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ABSTRACT

This report is concerned with the modeling of the echo path by the

derivation of the sampled impulse response. The parametric model of the

echo path is also obtained by deriving the numerator and denominator

coefficients of the z-transform of the sampled impulse response. The

echo path to be modeled consists of a voice channel digital bandpass

filter, a 4-port hybrid, the customer subscriber loop, the telephone set

termination, and finally the transmission path between the echo cancell

er and the hybrid. The basic method is summarized below. The frequency

response of each component will be derived at a sampling rate of 32kHz.

The total frequency response is obtained by multiplying the response of

each component since they are cascaded. Finally, the impulse response at

32kHz is obtained by taking an l024-point inverse Fast Fourier Transform

(FFT) of the total frequency response. As will be shown, since the echo

path is assumed bandlimited to 4kHz, we decimate the 32kHz impulse

response to obtain the 256 point 8kHz impulse response which is

sufficient to model the echo path.
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ECHO PATH MODELING AND ANALYSIS

1. Introduction

This report is concerned with the modeling of the echo path by the

derivation of the sampled impulse response. The parametric model of the

echo path is also obtained by deriving the numerator and denominator

coefficients of the z-transform of the sampled impulse response. The

echo path to be modeled consists of a voice channel digital bandpass

filter, a 4-port hybrid, the customer subscriber loop, the telephone set

termination and finally the transmission path between the echo cancell

er and the hybrid. The basic method is summarized below. The frequency

response of each component will be derived at a sampling rate of 32kHz.

The total frequency response is obtained by multiplying the response of

each component since they are cascaded. Finally, the impulse response at

32kHz is obtained by taking an l024-point inverse Fast Fourier Transform

(FFT) of the total frequency response. As will be shown, since the echo

path is assumed bandlimited to 4kHz, we decimate the 32kHz impulse

response to obtain the 256 point 8kHz impulse response which is

sufficient to model the echo path.

In section 2 the hybrid transfer function is obtained by applying

scattering matrix network theory to the analysis of the 4-port hybrid

terminated on the subscriber loop and the balance network. Section 3

deals with the transmission properties of the twisted pair cable and
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the complex impedance of the subscriber loop terminated on the telephone

set. Using the results of section 2, the effects of subscriber loop

length, frequency, and telephone termination impedance on the trans

hybrid response will be studied. In section 4 the parametric model is

derived from the decimated impulse response. Finally, in section 5 the

impulse response is numerically obtained and plotted for various

transmission line lengths from the echo canceller to the hybrid.

2 Application of Scattering Matrix Theory to the Analysis of the

Hybrid

The hybrid is a four port network. In a typical application the

hybrid is used to interface a four-wire line to the two-wire customer

loop (figure 1). In this application the speech signal from

transmitter eT is coupled to the loop and is heard in the telephone

earphone. However, none of the signal power from eT must appear at the

receiver port. Otherwise, it will be heard as an echo on the

transmitter's telephone set. Therefore, the power transfer ratio

between ports 1 and 2 must be zero. The signal from the telephone

microphone however is coupled from the customer loop to the receiver

port through the hybrid. Note that power travels in both directions on

the two-wire customer loop. We also desire that all ports be matched

for maximum power transfer in the hybrid.
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2.1 Hybrid Scattering Matrix

The scattering matrix of the hybrid defines the relationship

where

and

Since we require that all ports be matched then

Sij = 0 for i=j.

Hence we have,

o 812 813 824

s21 0 s23 824
S

831 s32 0 834

841 842 843 0

, (2.1)

(2.2)

If the network is lossless then S must be unitary (see appendix A).

S*T.S = I

Also for a reciprocal network S is symmetric and

Based on the above conditions we obtain the following equations,

IS1212+ls1312+ls1412=1

181312+182312+183412=1

181212+ls2312+ls2412=1

IS1412+ls2412+ls3412=1.

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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We also obtain,

* *s13 523 = -814 524

* *512 813 = -524 534

Multiplying (2.8) through (2.10) we obtain

This equation can be satisfied only if

(2.4)

(2.5)

(2.6)

(2.11)

(2.12)

Thu8, one entry on each side must vanish. If we subtract (2.4)

from (2.5) we get

IS1212+151412-152312-153412 0

Add (2.13) to (2.7),

151212+2Is1412+152412-182312-ls2312 = 1

From (2.6) we can substitute

into (2.14) from which we derive)

We can similarly derive,

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Now, to satisfy (2.11) we are at liberty to set either s12, s23, or 813

to zero. For the hybrid application we want the power transfer between

port~ 1 and 2 to be zero. We therefore choose,

s12 = 0

From (2.17) this implies,

834 = 0

Thus ports 1 and 2 are biconjugate as are ports 3 and 4.

matched lossless reciprocal 4-port is biconjugate.

