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Abstract

Sufficient dimension reduction (sdr) is an effective tool for reducing high-

dimensional predictor spaces in regression problems. sdr achieves dimen-

sion reduction without loss of any regression information and without

the need to assume any particular parametric form of a model. This is

particularly useful for high-dimensional applications such as data min-

ing, marketing, and bioinformatics. However, all sdr methods require a

linearity condition on the predictor distribution, and that restricts the

applications of sdr. In this article, we propose a new sdr method, sir
3,

which does not require the linearity condition, and which we show to

be effective when nonlinearly-related predictors are present. sir
3 is an

extension of a representative sdr method sliced inverse regression (sir),

and it is shown that sir
3 reduces to sir when the linearity condition

holds. A simulation study and a real data application are presented to

demonstrate the effectiveness of the proposed method.

KEY WORDS: Sufficient dimension reduction; Sliced inverse regression;

The linearity condition.

1 Introduction

The goal of a regression of a univariate response y, which may be continuous or

categorical, on a p × 1 vector of predictor variables X is, in full generality, to

develop inferences about the conditional distribution of y |X. Sufficient dimen-

sion reduction (sdr, Cook, 1998, Li, 2000) seeks to replace the p-dimensional

vector of predictors X with q linear combinations ηTX (η is a p × q matrix,

q ≤ p), while preserving all information in y |X. The relevant information is

preserved when y X | ηTX, where stands for independence. In practice, it

is often true that q is far less than p, in which case a substantial reduction in

dimension is achieved.
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We first define a unique inferential object for sdr. A subspace S that satis-

fies y X |PSX is called a dimension reduction subspace, where P(·) denotes a

projection operator with respect to the standard inner product. The intersec-

tion of all dimension reduction subspaces, under mild conditions (Cook, 1994a,

1996), is a dimension reduction subspace itself. The resulting subspace is named

the central subspace (cs), and is denoted by Sy|X . The cs, by definition, is a

unique and parsimonious subspace that preserves all information of y |X, and

thus is the main object of interest in our dimension reduction inquiry. We will

assume the existence of Sy|X throughout this article, and call its dimension,

d = dim(Sy|X), the structural dimension of the regression.

There are a number of model-free methods for estimating Sy|X , for in-

stance, sliced inverse regression (sir, Li, 1991), sliced average variance estima-

tion (save, Cook and Weisberg, 1991), and parametric inverse regression (Bura

and Cook, 2002). Among them, sir is perhaps the most popular method, and

having proven successful in many real data applications. For instance, Naik,

Hagerty, and Tsai (2000) introduced sir to data-rich direct marketing environ-

ments, while Chiaromonte and Martinelli (2002) applied sir to tumor classi-

fication in gene expression data. Aragon, Li, and Thomas-Agnan (1996) used

sir to model a family of empirical distribution functions in terms of a large set

of economic indicators of French cities, and Becker and Theis (2002) combined

sir with a clustering technique to classify German economic data into various

business cycles. Furthermore, Li (2000) demonstrated the application of sir to

the classification of handwritten digits.

sir, as well as all other sdr methods, imposes no traditional assumption

on y |X such as E(y |X) being linear in X, or y |X following a specified dis-

tribution. However, all of these methods require a linearity condition on the

marginal distribution of X, i.e.,

E(X | ηTX = u) = A0 + A1u, (1)
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where A0 is a p × 1 vector and A1 is some p × q matrix. Simply stated, the

linearity condition requires that the conditional mean E(X | ηTX) be linear in

ηTX. As we will demonstrate below, strong nonlinearity among predictors can

significantly degrade estimation accuracy of sir and may produce completely

misleading results. Thus, in this article, we propose an extension of sir which

does not require the linearity condition, and we show that sir is a special case

of the proposed method when the linearity condition holds. This extension is

one of the first such attempts to relax the linearity condition, and it also lays

ground work for a number of future developments.

The rest of the article is organized as follows. Section 2 briefly reviews sir,

and provides an example to show how sir fails when the linearity condition is

not met. sir
3, our extension of sir, is proposed in Section 3, and the connection

with sir is established. Inference on the structural dimension associated with

sir
3 is addressed in Section 4. The effectiveness of the proposed method is

demonstrated via a simulation study in Section 5, and the method is applied

to the Los Alamos environmental contamination data in Section 6. Section 7

summarizes the paper and discusses the future research.

