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Preface 
 
This volume contains the proceedings of the Industrial Mathematical and 
Statistical Modeling Workshop for graduate students, held at the Center for 
Research in Scientific Computation at North Carolina State University (NCSU) in 
Raleigh, North Carolina from July 23-31, 2007. This was the thirteenth such 
workshop to be held at NCSU, and brought together 37 graduate students from 
27 universities. 
 
On the morning of the first day, industrial scientists presented six research 
problems. Students were divided into six teams to work on mathematical and 
statistical modeling problems presented. In contrast to neat, well-posed 
academic exercises that are typically found in coursework or textbooks, the 
workshop problems are challenging real-world problems that required the varied 
expertise and fresh insights of the group for their formulation, solution and 
interpretation. Each group spent the first eight days of the workshop investigating 
their project and reported their findings in half-hour public seminars on the final 
day of the workshop.  
 
This year’s projects were 
 
Density Estimation from Interval Data 
Bureau of Labor Statistics 
Presenter: Meghan O’Malley  
 
Private Equity Integrated Risk Management and Portfolio Optimization 
Cherokee Investment Partners 
Presenter: Charles Atkins 
 
Analyzing Papilloma Data in Mice 
Constella Group  
Presenter: Marjolein Smith 
 
Microbial Indicators of Drinking Water Contamination 
Environmental Protection Agency 
Presenter: Michael Messner 
 
Estimating Rocket Parameters from Flight Data 
MIT Lincoln Laboratories 
Presenter: John Peach 
 
Image processing for infrared thermography 
Nippon Steel 
Presenters: Junichi Nakagawa, Belal Gharaibeh, Keng H. Chuah, Tomoya 
Takeuchi, Tadayuki Ito  
 



 
These problems represent a broad spectrum of mathematical and statistical 
topics and applications. While the problems included many aspects that are 
challenging to address in the nine-day duration of the workshop, readers of this 
report will observe remarkable progress on all the projects. 
 
We strongly believe that this type of modeling workshop provides a highly 
valuable research related experience for graduate students that, simultaneously, 
contributes to the research of the industrial participants. One of the biggest 
challenges in real-world research is defining the problem and identifying what 
can be done about it. Our workshop participants get experience in this crucial life 
skill. In addition, the workshop improves graduate students’ ability to 
communicate and interact with scientists who are not traditional mathematicians, 
but who require and employ mathematical tools in their work. Through this 
unique experience that exposes students to the means by which mathematics is 
applied outside academia, the workshop has helped many students clarify their 
career aspirations. In several cases, in past workshops, students have been 
hired by the participating companies. Students interested in academic careers 
also find a renewed sense of excitement about applied mathematics and 
statistics from broadening their horizon beyond that which is typically presented 
in mathematics graduate education. 
 
Active participation of all involved during a nine day period of almost 
uninterrupted work, plus a series of social activities, enhanced the success of the 
workshop. The organizers are grateful to the participants for their dedicated effort 
and contributions.  
 
Funding for the workshop was provided by the Statistical and Applied 
Mathematical Sciences Institute (SAMSI) with additional financial support, 
personnel, and facilities provided by the Center for Research in Scientific 
Computation (CRSC) and the Department of Mathematics at North Carolina 
State University.  
 
Finally, we would like to express our sincere gratitude to Deborah Leistikow, 
Lesa Denning and Madeline Kamal for their efforts and help in all administrative 
matters. We are also grateful to John David for conducting the CRSC lab 
demonstration and to Ben Lobo, Ellen Peterson, Sara Torres, and Cory Winton 
for their assistance in providing transportation. 
 

 
Zhilin Li, Sharon Lubkin, Mette S. Olufsen and Ralph C. Smith 

Raleigh, 2007 
 
  



DENSITY ESTIMATION FROM INTERVAL DATA

Zhen Chen1, Rachel Fonstad2, Suman Sanyal3, Svetlana Simakhina4, Stephanie Vance5, Chang Xu6

Problem Presenter:
Meghan O’Malley

Bureau of Labor Statistics
Faculty Advisors: Dr. Ilse Ipsen7 & Dr. Xiaobiao Lin8

Abstract

The forms for Occupational Employment Statistics request wage data from approximately 1.2 million
business establishments as counts of employees in 12 wage intervals. The interval counts are used to calculate
occupational means and percentiles for the underlying wage distributions. Estimating population parameters
from such low-detail data is difficult; density estimation leads to more precisely inference of statistics such as
means and percentiles than the 12-bar histogram does. We construct three simple, versatile models informed
by the interval percentages which can be used for various distributions. After that we compute means and
percentiles from the models and compare them with the means and percentiles from the true distributions. In
most cases our models give satisfying approximation to the true distributions.

1Auburn University
2University of Iowa
3University of Missouri - Rolla
4Florida State University
5University of Washington
6Virginia Tech
7North Carolina State University
8North Carolina State University
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1 Introduction and Motivation

Due to practical restrictions such as budget and time, data is often collected in broad categories rather than
specific points. When a person looks at a histogram of these broad categories, he or she will usually mentally
smooth out the histogram, imagining the form of the underlying distribution. Formulas to obtain specific
values for parameter estimates ignore the underlying distribution. They are usually calculated using weighted
averages of the broad category values. In a sense, by failing to use information on relationships between
categories, this method ignores much of the information in a histogram. Is it possible to use the intervals
and basic intuition about “smoothness” to recover a density function? Could a recovered density function give
better parameter estimates than weighted averages of the interval values?

For confidentiality purpose as well as the motivation of creating a versatile algorithm which is used for
density estimation for data from any underlying distribution, we perform a 2-step simulation study.

In the first step of our simulation, data is generated from various truncated distributions by using sta-
tistical software R. The underlying truncated distributions are from 3 categories, the unimodal family like
Normal and Gamma (i.e. for some value m (the mode), it is monotonically increasing for x ≤ m and
monotonically decreasing for x ≥ m.), and Bimodal shape curves (with two different modes) from the
mixture of two unimodel curves. Then, we create the histogram in a manner such that the area of each
bar will be identical with the area beneath the curve for each interval. The data set created for test is
the 12-bar histogram with each interval boundary and interval percentage known. The intervals we have
are A = [5.15, 7.5), B = [7.5, 9.5), C = [9.5, 12), D = [12, 15.25), E = [15.25, 19.25), F = [19, 25, 24.5), G =
[24.5, 31),H = [31, 39.25), I = [39.25, 49.75), J = [49.75, 63.25),K = [63.25, 80), L = [80, 118.85).

Next, we implement our 2 methods separately to each histogram generated in the first step, and estimate
the parameters of the underlying distribution from the histogram information.

At the end, the comparison between the estimated parameters or statistics (Mean, Median, Percentiles)
from our algorithm with the true parameters or statistics from the underlying distribution is performed to test
the Goodness-of-Fit of our methods.

2 Data Generation

2.1 Unimodal Histogram Data Generation

The following R codes is listed for demonstration of the data generation process, the complete code is given in
the Appendix at the end of the report.

The code following illustrates the procedure of creating unimodal histogram.

#### For the Unimodal Gamma distribution with alpha=12,beta=2 ###

n=100000; ## number of data generated

alpha=12; beta=2; ## alpha and beta are the parameters of gamma distribution;

X=rgamma(n, alpha, beta); ## function rgamma() is used to create gamma

distribution sample;

########### 12 Areas Computation ##########

A = length(X[5.15<=X & X <7.5])/length(X)

B = length(X[7.5 <=X & X <9.5])/length(X)

C = length(X[9.5 <=X & X <12])/length(X)

.........

where, in the third line of the code above, an i.i.d. (independent and identical distributed) sample is generated
from the Gamma distribution with parameters α = 12 and β = 2 by using function rgamma(·). After that, a
percentage histogram is computed for each interval based on this i.i.d. sample. Notice that since the mean of
the sample is far away from the left boundary 5.15, the truncation effect is trivial ( P (X < 5.15) = O(10−6),
where X is the random variable following gamma distribution and function P (·) is the probability density
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function). But, in the bimodal sample generation process as in the following example, the truncation effect
must be considered by using conditional probability formula.

2.2 Bimodal Histogram Data Generation

This section presents the way to get a bimodal histogram from mixing two unimodal density functions and
explain how to neutralize the truncation effect. Without loss of generality, we take the following as an example
of generating bimodal histogram.

First generate two iid samples from Gamma distributions Gamma1(α1 = 20, β1 = 2) and Gamma2(α2 =
20, β2 = 2)respectively by using function rgamma(·). After that, the truncation effect is computed as

C = P (X < 5.15) =
∫ 5.15

−∞
f(x)dx

where, f(x) is the PDF(Probability Density Equation) of the underlying distribution. Then, the conditional
pdf is

P (X|X > 5.15) =
P (X)

P (X > 5.15)
=

P (X)
1− P (X < 5.15)

=
P (X)
1− C

At the end, the two samples and are mixed together according to the known two ratios that add up to be one
(for example: r1 = 3/4 and r2 = 1/4), as well as the truncation effect as in the following formula:

M(X|X > 5.15) = r1 ∗ P1(X) ∗ 1
1− C1

+ r2 ∗ P2(X) ∗ 1
1− C2

where C1 and C2 are the two truncation effects of the two distributions respectively.

2.3 Test Data Sets Summary and Expected Simulation Result

With the same idea, we successfully generated 6 unimodal PDF curves and 4 bimodal curves, which is listed
in the table below:

CDF Parameters Mean Pct 10 Pct25 Pct50 Pct75 Pct90
6 Unimodal Curves

G (α = 12, β = 2) 24 15.66 19.04 23.33 28.24 33.20
N (µ = 35, σ = 9) 35.01 23.49 28.94 35 41.07 46.54
N (µ = 58, σ = 15) 58.01 38.79 47.89 58.00 68.12 77.23
N (µ = 6.75, σ = 1.5) 7.15 5.64 6.20 7.02 7.94 8.80
N (µ = 3.5, σ = 3.5) 7.42 5.47 5.98 6.99 8.43 9.99

LogN (µ = 3, σ = 1) 35.93 7.98 12.41 22.40 42.29 76.15
4 Bimodal Curves

0.87N1+0.13N2 (µ1 = 58, σ1 = 15), (µ2 = 58, σ2 = 15) 46.81 30.00 36.39 43.89 52.90 74.65
0.9N1+0.1N2 (µ1 = 58, σ1 = 15), (µ2 = 58, σ2 = 15) 69.00 57.68 61.46 65.84 70.81 90.00

0.85N1+0.15N2 (µ1 = 35, σ1 = 10), (µ2 = 75, σ2 = 5) 40.29 23.19 29.61 37.24 46.88 67.89
0.75N+0.25G (µ = 16, σ = 9), (α = 30, β = 2) 27.58 9.29 13.71 20.44 33.57 61.17

where, N, G and LogN represents Normal, Gamma and Log Normal Distribution respectively. Row 1-9
corresponding to data set 1-9 that we will use to test the algorithm in the following sections.

Our major goal is to recover the parameters and statistics in the table by using the limited information from
the percentage histogram. We will also compare the discrete mean computed from the histogram bar-chart
with the continuous mean computed from our recovered density curves.
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3 Approach I : Polynomial Approximation

One of the way to approach the problem is to use polynomial interpolation [2]. Here we have freedom to choose
piecewise polynomial models of degree 0 to 12 since we have 13 conditions to satisfy. We want to preserve 13
areas under the interpolating curve in each 13 intervals given to us. It would be nice to use standard finite
differences technics or splines (natural or B-splines) but it is not sufficient for our problem of interest. We are
not given collocation points we are given areas in each interval. One can construct a cumulative distribution
function (CDF) based on the histogram and obtain collocation points for standard interpolation procedures.
By definition, a CDF approximation curve must be monotonically increasing otherwise we violate positivity
of the probability density function (PDF) which is a derivative function of the CDF. This is the reason why
standard finite differences and high order spline methods can not be used for solving the problem of interest.
We observe that simple piecewise linear continuous connection at the collocation points of the CDF gives us
a continuous approximation for CDF and discontinuous approximation for the PDF, i.e. we are back to the
initial stage of histogram. If we smooth out the CDF approximation with quadratic polynomials (splines or
finite differences) we obtain a smooth CDF approximation and a continuous PDF approximation. One step
further in this way (natural cubic splines) gives us twice continuously differentiable CDF approximation and
continuously differentiable PDF approximation. But there is no way to get a curve positive everywhere using
this standard methods. And there is another issue which has to be taken into account – the greater the degree
of an interpolating polynomial the worse it looks because of fluctuations of high degree polynomials. One
more aspect that we focus on is to keep the algorithm simple and robust. We have to keep in mind that
this interpolation modeling is needed for statistical data containing thousands of data sets which have to be
analyzed using a computer code. So we have to minimize the computational time and keep the algorithm as
simple as possible.

