated impulse response incorporating quantization effects. The result is

obtained for both correlated and white Gaussian input signals.

The estimated impulse response is shown to be biased where the bias is related to the

input signal quantization noise and signal statistics. For white Gaussian input signals. the

estimated impulse response is related to the optimum impulse response by a multiplica

tive factor equal to the variance of the input divided by the sum of the input signal vari

ance and quantization noise variance. For correlated signals, the bias is expressed in

terms of the autocorrelation eigenvalues and quantization noise variance. These results

parallel those obtained in (2] for the specific case of the Autoregressive Spectral Analyzer

in the presence of noise. Quantization of the output signal contributes an additive noise

term to the prediction error.

In order to analyze the degradation caused by signal quantization in an echo cancel

lation application, the echo return loss enhancement ratio (ERLE) is defined. The ERLE

is defined as the ratio between the original echo variance and the echo residual variance

after cancellation. For exact echo cancellation this ratio is infinite. However, due to

quantization the ratio becomes finite reflecting the degradation due to quantization. We

show that this ratio is equal to half the harmonic mean of the input and output signal to

quantization ratios,
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In linear prediction, we show that the bias causes the compression of the estimated

poles towards the origin. This has a stablizing effect on the algorithm.. However. predic-

tion error is increased. In the finite wordlength implementation of the fast RLS algo-

rithms this leads to a trade off bet\veen stability and quantizer coarseness. This is the

case in the fast algorithms since a forward and backward prediction of the input signal is

obtained. In particular. it shows that by adding dither noise to the input stability can be

improved. Through the first result. the effect of this dither can be removed by readjust-

ing the estimated impulse response when the input is a white Gaussian process with

known variance.

2. The Recuraive Least Squares Algor-Ithrn

Consider the desired signal d(n) generated by a linear mapping of x(n) by the weight

~ ~

vector w with elements ~Ni :

where

~-l ~ "T
d(n) = 2: Wi x(n-i) = w x(n)

i=O

(1)

x(n) = [x(n) x(n-l) ... x(n-N+l)]T
*As an example, d(n) may represent the echo, x(n) the echo generating signal, and Wj can

model the coefficients of the truncated echo path impulse response. In an echo canceler,

the adaptation algorithms forms an estimate of w· at each iteration, i.e.,w(n), from which

a replica of the echo is obtained, d(n). Hence the echo can be continuously removed by

subtracting the echo replica from the echo producing the echo residual. After convergence
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the adaptation may be frozen. In the Recursive Least Squares (RLS) algorithm the vector

\v(n) is sought which minimizes the accumulated square of the residuals up to tirne n:

n
~(n) == I [d(i)-wT(n)~(i)l~

i=O
(2)

Taking the derivative of (2) with respect to w(n) arid setting it to zero we obtain an

expression for w( n},

[

n ]-1 n
w(n) = .Lx(i)xT(i) .2 d(i)xfi)

1=0 1=1
(3)

This result leads to a recursive algorithm for calculating \v(n). Form an estimate of d(n)

based on the curren t estimate of w(n -1),

Calculate the prediction error.

e(n) == d(n) - d(n)

Finally, update w(n-l) based on the prediction error,

w(n) == w(n-l) + K(n)e(n)

where the Kalman gain is defined by,

(4)

(5)

(6)

K(n) = [.I x(i)xT(i) 1-1X(ll) (7)
1=0

The Kalman gain can be calculated recursively by efficient fast algorithms [4,5.6].