2 Sliced Inverse Regression

2.1 Review of sir

To facilitate presentation, we work mostly in terms of the standardized pre-

dictors Z = Σ
−1/2
x (X − E(X)), where Σx = Cov(X) is assumed to be positive

definite. There is no loss of generality by working on the Z-scale, because

Sy|X = Σ
−1/2
x Sy|Z (Cook, 1998, Proposition 6.1). So Sy|Z can always be back-

transformed to Sy|X .

Sliced inverse regression was proposed by Li (1991) who approached sufficient

dimension reduction through the inverse regression of Z on y. Define the inverse
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mean subspace

SE(Z|y) = Span{E(Z | y) : y ∈ Ωy},

where Ωy denotes the sample space for response y.

Li (1991) and Cook (1998) showed, assuming the linearity condition (1),

SE(Z|y) ⊆ Sy|Z .

It is often further assumed that SE(Z|y) coincides with Sy|Z , i.e., SE(Z|y) = Sy|Z .

This is called the coverage condition, which is often satisfied in practice. So

we do not generally consider this condition to be worrisome. Since SE(Z|y) =

Span{Var(E(Z | y))} (Cook, 1998, Proposition 11.1), the eigenvectors of M =

Var(E(Z | y)) corresponding to its non-zero eigenvalues form a basis for the

central subspace accordingly. The matrix M is called the sir kernel matrix.

To estimate M , we follow the sir protocol by assuming that the response

has been discretized by constructing h slices so that y takes values in {1, . . . , h}.

The j-th value of y is called the j-th slice. This slicing step might be unnecessary

if the response is naturally discrete or categorical. The sample version of the

sir kernel matrix is then

M̂ =
h

∑

j=1

nj

n
Ê(Z | y = j) Ê(Z | y = j)T,

where nj is the number of observations in the j-th slice, n is the total number

of observations, and Ê(Z | y = j) is the average of Z in the j-th slice,

Letting λ̂1 ≥ . . . ≥ λ̂p denote the eigenvalues of M̂ , inference on the struc-

tural dimension of the regression d = dim(Sy|Z) is based on the statistic

Λ̂d = n

p
∑

j=d+1

λ̂j. (2)

Estimation of d is obtained by performing a series of tests of hypotheses d = m

versus d > m for m = 0, . . . , p − 1 (Li, 1991). The estimate of d is taken as the
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minimum m such that the null hypothesis d = m is not rejected. Asymptotically

Λ̂d is distributed as a linear combination of χ2 random variables (Bura and Cook,

2002). Cook and Yin (2001) also developed a permutation test based on (2),

which is particularly useful when the sample size is relatively small.

The number of slices h is a tuning parameter in sir. Usually the choice of h

will not significantly influence the estimation based on sir as long as h > d and

n is large enough for the asymptotics to provide useful approximations. When

the response is discrete, choice of h may become trivial, e.g., h = C, the number

of classes in the response.

2.2 Linearity Condition

We next examine the linearity condition (1) more closely. First, it is important

to note that, unlike parametric regression analysis, sir does not impose any

traditional assumption on the conditional distribution of y |Z. Instead, sir

places a constraint on the marginal distribution of predictors Z to assure the

conditional mean E(Z | y) lies in the central subspace Sy|Z .

Let columns of the p×d matrix γ be a basis for Sy|Z , the linearity condition

is equivalent to requiring that (Cook, 1998, Proposition 4.2),

E(Z |PγZ) = PγZ, (3)

where Pγ stands for a projection matrix onto the space spanned by columns of

γ with respect to the standard inner product. Since γ is unknown in practice,

we may require the linearity condition to hold for all possible subspaces of

IRp , which in turn is equivalent to requiring that the predictor distribution is

elliptically symmetric (Eaton, 1986). The multivariate normal is a special case

of an elliptically symmetric distribution.