(2.18)

(2.19)

Therefore, a

The scattering matrix becomes,

0 0 s13 814

0 0 s23 s24
S (2.20)

813 s23 0 0

814 s24 0 0

The ports are thus divided into two sets (1,2) and (3,4) without mutual

transmission between ports belonging to the different sets.

2.2. Hybrid Synthesis

We can write (2.20) as,

(2.21)

where)

s11 812
N (2.22)

821 s22



Now consider the transformer 4-port of figure 2.

the hybrid can be synthesised using this network.
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We will show that

First we show that

the scattering matrix of this 4-port is equivalant to (2.21) with

[

nll
N =

n21
(2.23)

Then we obtain conditions on nlj. In this development we will impose

the requirement that all reference terminations of ports 1,2,3,and 4 are

unity. We will then remove this restriction.

The elements Sji of the scattering matrix are called transmittance

(or transmission coefficient) of the n-port from port i to port j.

We have,

Sji = (2.24)

where Vj is the voltage across port j, when all other ports k*i are

terminated on their reference terminations, due to generator ei connect-

ed through Ri to port i. If the reference resistors are unity then

Now, since we have a matched condition on port i, the voltage

port i is vi =ei/2, thus

(2.25)

across

(2.26)

With reference to figure 2.3, if we place a generator el

resister to port 1 and terminate port 2 and 4 we have,

through a 1 Q

(2.27)
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Figure 3. Normalized Hybrid Circuit

Figure 4. Transformer Denormalization

Figure S. Denormalized Hybrid Circuit
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From (2.26) we have

(2.28)

If we terminate ports 3 and 2 with the generator at port 1 we have

(2.29)

Thus,

Placing a generator at port 2 and terminating ports 1 and 4

we have

(2.31)

Or,

Similarly,

842 = n22

We can similarly show that

823 fi2l

824 = n22

Thus from (2.22) we have shown that

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

N = [n1 l

n21

(2.38)

Now using equations (2.4) through (2.10), noting

we obtain,

n21 2+n222 = 1

n11 2+n122 = 1

that s12 s34 0,

(2.39)

(2.40)

(2.41)
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If we substitute (2.41) into (2.39) for n22 and eliminate nIl using

(2.40) we obtain

(2.42)

Consequently,

(2.43)

Thus,

From (2.41)
n1l = +n22

If we let nIl = p and n12 = q then,

p q
N =

(2.46)

(2.44)

(2.45)

~q +p

Imposing the conditions (2.39) and (2.40) we get

p2+q2 = 1 (2.47)

The sign option of (2.46) corresponds to a polarity reversal The

implementation of the hybrid circuit is shown in figure 3.

We now show how the circuit of figure 3 can be denormalized to

the reference terminations Rl, RZ, R3 and R4. Consider the normalized

transformer circuit in figure 4(a). In order to denormalize this

circuit, we must insert transformers of turns ratio indicated

4(b). Combining the three cascaded transformers we obtain

in figure

the circuit

in figure 4(c). If we apply the denormalization process to the hybrid

of figure 3 we obtain the final hybrid transformer circuit in figure 5.
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The scattering matrix becomes,

0 0 P 1R3/ Rl q 1R4/Rl

0 0 q /R3/ RZ -p vi47R2
S = (2.48)

p 1R3/Rl q 1RJTif2 0 0

q 1R4/ Rl -p 1R4/ RZ 0 0

2.3 Derivation of Hybrid Transfer Function

We will derive the transfer function between the transmitter and

receiver under mismatched

function is

conditions. From (2.24), the transfer

s12 = (2.49)

When the line impedance at port 4 and the network impedance at port 3

are matched (they are equal to R4 and R3 respectively) then from (2.48)

512 = O. However, if the line is terminated on the complex impedance ZL

and the balance network on ZN, 512 * o. In this case we desire the new

expression for s12. For this purpose we introduce the following theorem

from Belevitch [3].