3. The Associated Differential Equation

Define,



R(n) = ~ [I x(ihT(i)]
1 i==O

Then we can write (7) as,

K(n) = l- R- l ( n)
n

Hence the weight vector update recursion (6) can be written as,

w(n) = \v(n-l)+"Y(n)R-t(n)~(n)e(n)

Also, (8) can be written recursively,

R(n) = R(n-l)+y(n)[x(n)xT(n)-R{n-l)]

where,

1
)'(n) = -

n

5

(8)

(9)

(10)

(11 )

Before we introduce the method of the associated differential equation, define the

P=~+)i~ dimensional vector,

w(n)
z.(n) =

col [R(n)]
(12)

The notation col [R(n)] may be defined as follows. Let any general NxN matrix B be

denoted as,

B = [121 122 •.• QN]

where the J2j are the columns of B. Then

col [B] =
Q~

is the N2xl column vector of the columns of B. Hence the RLS algorithm can be written

in terms of the following recursion,



_ [ R-1(n)x(n)e(n) ]
l(n) - l(n-l) + -y(n) x(nhT(n) _ R(n-l)

6

(13)

In [1] it is shown that an ordinary vector differential equation can be associated with

recursive stochastic algorithms which have the following form,

l.{n) = l.(n-l) + -y(n)Q[n:w(n);x(n)l (14)

These algorithms along with the excitation signals must satisfy certain important assurnp-

tions which are detailed in [1]. In the case of the RLS algorithms in this paper these

assumptions are easily satisfied. The associated differential equation (ADE) is of the form,

dz( -)dT' = E{Q[n;w(n);x(n)]} (15)

Notice that the discrete time index n has been mapped into the continuous time variable T

where,

n
T = 2: -y(k)

k=l

Comparing (14) to (13) we get,

Q[n;w] = [ R-1x(n)e(n) 1
- col lx(n)xT(n) + R(n-l)

4. Quantization Operation and Model

(16)

(17)

We model the quantization operation as an additive noise source. Hence, if <fl(n)

represents the quantized version of the input signal x(n), then,

m.(n) = x(n) + 51{n) (18)

where 51(n) is a vector of elements qi(n) representing the quantization errors. We assume

that the qi(n) are uncorrelated, uniformly distributed random variables such that

(19)



E{qi(n)qJ.(n)} = .l2 0jJ.; i,j = 0.1 .... N-l
12

E{qi(n)x(n)} = 0: i = 0,1, ... N-l

7

(20)

(21)

where ~ is the quantization step size. \Ve also model the quantization noise of the system

output d(n) by an additive noise term qd(n). vVe have,

(22)

~::!

E{qd(i)qd(j)} = ~OiJ·; i.j = 0,1, ... )i-I (23)
12

In (23) ~d is the desired signal quantization step size. The above quantization processes

are illustrated in Fig. 1.

5. Derivation of Steady State Weight Vector With Quantization

In order to include the effects of signal quantization, we substitute <tJ(n) and

dq(n)=d(n)+~(n) into the RLS algorithm of (4) through (7). Thus, the vector differential

equation (15) becomes,

d~(T) _ E [ R-l(n)[x(n)+q(n)]~n) ]}
dr - { col[x(n)+g(n)][x(n)+g(n)] -R(n-l)

and,

e(n)=d(n)+qd(n)-d(n)

where,

d(n)=[x(n)+g( n)]Tw( n-1)

Now,

E{m(n)mT(n)}=E{x(n)xT(n)+x(n)gT(n)+q(n)xT(n)+q(n)gT(n)}

But the quantization noise and the data are assumed uncorrelated. Thus,

(24)

(25)

(26)



E{ill.( n)iliT(n)} == Rxx+Rqq

where Rxx is the autocorrelation matrix of the data x( n). Rqq is,

Furthermore we can expand e(n) as follows:

e( n)=dq( n)- w T(n )!l2.( n)

e(n)=\v ~Tx( n)+qd( n)- w(n-1)x(n)~wT(n-1 )g(n)

8

(27)

(28)

(29)

In the above development we make the important assumption that the desired signal can

be modeled by a linear transformation of the input data vector.

d(n)=\v ~Tx(n) (30)

In the above relationship, w * can be thought of as the impulse response of a linear system

with input x(n). Carrying out the expectation in (24) produces,

dlCr) := [R-I(T)E{[x(n)+g( n)} [(w ~ -w(n-1))TX(n)-wT(n-1 )g(n)+qd( n)}} 1
dr col[Rxx+Rqq-R(.)]