Li (1991) argued that the linearity condition is not a severe restriction, be-

cause most low-dimensional projections of a high-dimensional data are close to
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normal (Diaconis and Freedman, 1984, Hall and Li, 1993). However, estima-

tion via sir may be impaired when there is a strong nonlinear relation among

predictors. We demonstrate this in a simulation example below.

2.3 Illustration

Consider p = 10 independent standard normal predictors X = (x1, . . . , x10)
T,

with sample size n = 100. The response model is

y = exp(0.5 × βTX + 1) + ε,

where β = (1,−1,−1, 0, . . . , 0)T, and ε is a standard normal error independent

of X. In this example the central subspace is Sy|X = Span(β) with the structural

dimension d = 1. Applying sir to these data, we found that the p-values for

testing the null hypotheses d = 0, d = 1, and d = 2 versus the alternatives that

d > 0, d > 1, and d > 2, respectively, are 0.00, 0.40 and 0.76. This strongly

suggests that the estimated structural dimension d̂ = 1. The sir estimate of

β is β̂ = (0.57,−0.59,−0.56, 0.05, 0.04,−0.02, 0.01, 0.08, 0.01,−0.01)T, and the

angle between β and β̂ is 6.21◦. For reference, if we use a randomly generated

vector as the estimate of β, the angle between this random estimate and the true

direction is expected to be 74.64◦. sir successfully uncovers both the structural

dimension and the vector spanning the central subspace in this example where

the linearity condition holds.

Next we introduce a nonlinear relation between the first two predictors by

letting x1 follow a uniform distribution between 0 and 1, and defining

x2 = log(x1) + e, where e ∼ Uniform(−0.3, 0.3).

The remaining predictors x3, . . . , x10 and the error ε follow the standard normal

distribution as before, and the model and sample size are unchanged. In this

instance, the linearity condition no longer holds.
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Applying sir to these data, the p-values for testing the null hypotheses

d = 0, d = 1, and d = 2 are 0.00, 0.06 and 0.42 respectively. It is not clear

from these results whether the estimated structural dimension should be d̂ = 1

or d̂ = 2 because the p-value for hypotheses d = 1 versus d > 1 is marginal

at 0.06. Suppose we conclude correctly that d̂ = 1, the sir estimate now

becomes (0.02,−0.53,−0.84, 0.00,−0.01, 0.02,−0.03, 0.04,−0.01,−0.03)T. The

angle between this estimate and β is 36.30◦. The example demonstrates that

a nonlinear relation among the predictors degrade both inference on d and

estimation accuracy of vectors in Sy|X . In the next section, we will develop an

estimation approach that is unrestricted by the presence of nonlinearly related

predictors.

3 sir
3: Extension of sir

3.1 Development

Let γ be a basis for Sy|Z , then y Z | γTZ. Equivalently, we have

Z | (y, γTZ)
d
= Z | γTZ, (4)

where
d
= denotes the equivalence of two distributions. An important implication

of (4) is that E(Z | y, γTZ) = E(Z | γTZ), which in turn implies

E(Z | y) = E(E(Z | y, γTZ) | y) = E(E(Z | γTZ) | y). (5)

Given the structural dimension d, we propose to minimize the following

objective function

Ld(B) = E
(

||E(Z | y) − E(E(Z |BTZ) | y)||2
)

(6)

over all p × d orthonormal matrices B in the Stiefel manifold (Murihead, 1982,

p.67). Equality in (5) assures that the population minimizer ζ of (6) is in
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the central subspace Sy|Z . In analogy to the coverage condition, we assume

Span(ζ) = Sy|Z .

Given n observations {(X1, y1), . . . , (Xn, yn)}, let X̄ and Σ̂x denote the sam-

ple versions of E(X) and Cov(X) respectively. The standardized predictor is

Zi = Σ̂
−1/2
x (Xi − X̄), i = 1, . . . , n. The sample version of objective Ld(B) is

then

L̂d(B) =
h

∑

j=1

nj ||
1

nj

nj
∑

i=1

Zi −
1

nj

nj
∑

i=1

Ê(Z |BTZi)||
2 (7)

where Ê(Z |BTZi) denotes the estimate of E(Z |BTZ) that are evaluated at the

observations Z1, . . . , Znj
within the j-th slice y = j.