3.1 Method 1: Piecewise linear approximation

We are given the partition of the wage interval [0,∞) as {x1, x2, . . . , x13} and areas of corresponding bars in
each interval of the partition {A1, A2, . . . , A13}. We use a piecewise linear approximation to fit a histogram. In
other words we are generating a PDF approximation preserving areas of the histogram. To insure uniqueness
of the approximation we have to make some additional assumptions about the statistical data. We assume
that discontinuity of PDF at x2 is allowed; the area of the first bar is zero; the PDF is zero, linear or convex
up and decreasing to zero on the interval [x13,∞) (the tail). We choose the tail for our approximation model
to be linearly or exponentially decaying. We pick these two forms of the tail because the exponential tail
gives the upper bound on the mean and the linear tail gives the lower bound on the mean. We have 12 areas
A2, A3, . . . , A13 to preserve with 12 pieces in the linear form. (The first bar is always zero, i.e. A1 = 0.)

y = f2(x) = a2x + b2 for x ∈ [xb, x3], where xb ∈ [x3, x3],
y = f3(x) = a3x + b3 for x ∈ [x3, x4],
...

...
...

y = f12(x) = a12x + b12 for x ∈ [x12, x13],
y = f13(x).

The tail y = f13(x), x ∈ [x13,+∞) is chosen to be in linear or exponential form.
For the linearly decaying tail, we have

f13(x) = a13x + b13 for x ∈ [x13, xe] ⊂ [x13,+∞), (1)

where xe = f−1
13 (0). We have 12 sets of a and b parameters plus xb and xe are to be found. Area matching

gives 12 conditions to satisfy, which are∫ x3

xb

(a2x + b2) dx = A2,
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∫ xi+1

xi

(aix + bi) dx = Ai for i=3,4,. . . , 12,∫ xe

x13

(a13x + b13) dx = A13.

In addition we have xb = min[x2, f
−1
2 (0)] and the continuity conditions at each intermediate point (except

x2)

yi(xi+1) = yi+1(xi+1), for i = 3, . . . , 13.

So we have 25 unknowns and 25 conditions.
For the exponential decaying tail, we have

f13(x) = a13 exp(−b13x), x ∈ [x13,+∞)

We have 12 sets (a,b) parameters to find and xb. Equations: 12 area modeling equations and 11 continuity
conditions and xb = min[x2, f

−1
2 (0)]. Totally, 25 unknowns and 24 equations. To add one more missing

condition to have a unique solution we make the additional assumption that

f2(x3) =
(

A2

∆x2
+

A3

∆x3

)
, (2)

i.e. the curve passes through the middle point of neighboring bars 2 and 3.
Now to take care of “bad” intervals, where a line can go negative, we split it into two piecewise linear

subintervals xi < x < xi+1. Then we set (xi+1, yi+1) = (xi+1, 0) and (x, y) = (Ai

yi
+ xi,

Ai

∆xi
). This conserves

the area of each bar and gives a unique solution.

Illustration of a piecewise linear approach.

3.2 Method 2: Piecewise quadratic approximation

Since we agreed to minimize fluctuations in PDF approximation, using quadratic polynomials we do the
following. We force the curve to cross middle parts. We accept this interpolation to refine the shape of the
histogram even better than the piecewise linear approach. We skip the first interval where A1 = 0. We make
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the second interval to be linear. All other intervals have some quadratic form and again as in Method 1 we
make the last interval (the tail) to be (a) linearly decreasing and (b) exponentially decreasing.

y = b2x + c2, x ∈ [xb, x3] ⊂ [x2, x3],
y = a3x

2 + b3x + c3, x ∈ [x3, x4],
...

...
...

y = a12x
2 + b12x + c12,

y = f(x).

where f(x) = b13x + c13 for x ∈ [x13, xe] or f(x) = a13 exp(−b13x) for x ∈ [x13,∞). We have 10 sets of
parameters (ai, bi, ci) for parabolas and b2, c2, b13, c13, x

∗, xe making it a total of 36 unknowns. To uniquely
determine these parameters we set the following conditions:

A2 =
∫ x3

xb

(b2x + c2) dx,

Ai =
∫ xi+1

xi

(aix
2 + bix + ci) dx for i = 3, 4, . . . , 12,

A13 =
∫ xe

x13

(b13x + c13) dx.

Matching values at the ends of each intervals we have

fi(xi+1) = fi+1(xi+1) =

(
Ai+1

xi+2−xi+1
+ Ai

xi+1−xi

)
2

for i = 2, 3, . . . , 13. (3)

In total we get 36 equations to uniquely find the 36 unknowns. Now again we have to take care of ”bad”
intervals where a parabola can have a negative value. We decrease a degree of a polynomial by one in such
intervals. This procedure will be enough to preserve the area and keeps the number of unknowns the same as
the number of equations to get a unique solution.

We note that there could be different ways to get over such situations. Number of improvements to such
subjected algorithms can be applied further. Making different assumptions about the unknown PDF, different
results can be obtained. For example we can use the following values of the approximating curves at the ends
of intervals, (a) geometric average of heights of two neighboring bars, i.e. fi(xi+1) =

√
AiAi+1

(xi+2−xi+1)(xi+1−xi)
,

(b) weighted average of heights of four neighboring bars.
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Illustration of a piecewise quadratic approach.

4 Approach II: Weighted Normal Approximation

In this method we try to fit two weighted normal distributions, f = w1f1 + w2f2, where w1 and w2 are two
weights and f1 and f2 are two normal density functions.

4.1 Attempt I

Fit distribution curve by minimizing the following function:

12∑
k=1

∣∣∣∣∫
Ik

f(x)
a

dx− pk

∣∣∣∣ (4)

where Ik represents the kth interval, pk is the area of the kth interval and a is the truncation effect defined as

a =
∫ 118.85

5.15

f(x)dx. (5)

Here (4) is a function of w1, µ1, σ1, w2, µ2, σ2, where, µi and σi are the mean and the standard deviation of
normal distribution (i = 1, 2). Issues with directional derivative being “Zero”.(i.e. too small).

4.2 Attempt II

Transform each of the 12 interval linearly to unit intervals.

i.e. [5.15, 481) → [0, 12]

Specifically, if Ik is the kth interval, then Ik is mapped linearly to [k-1,k]. For instance let Ik be the interval
[xL, xU ], then the mapping function is

x → 1
xU − xL

x + k − xU

xU − xL
, xL ≤ x ≤ xU . (6)

This results in 12 intervals of equal width. Then try to fit distributions as above. The problem with this
method is that the pdf transformed back onto [5.15, 481) is usually discontinuous at interval boundaries.
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4.3 Attempt III

Fit multiple distributions (Normal distribution) to the scaled histogram on [0, 12] with fixed variance. That
is: 6 total distributions

f1 ∼ N(µ1, 1)
f2 ∼ N(µ2, 1)
f3 ∼ N(µ3, 1/2)
f4 ∼ N(µ4, 1/2)
f5 ∼ N(µ5, 2)
f6 ∼ N(µ6, 1/4)

f =
6∑

i=1

wifi with
∑6

i=1 wi = 1 and each wi ≥ 0

Here we don’t have any condition given on µ1, . . . , µ6 and N(µ1, 1) is the normal distribution with mean µ1

and variance 1.
Minimization Process by Using Matlab

Matlab Program—- Optimization of error function previously given

Choose initial vector: −→x = (µ1, . . . , µ6, w1, . . . , w6) (Algorithm is very sensitive to initial vector). Where
initial µi values chosen to be center of 2 initials with largest probability initially.

Optimize objective function with “fmincon”function in the optimization toolbox of matlab.

Objective function: sum of squared error in actual and estimated interval probabilities, which is defined
as following

g(µ1, µ2, . . . , µ6, w1, w2, . . . , w6) :=
12∑

k=1

[(
6∑

i=1

wi (Φ(k, µi, σi)− Φ(k − 1, µi, σi))

)
− pk

]2

(7)

where,

σ1 = σ2 = 1
σ3 = σ4 = 1/2

σ5 = 2
σ6 = 1/4

Output coefficient vector: test absolute difference between histogram of model and actual differences. If
absolute difference is greater than the tolerance = 0.1 then run optimization algorithm with new initial vector
take better of the two estimates in term of objective function g(−→x ).

In order to mean must integrate our initial distributions∫ 481

5.15

xπ(f(x))dx

where, π represents the piecewise linear change of variable function initially used.

5 Result and Discussion

5.1 Means

The comparisons of each approach’s mean to the ”true” mean can be visualized by the following graphs.
Using dataset1, the linear polynomial approximation with a linear tail matched closest by absolute error to
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the ”true” mean. In dataset2, dataset3, dataset5 and dataset9, the linear polynomial approximation with
an exponential tail was the best method. Dataset7 and dataset8’s ”true” means were best described by the
quadratic polynomial estimation with a linear tail. Dataset4 and dataset6 both had a ”true” mean that was
calculated closest from the linear combination/optimization method.

opt: Optimization Method; quad-lin: Quadratic polynomial estimation with linear tail; quad-exp:
Quadratic polynomial estimation with exponential tail; lin-lin: Linear estimation with linear tail; lin-exp
Linear estimation with exponential tail; true: True mean.
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Figure 1: Comparison of mean for nine data sets.
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5.2 Percentile

For each data set’s ”true” percentile (10, 25, median, 75, and 90) value are compared against the three general
approaches; optimization/linear combination, quadratic, and linear polynomial approximation. Dataset1 and
dataset8’s percentiles match closest with the linear combination method. In dataset2 and dataset3 the method
approximating furthest from the ”true” values is the quadratic polynomial approximation. Dataset4 does
not seem to have a best estimation by any of the methods. For dataset5, either one of the polynomial
approximations appear to work best in estimating the distribution of the data set. All of the methods are
comparable based on dataset6, similarly for dataset7.
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Figure 2: Comparison of percentiles for 9 data sets.
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6 Conclusion

In summary we have five fitting methods: four variances of the piecewise approximation plus the normal
approximation. Based on the comparison result, the piecewise linear approximation with linear decaying tail
gets the highest score and in most cases gives the best inference of means and percentiles among the five.
Future works could be as follows: (1) The piecewise approximation method might be improved by using
higher degree polynomials [4] such as cubic curves to get more precisely fitting. More than that it is also
possible to trying piecewise exponential or power curves. However these approaches may lead to multiple or
even infinite solutions. For the polynomial approximation a very promising approach is to use monotone cubic
Hermite splines [1] for CDF with optimized smoothness. For the choice of connection point different values
can be chosen, for example geometric or weighted averages of heights of neighboring bars. (2) The normal
approximation method might be improved by incorporating variances as optimization parameters. And the
result might be better if we find a way to choose the initial parameters smartly. (3) The use of additional
information about the real data will be helpful. More tests should be run.
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Appendix A: Relative R code

#### For the Unimodal Gamma distribution alpha=12,beta=2 ###

n=100000; ## number of data generated

alpha=12; beta=2;

X=rgamma(n, alpha, beta);

length(X);

mean(X); median(X);

quantile(X, probs=c(10,25,50,75, 90)/100)

########### 12 Areas Computation ##########

A = length(X[5.15<X & X <=7.5])/length(X)

B = length(X[7.5 <X & X <=9.5])/length(X)

C = length(X[9.5 <X & X <= 12])/length(X)

D = length(X[12 <X & X<=15.25])/length(X)

E = length(X[15.25<X & X<=19.25])/length(X)

F = length(X[19.25<X & X<=24.50])/length(X)

G = length(X[24.50<X & X<=31.00])/length(X)

H = length(X[31.00<X & X<=39.25])/length(X)

I = length(X[39.25<X & X<=49.75])/length(X)

J = length(X[49.75<X & X<=63.25])/length(X)

K = length(X[63.25 <X& X<=80]) /length(X)

L = length(X[80 <X & X])/length(X)

#### For the Bimodal Mixture PDF of two Gamma distributions ###

### Gamma1(alpha=20,beta=2) and Gamma2(alpha=6,beta=2) ###

n=100000; ## number of data generated

shape=30; rate=1; beta=2;

gammar1=rgamma(n, shape, rate = 1, scale = beta);

gammar2=rgamma(n, 6, rate = 1, scale = beta);

c=1-pgamma(5.15,shape = 6,rate = 1,scale=2);#truncation factor#

f1=3/4

f2=1/4

trucgamma2=gammar2[gammar2>5.15]

samgamma2=sample(trucgamma2,f1*n)

samgamma=sample(gammar, f2*(1/c)*n)

X=c(samgamma2,samgamma)

mean(X);

median(X);

quantile(X, probs=c(10,25,50,75, 90)/100)
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Abstract

In corporate finance, the Discounted Cash Flow (DCF) model is used as a basic framework for business
decision making; however DCF is incapable of capturing the value of options embedded in many situations.
We propose to value real options, and incorporate this valuation process into an Asset Liability Model. We
use data provided by Cherokee Investment Partners and value options using both Balck-Scholes and Decision
Trees.

1 Introduction

Cherokee Investment Partners, LLC (CIP) is a redevelopment firm. CIP invests in abandoned and contam-
inated industrial properties called brownfields. The purchased properties undergo remediation so that they
can be redeveloped into residential and/or commercial property. CIP is regularly presented with candidate
projects. Use of risk assessment and management assists CIP in choosing which properties to pursue.

Our challenge is to incorporate real options with Asset Liability Management to form a unified quantitative
model for project risk assessment and financial management. In this paper we will provide some preliminary
definitions and explanations in Section 2, then in Section 3 we will discuss some of the existing models used
such as the Decision Tree Model and the Black- Scholes Model. In Section 4 we will discuss the Black-Scholes
Model with delay option and then Classical Asset Liability Management in Section 5. Our new Asset Liability
Management Model will be explained in Section 6 followed by the results of the model in Section 7 and
conclusion in Section 8.