Theorem: An n-port of scattering matrix

(n-k) (k)

[ Saa Sab] (n-k)
S =

Sba Sbb (k)

terminated on a k-port of scattering matrix Sc yields an

(n-k)-port of scattering matrix



Thus we terminate the 4-port hybrid with the

S = [s: :LJc

where
sN == (ZN-R3)/(ZN+R3)

8L = (ZL-R4)/(ZL+R4)

From (2.48) we have

scattering

12

matrix

(2.50)

(2.51)

(2.52)

The resulting 2-port scattering matrix becomes from the theorem,

The transmission function is therefore,

(2.54)
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3 Analysis of Transhybrid Response With Twisted Pair Subscriber Loop

Termination

In this section we will examine the effects of line lengths of

twisted pair subscriber loop terminations and the impedance of the

telephone set on the transfer function between the hybrid transmiter and

receiver ports. We will assume nonloaded loops consisting of single

gauge twisted pair cables. We will calculate the input impedance of the

loop terminated on a telephone set. Using the loop input impedance and

the impedance of the balance network the reflection coefficients sL and

sN are obtained. Finally using (2.54) the transfer function is

Gbtained.

The transmission properties of twisted pair cables have been

extensively studied. The equivalent circuit of a uniform transmission

line with distributed parameters is shown in figure 6. The parameters

associated with the cable are the resistance per unit length, R, the

capacitance per unit length, C, the series inductance and the shunt

conductance per unit length, Land G. Consider the generator connected

to the infinite transmission line of figure 7. It is well known that

E(x)/I(x) = Zo (3.1)

where Zo is the characteristic impedance. It can be shown that in terms

of the cable parameters,

Zo (3.2)
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The sio~nal E(x) travels down the Ii ith ine w a propagat on constant, Y

such that

y = I (R+j uL) (G+j uC) (3.3)

E(x) = Eo.e-YX (3.4)

When the transmission line is terminated on a load ZL and fed through a

source impedance Zs the voltage E(x) on the line becomes ( see figure 8)

[2] ,

E(x)
EgZQ r-rr e-2 Y( J.-x)

e-YX.
ZO+Zs l-r r e-2 yJ.r s

Eg 1-rr e-2 y( J.-x)
I(x) = e-YX.

ZO+Zs i-r r e-2 ytr s

(3.5)

(3.6)

where the reflection coefficient at the source is,

(3.7)

and at the load is,

(3.8)

We can expand the denominator of (3.5) in an infinite series to obtain,

(3.9)

Substituting into (3.5) we get,

E(x) = EgzQ/(zQ+zs)· [e-'YX+rre-y(i-x)+rirse-y(2i+x)+rr2rse-y(4i-x)+

rr2rs2e-y(4.R.+x)+ ••• ] (3.10)

In (3.10) each term represents a travelling wave. If x appears negative

in the exponent the wave is travelling from the generator towards the

load. If x appears positive then the wave travels from the load towards

the generator. The voltage on the line is thus the sum of the waves

travelling in both directions each being reflected at the source and
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load due to mismatches.

If we divide (3.5) by (3.6) we obtain the line

at x,

1+ r r e-2 y( J.-x)

ZL = Zo
1-rre-2 y( J.-x)

impedance

(3.11)

From figure 4 we can substitute y=~-x into (3.11) to obtain ZL as a

direct function of the distance to the load.

We can now apply the above results to the calculation of the

hybrid-subscriber-loop transfer function. The hybrid is connected to a

telephone set through twisted pair cable of length J.. The transmitter

source impedance and the receiver impedance are resistive and equal to

Rl and RZ the hybrid reference terminations for these ports. The

balance network is a compromise network consisting of a 900Q resistor in

series with a 2.16 microfarad capacitor. If we assume that the

reference terminations Rl=R2 and R3=R4 then equation (2.54) reduces to

(3.12)

Equation (3.13) states that balance is achieved (S12=0.0) if sN=sL.

However since ZL changes with loop length,

wire guage and type, telephone set impedance and frequency, ZN is chosen

as a compromise as indicated earlier.
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Numerical Results

PASCAL programs were written to calculate the variation of the

trans-hybrid transfer function when some parameters were kept constant

while others were changed. In the calculations 22 gauge twisted pair

cable with the following parameters was used:

R= 180 Q/mile
C= 0.066 IJF /mile
L= 1.0 mH/mile
G= 1.6 mho/mile

The 4-port Hybrid reference terminations were

Rl=R2= 600 Q

R3=R4= 900 Q.