An estimate of E(Z |BTZ) can be obtained by smoothing the p-dimensional

vector Z over the d-dimensional covariates BTZ. For this purpose, we have tried

both a local loess smoother (Cleveland and Devlin, 1988) and global polyno-

mial smoothers of varying orders. We found that a third order global polynomial

smoother is preferred. Specifically, given the order q of the global polynomial

smoother, for one-dimensional variable v, and d covariates u1, . . . , ud, we esti-

mate E(v |u1, . . . , ud) by

β0 +
∑

i1

βi1 ui1 +
∑

i1,i2

βi1i2 ui1ui2 + . . . +
∑

i1,...,iq

βi1...iq ui1 . . . uiq

where i1, . . . , iq are indices taking values in {1, . . . , d}, and the β’s are estimated

by the least squares. In our context, we choose q = 3, and call the resulting

extension of sir method sir
3.

Given the nonlinear nature of both objective function and the constraint

that B being orthonormal, a sequential quadratic programming (SQP) algo-

rithm (Gill, Murray, and Wright, 1981) is appropriate for the minimization of

L̂d(B). The SQP algorithm NPSOL, released by the System Optimization Lab-

oratory of Stanford University, is employed. Details of usage of NPSOL can be

found in Li (2003) and Gill, Murray, Saunders, and Wright (1986). The matrix
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that minimizes L̂d(B) is taken as the estimate γ̂ of γ, the basis for the central

subspace Sy|Z . To obtain an estimated basis for Sy|X in the original X-scale, we

transform γ̂ to Σ̂
−1/2
x γ̂.

Inference on the structural dimension d is based on L̂d(B) and the permu-

tation test. Specifics of the proposed test will be presented in Section 4.

We applied sir
3 to the example in Section 2.3 where the linearity con-

dition does not hold. The p-values of the permutation test of sir
3 for the

null hypotheses d = 0, d = 1, and d = 2 are 0.00, 0.41 and 0.78 respec-

tively, which suggests that the structural dimension is 1. The sir
3 estimate

is (0.75,−0.53,−0.39,−0.01, −0.02, 0.02, 0.05,−0.03,−0.01, 0.00)T, with angle

to the true direction equal to 15.44◦. It is clear that substantial improvement

has been achieved compared with sir in this example.

3.2 Relation to sir

We next examine the connections between sir
3 and sir. For the basis γ of Sy|Z ,

from (5) we know γ is the population minimizer of Ld(B) in (6). If the linearity

condition that E(Z |PγZ) = PγZ holds, we have

E(Z | y) = E(E(Z |PγZ) | y) = E(PγZ | y) = Pγ E(Z | y).

That is, the projection of E(Z | y) to the space spanned by columns of γ is

E(Z | y) itself, therefore, E(Z | y) ∈ Sy|Z . So sir
3 produces exactly the same

population solution as sir when the linearity condition holds.

Furthermore, the linearity condition (1) implies that E(Z | γTZ) can be well

approximated by a global polynomial smoother with order q = 1. If the marginal

distribution of X satisfies the linearity condition, we expect the coefficients asso-

ciated with the polynomial smoother with order greater than one will be close to

0, thus sir
3 should give solutions similar to sir. This will be shown using simu-

lation. On the other hand, if there is a nonlinear relation among E(Z | γTZ), the
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polynomial smoother with order greater than one will then capture the nonlin-

earity and yield better estimates than sir. In this sense, the global third order

polynomial smoother provides a natural relaxation of the linearity condition.

3.3 Handling of Local Optima

Numerical optimization of objective function L̂d(B) may be complicated by the

presence of multiple local optima when the predictors are nonlinearly related.

We consider the following response model as an illustration. The sample size is

n = 200. The structural dimension is d = 2, and two basis vectors of the central

subspace are (1, 0, 0, 0, 0)T and (0, 0, 1, 0, 0)T.

Response model 1:

x1 ∼ Uniform(0, 1), x2 = log(x1) + e, where e ∼ Uniform(−0.3, 0.3),

x3, x4, x5 ∼ Normal(0, 1),

y = log(x1)
2 + x3

3 + ε, where ε ∼ Normal(0, 0.22).