2 Preliminary Information

We begin by explaining the basics of options in terms of financial options and real options. In the financial
market an option provides the holder a right but not obligation to buy or sell an underlying asset at a fixed
price, namely the strike price K, at or before the expiration period T of the option. There are two types
of options – a call option and put option. A call(put) option allow the buyer of the option to buy(sell) the
underlying asset at the strike price. If the underlying asset value at the expiration ST is higher(lower) than
the strike price, the option is usually exercised. The buyer of the option buys(sells) the asset at the strike
price. The di!erence between the asset value and the strike price ST !K is the profit. On the other hand,
if the underlying asset value at the expiration ST is lower(higher) than the strike price K, then the option is
not exercised and the buyer of the option loses the amount he/she paid for the option.

1Research supported by NSF, NCSU, and Cherokee Investment Partners
2Colorado State University
3University of Washington
4University of North Carolina Wilmington
5University of Texas Arlington
6University of Georgia
7Texas Tech University
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The term ”Real Option” is introduced by Prof. Steward Myers at MIT Sloan School of Management. In
any kind of business, a company needs to deal with a sequence of decision making process such as building a
manufacturing plant, extending product line, investing in research and development, etc. These are called Real
Options because they involve a physical asset, not just financial instruments. In each strategic investment, a
company has the right but not obligation to exploit these opportunities. Taking real options into account can
significantly a!ect the evaluation of the potential investment.

3 Applying Existing Models to the Texas Project

Our group was provided with a summary of scenarios of an example referred to as the ‘Texas project’ [6].
There are five di!erent scenarios;

Scenario 1: Base Case,

Scenario 2: 25% increase in costs,

Scenario 3: 25% increase in costs, 25% decrease in absorption rate,

Scenario 4: 25% increase in costs, 25% decrease in revenue, and

Scenario 5: 25% increase in costs, 25% decrease in revenue and absorption rate.

The cost consists of the sum of the purchase price, remediation costs and infrastructure costs. The Absorption
Rate measures the rate at which units are sold over a period of time. Revenue is the amount received in sales.
For each scenario the value of asset in terms of millions of dollars and the CIP multiples are given in Table 1.

Scenario
1 2 3 4 5

Value of the Asset $22.6 $24.2 $27.9 $26.2 $33.9
CIP Multiple 2.79" 2.13" 1.98" 1.39" 1.26"

Table 1: Summary of Scenarios

Our task is to decide if the value of the call option is greater than $500,000. The CIP multiple is a multiple
of the funds invested that CIP expects to get back. From the data provided we were able to explore various
models. For the models we will set our price of the call option C to be $500,000 and the strike price K to be $
25,000,000. The decision to buy the option will depend on the value of the call option calculated from various
models. If the call option obtained through calculation is greater than $500,000 then we will choose to buy
the option, otherwise we will not. Now we explore, what models to apply and decide if we would purchase
the option to buy the property. Note that we will be calculating the price of the European call option, C.
European options can only be exercised at expiration, while the American option can be exercised before or
at expiration.

3.1 Decision Tree Pricing Model

In case of several scenarios, the Decision Tree Model (see Fig. 1) can be used to help guide decisions that
consider the expected multiples, the asset value and the price of the option. In general, we suppose there are
n scenarios s1, s2, . . . ,sn, each of which is associated with a probability pi and a multiple mi. We compute
the expected value of the option using Eqn. (1).

expected value =
n!

i=1

pi max(miS !K, 0). (1)

Now let’s consider the Texas project where there are five scenarios. The Strike price is set to K =
$25, 000, 000. The multiples are the CIP multiples given in Table 1. A probability pi is chosen for scenario
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Figure 1: Decision Tree Model

Figure 2: Texas project Decision Tree Model

i. We let p1 = 0.4, p2 = 0.3, and p3 = p4 = p5 = 0.1. The Texas project can therefore be depicted in the
following Fig. 2. After calculating Eqn. (1) for the Texas project we obtain an expected value of $30,450,000
which is significantly greater than the call price of $500,000. Therefore we would decide to purchase the option.

3.2 Black-Scholes Model

We used the Decision Tree Model to value the option and now we will look at the Black-Scholes Model. The
Black-Scholes Model values a European call with the formula in Eqn. (2)

C = SN(d1)!Ke!rtN(d2) (2)

d1 =
ln(S/K) + (r + !2/2)t

!
#

t

d2 = d1 ! !
#

t

where C denotes the value of the call option, K denotes the strike price of the option, S denotes the value of
the underlying asset at time 0, t denotes the time to expiration of the option, r denotes the riskless interest
rate corresponding to the life of the option and !2 denotes the variance of the value of underlying assets. The
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riskless interest rate is from a di!erent kind of investment, for example a bond, and it is the interest rate at
which an investor can earn interest without incurring any risk.

We apply Eqn. (2) to price the option of the five scenarios of the Texas project. The parameters are
defined to fit the idea of pricing the option for the scenarios. The values of each asset, Si, i = 1, · · · , n are
given in Table 1. The time allotted to decide on the option, t, and the riskless rate, r, are the same for every
scenario. We set t at 2 time periods and set r at 4% to find the value of the call option after t = 2 years. The
variance in the value of the asset is !2, and we calculate ! to be 0.1555 from the variance of the values of the
asset in Table 1. We obtain the following values of the option in terms of millions of dollars:

Scenario
1 2 3 4 5

C $0.91 $2.26 $5.41 $3.96 $10.61

Table 2: Black-Scholes Model - Value of the Option

The average of the options from the five scenarios is $4,600,000. This value is also significantly greater than
the call price of $500,000 so again we would choose to purchase the option.

4 Black-Scholes Model with Delay Option

Our group was also provided with an Excel workbook of the Texas project [6] which details the expected
cash flow. We will use this information to calculate the value for delaying the remediation option 1 or 2
years. The asset was purchased in June 2007 by CIP and consists of 350 acres of mixed use development.
This included single family homes, business/o"ce and commercial/retail acreage, and mixed use acreage for
retail/apartment/condo development. We assumed the purchase price of the land was $25,000,000 and the
remediation and infrastructure costs are expected to be $12,500,000 each. From here on, we will consider
’remediation’ to include remediation and infrastructure. In addition, we assumed the remediation to take
place on a schedule of two years (8 quarters) with equivalent costs each quarter ($3,125,000).

Given a table of revenue from the sale of the land after remediation, we consider three cases:

1. No change: The purchase and remediation take place as scheduled and is finished in the 8th quarter
after purchase.

2. Four quarter delay: Purchase as scheduled, but delay remediation for 4 quarters. Note that the delay of
remediation would also delay any revenues an equivalent 4 quarters.

3. Eight quarter delay: Purchase as scheduled, but delay remediation for 8 quarters.

Using the data provided in the Excel workbook, we calculated the call price of purchasing the land (in the first
case) and of delaying for 4 and 8 quarters (in the 2nd and 3rd cases, respectively). Since we will be applying
the idea of dividends we will consider the cost of delay y as a dividend yield. The Black-Scholes formula given
by Eqn. (2) is modified to incorporate dividends and the new Black-Scholes Model [3] used is Eqn. (3)

C = Se!ytN(d1)!Ke!rtN(d2) (3)

d1 =
ln(S/K) + (r ! y + !2/2)t

!
#

t

d2 = d1 ! !
#

t

For each case, the strike price K is still $25,000,000, the riskless rate r is set at 5%, and the variation !2 is
set at 0.045. The present value PV and length of time in quarters t di!er for each case. As in [3, page 35],
the cost of delay y is estimated to be 1/t, again where t is the length of the total time period.
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We calculate the present value by using the formula:

PV =
n!

t=1

Ct

(1 + i)t
(4)

where Ct is your net cash flow at time t as seen in Figure 3 for Case 1.

Figure 3: Cash Flow with no delay

The discount rate, i, corresponds to the discount on the future cash flow and is set at 5%. The time and
calculated present values from Eqn. (4) in terms of millions of dollars are given in Table 3.

Case
1 2 3

PV $23.8 $17.3 $10.0
t 20 24 28

Table 3: Time and Present Value

We obtained the following values of the option using Eqn. (3).

Case
1 2 3

C $39.0 $24.9 $22.9

Table 4: Black-Scholes Model with Delay Option - Value of the Option

The value of the option for each case is also significantly greater than the call price of $500,000 so we would
choose to purchase the option.

5 Classical Asset Liability Management

Asset Liability Management (ALM) is any of several systems for turning money management problems into
math problems. Your first instinct may be that this is ridiculous; you should put money in what appear to be
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good investments and only use math to make sure the books balance. But ALM, where the macrostructure
of a financial portfolio is determined with recommendation from a computer program, is the norm among
pension funds and university endowments, and is a growing trend even among individual investors. ALM is
specially designed for long-term investments with multiple assets and liabilities, so that the e!ects of individual
investments are minimized, and the laws of large numbers make the mathematical model increasingly accurate.

As a simple illustrative example, let us assume that there are n assets a1, . . ., an in which we can invest,
and N scenarios for their future performance with probabilities p1, . . ., pN . Let us assume that any trades
you make are executed at the end of an economic quarter. Let Xsat be the fraction of your portfolio in asset
a, at time t, if scenario s happens. Let us also say that you want to maximize your expected wealth after Q
quarters. That is, you want to maximize

E [W ] =
!

s

psW (s, x), (5)

where x is a vector of all the Xsat and W (s, x) is the final wealth if you invest according to x and scenario s
happens. Two scenarios may look the same up until time t, and the decisions based on identicle data should
be the same. The result is the following linear programming problem.

max
X

!

s

psW (s, x) (6)

subject to

1. if scenario i and scenario j are identical until time t, Xiat = Xjat

2. for all s and t,
"

s Xsat = 1

If your scenarios and their probabilities are realistic (a big if, but lots of smart people are working on that
with good results), solving the math problem gives sound investment advice.

6 Our New ALM Model and Computational Implementation

Following classical ALM models, we assume there is a probability distribution function over the space of
economic scenarios. However, whereas the strategy space in the classical model is simply Rn (the components
of a strategy being the Xsat), the possibilities with projects is more complicated (due to necessarily sequential
nature of steps, etc.). Thus, we found it more conceptually accessible (and computationally implementable)
to think of optimizing decision strategies over the space of scenarios. A decision strategy is a function which
accepts the history of the portfolio, future projections, and current projections, as its arguments and gives a
course of action for each project in the portfolio.

In the specific model that we implemented, each project starts o! with a list of projected costs and a list
of projected revenues for each step of the project. At each time step, for each project, the remaining costs
and revenues are randomly perturbed, and a strategy is chosen. If the strategy is to continue as planned, the
first element in the projected revenue list, divided by (1 + r)t, is added to total cash, and the discounted first
projected cost is subtracted. These elements are then removed from the lists. If the project is accelerated, the
first two costs/revenues are realized and removed. If the project is delayed, no action is taken. If the project
is abandoned, it is deleted and has no further impact on the portfolio value.

Five strategies were chosen to consider;

1. always continue as planned,

2. always delay,

3. always accelerate,

4. react based only on the most recent changes in cost/revenue projections, and

5. calculate the total remaining discounted revenues and costs.
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For each scenario, at each time stage, we make a decision for all the projects, respectively, by the five di!erent
strategies. Decisions (accelerate, continue, delay, abandon) are made and the portforlio is updated accordingly.
Since changes in cost, price, and absorption rate vary, we generated 1000 di!erent scenarios. After we have run
through all the years, we look at the last updated portforlio averaged over the 1000 scenarios. This simulation
also considered multiple projects at the same time.

Our trials are a proof-of-concept for this kind of simulation, and an expected verification of the e"cacy of
the NPV in making financial decisions. However, we emphasize the many shortcomings of this simulation.
First, the scenarios are only marginally realistic. Second, the parameters for the strategies were based on
”reasonable-looking” values. And third, the model ignores the many complications of real business dealings
(taxes, contract clauses particular to a certain project, etc.) A more robust version of the code was used which
attempted to correct for many of these shortcomings.

7 Results

Strategy
1 2 3 4 5

Portfolio Value 18.9693 10.0000 19.1747 16.6808 20.9425

Table 5: New Asset Liability Management Model - Portfolio Value

After running our simulations it was consistently found that strategy 5 performed the best, followed in
order by strategies 3, 1, 4, and 2. The ending portfolio values for each of the strategies are shown in Table
5. It was not surprising that the optimal strategy was scenario 5 since it was based on projected cost and
revenue. Although the scenarios we generated are somewhat unrealistic, the decision making process provides
a good framework to incorporate real options with the ALM model.

8 Conclusion

This project represents both a learning process on our part and a venture to and, we believe, beyond, the
frontiers of modern quantitative finance. Of the students, only one approached the project with any background
in financial math, but we all left with a strong foundation in both quantitative financial models and their place
in the world of business. Asset liability management, in its various incarnations, is the overarching framework
of modern finance, taking math from a peripheral tool of economic planning to a unifying component. And
options, both real and tradable, are among the most important elements of modern finance.

Additionally, to our knowledge there has been no work in the past to fit real options into an ALM framework;
ALM models have focused on fluid, continuous assets which can be restructured at will. But real options are
inherently discrete, and they have complications not seen in other assets, so fitting them into a larger financial
picture is challenging. Our conceptual framework optimizes not over continuous variables so much as strategies,
which have both discrete and continuous parts. Our computational work is a proof of concept that this kind
of optimization is both possible and promising.

