
Efficient Generators

in Simulated Annealing

Griff Bilbro

Center for Communications and Signal Processing
Department Electrical and Computer Engineering

North Carolina State University

TR-91/12
August 1991



(1)

Efficient generators in simulated annealing

Griff Bilbro

Department of Electrical and Computer Engineering
North Carolina State University, Raleigh, NC 27695-7914

ABSTRACT

The simulated annealing algorithm is modified to incorporate a generalization of the Metropolis
sampling procedure previously applied to homogenous Markov chains by Hastings[8]. In this re
port, the inhomogenous version of Hastings' procedure is shown to converge asymptotically under
conditions similar to Geman and Geman's logarithmic cooling schedule[7]. The new algorithm is
experimentally shown to restore floating point images in 1/50 of the time required for a correspond
ing implementation of simulated annealing. Restorations of gray level images corrupted by white
noise are presented.

INTRODUCTION

Stochastic relaxation with annealing (SRA) produces excellent restorations of noisy images but
is slow[7]. SRA depends on the Metropolis sampling procedure[12] or variations of it such as the
Gibbs sampler[7]. Hastings improved the efficiency of the Metropolis procedure by modifying the
generation and acceptance probabilities[8]. Until now Hastings' result has not been combined with
annealing and is evidently not widely known in that literature[l, page 42]. We will combine Hastings'
generalization of the Metropolis procedure with annealing and prove convergence of the resulting
algorithm for certain cooling schedules. The utility of the new algorithm depends on efficiently
approximating the true Gibbs distribution and is related to previously reported approximations
such as mean field annealing[3, 5, 6, 9] and tree annealing[4, 13]

HOMOGENEOUS ALGORITHM

In the Metropolis simulation, a candidate state F == y is generated by sampling a conditional
distribution ,(Ylx) that is uniform on a set of states neighboring the current state F = z , The
candidate is then accepted as the next state with probability

min (1, :~~D,
where 7r is the Gibbs density. In the Gibbs sampler, the next state F == y is generated by directly

sampling the conditional probabilities

,(ylx )7r(y)
Lz ,(zlx)7r(z)

(2)



of states y in a neighborhood of the current state z , where the normalization requires evaluation
of all neighboring states except when 1I"(ylx) is exactly Gaussian in y. Hastings introduced a more
efficient generalized sampling procedure and showed the following result.

Theorem 1[Hastings]: A positive probability distribution 1r on a finite set of states is the
stationary distribution of the transition matrix

P(Ylx) = { /'(ylx)min(l,q(ylx))
1 -l:z,ea: P(zlx)

if y =1= x
·f '1 Y = x

(3)

(4)q(Ylx) = ,(x!y)1I"(y).
/'(ylx)7r(x)

and where ,( x IY) is positive when x and y differ in at most one coordinate, but otherwise arbitrary.
Proof: This is a special case of Hastings' more general result and follows directly from it [8].

Here we simply sketch the proof. Consider the ratio of transitions between the states x and y for
arbitrary probability density p

where q is given by

P(ylx)p(x) = 1I"(xh(ylx) min(1, q(Ylx)) = 1,
P(x Iy)p(y) 7r(y)/,(x Iy) min( 1, q(x Iy))

(5)

which is easily shown from the definition of q and the observation that q(Ylx) = 1/q(xIY). Equation 5
guarantees detailed balance

P(Ylx)7r(x) = P(xIY)7r(Y),V'x,y, (6)

which is sufficient to show that 1r is a eigenvector or stationary distribution of P. 0

Moreover the Markov chain will actually converge to the Gibbs' distribution, as is shown in the
following result.

Theorem 2 [Hastings]: The finite 'iornogeneous Markov chain generated by transistion matrix
of Equation 3 converges asymptotically to 1r(x).

Proof: Hastings observes that convergence is guaranteed if P is irreducible, tacitly assuming
that P is also aperiodic. Actually both conditions are necessary[IO, Theorems 111.2.1 and Lemma
111.2.1] and both hold in this case[2]: P is irreducible because it is always possible to go from any
state to any other in a finite number of steps by changing one coordinate or variable at a time. P
is aperiodic because it is irreducible and because there exists a state (namely the global minimum)
for which P(xlx) is positive. 0

Theorem 1 shows that Hastings' procedure for fixed P has the correct stationary distribution
independently of the particular generator used in the procedure. Theorem 2 shows that the proposed
procedure actually converges to this Gibbs distribution (in infinite time). This is sufficient to
show convergence of a "homogeneous simulated annealing algorithm" which involves an infinite
homogeneous Markov chain at each of a sequence of temperatures decreasing to zero[I4].