To examine the nature of objective function, we created a two-dimensional view

of the objective function along a fixed direction. Figure 1(a) shows the evalu-

ated objective function L̂d(B) as B moves along (cos(θπ), sin(θπ), 0, 0, 0)T with

−1.0 ≤ θ < 1.0. One basis direction of the central subspace (1, 0, 0, 0, 0)T is

marked out by arrows in the plot. It shows that the global minimum of objec-

tive function agrees with the basis vector of the central subspace; meanwhile,

there exist local non-global minima. In our extensive simulation study of exam-

ples where there is nonlinear relation among predictors, we have observed that,

as the number of predictors increases, the objective tends to have more local

minima. On the other hand, as the sample size increases, the number of local

optima appears to decrease (Li, 2003).

Nevertheless, the existence of multiple local optima suggests that multiple

searches, each from a different randomly selected starting point, or the use of

a global minimizer such as simulated annealing, should be considered in an
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Figure 1: Response model 1: (a) Objective function L̂d(B) versus

(cos(θπ), sin(θπ), 0, 0, 0)T with −1.0 ≤ θ < 1.0; (b) Box plot of angles out

of 50 data replications. Three boxes corresponds to estimates of sir, sir
3 with

a single starting value, and sir
3 with ten starting values.

effort to identify the global minimum. We have examined many examples, and

found that the multiple searches with ten starting values often yield satisfactory

results. Consider response model 1, Figure 1(b) shows the box plot of angles

between the true basis and the estimate produced from sir, sir
3 with a single

starting value, and sir
3 with ten starting values respectively. Here the angle

between two subspaces S1 = Span(B1) and S2 = Span(B2), where B1 and B2

are bases spanning S1 and S2, is defined as (Eaton, 1983),

angle(S1,S2) = arccos min
v∈S2

vTPS1
v

vTv
,

and PS1
is a projection operator onto S1. Improvement in estimation accuracy

from multiple starting values is clearly seen in the plot. For instance, the median

of angles for sir is 51.58◦. It improves to 17.67◦ for sir
3 with a single starting

value, and it further drops to 13.08◦ for sir
3 with ten starting values. In what
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follows, we will always employ ten starting values in our simulations.

4 Test for Structural Dimension

We next address the issue of inference on the structural dimension d of Sy|Z .

When the linearity condition does not hold, neither an asymptotic test nor a

permutation test based on sir works properly. One such example was shown

in Section 2.3. We next propose a permutation test based on sir
3, which can

estimate the structural dimension d without requiring the linearity condition.

Given the hypothesized dimension m, B is a p × m orthonormal matrix.

Denote the sample objective function as shown in (7) by L̂m(B). Let B̂m be

the matrix which minimizes L̂m(B), and L̂m be the minimum objective function

value obtained at B = B̂m. For a test of the hypotheses d = m versus d > m,

we consider the following test statistic

Λ̂E
m = L̂m − L̂p = L̂m

where the last equality comes from the fact that B̂p = Ip, the p × p identity

matrix, and L̂p = 0. We then propose the permutation test procedure based

on Λ̂E
m as shown in Table 1. To estimate the structural dimension d, we repeat

the above procedure for m = 0, . . . , p − 1. The estimated dimension d̂ is the

smallest integer that the null hypothesis d = d̂ can not be rejected.

It is informative to investigate the link between the proposed test statistic Λ̂E
m

and the sir-based statistic Λ̂m as shown in (2). Assuming the linearity condition

is satisfied for any orthonormal matrix B, i.e., E(Z |BTZ) = PBZ = BBTZ, one

can show that

L̂m(B) =
h

∑

j=1

nj || Ê(Z | y) − Ê( Ê(Z |BTZ) | y ) ||2

=
h

∑

j=1

nj || Ê(Z | y) − PB Ê(Z | y) ||2
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1. Compute B̂m = arg minB L̂m(B) = (b̂1, . . . , b̂m) based on original data yi

and Zi, i = 1, . . . , n. Obtain the test statistic Λ̂E
m.