Given more time, we would like to expand our work in several ways. In particular, our computational
model should be made more flexible and more realistic. It would be interesting to compare its performance
with traditional ALM portfolios, and even to explore portfolios containing both projects and liquid assets.
These are the first steps into a new area, and its possibilities remain to be seen.
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Kuan-yu Chen1, Kristen Dang2, Julia Eaton3, Sandra Hurtado Rua4, Yogesh Joshi5, Xiaoyu Mu6

Problem Presenter:

Marjolein Smith, Constella Group, Research Triangle Park, North Carolina.

Abstract

Mathematical modelling of physiological systems is playing an increasingly important role in toxicology
studies. Typically, these studies require the use of many experimental animals and are thus costly and
time-consuming. Models can help with both problems by allowing an investigator to conduct hypothesis
testing with a model that is based on parameters measured from biological systems. Specifically, for this
project, the Constella Group wished to design a model that would predict incidence of papillomas in mice
based on the dermally- or orally-applied dose of 2,3,7,8-Tetrachlorodibenzo-p-Dioxin (TCDD). We developed
a differential equation model to describe the concentration of TCDD in various body tissues over time. The
concentration predictions were then used in a stochastic model of papilloma formation, where the expected
number of papillomas is assumed to be a Poisson random variable. This variable is a linear function of the
skin concentration of TCDD. We show that, using our model predictions for skin concentration of TCDD,
there is a consistent relationship between drug dose and papilloma incidence, regardless of the route of drug
administration.

1 Introduction

Many toxicology studies use mice as models for the effects of chemicals on mammalian systems. The typ-
ical experiment requires the sacrifice of many mice in order to have a complete experimental design that
includes both genders, 3-4 chemical dose levels, and 50 replicates over 2 years. Industry trends toward using
fewer animals and decreasing the costs of these experiments are leading to increased reliance on mechanistic
math models that can be used to help design mouse experiments and test physiological hypotheses. These
models, typically manifest as differential equation models, are known in industry as Physiologically-Based
PharmacoKinetic (PBPK) models.

The Constella Group uses PBPK models among other techniques in their work on health-related re-
search. As part of the National Institute of Environmental Health Sciences’ National Toxicology Program,
they conducted a mouse model study of the relationship of dose levels to papilloma formation caused by
2,3,7,8-Tetrachlorodibenzo-p-Dioxin (TCDD), a ubiquitous environmental contaminant[7]. This study used
the transgenic Tg.AC mouse, which has been genetically altered such that all cells are in an initiated, pre-
cancerous state. TCDD was administered dermally by skin painting and orally by gavage in separate groups
of mice in order to compare the effect of route of exposure. In total, there were 13 different treatment groups:
9 groups of 20 mice had part of their skin painted at different doses and 4 groups were given oral doses. The
experiment lasted 26 weeks.

Data output from the experiment includes the mean body weights and concentration of TCDD in the skin,
liver, and fat for each treatment group. These measurements were taken at the end of the study. We also have
the weekly papilloma counts for the individual animals in all groups.

Here we develop a PBPK differential equation model to describe the concentration of TCDD in various
body tissues throughout the course of the experiment. We use published parameter values where possible;
others are estimated to fit the observed concentrations of TCDD in the skin, fat, and liver tissue at the end of

1National Chiao Tung University, Taiwan
2University of North Carolina at Chapel Hill
3University of Washington
4University of Connecticut
5New Jersey Institute of Technology
6University of Tennessee
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the experiment. Next, we model papilloma growth using an stochastic model. Here, we assume that the total
number of papillomas on treatment j, j = 1, . . . , 13, follow a Poisson distribution with mean λi(t), where t
represents the time in weeks t = 0, 1, · · · , 26. The log linear generalized linear model was used to model the
mean of the total number of papillomas per treatment versus the dioxin concentration in the skin at time t.

Finally, we were interested in ascertaining how much of the TCDD was retained in these tissues relative to
the total amount administered on average. Due to limitations in the data, the computation that ensued gave
us a rough idea, at best, as to the retention of the TCDD.

2 Methods

2.1 An example toy model

A simple PBPK model is based on the following system:

1
C

2
C12

r
!!"

21
r

#!!

Figure 1: Simple model of two tissues.

In this model, a change in amount of substance in tissue C1 is calculated by the difference between the
amount coming in and the amount going out. We can derive simple differential equations to calculate the
amount in tissue C1 and C2 that account for the difference in inputs and outputs:

dC1
dt = −r12C1(t) + r21C2(t)

dC2
dt = −r12C1(t) + r21C2(t)

In this model, r12, r21 represent the rates of movement between the boxes and have units of 1/t.

2.2 The PBPK Model

2.2.1 Model description and equations

We developed a model to describe the movement of TCDD throughout the mouse’s body based on prior work
on similar models [3]. We consider the concentration of TCDD in the blood, liver, fat, skin, gastrointestinal
(GI) tract, and another generic compartment that represents other parts of the body. We assume that all the
changes of amount of TCDD in a given tissue compartment depend on the blood flow into or out of the part
of the body, applied drug doses, and metabolism.

The dermal drug application is represented as a source term in the change of the concentration in the skin.
Since the chemicals painted on the skin may not be totally absorbed, we model a skin absorption rate. The
oral drug application is represented as a source term in the gastrointestinal system, which also includes an
absorption rate for a similar reason as in the dermal test.

We separate the skin into two parts: the TCDD-painted part and the remainder. We approximate the
painted part to be about 5 percent of the whole skin. In oral drug application, both parts should have similar
concentrations of TCDD, since there is no other source term on the skin.

We model 80 percent of the blood flow to liver as coming from the capillary blood of the GI tract, and the
other 20 percent from the usual blood flow. Based on the measurements from [7], we assume that TCDD is
accumulated in the liver and fat tissue. Hence we may assume the amount flowing into these tissues is larger
than that flowing out and the respective rate parameters for in and out flow will be different. Conversely, in
the GI tract, we assume the rate of outflow is larger than that inflow.
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Figure 1. Schematic drawing of the PBPK model used in this study 
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Figure 2: Schematic diagram of the PBPK model.

Except for the GI tract, liver, and fat, the change rate for other tissues depends on the difference of
concentration between blood and the tissue. We assume the other parameters for the inward blood flow are
the same to those for the outward flow.

We derive the change rate from the simple physical law:

The change rate of TCDD = (Some constant) · (Total blood flow) · (Flow fraction in the part)
· (Concentration of TCDD in the part) · (Blood density),

where Total blood flow = (Cardiac output) * (Body weight)0.75.

The change rate is obtained by:

The change rate of TCDD = lim
∆t→0

1
∆t

(TCDD amount at the time (t + ∆t)− TCDD amount at the time (t))

= lim
∆t→0

1
∆t

(Body weight) · (Weight fraction of the part)

·(Blood weight fraction in the part)
·(Concentration at the time (t + ∆t)− Concentration at the time (t))

Hence we have

The change rate of TCDD =(Body weight) · (Weight fraction of the part)

·(Blood weight fraction in the part) · dC

dt

where C represents the concentration.
Denote Wfrac as the blood weight fraction, Bfrac as the blood fraction, ρ is the blood density, and cd is

the cardiac output. Note that the total blood flow is given by the cardiac output multiplying the body weight
to the power 0.75, as the literature mentions. By dividing the body weight on both sides, the whole equation
is written as:

Wfrac
dC

dt
= Constant ·BfracCρ

cd

(Body weight)0.25
+ (source terms)− (metabolism).
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Now, by the diagram of PBPK model, we may write down all of the equations as

WB
dCB

dt
= −(qBF + qBG + qBL + qBP + qBR + qBS)CB+

qFBCF + qGBCG + qLBCL + qPBCP + qRBCR + qSBCS

WF
dCF

dt
= qBF CB − qFBCF

WG
dCG

dt
= oral ∗ absorption rate + qBGCB − CG(qGB + qGL)

WL
dCL

dt
= qBLCB + qGLCG − qLBCL −Metabolism

WP
dCP

dt
= dermal ∗ absorption rate + qBP CB − qPBCP

WR
dCR

dt
= qBRCB − qRBCR

WS
dCS

dt
= qBSCB − qSBCS

Here, CB , CF , CG, CL, CP , CR, CS are the concentration in blood, fat tissue, GI tract system, liver, dose-
painted skin, other parts of the body, and the normal skin, respectively.

The weight fraction parameters are listed in Table 1. All parameters were from an allometric conversion
of values reported in published works (M. Kohn, personal communication). The weight fraction parameter
WX for part X of the body refers to the data of physical facts for female mice. Note that WR is calculated
by weight average of brain, muscle, kidney, lung, bone, and other viscera. WP is about 1/20 of the whole skin
since the dose-painted part of the skin is near 5 percent.

Table 1: Weight fraction parameters
parameter part of the body value

WB blood 0.054
WF fat 0.000819
WG GI tract 0.001266
WL liver 0.017019
WP dose-painted skin 0.00024795
WR other parts of body 0.036726
WS normal skin 0.00471105

The flow coefficients are listed in Table 2. All parameters except qBF , qBL, and qGB were taken from
an allometric conversion of values reported in published works (M. Kohn, personal communication). The
remainder were estimated to fit the data. The notation qXY represents the blood flow fraction from com-
partment X to compartment Y, the density of blood, cardiac output, and the body weight. We assume that
qBP , qBS , qPB , qSB are equal since all of them are skin and they would have the same properties. We also
assume that qBF is larger than qFB and qBL is larger than qLB by considering the accumulation of TCDD in
fat and liver respectively. We assume that qGL is four times of qBL according to the literature mentioned above.

The blood density is approximated by 1.05 g/mL. The cardiac output is 16.5 L/hr/g0.75. We estimate
the absorption rate through the skin to be 0.75 and for absorption through the stomach to be 0.9. The rate
of metabolism is following by the Michaelis-Menton model:

Metabolism rate =
1.117 ∗ CL

1.306 + CL

where the number 1.117 and 1.306 are from the literature.
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Table 2: Flow coefficients (multiplied by bodyweight0.25)
parameter relation value

qBF blood to fat 0.04244625
qBG blood to GI tract 0.02442825
qBL blood to liver 0.06237
qBP blood to dose-painted skin 0.0100485
qBR blood to other parts of body 0.09927225
qBS blood to normal skin 0.0100485
qGL GI tract to liver 0.24948
qFB fat to blood 0.0121275
qGB GI tract to blood 0.17099775
qLB liver to blood 0.003465
qPB dose-painted skin to blood 0.0100485
qRB other parts of body to blood 0.09927225
qSB normal skin to blood 0.0100485

2.2.2 Numerical method for PBPK model

We adapt Forward-Euler method for simplicity. Let C be the vector which consists of the concentration of
TCDD in the blood, fat, GI tract, liver, dose-painted skin, other parts of body and normal skin in order, i.e.

C = [CB , CF , CG, CL, CP , CR, CS ]T

Let W be the diagonal matrix with the entries on the diagonal corresponding to the weight fraction of each
part, respectively, i.e.

W =



WB

WF

WG

WL

WP

WR

WS


Let Q be the matrix with the entries, which are related to flow coefficients and positioned by the blood flow
path, i.e.

Q =



−qBF − qBG − qBL − qBP − qBR − qBS qFB qGB qLB qPB qRB qSB

qBF −qFB

qBG −qGB − qGL

qBL qGL −qLB

qBP −qPB

qBR −qRB

qBS −qSB


and let the source and metabolism term be

DM = [0, 0, 0.9 ∗ (oral dose),
1.117 ∗ CL

1.306 + CL
, 0.75 ∗ (dermal dose), 0, 0]T .

Then the numerical scheme for the PBPK model can be written as

W ∗ Cn+1 − Cn

∆t
= Q ∗ Cn + DM.
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for the Forward-Euler method. The notation Cn refers to the concentration at time (n ∗∆t). The matrices Q
and the vector DM have to be modified for characteristic time ∆t. We pick up ∆t as a small fraction of time
unit which is in hours, since the cardiac output has the unit L/hr/g0.75. The initial data for concentration is
set to zero.

Since the experiment was executed for a twenty-six week period, we set our final time Tmax = 26. The
time step size ∆t = 1/16800 = 0.000059523809524 is chosen to be 1/100 hour. The doses applied per day are
as stated in [7]:

For dermal application = 0, 2.1, 7.3, 15, 33, 52, 71, 152, 326ng/kg/day

For oral application = 0, 75, 321, 893ng/kg/day.

2.3 Estimation of weight with respect to time

For both the system of differential equations in section 2.2.2 and for an analysis of TCDD retention in
section 2.5, it is necessary to understand how the weights of the mice varied over time.

Due to the special circumstances of this experiment, the values of the weekly average weights of the mice
were included neither in the published papers nor the additional data made available to us[2]. We only have
data on the final average weights of the mice. To find an ad hoc estimate for this function, our supervisor
provided us with data on the average weekly weights from a different data set taken from female Tg.AC mice
who grew to be roughly the same weight as those in this experiment over the same length of time. The different
data set consisted of average weights of two groups (sizes not included) of female Tc.AG mice from weeks 1
through 25. From[7], we can compute the average final weights of the dermal and oral groups.