The first set of plots) figure 10, show s12 as a function of

length. Between the plots the frequency is fixed at 800 Hz while the

telephone termination impedance is changed. we observe that the optimal

length changes _from approximately 2.0 miles to 1.2 miles when the

telephone impedance is increased from 400 ohms to 600 ohms. When Ztel

is increased to 900 ohms the optimal length becomes approximately mately

0.3 miles. Also note that at this impedance better hybrid performance

(low s12) is achieved. This figure clearly indicates that the telephone

impedance and line length both effect hybrid performance considerably.

The next set of plots, figure 11, examines 512 as a function of

frequency. Between the plots, the telephone impedance is changed while

the length is fixed at 0.5 miles. With Ztel=600Q s12 remains low over a

broad frequency range in the voice band. However) as Ztel is

increased to 800Q, the corresponding hybrid performance

increases. A slight degradation results as the impedance is
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modifies s12 significantly •
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Again we observe that telephone impedance

An important observation regarding these

plots is the way in which changes in the telephone impedance modify the

echo path. In reality the telephone impedance changes with line length

due to the action of varistors in the telephone set (Bennet,[4]).

4. Sampled Impulse Response and Parametric Modelling of

the Echo Path

This section develops the theoretical aspects of modelling and

simulating the echo path through its sampled impulse response (non-

parametric) or z-transform (parametric modelling). The results are

applied to the simulation of a voice-band digital IIR bandpass filter.

The effects of sampling reduction on the coordinates of the z-plane

poles are analysed.

4.1. Sampled Impulse Response Modelling

Consider an analog system with continuous input xa(t) and output

Ya(t). We have,
Q)

Ya(t) = xa(t)*ha(t) = jXa(A)ha(t-A)dA
-co

(4.1)

where * denotes convolution. Let the system be bandlimited in the

radian frequency o, Then, ( PO<w) = 1, Iwl<a, Po<w) = 0, Iwl>a)

Ya(w) = Xa(w)PO<w)Ha(w) = X(w)Ha<w) (4.2)

and,
co

ha<t) = !HO<w)e-jwtdw
-co

(4.3)



is the impulse response of the band-limited system.
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If x(n) and yen)

are the samples of the input and output at equal time intervals T where,

0/ 'it < lIT

then Papoulis [3] shows that,
CD

y(n) = I x(n-k)h(k)
k=-CD

where,

hen) = TIl O<nT)

is the sampled impulse response.

(4.4)

(4.5)

Therefore, y(n) is the output of a

discrete system with input x(n) and discrete impulse response h(n). The

analog signal Ya(t) can be regenerated from y(n) using the sampling

theorem [3],
CD

Ya(t) = I y(n)sin[nfs(t-nT)]/[nfs(t-nT)], fs>l/T
n=-CD

(4.6)

Hence, it is possible to digitally simulate a bandlimited system by

knowledge of the discrete impulse response.

z-transform,

CD
H(z) = I h(n)z-n = I Th O<nT)z-n

n=-O) n=-CD

Substitute z=e(jwt),
CD (X)

H(ejwt) = I ThO<nT)e-jwt = LHa<u*2ncr)
n=-CD n=-CD

Consider the system

(4.7)

(4.8)

where we have made use of the Poisson Sum Formula [3]. From (4.2) we

have

for Iwi <o (4.9)

Thus the frequency response of the digital sysytem is equal to the

response of the analog system for Iwi <cr. Returning to (4.4) we note
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that if Ha(w) is such that the frequency response tapers off to zero for

Iwi < a then h( n)=O for n<O. Furthermore) if h(n)=O for n>N (this is the

case since h(t) is of finite energy) we can write (4.4) as

y(n) = ~ x(n-k)h(k).
k=O

(4.10)

Thus) the analog system can be simulated by a Finite Impulse Response

(FIR) filter with the discrete samples h(n) as coefficients.

4.2. Digital Simulation of Finite Order Systems

Consider the finite order analog system with system transfer

function,

Hr(s) =
sID..f-c1sm-1+. • •+cm

= r<m (4.11)

Since HI(s)~ as S-+(J) there exists a radian frequency (J such that

Hence,

Iwl>a

ha(t)

Thus,

~ (J

= 1/21t J Ha(w)ejwtdw = 1/21t JHa(w)ejwtdw = hJt)
-~ -a

h(n) = Tha (nT) ~ Th JnT)

(4.12)

(4.13)

Therefore, we can obtain h(n) by directly sampling the impulse response

We desire, however, to model the system by its z-transform.