2. Construct the complementary basis (b̂m+1, . . . , b̂p) of B̂m in IRp , and con-

struct vectors V̂i = (b̂T

1Zi, . . . , b̂
T

mZi), and V̂ c
i = (b̂T

m+1Zi, . . . , b̂
T

pZi), for

i = 1, . . . , n.

3. Randomly permute the indices i of the V̂ c
i to obtain the permuted set V̂ c∗

i .

Form the permuted data Z∗
i = (V̂i, V̂

c∗
i )T.

4. Compute B̂∗
m = arg minB L̂m(B) based on the original data yi along with

the permuted data Z∗
i . Obtain the test statistic Λ̂E∗

m .

5. Repeat steps 3 - 4 N times, where N is the number of permutations. The

p-value of the hypothesis testing is the fraction of Λ̂E∗
m that exceed Λ̂E

m.

Table 1: Permutation test for sir
3.

= n

h
∑

j=1

nj

n
Ê(Z | y)T Ê(Z | y) − n

h
∑

j=1

nj

n
Ê(Z | y)T BBT Ê(Z | y)

= n trace(M̂) − n trace(BTM̂B),

where M̂ is the sample sir kernel matrix. Thus, to minimize L̂m(B), it is

sufficient to maximize trace(BTM̂B) subject to the constraint BTB = Im. This

maximum value is equal to
∑m

j=1 λ̂j, where λ̂1 ≥ . . . ≥ λ̂m are the largest m

eigenvalues of M̂ . Therefore,

Λ̂E
m = n

p
∑

j=1

λ̂j − n
m

∑

j=1

λ̂j = n

p
∑

j=m+1

λ̂j = Λ̂m

That is, the proposed test statistic equals the sir statistic when the linearity

condition holds.

A power study of the permutation test is carried out in Section 5.3.
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5 Performance of sir
3

5.1 Nonlinear Predictors

We first compare sir and sir
3 in a number of examples where the linearity

condition does not hold. The box plot of angles between the true and the

estimated basis based on 50 data replications will be used as a measure for

estimation accuracy. In addition, we compute the percentage reduction resulting

from the use of sir
3 as ∆pr = 100 (aSIR − aSIR3)/aSIR, where aSIR and aSIR3 are

the median angle of sir and sir
3 respectively. In both sir and sir

3, h = 5 slices

were used. Ten starting values were employed for sir
3, with the sir estimate

chosen as one of the initial values, while the randomly generated bases consist

of the remaining.

In addition to response model 1 in Section 3.3, we consider the following

models.

Response model 2:

x1 ∼ Uniform(0, 1), x2 = log(x1) + e, where e ∼ Uniform(−0.3, 0.3),

x3, x4, x5 ∼ Normal(0, 1),

y = exp(0.5 (x1 − x2 − x3) + 1) + ε, where ε ∼ Normal(0, 1).

Response model 3:

x1, . . . , x8 ∼ Exponential(1),

y = exp(x1 − x2) + ε, where ε ∼ Normal(0, 0.52).

Response model 4:

x1 ∼ Normal(0, 1), x2 = x2
1, x3, . . . , x8 ∼ Normal(0, 1),

ε1, ε2 ∼ Normal(0, 1),

y = sign(x1 + x2 + x3 + x4 + 0.1 ε1) × log(|x1 − x2 + x7 − x8 + 5 + 0.1 ε2|).

For models 1 and 4, the structural dimension d = 2, and the sample size is set as
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Method Model 1 Model 2 Model 3 Model 4

sir 51.58◦ 27.60◦ 18.14◦ 30.09◦

sir
3 13.08◦ 12.76◦ 11.77◦ 17.11◦

∆pr 74.64% 53.77% 35.12% 43.14%

Table 2: Comparison of sir
3 and sir. Listed are the median of angles of sir

and sir
3 estimates based on 50 data replications, and the percentage reduction

∆pr resulting from the use of sir
3.

n = 200. For models 2 and 3, d = 1, and n = 100. The linearity condition does

not hold in models 1, 2, and 4 because of the nonlinear relation between the first

two predictors x1 and x2. The linearity condition is not met in model 3 because

E(X | ηTX = u) is nonlinear in u, where η = (1,−1, 0, . . . , 0)T denotes the basis

of corresponding central subspace. Figure 2 shows the box plots of angles for

the four response models, and Table 2 summarizes the median angles as well as

the percentage reduction ∆pr resulting from the use of sir
3. It is clear that sir

3

brings considerable amount of improvement in estimation accuracy over sir.