We estimate the relationship between body weight w, indicator variables Ij where Ij = 0 if the jth group
is a dermal treatment group and Ij = 1 if the jth group is an oral treatment group, and time t by a linear
model in w, using the linear least squares technique. The best model is given by

wt,j = α0 + α1 log(t) + α2Ij ,

where t = 1, . . . , 26 is measured in weeks and j = 1, 2, . . . , 13 represents the thirteen treatment groups (9
dermal and 4 oral).

The fitted model is:

ŵt,j = 17.56070 + 2.96503log(t) + 0.56800Ij .

Below are the statistics of this fit.

ANOVA TABLE
Estimate Std. Error t value Pr(> |t|)

Intercept 17.56070 0.22330 78.643 < 2e− 16 ***
log(t) 2.96503 0.08614 34.420 < 2e− 16 ***

I 0.56800 0.14083 4.033 0.000201 ***

2.4 Stochastic Model for Papilloma Counts

Let Yj(t) be counts of total number of papilloma’s cells on treatment j at time t where j = 1, · · · , 11, and
t = 0, 1, · · · , 26. Here, treatment refers to the variable used to classufy the counts given doses and protocol
(dermal or oral).

The Poisson sampling model for counts assume that the total number of papilloma’s cells on treatment j at
time t are independent random variables with a poisson distribution with mean E[Yj(t)] = V ar[Yj(t)] = λj(t),
where t represents the time in weeks.

The Poisson distribution is used for counts of events that occurs randomly over time or space, when
outcomes in disjoint periods are independent. In our case, assuming independence over disjoint periods is
reasonable, however assuming the mean and variance are the same could be incorrect. Nonetheless for this
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analysis we assume the papilloma counts behave as Poisson random variables mean E[Yj(t)] = V ar[Yj(t)] =
λj(t).

The log linear generalized linear model was used to model the mean of the total number of papillomas,
Yj(t), as function of the dioxin concentration in the skin CSKIN

j (t) at time t, and the treatment effect j.
The generalized linear model specification is listed below:

(1) The Random Component: Yj(t) ∼ Poisson(λj), where λj = λj(t). That is, the mean of the
exponential random variable λj(t) is a function of time t and treatment j. The probability mass function
is given by:

P (Yj(t)|λj(t)) =
e−λj λ

Yj

j

Yj !
= e−λj eYj log λj Yj !−1.

For Yj = 0, 1, 2, · · ·

(2) The systematic Component: The systematic component is a linear predictor as a function of the
explanatory variables CSKIN

j (t), and the treatment which is the dioxin concentration in the skin for
each protocol (dermal, oral). For the treatment j, Ij = 1 if the observation correspond to treatment j,
zero otherwise, where j = 1, . . . , 11, and t = 0, 1, . . . , 26. The proposed systematic component is given
by:

η = β0 + β1C
SKIN
j (t) + β2,jIj + β3,jC

SKIN
j (t)Ij .

(3) The Link function: The link function, g(.), used here is the canonical link function widely used in the
literature for Poisson regression models: g(λj(t)) = log (λj(t)). For further references see[6, 4].

In summary, the proposed model is given by:

log (λj(t)) = β0 + β1C
SKIN
j (t) + β2,jIj + β3,jC

SKIN
j (t)Ij = x′jβ

j ,

Where

• Yj(t) ∼ Poisson(λj).

• The matrix of explanatory variables X = [xjk], which dimension is 297 × 4 , contains the information
about:

– CSKIN
j (t) is the dioxin concentration in the skin at time t, for the treatment j,

– Ij = 1 if the observation corresponds to treatment j, zero otherwise, and
For j = 1, . . . , 11, and t = 0, 1, . . . , 26.

The logarithm of the log likelihood function is given by:

l (Yj(t)|λj(t)) =
297∑
t=1

3∑
k=0

11∑
j=1

Yj(t)Xj,kβj −
297∑
t=1

exp
(
x′jβj

)
.

We estimate the parameters using the iteratively reweighed least squares technique (IRLS), see[6, 4].

2.5 TCDD retention in certain tissues

The calculation involved the following considerations.
As the dose administered to each mouse was dependent upon its weight, we need to understand how the

weight of the mice varied over time. This problem is addressed in section 2.3.
For each dosage group within the dermal and oral studies, we computed the dosage (in ng) per day given

the corresponding function representing the weight of the mice over time. Summing, we obtained a rough
estimate for the total mass of TCDD administered to each treatment group over the 26 week period.

The second main component to this computation was estimating the amount of TCDD in the tissues for
which the final concentrations of the compound were already given. The average absolute liver weights were
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given in [7], so estimating the average weight of TCDD retained in the liver for each treatment group was
straightfoward.

For the fat and skin, we were given a table of well-established weight fractions for female mice: skin weight
ratio of 0.1653 and an fat weight ratio of 0.063. Using these and the average final weights of the mice, we
estimated the average final weights of the skin and fat. In addition, in the dermal case we assumed that
the fraction of the skin weight corresponding to the painted area was 5% of the total weight of the skin (see
section 2.2.1).

3 Results

3.1 Results for the PBPK Model

In comparing the predictions of our model to the observed data (Figures 3-5), we see a good fit for the
results in the skin tissue, both painted and normal, (ρ = .98, p-value = 1.3e-05 and ρ = .98, p-value = .0004,
respectively) and the fat tissue (ρ = .99, p-value = 6.7e-07). The fit is less good for the liver data (ρ = .93,
p-value = .005). Our predictions about the concentration seems to be proportional to the dose given. The
concentration in the dose-painted skin initially increases very fast. Since the flow coefficient from skin to blood
is quite small (Table 2), the dose accumulation in painted skin is faster than its diffusion in the initial stage.
After the blood transports a large enough amount of TCDD to other parts of the body, the dose accumulation
is slower. A similar pattern is observed for the normal skin tissue.

In the oral dose experiment, since we have fewer points to fit, the predicted results are a good fit to the
observed data for skin, fat, and liver (Figures 6-8). Because there are so few data points, we did not conduct
a correlation analysis for this data. Again, the model predicts that the concentration increases proportionally
to the dose given. Since the flow coefficient from the GI tract to the blood is quite large compared to the
coefficient from the skin to blood (Table 2), the TCDD travels through the body faster than in the dermal
experiment. The concentration in the skin shows a more linear relationship with time in the oral experiment
than in the dermal experiment.
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Figure 3: Predicted and observed average endpoint concentrations of TCDD versus dose in painted (left) and
normal (right) skin in the dermal application experiment.
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Figure 4: Predicted and observed average endpoint concentrations of TCDD versus dose in liver (left) and fat
(right) tissue in the dermal application experiment.
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Figure 5: Predicted concentration of TCDD over the course of the experiment in the painted (left) and normal
(right) skin when applied at the rate of 326 ng/kg/day.
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Figure 6: Predicted and observed average endpoint concentrations of TCDD versus dose in normal skin in the
oral application experiment.
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Figure 7: Predicted and observed average endpoint concentrations of TCDD versus dose in liver (left) and fat
(right) tissue in the oral application experiment.
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Figure 8: Predicted concentration of TCDD in skin over the course of the experiment when applied at the
rate of 893 ng/kg/day.

3.2 Results for Papilloma Counts

We estimate the parameters using iteratively reweighed least squares technique (IRLS) in R. The data were fit
to the model described in section 2.4 separately for each dose within each treatment type (dermal, oral). This
resulted in estimation of 11 values for β0 and for β1. The fit of the data to the model is shown separately for
each dose/treatment in Figures 9-10, where the x-axis shows the predicted concentration in the skin, derived
from the results of our PBPK model.

Finally, we plotted the model parameters, β0 and β1 for all models against drug dose (Figure 11). Note
that for the dermal and oral protocol, the intercept of the linear systematic component of the model increases
as doses increases, which is expected since it must be a higher initial count of papillomas for high doses. We
observed also that the slope of the of the linear systematic component for dermal protocol decreases as dose
increases which suggests that time plays less of a role in the formation of papillomas for higher dosages than
at lower dosages–at higher dosages the skin reaches saturation faster.

We can observe that the intercept of the linear systematic component for dermal and oral protocol have
similar slopes for comparable doses.

The parameter estimates are listed below:
Table of Parameters

Coefficients:
Estimate Std. Error z value Pr(>|z|)

(Intercept) -7.94761 2.82676 -2.812 0.00493 **
treatment2 -0.18450 3.42335 -0.054 0.95702
treatment3 -0.88453 3.03957 -0.291 0.77105
treatment4 2.28114 2.90093 0.786 0.43166
treatment5 4.84908 2.84930 1.702 0.08878 .
treatment6 5.27172 2.84608 1.852 0.06399 .
treatment7 5.97703 2.83561 2.108 0.03504 *
treatment8 8.03507 2.82985 2.839 0.00452 **
treatment9 -0.69776 4.48344 -0.156 0.87632
treatment10 -1.08117 4.04651 -0.267 0.78933
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treatment11 -0.03826 3.17358 -0.012 0.99038
c.t 0.46537 0.17060 2.728 0.00637 **
treatment2:c.t -0.31079 0.17377 -1.789 0.07369 .
treatment3:c.t -0.37201 0.17084 -2.177 0.02945 *
treatment4:c.t -0.43276 0.17062 -2.536 0.01120 *
treatment5:c.t -0.44906 0.17060 -2.632 0.00848 **
treatment6:c.t -0.45410 0.17060 -2.662 0.00777 **
treatment7:c.t -0.46003 0.17060 -2.697 0.00701 **
treatment8:c.t -0.46344 0.17060 -2.717 0.00660 **
treatment9:c.t -0.44859 0.17074 -2.627 0.00861 **
treatment10:c.t -0.46102 0.17061 -2.702 0.00689 **
treatment11:c.t -0.46374 0.17060 -2.718 0.00656 **
---
Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

(Dispersion parameter for poisson family taken to be 1)

Null deviance: 14121.65 on 296 degrees of freedom
Residual deviance: 767.95 on 275 degrees of freedom
AIC: 1390.0

Note that 16 of the 22 parameter estimates are significantly different from zero at 5% significant level.
Fitted Model

Treatment 1: dose: 2.1 and protocol:dermal

log (λ̂1(t)) = −7.9476 + 0.4654CSKIN
1 (t)

Treatment 2: dose:7.3 and protocol:dermal

log (λ̂2(t)) = −8.1321 + 0.1545CSKIN
2 (t)

Treatment 3: dose:15 and protocol:dermal

log (λ̂3(t)) = −8.8321 + 0.0933CSKIN
3 (t)

Treatment 4: dose: 33 and protocol:dermal

log (λ̂4(t)) = −5.6664 + 0.0326CSKIN
4 (t)

Treatment 5: doses: 52 and protocol:dermal

log (λ̂5(t)) = −3.0985 + 0.0163CSKIN
5 (t)

Treatment 6: dose: 71 and protocol:dermal

log (λ̂6(t)) = −2.6758 + 0.0113CSKIN
6 (t)

Treatment 7: dose: 152 and protocol:dermal

log (λ̂7(t)) = −1.9705 + 0.0053CSKIN
7 (t)

Treatment 8: dose: 326 and protocol: dermal

log (λ̂8(t)) = 0.0874 + 0.0019CSKIN
8 (t)

Treatment 9: dose:75 and protocol:oral

log (λ̂9(t)) = −8.6453 + 0.0167CSKIN
9 (t)

15



Treatment 10: dose:321 and protocol:oral

log (λ̂10(t)) = −9.0287 + 0.0043CSKIN
10 (t)

Treatment 11: dose:893 and protocol:oral

log (λ̂11(t)) = −7.9858 + 0.00163CSKIN
11 (t)

3.3 TCDD Retention

For the functional relationship between weight (in grams) and time (in weeks) for the dermal group, we
obtained

weight(t) = 17.56070 + 2.96503 ∗ log(t).

For the oral group, we obtained

weight(t) = 17.56070 + 0.56800 + 2.96503 ∗ log(t).

Final TCDD amounts (in ng) in certain tissues, dermal study:

Dose Liver Remote skin Local skin Fat Total
2.1 0 0 0.05±0.03 0 0.05±0.03
7.3 0 0 0.08±0.05 0.35±0.07 0.43±0.11
15 0.27±0.25 0.88±0.15 0.13±0.06 0.60±0.32 1.88±0.79
33 0.81±0.79 1.35±0.73 0.31±0.18 1.12±0.58 3.59±2.28
52 1.14±1.35 1.42±0.70 0.36±0.33 1.54±0.65 4.47±3.04
71 4.77±11.01 2.03±1.53 0.70±0.65 2.12±1.80 9.62±14.99
152 86.69±55.50 3.58±1.13 0.71±0.45 5.89±1.84 96.87±58.91
326 143.73±80.14 12.30±6.74 2.44±1.46 13.92±6.07 172.38±94.41

Final TCDD amounts (in ng) in certain tissues, oral study:

Dose Liver Skin Fat Total
75 2.78±1.53 1.87±0.77 2.02±0.71 6.67±3.01
321 112.09±69.42 12.55±7.19 16.40±12.93 141.03±89.54
893 250.74±138.99 27.52±13.90 45.82±15.86 324.08±168.74

Estimated TCDD delivered on average in ng, dermal study:

Dose TCDD (ng) % retained by liver,fat,skin Error* (%)
2.1 9.2926 0.58 0.32
7.3 32.3028 1.34 0.35
15 66.3756 2.83 1.18
33 146.0262 2.46 1.56
52 230.1019 1.94 1.32
71 314.1777 3.06 4.77
152 672.6057 14.40 8.76
326 1442.5622 11.95 6.54

*error not including that of weight estimates

Estimated TCDD delivered on average in ng, oral study:
Dose TCDD (ng) % retained by liver,fat,skin Error* (%)
75 331.8778 2.01 0.91
321 1420.4370 9.93 6.30
893 3951.5584 8.20 4.27

16



*error not including that of weight estimates

We were unable to obtain an explicit functional relationship between the percentage retained by these
tissues and the dose levels. Also, due to the ad hoc weight estimate we made (whose error is not included
in the above errors), the actual fractional amounts retained by these organs could differ more than what the
above percent error accounts for. The general trend seems to be that the tissues retain more TCDD at higher
dose levels. Also, much of the TCDD accumulated in other tissues or was expelled from the system, since at
most 15% of the total amount administered was retained in the liver, skin, and fat (dose 152, dermal study).