(31)

Now since,

we have,

dw -1 ( T 11 T lr

dT =R (T) E{x(n)x (n)[w -w(n-1)]+x(n)g (n)[w -w(n-1)] +

g(n)xT(n)[w·-w(n-1)}+E{[x(n)+g(n)]qd( n)}]

(32)

(33)

~: =R-l("i) [(Rxx+Rqq)[w·-l\:("i)]-Rqqw· ] (34)

Note that E{qd(n)}=O and qd(n) is uncorrelated with ~(n) and g.(n). Also, from (31) and
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(32),

d
ciT R(i)=Rxx+Rqq.LR(T)

Since we are interested in the steady state performance, we have as ,_oX,

~irn R(7)=Rxx+ Rqq
1-:0

Substituting for R(T) into (34) , we obtain

Or,

(35)

(36)

(37)

(38)

The converged solution, w, may be easily found by recognizing that at convergence the

change in w(.) with respect to T is zero. Therefore. set the right hand side of (38) equal to

zero and solve for w :

(39)

where

(40)

The implications of (39) will now be examined. Note that if there are a "large"

number of quantization levels, then from (28) we have ~-O, implying Rqq-o and (39) gives

the optimal solution w=w·, as expected.

Note that the inverse of E is easily found to be

(41)

where (28) has been used.



10

4\ form useful in work to come may be derived using the real, symmetric property of

Rxx· The autocorrelation matrix Rxx may thus bedecomposed using a similarity transfor-

mat ion.

RXX==p:.\p-l

where _\ is the diagonal matrix with elements Ab i=O,l, ... 0I-l and Ai are the eigenvalues

of the autocorrelation matrix. Write (41) as

Or,

E = P-1l\'P

where ..\' is a diagonal matrix with elements

Substitute for E in (39)

Define

w == Pw

and

Then (44) becomes,

(42)

(43)

(44)

(45)

(46)

(47)
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For the case where the input signal x(n) is a white Gaussian process we have,

(48)

(49)

and (-17) leads to

'l
(J''''

X •W
'l l)-

(J" ci. + (J;

In other words the weight vector becomes biased due to quantization of the input sig-
\ .

nal. The quantization of the desired signal d(n) contributes an additive noise term to the

prediction error e(n) as we will be shown bellow.

8. Application to Echo Cancellation

In this section we will use the results derived above in order to derive the degrada-

tion in the echo return loss enhancement ratio (ERLE) in an echo cancellation application

when the input and output signals are quantized. \Ve seek to derive,

; = E{d2
(n)}

E{ e~(n)}

Substituting for the steady state weight vector in (49) into (26) we obtain,

'J
(1" ic

d(n) = [x(n) + g(n)]T C) x 'J W

o ; + uq
Now,

e(n) = dq(n) - d(n)

(50)

(51)

=[~(n) - (52)
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vVe have in general

(53)

Thus,

:c ~T 'l 'l * *T==Tr[\v \V <7;1] = a;Tr[w w ]

(54)

From (52),

where we have substituted,

y(n) =

'l

<7q
., '1 ~(n)-

c ; + f1q
(56)

Thus.

2+ aqd

Or,

Finally,

~=--------.) '1

cr~(jq II *112 Z
'1 .') W + fTqd

cr~ + (J"q
Define the input signal to quantization error as,
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(J 2

SNR = 2-x .)
fT

q

and the signal to quantization ratio for the desired signal,

(59)

(60)

Thus, (58) can be expressed as,

_ S~"Rd(S~"Rx -+- 1) SN~d·S~'Rx

; = 1 + SNRx + Sr-.1R
d

== S~"R:< + Si'J"Rd (61)

The above result shows that the ERLE is half the harmonic mean between the input sig-

nal to quantization ratio and the echo signal to quantization ratio.

1. Application to Linear Prediction

In this section the result (44) concerning the bias in the weight vector estimates is

applied to linear prediction. Consider the autoregressive process x(n) generated by,

N-l
x(n) = 2: atx(n-i) + u(n)

i=l
(62)

where u(n) is a white random process. The coefficients a; are the prediction coefficients.