For instance, the median angle produced by sir is 27.60◦ in response model 2,

whereas the median angle drops to 12.76◦ for sir
3, resulting in the percentage

reduction 53.77%.

5.2 Linear Predictors

We next examine the performance of sir
3 when the linearity condition holds.

The following response model is examined, with the sample size n = 100.

Response model 5:

x1, x2 ∼ Normal(0, 1),

y = exp(0.5x1) + ε, where ε ∼ Normal(0, 1).

Since the predictors follow a normal distribution, the linearity condition holds.
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Figure 2: Comparison of sir
3 and sir. Box plots of angles for response models 1

- 4, based on 50 data replications, where the linearity condition is not satisfied.
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Figure 3: Comparison of sir
3 and sir. Box plot of angles for response model 5,

based on 50 data replications, where the linearity condition is satisfied.

Figure 3 shows the box plot of angles based on 50 replications. In addition to

sir
3, where the order of the polynomial smoother is three, we also compared

the method of minimizing L̂d(B) with a linear polynomial smoother (a method

which may be called sir
1). We first observed that our extension of sir with

a polynomial smoother of order q = 1 essentially produces the same results as

sir. This agrees with our expectation. In addition, sir
3 yields estimates close

to sir when the linearity condition is met. The computation involved in sir
3,

however, is inevitably more expensive than sir.

5.3 Power Study of Dimension Test

In this section we summarize the results of a power study of the proposed test

for inference on d. We examined three response models that we have considered

before: response model 3 with d = 1 and model 4 with d = 2, both of which

do not meet the linearity condition; and response model 5 where d = 1, and

the linearity condition holds. For each example, 1000 replications are produced.
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d = 0 vs d > 0 d = 1 vs d > 1 d = 2 vs d > 2

α = 0.05 α = 0.10 α = 0.05 α = 0.10 α = 0.05 α = 0.10

Model 3 sir 1.000 1.000 0.494 0.634 - -

(d = 1) sir
3 1.000 1.000 0.058 0.108 - -

Model 4 sir 1.000 1.000 1.000 1.000 0.261 0.393

(d = 2) sir
3 1.000 1.000 1.000 1.000 0.047 0.085

Model 5 sir 1.000 1.000 0.057 0.115 - -

(d = 1) sir
3 1.000 1.000 0.059 0.119 - -

Table 3: Rejection rates per 1000 Monte Carlo replications of the sir-based

permutation test and the sir
3-based permutation test.

The p-values of both sir-based permutation test and our proposed sir
3-based

test are computed. Given the type I error rate α, we report the observed

rejection rate, i.e., the ratio of number of times that the p-value of the test is

less than α out of 1000 replications. For a problem with a structural dimension

d and the hypotheses d = m versus d > m, this rejection rate is the estimated

power of the test for m < d, and the estimated type I error rate for m = d.

Table 3 summarizes the results.

From the table, we observe that, when the linearity condition holds, our

proposed sir
3-based permutation test has comparable power and type I error

rate as the sir-based test. For instance, for hypotheses d = 1 versus d > 1 in

model 5, sir
3-based test produced Type I error rate of 0.059, compared with

0.057 by sir, when α = 0.05. On the other hand, when the linearity condition

is not met, sir-based permutation test yields type I error rate far from the

nominal level. For instance in model 3, with α = 0.05, the error rate for sir is

0.494. In contrast, the error rate for sir
3 is 0.058, which is consistent with the

nominal level.
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6 Application: Los Alamos Environmental Con-

tamination Data

We consider data from Los Alamos National Laboratory on the fate of an en-

vironmental contaminant introduced into an ecosystem. The response y is the

logarithm of the amount of contamination in the terrestrial invertebrates at

day 5000, and we use the 16 active predictors identified by Cook (1994b). We

took the logarithm of the positive predictors with ratio between the largest

and smallest values larger than 10, leaving 7 transformed predictors. The data

contain n = 501 samples.