4 Discussion

We have developed a mechanistic-stochastic hybrid model that predicts incidence of papillomas based on
application of a particular dose of TCDD. Our model shows a reasonably good fit to experimental data
available, including predictions of concentration of TCDD in skin, fat, and liver tissue, as well as incidence of
papillomas, for both dermally and orally administered drug regimens.

Our PBPK model required relatively few assumptions and relied largely on experimentally-measured pa-
rameters. The close match of our predictions to the observed data suggests that our estimated absorption
rates in the skin and GI tract are reasonable, as are the estimated differences in the flow coefficients between
blood and the GI tract. On the other hand, our fit to the observed TCDD concentrations in liver might be
improved by altering the metabolism function, or by modeling additional physiological detail.

The stochastic model employs a log-linear generalized linear model to describe the relationship of papilloma
count to skin concentration of TCDD. The success of this part of the model is dependent on both the accuracy
of the PBPK model in predicting skin concentration and the fit of the observed data (papilloma counts) to
the model. Except for the lowest doses of drug, we see that the model is a good fit to the observed papilloma
data, which suggests that both assumptions are valid.

We also observe that there appears to be a consistent relationship between dose and papilloma counts, as
modeled using our estimated parameters. This suggests that a single function could be fit to the relationship
between dose and the stochastic parameters and could be used to predict papilloma counts at other, non-tested
doses of drug. While the intercept term appears to increase with dose, reaching a plateau and medium doses,
the relationship of slope to dose is a decreasing function. The relationship could suggest that above a certain
concentration of TCDD, the incidence of papillomas does not increase – that the chemical has saturated its
biological receptors.

Because this part of our model is explicitly modelled as a Poisson variable, future work could develop
confidence intervals on the parameters and predictions of the model. We may also want to consider tests of
the data to ensure that the distribution is best modelled by a Poisson variable, since currently we assume
that the counts per week are independent events and that the mean and variance of the counts per week
are the same. We could also use the model to test whether the TCDD is distributed evenly throughout the
skin. Currently, we use the weighted average of the concentrations in normal and painted skin as input to the
stochastic model. To verify that the chemical is spread evenly throughout these separate portions, we could
input their values separately into the stochastic model and estimate a compound slope that is equal to the
sum of their individual fitted slope parameters.

Regarding actual final amounts of TCDD in the skin, liver, and fat, it appears that similar fractions of the
drug are retained in the conglomerate of these tissues among similar dose levels. Also, in both the dermal and
oral studies, the greatest fraction was retained in the liver. An interesting question, beyond the scope of this
study and the motivation for the original problem, would be to study the formation of precancer growths in
the liver.

Further analysis will include looking at the fraction of TCDD retained in each individual tissue against the
concentration in these Finally, we could implement a more sophisticated fit of body weight to time, perhaps
using interpolation. These details may refine our fit in both the PBPK and stochastic parts of the model, but
we assume the qualitative results will remain the same.
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Figure 9: Fitted and observed papilloma counts versus predicted TCDD skin concentration for the dermal
experiment.
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Figure 10: Fitted and observed papilloma counts versus predicted TCDD skin concentration for the oral
experiment.

0 200 400 600 800

!8
!6

!4
!2

0

Intercept versus dose

dose

b0

0 200 400 600 800

0.
00

0.
05

0.
10

0.
15

Slope versus dose

dose[2:11]

b1
[2
:1
1]
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1 Introduction

The drinking water in the United States is among the safest in the world, but risks of
waterborne illness remain. During the 1990’s, there was nearly sixteen outbreaks of water-
borne illnesses reported annually. These reported outbreaks caused hundreds of thousands
of individual cases of waterborne illness. Reported illnesses represent a small fraction of
overall effects of waterborne illnesses, since most go unreported. Reported illness numbers
only serve as a minimum estimate of the total effects of contaminated drinking water. The
vast majority of the reported illnesses were due to a single Cryptosporidium outbreak in
Milwaukee in 1993 [5]. The outbreak was caused by an ineffective filtration process in two
municipal water treatment plants. The outbreak caused illness in over 400,000 individuals.
The total illness related cost of that outbreak was estimated at over $91 million [1]. The
high cost of waterborne illness reinforces the need for appropriate safeguards in the form of
water quality monitoring.

Waterborne illnesses can be caused by a variety pathogens. Cryptosporidium is an ex-
ample of a parasitic protozoan. Parasitic protozoa are known to have accounted for 21% of
reported outbreaks in the US in 1990s. Bacteria, like the well known E. Coli., accounted
for 18% and viruses another 6%. The rest were either caused by chemical or undetermined
agents. Waterborne pathogens generally cause gastrointestinal illness resulting in diarrhea,
cramping, nausea, and/or vomiting.

Cryptosporidium and E.coli. are often caused by fecal contamination of the drinking
water supply. These pathogens live in the intestinal tracts of warm blooded animals and are
passed in the feces of an infected animal. In fact, a wide variety of waterborne pathogens
indicate fecal contamination of water. This is why fecal contamination is the primary focus
of biological water quality regulations.

The Total Coliform Rule (TCR) was published in 1989, and set Maximum Contaminant
Level Goals (MCLGs) as well as Maximum Contaminant Levels (MCLs) for the presence
of total coliforms in drinking water. MCLGs are regulatory objectives which indicate the
optimal level of a given contaminant. MCLs are the legal limits for a given contaminant.
The TCR also details the type and frequency of testing that water systems must undertake.
The rule applies to all public water systems. Coliforms are a broad class of bacteria, some
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of which live in the digestive tracts of humans and other warm blooded animals. Coliforms
that are usually found in digestive tracts are referred to as fecal coliforms. Due to the higher
cost of fecal coliform testing, the TCR requires only the less expensive Total Coliform test
on routine samples. Specifically, the TCR requires systems to monitor for total coliforms at
a frequency proportional to the number of people served. If any sample tests positive for
total coliforms, the system must perform the following additional tests:

• Further test the positive culture for the presence of either fecal coliforms or E. coli.

• Take one set of 3-4 repeat samples at sites located within 5 or fewer sampling sites
adjacent to the location of the routine positive sample within 24 hours.

• Take at least 5 additional samples at the site of the original positive result during the
next month of operation.

In July of 2007 the Federal Advisory Committee Act (FACA) met to discuss revising the
TCR. As part of this review of the TCR, the EPA is interested in identifying data sources and
potential analyses to support the advisory committee. Currently, a broad database of TCR
sampling data is being assembled. Many states previously only reported TCR violations,
so complete sampling information was not available. Most states are now moving towards
complete reporting of TCR sampling results. This additional data may provide valuable
insights into the effectiveness of the TCR.

Specifically, it would be of interest to determine the frequency of positive TC results for
a variety of system types (large or small, ground water or surface water, etc.). It would
also be of interest to determine how the frequency of fecal coliform and E.coli. given a
positive TC result varies across those various types of systems. It is known that large
systems generally have a lower frequency of positive TC results than smaller systems. It
would also be of interest to determine the effectiveness of repeat testing after positive TC
results because it is often difficult to obtain samples from adjacent locations. There is also a
possibility of seasonal effects due to the freezing and subsequent rupture of pipes as well as
due to variations in agriculture runoff and weather patterns. Determining a more effective
sampling strategy would be of primary interest to the FACA committee. Interested readers
are referred to [1, 2, 10] for more details.

2 Distributions

In order to model the hit rate, probability of a positive test in a given system, the
Binomial and Beta-Binomial distribution will be used.

2.1 Binomial distribution

The probability density function of binomial distribution [6] is

f(k; n, p) =

(
n

k

)
pk(1− p)n−k.

If X is a binomial distributed variable, then the expected value of X is

E(X) = np,
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and the variance is
V ar(X) = np(1− p).

2.1.1 Beta distribution

The beta family of distributions [3, 8] is a continuous family on (0, 1) indexed by two
parameters α and β and is often used to model proportions that lie between 0 and 1. The
probability density function is

f(x|α, β) =
1

B(α, β)
xα−1(1− x)β−1, 0 < x < 1, α, β > 0,

where the beta function

B(α, β) =

∫ 1

0

xα−1(1− x)β−1dx =
Γ(α)Γ(β)

Γ(α + β)
.

If X is a binomial distributed variable, then the expected value of X is

E(X) =
α

α + β
,

and the variance is

V ar(X) =
αβ

(α + β)2(α + β + 1)
.

A useful fact to be used:

∂B(x, y)

∂x
= B(x, y) (ψ(x)− ψ(x + y)) , (1)

where

ψ(x) , −
∫ ∞

0

e−xt

1− e−t
dt =

d

dx
log(Γ(x)).

2.2 Beta-Binomial distribution

A variable with a beta binomial distribution is distributed as a binomial distribution
with parameter p , where p is distribution with a beta distribution with parameters α and
β . For n trials, it has probability function

p(k|n) =
B(k + α, n− k + β)

B(α, β)

(
n

k

)
. (2)

If X is a beta-binomial distributed variable, then the expected value of X is

E(X) =
nα

α + β
,

and the variance is

V ar(X) =
nαβ(n + α + β)

(α + β)2(α + β + 1)
.

• In Emprirical Bayes methods, the Beta-binomial model is an analytic model where the
likelihood function is specified by a binomial distribution and the conjugate prior is a
Beta distribution [7].
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3 The Approach

In this section we describe our beta-binomial model approach.

3.1 Maximum Likelihood Function

From Equation (2), the MLE function [4] is

L(α, β) =
n∏

i=1

p(ki|ni)

=
n∏

i=1

B(ki + α, ni − ki + β)

B(α, β)

(
ni

ki

)

∝ 1

(B(α, β))n

n∏
i=1

B(ki + α,Ni − ki + β)

(3)

where

• ni: total number of routine samples for each location i,

• ki: total number of positive total coliform samples for each location i,

• n: total number of locations for a given system of interest.

3.2 Log-Likelihood

Minimizing a log-likelihood function with respect to the model parameters α and β is
equivalent to maximizing the likelihood function in Equation 3:

log(L(α, β)) ∝ −n log (B(α, β)) +
n∑

i=1

log (B(ki + α, ni − ki + β)) . (4)

Since α and β are strongly correlated, we first use a location parameter a and a precision
parameter b that are less correlated such that

a =
α

α + β
, b =

1√
α + β

,

or, equivalently,

α =
a

b2
, β =

1− a

b2
.

As a result, Equation (4) can be rewritten as

log(L(α, β)) ∝ −n log

(
B

(
a

b2
,
1− a

b2

))

+
n∑

i=1

log

(
B

(
ki +

a

b2
, ni − ki +

1− a

b2

)) (5)
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Next will need to take the partial derivative with respect to a and b of the log-likelihood
function. To simplify the notation, let

F , log(L(α, β)),

B1 , B

(
a

b2
,
1− a

b2

)
,

B2 , B

(
ki +

a

b2
, ni − ki +

1− a

b2

)
.

Following the fact (1), we have

∂B1

∂a
=

B1

b2

(
ψ

( a

b2

)
− ψ

(
1− a

b2

))
,

∂B2

∂a
=

B2

b2

(
ψ

(
ki +

a

b2

)
− ψ

(
ni − ki +

1− a

b2

))
.

By the chain rule, we have the partial derivative as

∂F

∂a
=
−n

b2

(
ψ

( a

b2

)
− ψ

(
1− a

b2

))

+
1

b2

n∑
i=1

(
ψ

(
ki +

a

b2

)
− ψ

(
ni − ki +

1− a

b2

))
.

Similarly,

∂B1

∂
(

1
b2

) = B1

(
aψ

( a

b2

)
+ (1− a) ψ

(
1− a

b2

)
− ψ

(
1

b2

))
,

∂B2

∂
(

1
b2

) = B2

(
aψ

(
ki +

a

b2

)
+ (1− a) ψ

(
ni − ki +

1− a

b2

)
− ψ

(
ni +

1

b2

))
.

It follows that

∂F

∂b
=
−2n

b3

(
ψ

(
1

b2

)
− aψ

( a

b2

)
− (1− a) ψ

(
1− a

b2

))

+
−2

b3

n∑
i=1

(
aψ

(
ki +

a

b2

)
+ (1− a) ψ

(
ni − ki +

1− a

b2

)
− ψ

(
ni +

1

b2

))

Therefore, we have a system of nonlinear equations:

f(a, b) = 0,

g(a, b) = 0,

where

f(a, b) , ∂F

∂a
, g(a, b) , ∂F

∂b
.