Theorem 3: Let
1 (U(X))

1I"(x) = Z exp -T (7)

where Z is a normalization factor which depends only on the temperature T. Then the usual
homogeneous annealing algorithm[14] based on Equation 3 converges to a global minimum of U
with probability 1.



Proof: For any T > 0 the Markov chain associated with the proposed procedure converges to
1f' at each temperature in infinite time by Theorem 2. In the limit of low temperature, 1r vanishes
except on the set of globally minimal states of U[14]. It follows that if the temperature is reduced
to zero, the distribution converges to a global minimum of U with probability 1 if the chain is
infinitely long at each temperature.O

The homogeneous "algorithm" cannot be exactly implemented since it requires an infinite num
ber of transitions at each temperature.

INHOMOGENEOUS ALGORITHM

In this section we will show that the preceeding homogeneous algorithm can be modified to
converge to the global minimum of U with probability 1 with a logarithmic cooling schedule like
that of Geman and Geman[7]. An annealing algorithm is called inhomogeneous when the associated
Markov chain is inhomogeneous (or nonstationary) due to changes in temperature (and therefore
the transistion matrix) after a finite number of transitions. We first produce an inhomogeneous
Markov chain that is weakly ergodic[lO] so that it is asymptotically independent of the initial state.
Then we prove that the chain is strongly ergodic[lO] so that it actually converges to the desired
probability distribution.

Theorem 4: The inhomogeneous Markov chain for the transition matrix of Theorem 1 with 1r

given by Equation 7 is weakly ergodic for fixed, and cooling schedule given by

for some large enough constant C.
Proof: The ergodic coefficient of P can be shown to be

a == min2: min(P(zlx),P(zly)),
x,y z

(8)

(9)

where z , y, z run over all the entire (finite) set of states and min with no index mean~ ~he mini~um

of its arguments[lO, Lemma V.2.2 applied to a finite transition matrix]. The transition matrix of

Equations 3 and 4 can be easily rewritten

(
1r(z))

P(zlx) = min g(zlx),i(xlz) 7r(x) (10)

so that

(
1r(z) 1r(Z)) ( )

a = ~.i:~min i(Z IX),i(zIY),i(X IZ)7r(x)'i( y IZ)7r(Y) , 11

which is bounded below by the number of states N times the sm~llest possible term. of the forr.n
i(zlx) or i(xlz)7r(z)/7r(x) where x and z differ in at most one variable. By as.sum~tlOn i(xlz) 15

independent of T and has a minimum value which we call imin when x and z differ III at most one

variable, As T ---+ 0, 7r(Y) vanishes except at a global minimum, and

. ,1r(z)
a > N lmin ffi1n -(-) ,

- y,z 1r y
(12)



(14)

a 2:: s-;: exp( -~U/T). (13)

for small enough T. Let C == N'min~U. For the cooling schedule Ti; = C / In( k) the sum of ergodic
coefficients diverges,

where the prime indicates that x and y differ in at most one coordinate. Let t:J.U = max~,y(U(x) -
U(y)),

which is sufficient[10, Theorem V.3.2] to prove weak ergodicity. 0

Theorem 5: The inhomogeneous Markov chain of Theorem 4 is strongly ergodic.
Proof: By Theorems 1 and 2, for each temperture Tk , the corresponding Gibbs distribution 1rk

is an eigenvector of the transition matrix. For low enough temperature the normalization of 7r is
dominated by the global minimum so that

( ) (
- U(X) +minz U(z))

7T'/e x ~ exp T
k

• (15)

For large enough k therefore, 1r"k(x) - 1r"k+l (x) is monotonic in k for every x so that

(16)

and the sum collapses to a finite value. This proves stong ergodicity[lO, Theorem V .4.3]. 0

Theorem 6: The inhomogeneous stochastic annealing procedure associated with Theorem 4
asyptotically converges to the global minimum of U.