Verification of the linearity condition for the 16 variables is not a simple

task. Partial information can be obtained by inspecting scatter plots for pre-

dictor pairs, although there are 120 such plots to examine here. For example,

Figure 4(a) provides a plot of two log-transformed predictors, which seems to

exhibit some nonlinearity. In any event, it is not clear if the linearity condi-

tion holds for the data, and this adds uncertainty to inference from sir. The

proposed sir
3 method, however, frees us from the restriction of the linearity

condition. As a comparison, we applied both sir and sir
3 to these data, with

the number of slices h = 50. The p-values of the permutation tests of sir
3 with

50 permutations are 0.00, 0.26, and 0.33 for d = 0, 1, and 2 respectively, while

the p-values of sir tests are 0.00, 0.05, and 0.52. So sir
3 suggests that the

structural dimension of regression is d = 1, but sir concludes that d = 2. Fur-

thermore, the first sir
3 direction agrees exactly with the first direction obtained

by sir, although such a similarity between the estimated directions is irrelevant

unless the estimated structural dimensions are the same. These results imply

that, for the environmental contamination data, sir yields a 2D subspace that

contains the 1D sir
3 subspace. It is then essential to check the validity of tests

of sir
3 and sir in order to infer the true structural dimension d.
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Figure 4: Analysis of environmental contamination data. (a) Marginal plot of

two log-transformed predictors; (b) Response versus the first sir
3 direction; the

solid line is the local linear smoother with bandwidth 0.75.

For this purpose, we simulated a one-dimensional model based on the en-

vironmental contamination data. Specifically, let β̂ denote the extracted first

direction by both sir
3 and sir, and let X denote the vector of 16 predictors.

Figure 4(b) shows a plot of the response y versus the extracted component β̂TX.

We first fitted a local linear smoother with bandwidth 0.75 to the data in Fig-

ure 4(b), resulting in a smooth function s(β̂TX) of β̂TX. We next generated

new response from the model ynew = s(β̂TX) + 0.2ε, where the same predictor

values of X are used, and ε is a standard normal error independent of X. The

structural dimension of the simulated data is d = 1. sir and sir
3 were then

applied to the new data, with the sample size n = 501. The p-values for the

sir tests are 0.00, 0.06, and 0.51, while the p-values for sir
3 are 0.00, 0.35, and

0.63. Therefore we have strong evidence showing that sir concludes the struc-

tural dimension larger than the true value, while sir
3 provides a more reliable

estimate of d. This result echoes that in the simulation example in Section 2.3,
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indicating that sir is responding to the nonlinearity in the predictors.

In summary, sir
3 can serve as a diagnostic when there is uncertainty about

inference from sir. It provides an effective replacement for sir without the

burden of checking the linearity condition. This is particularly useful for high-

dimensional data, where checking the linearity can be difficult.

7 Conclusion

In this paper we first reviewed sliced inverse regression, which achieves dimen-

sion reduction without losing any information on the conditional distribution

y |X, and without pre-assuming any model. However, the application of sir is

restricted by the linearity condition that is imposed on the marginal distribu-

tion of the predictors. We used a simple example to illustrate how sir may fail

when the linearity condition is not satisfied. This same restriction applies to all

other sdr estimation methods as well.

We then proposed sir
3, an extension of sir, in which the estimation of the

basis of the central subspace is obtained via nonlinear optimization. A third or-

der global polynomial smoother was used in the evaluation of objective function,

and a sequential quadratic programming nonlinear algorithm was employed to

carry out the optimization. Simulation studies demonstrated that the perfor-

mance of sir
3 is comparable to sir when the linearity condition holds, and is

superior to sir when the linearity condition is not satisfied. A permutation test

for the structural dimension of regression was proposed, and its efficacy was

demonstrated in a power study. A real data analysis was also provided. Addi-

tionally, sir
3 was shown to reduce to sir when the linearity condition holds.

There are a number of ways to extend the work in this paper. First, asymp-

totic theory for sir
3 may be developed. Second, the ideas can be applied to

other sdr estimation approaches, e.g. save, to reduce the dependence on the

linearity condition. These lines of work are being investigated.
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