The next step is to apply a nonlinear solver(such as Newton-Raphson method [9]) to find
values for a, b. A few comments before we move forward:

• A good initial guess is important for most nonlinear solvers. In our case, we will apply
the method of moments to obtain the initial guess for a, b.

• The analytical formulas for the Jacobian matrix is not available for our case.
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3.3 Bayesian Method

For all the locations within one system, we assume that the hit-rate follows Beta (αprior, βprior)
distribution. For location i, denote the number of times of sampling with ni, the number of
times of positive response with ki, then

ki ∼ binomial(ni, pi)

pi ∼ beta(αprior, βprior)

The joint distribution of pi and ki is

f(ki, pi) =

(
ni

ki

)
pki

i (1− pi)
ni−ki

Γ(αprior + βprior)

Γ(αprior)Γ(βprior)
p

αprior−1
i (1− pi)

βprior−1 (6)

f(ki, pi) =

(
ni

ki

)
Γ(αprior + βprior)

Γ(αprior)Γ(βprior)
p

ki+αprior−1
i (1− pi)

ni−ki+βprior−1 (7)

The marginal pdf of ki is

f(ki) =

∫ 1

0

f(ki, pi) dpi =

(
ni

ki

)
Γ(αprior + βprior)

Γ(αprior)Γ(βprior)

Γ(ki + αprior)Γ(ni − ki + βprior)

Γ(ni + αprior + βprior)

The posterior distribution of pi given ki is

f(pi|ki) =
f(ki, pi)

f(ki)
=

Γ(ni + αprior + βprior)

Γ(ki + αprior)Γ(ni − ki + βprior)
p

ki+αprior−1
i (1− pi)ni−ki+βprior−1

which means f(pi|ki) ∼ Beta(ki + αprior, ni − ki + βprior).
The natural estimators of α and β given the data are ki + αprior and ni − ki + βprior. A

simple way is to treat mean(ki + αprior) and mean(ni − ki + βprior) as our final estimate of
α and β.

Setting αprior = 1, βprior = 1 which means pi ∼ uniform(0, 1) is a resonable way to assign
the prior information. Different prior information can also be applied.

4 Numerical Results

In this section we describe the numerical results from our experiments. Table 4 summa-
rizes all the notations we used in categorize different systems. For more details about the
background, we refer readers to [1].

4.1 Total Coliform

We present values of (α, β) in this section. In particular, we tested and compared two ap-
proaches mentioned above – MLE and Bayesian. Table 4.1 summarizes the resutls. Figure 1
through 4 are the plots of representative cases from State A,B,C,D.
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Table 1: Summary of Data for Analysis

Category Explanatory Parameters

States (4) A, B, C, D
Systems (3) C = Community

NC = Transient Non-Community
NTNC = Non-Transient Non-Community

Population (2) Low (< 1000)
High (≥ 1000)

Sources of Water (3) R = Raw Ground Water
F = Finished (treated) ground water
S = Surface water

Analyte Code (2) 3014 = E. Coli
3100 = Total Coliform

Presence (2) 1 = Presence (bacteria detected)
2 = Absence (not detected)

Sample Types (2) RT = Routine
RP = Repeat
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Figure 1: Beta Distributions for State A
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Figure 4: Beta Distributions for State D
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Table 2: Parameter Estimation Results for Beta-Binomial Distribution: Modeling
hit rates of Coliform for a given routine sample across locations for a given system. A
* means Newton method fails to converge. n is the total number of locations inside a
particular system. ni is the total number of sampling for a given location i.

Systems for State A Range of ni n (α, β) from MLE (α, β) from Bayesian

ACHGF [4,98] 733 * (1.10, 12.48)
ACHSF [4,53] 136 (0.21, 12.89) (1.19, 19.79)
ACLGF [4,34] 475 (0.52, 12.79) (1.27, 8.11)

ANCHGF [4,50] 23 (16.09, 197.46) (1.78, 10.83)
ANCLGF [4,46] 207 (0.43, 2.72) (2.49, 8.79)

ANTNCLGF [4,29] 165 (0.41, 5.45) (1.71, 9.24)

Systems for State B

BCHGF [4,5656] 333 (0.78, 86.16) (1.20, 189.57)
BCHSF [4,11434] 109 * (1.28, 194.17)
BCLGF [4,213] 969 (0.74, 4.20) (3.41, 62.08)
BCLSF [4,204] 73 (0.19, 1.74) (1.88, 62.74)

BNCLGF [4,275] 1173 (0.74, 12.45) (2.88, 31.57)
BNTNCLGF [4,210] 256 (0.85, 21.17) (2.70, 42.27)

Systems for State C

CCHGF [4,87] 2592 (0.06, 0.61) (1.12, 10.31)
CCHSF [4,221] 679 * (1.11, 52.70)
CCLGF [4,67] 2806 (1.66, 27.01) (1.49, 8.90)
CCLSF [4,35] 41 (1.65, 30.34) (1.39, 8.66)

CNCHLF [4,47] 140 * (1.06, 11.41)
CNCLGF [4,42] 920 (0.90, 12.82) (1.57, 8.28)

CNTNCHGF [4,70] 88 (0.38, 9.62) (1.33, 10.73)
CNTNCLGF [4,28] 280 (0.32, 3.52) (1.67, 8.45)

Systems for State D

DCLGF [4,52] 665 (0.92, 22.76) (2.20, 30.89)
DNCHGF [5,175] 36 (1.59, 49.68) (4.75, 110.78)
DNCLGF [4,231] 6349 (0.54, 8.46) (1.53, 9.10)
DNCLSF [5,134] 79 (1.00, 15.20) (3.44, 45.85)

DNTNCHGF [6,436] 13 * (2.92, 178.69)
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Table 3: Probability of hit rates less than a given percentage for Coliform: for a
given routine sample across locations for a given system

Systems for State A Pr(Hit Rate< 0.10) Pr(Hit Rate< 0.05)

ACHSF 1.00 0.97
ACLGF 1.00 0.89

ANCHGF 1.00 0.91
ANCLGF 0.95 0.59

ANTNCLGF 0.99 0.76

Systems for State B

BCHGF 1.00 1.00
BNCLGF 1.00 0.82

BNTNCLGF 1.00 0.92

Systems for State C

CCLGF 1.00 0.92
CCLSF 1.00 0.89

CNCLGF 1.00 0.77
CNTNCHGF 1.00 0.88
CNTNCLGF 0.98 0.73

Systems for State D

DCLGF 1.00 0.92
DNCHGF 1.00 0.98
DNCLGF 1.00 0.79
DNCLSF 1.00 0.80
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4.2 Conditional E. Coli

In this section, we repeat the numerical experiments as conducted in the previous section.
The difference is that we use the sub data sets – ni is total number of positive sampling for
location i while ki is the number of E. Coli positive cases out of ni. From this sub data set,
we would like to study the conditional probability distribution. Table [?] summarizes the nu-
merical results for (α, β) and Figure 5, ?? are the plots of Beta distribution of representative
cases.

Table 4: Parameter Estimation Results for Beta-Binomial Distribution: Modeling
hit rates of E. Coli for repeat samples across states for a given system. A * means Newton
method fails to converge.

System Range of ni n (α, β) from MLE (α, β) from Baysian

CHGF [4,319] 1700 * (0.0044, 6.41)
CHSF [4,44] 180 (0.1164, 4.51) (0.0050, 1.87)
CLGF [4,66] 180 * (0.020, 4.10)
CLSF [4,35] 51 (0.0488, 1.39) (0.038, 0.96)

CNCLGF [4,76] 1412 (0.0579, 4.76) (0.026, 2.19)
CNTNCHGF [4,65] 94 (0.0075, 0.44) (0.0038, 0.25)
CNTNCLGF [4,64] 388 (0.0167, 1.92) (0.0094, 1.05)

Table 5: Probability of hit rates less than a given percentage for E. Coli given
Coliform: for a repeat sample across states for a given system

Systems Pr(Hit Rate< 0.10) Pr(Hit Rate< 0.05)

CHSF 0.41 0.40
CLSF 0.87 0.81

CNCLGF 0.92 0.89
CNTNCHGF 0.29 0.28
CNTNCLGF 0.57 0.52
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Abstract

Defects which appear on steel sheets can be dangerously harmful, especially when used in the automobile
industry. There are many cases of subsurface defects which are often impossible to detect with a naked eye,
such as blowholes, metallic inclusions, etc.

Nippon Steel Corporation is the second largest steel producer in the world and manufactures steel slabs for
automobile producers like Toyota. The company is committed to the production of high quality steel sheets
and is looking for nondestructive tests to detect various defects in the steel sheets.

Infrared thermography (IRT) is one such method used to detect subsurface defects in materials. The
technique is usually based on applying a high-intensity light pulse. The pulse is absorbed by the surface of
the material and the resulting photo-thermal waves are captured using infrared cameras (photonic detectors).
Defects modify the thermal response of the material, in particular the cooling curves of pixels corresponding
to defects differ from those corresponding to “healthy” pixels. The main objective of this project is to find a
method to locate defects in the steel sheets and characterize them.

1 Introduction

1.1 Preliminaries

There are four basic types of defects in the zinc coated steel sheets (see figure 1):

(1) blowhole defect - these are defects which exist just below the surface of a continuously cast slab. Since
molten steel contains aluminum oxide Al2O3, argon gas is used in the manufacturing process to prevent
Al2O3 from clogging the nozzle. In the process of rolling, the argon gas bubbles are flattened and form
a blowhole defect.

(2) dross defect - this is a slag inclusion of zinc into the steel slab.

(3) unevenness in the steel sheet - this type of defect appears when the rolls used in the rolling process are
not cleaned properly or have imperfections.

(4) unevenness in the zinc layer

1Emory University
2Claremont Graduate University & Keck Graduate Institute
3University of Michigan
4Courant Institute of Mathematical Science, New York University
5National Chiao-Tung University
6Texas A&M University
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Figure 1: Types of defects.

1.2 Previous work

The dependence of the thermal behavior of a defect on its depth was studied in the one-dimensional case by
J.G. Sun [3]. The author concludes that although the deviation of the cooling curve of a defect from the
“standard” cooling curve is not a reliable parameter for quantitative determination of defect depth, it has
been widely used as a “primary” parameter to investigate thermography data and it can be used to detect
small subsurface defects. A major problem for the approach taken in [3] is the prior determination of a
reference point that is known on a sound material. The averaged temperature from the entire surface is taken
as the reference temperature. This approach can work well when the defect region is small and the surface is
uniformly illuminated. Methods of this type need to find a characteristic time to correlate with defect depth,
so they are susceptible to signal noise.

The project presented herein uses ideas similar to the ones introduced in [5] and [3], generalizing the
numerical simulations to the three-dimensional case, which can be reduced to a two-dimensional problem by
using radial symmetry.

1.3 General framework

We approach the problem of detection of material defects from several different directions. In order to gain
understanding of how the size and depth of the defect affect the thermal response of the material, a number of
numerical simulations using COMSOL Multiphisics (a finite element based code) were performed. In addition
to this, a technique for the reconstruction of the cooling curves of the material points in a given sample was
developed. Through averaging techniques one can determine the thermal behavior of a sound area and identify
as defects regions whose cooling curves deviate significantly from this average curve. An important part of our
studies is concerned with finding ways to distinguish between actual defects and spatial noise (e.g. scratches,
dark spots, etc.). All these aspects of our work are closely interconnected and we are going to describe how
they fit together in the following sections.

2 Reconstruction of the cooling curves

In order to obtain reliable results, the experimentalist needs to calibrate the photonic detector separately for
different temperature ranges. For this reason, in the case of high pulse radiation technique, the data about the
cooling curves of the material points is fragmented into parts corresponding to different temperature ranges.
Since in each temperature range there are oscillations in regions which are “out of range” as well as in the
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region corresponding to the minimum temperature, the data points between the time when the maximum and
minimum temperature is achieved are not all reliable points belonging to the cooling curve. Our approach to
identifying the points on the cooling curve is to find the largest monotonically decreasing sequence within the
camera’s reliable temperature range. We consider only this data to be relevant.

Given that defects of different size and location alter cooling by different amounts over different time scales,
we must keep careful track of temperature vs. time after initial heating. Hence, we cannot compare the cooling
curves range by range. Rather, we first need to reconstruct the entire cooling curve from the data for each
pixel using only reliable temperature measurements from each temperature range curve. In what follows we
describe our approach for constructing a single cooling curve for each pixel by “fitting” the reliable portions
of each temperature range’s curve together.
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Figure 2: Raw date for the four temperature ranges for pixel (40, 30), (reflection technique, sample 6).

Before the actual reconstruction of the cooling curve, one needs to remove the irrelevant points from the
data set, i.e. points corresponding to the heating curve and points that are out of the temperature range of
the camera.

We have to consider several cases.

(1) In the case when the data8 for the higher temperature range contains at least two points and there is an
overlap between the higher and lower temperature intervals, using linear interpolation we can find the
needed shift which “concatenates” the two data sets. In figure 2, all combinations fall into this category.
fall into this category.

(2) When the data for the higher temperature range contains at least two points but there is no overlap
between the higher and lower temperature intervals, we use extrapolation (quadratic if the first set

8Note that here by data we mean only the relevant data points (see figure 2).
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contains at least three points, linear otherwise) to find the shift. Especially between the first and second
range, an extrapolation is often necessary, as the slope in this range is very large.