First, consider the first order system,

(4.14)

with an impulse response

(4.15)
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Thus, from (4.13)

Taking the z-transform

H(z) = I TeSinTz-n = Tz/(z-eSiT)
n=O

H(z) has a pole at zi = e(StT) . This is true 1f cxt«a-I f3t1
so that

(4.16)

(4.17)

(4.18)

The general case can be reduced to the above by expanding Hr(s) into

partial fractions:

m m
Hr(s) = LAi/(S-si) ha(t) = 2AiesitU(t)

i=l i=1

m m
H(z) = 2AiTz/(z-eSiT) h(n) = 2Ai Tes ! nTU(n)

i=1 1=1

(4.19)

(4.20)

Thus, the simulator of a finite-order system Hr(s), obtained by sampling

ha(t), is a digital filter H(z) of the same order [3].

analog system ai<O. Hence,

For a stable

Therefore, the left hand plane in the s-domain is transformed into the

unit circle in the z-plane. The polar coordinates of the z-plane poles

are,

Pi = e tItT (4.21)

ai ~iT (4.22)

Hence s-plane dominant poles ( ~ small) imply that IZil is close to the

unit circle in the z-plane. The polar angle is related
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to the natural frequencYt f n t of the pole by

Or,
e = ~ = 2 nf T = 2m IftJ.L n n s

(4.23)

4.3. Sampling Rate Reduction

To model the echo path by its discrete impulse response the

sampling rate is chosen much larger than the Nyquist criterion. This is

done so that the approximations resulting from sampling are as small as

possible. However after the over-sampled impulse response has been

obtained for which the band limitation condition strongly holds (for

example lowpass filters with high out-af-band rejection are used), it 1s

possible to simulate the system at a reduced sampling rate. If the
r

over sampling frequency is f s and the reduced sampling frequency is f s

where,

Nd an integer,

then the z-transform of the decimated impulse response has the same

order and frequency response in the passband as the Qversampled system.

It is possible, therefore, to simulate the system with an FIR filter

with much less coefficients (N/Nd)· If we denote by Hd(z) the

z-transform of the decimated impulse response then the z-plane poles are

related to the s-plane poles by

(4.24)

(4.25)



From (4.22) and (4.24) we have,
r r r

81 = (Ts/Ts)8 i = (fs / f s ) 8i

Now,

Substituting into (4.25) we obtain

23

(4.26)

r r
r r Ta/Ts fs/f s

Pi = exp[ln(Pi)Ts/Ts] ~ exp[ln(p1 )] = Pi (4.27)

r
Thus the z-plane poles of H(z) are rotated by a factor Nd=fs/f s and the

magnitudes decrease according to (4.27) when the impulse response is

decimated.

4.4. Voice-Band Digital IIR Bandpass Filter

In order to simulate the voice-band frequency response of the echo

path a digital IIR bandpass filter was designed. This filter is used to

band-limit the echo path and to simulate the filters that are actually

used in the telephone connection. The filter has a cutoff frequency of

3.4 kHz and out-of-band rejection of >35 dB. The passband ripple is 0.1

dB. The highpass cutoff frequency is around 200 Hz which is sufficient

to suppress 60Hz interference and its harmonics in the power lines. The

filter is composed of a lowpass elliptic filter in cascade with a

highpass Chebyshev filter. Both filters were obtained from analog

filters through the bilinear transformation at a sampling rate of 32

kHz. The frequency response of the filter obtained, by substituting

z = e(jw) in the z-transform, Hf(z), is shown in figure 12. The

impulse response of the filter obtained through the simulation of the
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the digital filter as a cascade of second order IIR sections is shown in

figure 13. Since the filter has an attenuation of >35dB at 4 kHz it,

is possible to decimate the impulse response by the ratio Nd = 32/8 and

preserve the frequency response of the filter in the passband. By

taking the fast fourier transform (FFT) of the decimated impulse

response, the frequency response was obtained and is shown in figure 14

Clearly, the passband characteristics of the filter have been

preserved. Hence, in order to model the passband characteristics of the

filter the decimated impulse response is sufficient.