'vVe can express (62) in the Z domain as,

(63)
1

N-l • .
1 + 2: ~ Z-l

i=l

H(z) = X(z) = ----
. l"(z)

Hence the prediction coefficients a;.' determine the poles of the filter H(z) which acts on the

sample u(n) to produce x(n). We are interested in the effect of the bias introduced by the

RLS algorithm in the estimation of the a;. on the poles of H(z). In the case of linear pred-

iction the desired signal is the most recent sample of the process x(n), i.e., d(n) = x(n).

The input vector x(n) is formed of the delayed samples of x(n),



x(n) = [x(n-t) x(n-:2) ... x(n-N+l) JT
The weight vector becomes the current estimate of the prediction coefficients,

w(n) = ~(n)

14

(64)

(65)

When the samples x(n) are available in quantized form, then we can use the result (44).

Note that the quantization errors q(n) are independent. Also the desired signal and the

input signal share the same quantization process, i.e., a~ = crgd. Thus from (44),

Now,

II~II ;5 IIp-lIIIII_~\''' Ilplllla~11 = III-~\'" II~~"

since IIpll = 1. From (43) we obtain,

(66)

(67)

Amax
?

Amax + (J'q (68)

Hence,

Ilall::; A? Ila*'1 (69)
A + c :q

The consequences of (69) on the location of the poles of the denominator of H(z) where the

biased estimates ~ are used will now be examined. For any polynomial

P(z) = zM + a1zM- 1 + ... + aM-l

with zeroes Zk' we have the following inequality [3]:

1

Izkl < [1 + lal l
2+ · · . +/aM_ 1 1

2] ~

Or,

where,
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;1' = [1 a1 '" aM_l]T (70)

Now, based on (69) the norm II~' II for the estimated prediction coefficients ~ will be
,

smaller than the norm for il:' Hence, based on the inequality above the upper bound on

the poles of the estimated transfer function ,

71

1
N-l

1 + 2: ~z-i
i=l .

H(z) = X(z) = _
IT( z)

will be less than the upper bound of the true transfer function. In other words the poles

are compressed towards the origin in the z plane due to quantization of the input signal

x(n). This in turn results in greater stability of the system.

In [2], Kay shows that the prediction coefficients become biased in the case of the

Autoregressive Spectral Estimator due to additive noise. His results are similar to those

obtained by the technique presented in this paper for the case of linear prediction. Kay

shows that for the Autoregressive Spectral Esitmator, the effect of noise is to smooth the

Power Spectral Density (PSD). He further notes that this smoothing is due to the intro-

duction of spectral zeroes in the PSD. It must be noted that the smoother the spectrum

the better the stability of the system. This confirms the result above where it was shown

that quantization noise compresses the poles towards the origin.

An important consequence of the above result is that the addition of dither to the

signal x( n) will improve the stablili ty of the algori thrn, This fact has been men tioned in

[61. Furthermore, it must be noted that the fast RLS algorithms, [4], [5], and [61, include

the calculation of forward and backward prediction filters and residuals. Hence, based on

the above arguments quantization improves the stability of fast RLS algorithms although
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performance may be sacrificed. Or, in the absence of quantization, the addition of dither

to the input signal x(n) improves algorithm stablity. In effect quantization attenuates the

prediction and weight vector coefficients.

8. Surrmarv

A. new approach to deriving the effects of signal quantization on the RLS algo-

rithm has been presented. This approach IS based on the method of the associated

differential equation introduced in [1]. It is shown that quantization of the input signal

produces a bias in the coefficients of the estimated weight vector. The quantization of the

desired signal results in an additive error term and does not effect the weight vector

coefficients. These results are applied to echo cancellation. It is shown that the echo

return loss enhancement ratio (ERLE) is equal to half the harmonic mean between the the

input signal to quantization ratio and the signal to quantization ratio of the desired sig-

nal. For linear prediction it is shown that the bias in the estimation of the prediction

coefficients due to quantization leads to the compression of the equivalent poles towards

the origin. This in turn leads to the idea that quantization or the addition of dither

improves the stability of fast RLS algorithms.
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