Proof: By Theorem 5, the inhomogeneous Markov chain associated with Theorem 4 is strongly
ergodic and therefore converges to some limiting eigenvector[lO, Definition V.l.4]. By Theorem 1,
the vector 1rT=O is such an eigenvector and is unique by theoret., 2. As in Theorem 3, limk~oo Tk == 0
and so 1rT=O == limk~oo 1r'k( x) vanishes except where x is a global minimizer of U. It follows that the
procedure asymptotically converges to the global minimum of U. 0

BAYESIAN RESTORATION OF IMAGES

Geman and Geman provided the general framework for stochastic Bayesian restoration of images
modeled as Markov random fields[7]. Let F be the original gray level image and G be the observed
image degraded by additive independent identically distributed Gaussian noise of zero mean and
standard deviation a . Model both F and G as Markov random fields so that if G = 9 is the observed
image of N pixels 9 == (91,92, "·,9N)T, then the probability of a particular sample realization of the
original random field F == f == (11, 12, ..., IN)T, is given by a posterior distribution which can be
written as a Gibbs distribution

(17)

Here Z is a normalization factor which depends only on the temperature T, and the posterior energy
function

(18)



is the sum of a likelihood energy written in terms of the usual 2-norm

U1 (! ,g) == _1 II f _ 9 11 2

2(1"2

and a prior energy written as a sum over cliques

(19)

(20)

of potentials {Vc }.
The original image will be assumed to be piecewise smooth and modeled without line processes

but with four kinds of cliques involving pairs of pixels: horizontal first neighbors, vertical first
neighbors, and the two diagonal second neighbors. In this paper all the Vc have the same form
Vc(f) == v(~c) where ~c == tCI - !C2 is the difference in gray values of the appropriate pixels and
the scalar function v(~) is

v(~) == { -(1 - 1i1I/d) h if I~I < d
o otherwise ' (21)

(22)1
,(f) = Zo exp (-Uo(f))

The constants d and h are the width and depth of every potential.
When the noise is additive independent Gaussian, the likelihood is a natural choice for the

generator. However it is important to notice that this generator is in general only an approximation
to the posterior distribution and would lead to erroneous results if not corrected by Equation 4.
In fact a Gaussian is often a good candidate even when the noise is not additive Gaussian, as
in the case of a Poisson image formation model for which we have obtained satistfactory results
with a generator which samples the portion to the right of the origin of a Gaussian with mean
and variance chosen to coincide with the relevant Poisson distribution. Other generators are easily
implemented and Hastings obtains a Poisson distribution efficiently by applying Theorem 1 to a
different generator.

To illustrate the effect of changing the generator, we will leave a free variable in the following
generator and experimentally determine the dependence on this variable. Define the generator or
probability of generating a sample realization of the original undistorted image F == f in terms of
a generation energy Uo

where Zo is a normalization constant and

Uo(f) = 2:2 II f - 9 11
2 (23)

so that Uo differs from U1 only in the replacement of (J" by s, Experimental results will show th~t

S = (J" is the optimal assignment for the width of the generator. Note that, has no factor of T In

the exponent .

PRACTICAL ALGORITHM FOR FLOATING-POINT IMAGES



In this section we violate two of the premises of the preceeding sections to obtain a algorithm
suited to practical image restoration. The logarithmic cooling schedule may be guaranteed, but is
too slow to be practical. In this section we will present and evaluate an algorithm that uses the
widely usedl l l , 14, 1, 3, 5, 6, 9, 4, 13] geometic or exponential schedule

(24)

where the cooling rate r is a number slightly less than unity. This schedule violates the premises of
the theorems, but is much faster and works well experimentally. The preceeding theory is strictly
limited to finite Markov chains and therefore discrete- valued problems. In this section we are in
terested in problems for which the true signal is real-valued, even though it may be quantised to 8
or 16 bits. However realistic problems are smooth and therefore we restrict ourselves to problems
for which there exists some SJL( x) that are sufficiently small to satisfactorily approximate the con
tinuous densities with discrete probability vectors: 7r( z )dJL( x) ~ 7r( x )6J.L( x ). In any case, we will
perform the calculation on a digital computer with finite but long word lengths even though such
fine resolution is more than necessary. Also we assume the original image I == (/1,/2, ... , IN)T is
a floating point image with real values which may fall outside the range [0, 255] even though the
observed image 9 == (91,92, ".,9N)T is a quantized image of 8 bit integers. The additive Gaussian
noise is substantially larger than the resulting (uniformly distributed) quantization noise which can
therefore be neglected.

Practical Algorithm

1. T f- Tinitial

Vi : fi f- 9i

Vi : c, f- 9i.

2. Vi:

(a) c, f- Gaussian(9i' s).

(b) ~Uo +- (Ci - 9i)2/(2s2)

(c) ~U +- U(c,g) - U(/,9)

(d) ~E +- ~U/T - ~Uo

(e) If Uniform(O, 1) < exp(-~E)
then f f- c.