5. Echo Path Impulse Response

In this section the echo path impulse response will be numerically

obtained for the system shown in figure 16. The impulse is applied to

the bandpass digital filter introduced in the previous section. The

echo at the hybrid receive port is buffered, terminating the hybrid port

at its reference resistance of 600Q, and drives the transmission line to

the echo canceller with a source impedance of 6000. The echo path

impulse response is obtained across ZE terminating the transmission

line- If we denote the frequency response of the filter, hybrid, and

transmission line by Hf(w), Hhyb(W), and Ht(w) respectively, then the

echo path frequency response is,

Hep( w)=Hf( w) -Hhyb( w) ·H~( w) (5.1)

The echo path impulse response can be obtained by taking the

inverse FFT of the frequency response (5.1).
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Many parameters effect the impulse response of

the echo path. In section 2 we examined the effects of various

parameters in the subscriber loop on the trans-hybrid frequency

response. In this section, the effects of the transmission line length

between the hybrid and canceller will be examined. Note that normally

the same type and length of transmission line exists between the

canceller and hybrid on the transmission side. However, our purpose is

to analyze the effects of a single transmission line on the echo path

impulse response. For convenience we assume that both the subscriber

loop and the transmission line have the same type of cable. In the

results to be presented all transmission lines consisted of 19 gauge

type twisted-pair cable with the following parameters:

R= 85
c= 0.066
L= 1.0
G= 1.6

Q/mile
~/mile

ntH/mile
mho/mile

Using a 1024-point inverse-FFT transform, the impulse responses for

various transmission line lengths, Lc , were obtained. The impulse

responses for Lc equal to 20.0 and 50.0 miles are shown in figures

16 and 18.

0.5 mile.

In both cases the subscriber loop length was fixed at

We observe that as Lc is increased, the impulse response spreads

out due to dispersion. This is due to the fact that the propagation

constant is a function of frequency. Also, the fixed delay increases as

the distance to the hybrid increases. Note the large amount of signal

attenuation at long distances. In practice repeaters are used in long

distance communication which, besides signal amplification provide
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28

equalization to compensate for signal dispersion.

By decimating the impulse responses we can use the samples as

coefficients in an FIR filter in order to simulate the echo path under

the various conditions mentioned. The PASCAL programs that were written

to obtain the results presented above incorporate the flexibility to

obtain the echo path impulse response under most practical conditions,

excluding nonlinearities in the echo path. A catalog of impulse

responses can be obtained and used to compare the performance of echo

cancellation methods under various echo path conditions.
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APPENDIX A

INTRODUCTION TO SCATTERING MATRIX THEORY

Consider the one port circuit in figure A.I. We have,

i = e/(Z+Zi) (A.i)

Suppose Z = Zi*. Then by definition the one port is matched and we have

(A.2)

We define the reflection coefficient s as

(A.3)

Using (A.3) we can write the current, i, of the circuit as

i = iO-siO

Thus the actual current is the superposition of the current 10 under

matched conditions and a reflected current, siO, flowing in the

opposite direction produced by a fictitious generator in the load.

z·,

e
z

Figure A.1 One port Circuit

Let Zi = R and define the normalized impedance of the load as z = Z/R.

Then (A.3) can be written as

s = (z-l)/(z+l). (A.4)
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Define the normalized voltage v' I ~ d hId= V YK an t e norma ize current

i' = iYR. Since Z = vii then,

z = v'li'

Substitute for z in (A.4) to obtain,

v'-i' = s(v'+i')

(A.5)

(A.6)

Define v+ = v'+l.e, d - 'i' (6)an v = v - then A. becomes,

(A.7)

n-Port Scattering Matrix

For each port let vi = vi/~i and i1 = iilRt.

vectors with elements v+i and v-i respectively. For any linear network

the voltage and currents can be related in general by

Av = Bi (A.B)

Where A and Bare n by n matrixes. Since, v+ = v+i and v- = v-i then

we can write after some manupilations that

(A.9)

Or,

(A.I0)

Where S = (B+A)-l(B-A).

Thus for every n-port a scattering matrix S exists that defines the

relation (A.10). The diagonal entry sii of S is the reflection coeffic-

ient, with respect to Ri' of the impedance of the one port produced by

terminating all other ports with their reference resistances. The entry

s .. of the scattering matrix is called the transmittance from port i to
J1.

port j under matching conditions. In other words, Sji is the ratio
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of the normalized voltage at port j to the reference normalized voltage

at port i produced by a generator of reference internal resistance at

port i, when all other ports are closed on their refernce resistances.

In terms of denormalized variables, the definition of Sji is

(A.ll)

Lossless n-Port

The power absorbed in an n-port is,

P = Re i*Tv

Substituting for i and v in terms of v+ and v- we obtain,

+*T + *Tp = v v -v- v-

Since v- = S v+ we have.
T T

p = !.+* [I - S* S]!.+

If the n-port is lossless then P =0. This implies that the terms inside

the brackets must be zero. Or,
Ts* S I (A.12)

Therefore, the scattering matrix of a lossless n-port is unitary.