3. T +- T * T.

4. If T > Tfinal go to 2.

5. Report the final estimate f.

6. Stop.



The practical algorithm uses a random number generator to generate Gaussian deviates of
specified mean and standard deviation and uniform deviates in the unit interva.l. For simplicity
in step 2, only interior pixels are updated. The error committed by this simplification prevents
restoration at the edges of the image and degrades restoration near the edges. The effect is noticeable
in very small images such as Figure 2 but is not usually important for larger images. If edge effects
are critical, the appropriate treatment of the smaller cliques near edges is known[7].

The algorithm was implemented in C on a DECstation 3100, a RISe architecture desktop
computer, using double-precision arithmetic which is natural in C. For the simple clique potential of
Equation 21, satisfactory results are obtained anywhere in a region around d == h == 8 == Tinitial == (7,

Trinal == 0"/10, and r == .9 for high signal to noise or r == .99 for low signal to noise. It is sufficient
to initialize the current state as the observed image, f ~ 9 with no preprocessing of any kind.

RESULTS

It is interesting to ask what the overall computation time for a complete restoration is as
a function of the number of gray levels. Since the generator is Gaussian, it is approximately
uniform in a region of width s around the observed image 9 and zero elsewhere. For s >> 0", the
difference between 9 and f is insignificant because it is of order 0". In that regime, the generator
is indistinguishable from a uniform perturbative generator around the current state I, so that
the behavior of the usual Metropolis-based simulated annealing algorithm with uniform generator
can be estimated. The dependence of total restoration time versus 8 is plotted in Figure 1 for the
polygonal foreground of value 10 above a background of value 0 degraded by additive Gaussian noise
of zero mean and standard deviation 3, as shown in Figure 2. The upper curve (labeled "max")
in Figure 1 shows the time to reliably obtain a restoration that differs from the original image by
less than 1 gray level except for at most 1 percent of the pixels and corresponds to the restoration
shown in Figure 2. The lower curve (labeled "min") shows the time to obtain restorations with 98
percent of the pixels within 2 gray levels of the original, requiring 1 second at 8 == (j == 3. For either
curve in Figure 1, the optimal value of s is practically equal to the ;,. = 3 of the noise added to
the original image. At 8 == 128, the generator is about as wide as in a Metropolis based simulated
annealing algorithm with uniform generator over the state space (0, 1, 2, ... , 255). Figure 1 indicates
that at .9 == 100, a uniform Metropolis algorithm runs about 50 times longer than at s = (7.

Note that this comparison results from execution of identical paths through the same code,
changing only the value of the parameter 8 then adjusting the annealing schedule to obtain restora
tions of comparable specified quality. The new algorithm is faster only because the generator is
more efficient and not because of other discriminating optimizations. Note also that the prior po
tential 21 is intended only to provide a simple device to compare the two sampling procedures: all
our restorations might be further accelerated or otherwise improved by incorporating line processes
or potentials on more elaborate cliques, but the Hastings sampler should still provide the same

factor of additional acceleration.
Figure 3 is a degraded 64x64 cartoon image taken with a conventional video camera and frame

grabber and a restoration. Note the preservation of sharp edges and the smoothing of interior
regions due to the simple piecewise smooth potential of Equation 21. The outdoor scene of Figure 4
is a 87x79 image with minimum value 32, maximum 232, mean 157, and standard deviation 46,
corrupted with noise of standard deviation 10 and restored in 47 seconds.

CONCLUSION
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Figure 1: A plot of restoration time in seconds versus the standard deviation 8 of the generator.
Fastest restoration occurs near 8 = a . Restoration quality is somewhat subjective and the two
curves attempt to bracket the time required for good restorations.



Figure 2: Left: Data image degraded by noise noise of standard deviation a = 3.. Right, Restoration
of data image requiring 3 seconds at 8 == U == 3. Note that the edge pixels are not varied by this
algorithm.



Figure 4: Left, Data image degraded by noise noise of standard deviation a == 10. Right, Restoration

of data image requiring 47 seconds.

The theory of stochastic relaxation with annealing has been extended with the generalized sampling
procedure introduced by Hastings in 1970 for Monte Carlo estimation. The resulting algorithm
has been proved to converge correctly even when the generator is skewed or biased "incorrectly".
The new algorithm has been implemented on a serial processor and applied to real-valued images.
Experimentally the algorithm has been found substantially faster than the corresponding algorithm
based on a Metropolis procedure with an approximately uniform generator.

We believe that any implementation of simulated annealing based on the Metropolis sampling
procedure or on the Gibbs sampler can be accelerated by the technique presented here if an effi
cient generator can be found which concentrates the search appropriately. In the case of Bayesian
estimation, the likelihood can be normalized for this purpose and is the natural choice for the
generator.
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