(3) It could happen so that the data for the higher temperature range contains a single point. In this case
we need to extrapolate the lower data set.
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Figure 3: Relevant part of the cooling curve in the four temperature ranges for pixel (40, 30), (reflection
technique, sample 6).

In order to compare different cooling curves, we need the curve of each pixel to have the same time reference.
This is violated because of the approximations we have made to find the relative shifts between the parts of
the cooling curves. For this reason, once we have reconstructed the cooling curve for a given pixel (see figure
4a), we interpolate it to find its values at the relevant integer time steps (figure 4b). For that, we calculate
the approximate values at each integer by averaging the values at all points in a neighborhood, weighted by
the distance to the desired integer.

As our goal is to detect points, where the cooling curve deviates from the regular behavior, we need an idea
how the cooling curve is supposed to look like. We want to construct a “generic cooling curve” - representative
of the thermal behavior of a “healthy” pixel. For that, we average the cooling curves in a neighborhood, at each
pixel disregarding the 25% highest and lowest function values (an idea developed by Pickering and Almond
[2]). This gives us a “generic cooling curve”.

3 Numerical simulations using COMSOL Multiphysics

In order to better understand how defects affect the thermographic image, we outline several numerical exper-
iments. The goal is to set up a model of the heat conduction during the process and obtain theoretical data
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Figure 4: Reconstructed curve for

Figure 5: The model geometry

that later can be used to analyze the experimental data. The final goal is to get a better understanding of
how different parameters influence the thermographic image and use this knowledge to optimize (if possible)
those parameters in the experimental set up and eventually in the final application.

3.1 Theoretical Model

3.1.1 Model Description

• We use a finite element simulation of heat conduction to model the thermal imaging process during IRT.
Considering data at the top or bottom of the steel domain allows us to simulate the two different ways
to set up a thermography experiment, i.e. reflection and transmission detection, in one simulation.

• We validate the model by comparison to experimental data, and conduct parametric studies for several
defecr scenarios.

3.1.2 Model Geometry and Dimensions

The geometry we use for the model is the set difference of a rectangle of dimension 10mm × 1mm and a
rectangle of size 50µm× 5µm (length × height). The smaller one is used to model the defect in the steel slab
(See fig. 5, 6, 7).
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Steel Dimensions
length 10 mm
height 1 mm

Figure 6: Model dimensions for half the cross section of a steel slab.

Blowhole Dimensions
length 50µm
height 5µm
depth 70µm

Figure 7: Model dimensions for half the cross section of a blowhole defect.

Note: Since we assume symmetry about the vertical (z–)axis, the data above is used for the computation.
The corresponding physical dimensions are cosequently twice the model dimensions.

3.1.3 The Governing Equation

The heat conduction in the steel is modelled by the following differential equation:

ρCp
∂T

∂t
−∇ · (k∇T ) = 0 (1)

where we use the following constants

Symbol Name Value
Cp Heat capacity 475 J

kg·K
k Thermal conductivity 44.5 W

m·K
ρ Density 7850 kg

m3

3.1.4 The Boundary Conditions

In the following we introduce some notations in the table below

Symbol Name Value
q0 Inward heat flux
h Heat transfer coefficient 10 W

m2·K
Tinf External temperature 295 K

ε Emissivity 0.6
σ Boltzmann constant 1.3806503m2·kg

s2·K
Tamb Ambient temperature 295 K

and use the following boundary conditions for our model:

• For the top of the outer boundary we use a heat flux boundary condition of the form

n · (k∇T ) = q0 + h(Tinf − T ) + σε(T 4
amb − T 4). (2)

The heating impulse is simulated through the boundary condition on the top of the outer boundary:

q0(t) = 3.5 · 108 · χ(0,0.00033)(t) (3)

where χ(0,0.00033)(t) is the characteristic function on the interval (0, 0.00033).
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Outer Boundary BC Type Equation
top: heat flux n · (k∇T ) = q0 + h(Tinf − T ) + σε(T 4

amb − T 4)
bottom: heat flux n · (k∇T ) = h(Tinf − T ) + σε(T 4

amb − T 4)
left: insulation n · (k∇T ) = 0

right: insulation n · (k∇T ) = 0

Figure 8: Boundary conditions for the numerical model on the outer boundary

Defect Boundary BC Type Equation
top insulation n · (k∇T ) = 0

bottom insulation n · (k∇T ) = 0
left insulation n · (k∇T ) = 0

Figure 9: Boundary conditions for the numerical model on the inner boundary

• For the bottom boundary condition we use a heat flux condition of the form

n · (k∇T ) = h(Tinf − T ) + σε(T 4
amb − T 4). (4)

• The right boundary is assigned an insulation condition:

n · (k∇T ) = 0 (5)

• The inner boundaries model the steel defect interface. We assume that the defect encloses an insulating
material and use insulation boundary conditions.

3.2 Numerical Results

We implemented a series of numerical experiments, all following the above structure, varying only the defect
depth in 100µm steps from 100µm to 900µm. We present only the results for 100µm and 200µm, but include
the other cases in our qualitative discussion.

3.2.1 Parametric Study A: Varying Defect Depth

• Depth: 100µm We model the heat convolution in a steel slab containing a subsurface ”blow–hole”
defect at 100µm below the top and analyse the temperature distributions corresponding to reflection
and transmission detection.

– Heat Conduction in the Steel Slab:
We plot several stages (fig. 3.2.1) of the heat conduction through the cross–section of a steel slab.

In the next section, we will evaluate the temperature distribution at the top and bottom surface of
the steel slab,i.e. simulate reflection and transmission thermography.

– Selected Cooling Curves for the Reflection Case:
The temperature distribution on the upper surface corresponds to the thermal image obtained by
reflection thermography. In other words, the data simulates an experimental set up with heat source
and camera on the same side – in our case the top – of the steel slab. For a better analysis the
cooling curves are plotted on a linear (fig. 3.2.1a) and a logarithmic (3.2.1b) scale.

– Selected Cooling Curves for the Transmission Case:
The temperature distribution on the upper surface corresponds to the thermal image obtained by
transmission thermography. In other words, the data simulates an experimental set up with heat
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Figure 10: The thermal distribution after 1,2,3 and 80ms, defect depth 100µm

Figure 11: Cooling curves of selected points on a linear and logarithmic scale in the reflection case, defect
depth 100µm
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Figure 12: Cooling curves of selected points on a linear and logarithmic scale in the transmission case, defect
depth 100µm

source and camera on different sides – in our case heat source at the top, camera at the bottom –
of the steel slab. For a better analysis the cooling curves are plotted on a linear (fig. 3.2.1a) and a
logarithmic (3.2.1b) scale.

• Depth: 200µm We model the heat convolution in a steel slab containing a subsurface blowhole defect
at 200µm below the top and analyze the temperature distributions corresponding to reflection and
transmission detection.

– Heat Conduction in the Steel Slab: We plot several stages (fig. 3.2.1) of the heat conduction
through the cross–section of a steel slab.

– Selected Cooling Curves for the Reflection Case: The temperature distribution on the upper
surface corresponds to the thermal image obtained by reflection thermography. In other words, the
data simulates an experimental set up with heat source and camera on the same side – in our case
the top – of the steel slab. For a better analysis the cooling curves are plotted on a linear (fig.
3.2.1a) and a logarithmic (3.2.1b) scale.

– Selected Cooling Curves for the Transmission Case:

• Summary: The numerical experiments show that a blowhole defect changes the temperature distrib-
ution at the top and the bottom surface. For the reflection case, the model predicts a hot spot in the
are above the defect, since the enclosed material (e.g. argon) acts as an insulation layer. Similarly, we
observe a cold spot in the area under the defect at the bottom surface, which corresponds to transmis-
sion detection. Intuition and tThe numerical results suggest that the temperature between the defect
and sound area depends on the defect depth. The deeper the defect is below the surface that faces the
camera, the smaller is the temperature difference.

Also, the numerical simulation shows that there are critical time intervals for the defect detection which
also depends on depth and the position of the camera. This effect might be used to localize defects more
acurately by combining reflection and transmission images to estimate the defect area and depth.

3.2.2 Parametric Study B: Varying Defect Size

We compute the temperature distribution for defects of varying sizes (250µm, 500µm, 1000µm) at constant
depth 70µm.
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Figure 13: The thermal distribution after 1,2,3 and 5ms, defect depth 200µm

Figure 14: Cooling curves of selected points on a linear and logarithmic scale in the reflection case, defect
depth 200µm
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Figure 15: Cooling curves for a sound and a defective point on the surface (reflection case) for varying defect
sizes: 250µm, 500µm, 1000µm

• Cooling Curves:
Figure 15 shows the cooling curves for a sound and a defective point point on the steel surface. In the
reflection experiment the defective area is temporarily hotter than the sound area, due to the insulating
properties of the blowhole defect. The defect sizes are 250µm, 500µm, 1000µm.

• Summary: To analyse the effect of the defect size on the thermographic image we compute the thermal
contrast curves, i.e. the difference of the cooling curves of the sound and the healthy point for each defect
size, respectively. In figure 16 we observe that the larger the defect, the higher the thermal contrast.

3.3 Outline of Future Experiments

There are several experiments that would further improve the understanding of the processes that are relevant
for thermographic defect detection and localization.

• Rigorous analysis of the varying depth: The data for a defect of constant size but varying depth
needs to be analyzed more systematically. One goal could be to determine critical time intervals that
give the biggest temperature difference between the defect area and and the sound surrounding area.
These time intervals will presumably differ with the defect depths and depend on the camera position
(i.e. reflection or transmission detection). This could lead to a second goal, which is, how these shifts
can be used to locate the defect more accurately.

• Analysis of the effect of the defect size: The next step would be to vary the defect size at constant
depths in order to understand how this quantity influences the thermal images. Supposedly, larger
defects (in horizontal directions) will produce higher temperature differences.

• Combined analysis for depth and size: The previous experiments should be combined in order to
detect and localize defects in a more reliable manner.
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Figure 16: Thermal contrast curves for defect sizes 250µm, 500µm, 1000µm.

• Analysis of model dimensions and boundary conditions: The model dimensions could be chosen
to be closer to the dimensions that arise in the final application, also, there are other boundary conditions
one could think of.

• Validation of the models: In order to validate the numerical results they have to be compared to
experimental data, possibly even for different materials that are better understood.

4 Defect detection

4.1 Single frame detection strategy

The numerical simulations described above suggest that the thermal behavior of a defect has the greatest
deviation from that of a sound area in the very initial stages of the cooling curve. For this reason we concentrate
our attention on the first few time frames.

In order to reduce the influence of the fact that the steel slab is heated unevenly (see figure 17), we apply
the two-dimensional spatial Laplacian to the data from an initial frame, computed using a central difference
scheme. The use of the two-dimensional Laplacian can also be motivated by the following formulation of the
three-dimensional equation of thermal conductivity:

∂T

∂t
= α

(
∂2T

∂x2
+

∂2T

∂y2
+

∂2T

∂z2

)
⇔

∂T

∂t
− α

∂2T

∂z2
= α4xyT

(6)

where T (t, x, y, x) is the temperature at (x, y, z) at time t and α is the thermal conductivity. Equation (6)2
can be viewed as the one-dimensional heat equation

∂T

∂t
− α

∂2T

∂z2
= f(x, y, z, t)

where f(x, y, z, t) = α4xyT can be interpreted as a source function (caused by the defects).
Our conjecture is that the spots where the Laplacian is the greatest in absolute value are either defects or

spatial noise (e.g. scratches, dark spots, etc.). In order to distinguish between spatial noise and actual defects
we need to study the cooling curves corresponding to the “problematic” spots.
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Figure 17: Sample frame, (reflection technique, sample 5).
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Figure 18: images of an initial time frame and its Laplacian - large sample 6
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4.2 Difficulties and solution ideas

Our numerical experiments suggest that the greatest deviation in the cooling curve of a defect from the cooling
curve of a sound material is in the very initial stages right after the maximum temperature is reached. This
indicates that we have the greatest chance of detecting a defect by looking at the first few time frames of
the relevant data in the maximum temperature range. Since this is the period when the cooling rate is the
greatest and the highest temperature range of the infrared camera9 used is 150 − 350◦C, we only have three
data points at the most belonging to this temperature range. There are cases where there is just a single point
in this most significant range. This can prevent us from finding a good approximation of the relative shift
between the neighboring ranges. A consequence of errors in the shift is the occurrence of discontinuities in the
temperature distribution for time frames after the matching. These jumps will be picked up by the Laplacian
(see figure19), so the error detection method described in section 4.1 will not give reasonable results. Also, we
realize that the last few time frames do not occur in the interpolated cooling curves of all pixels, confirming
that shifting errors in the range of several time frames are present.
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Figure 19: images of an initial time frame and its Laplacian - small sample 6

Due to the monotonicity, whenever no extrapolation is necessary, the first relevant point of the lower
temperature range can be located uniquely between two points of the higher range. So in most cases, the
errors only occur in the fractional part. This part should be the same for all pixels as it is also the fractional
part of the relative shift between the time reference frames associated to the two temperature ranges. That
is why we average the fractional part over all values hoping that the average is a good approximation of the
actual value.

However, this does not lead to any improvement, in fact the temperature plots show even more disconti-
nuities than before (see figure 20).
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Figure 20: images of an initial time frame and its Laplacian - small sample 6

So very likely, errors occur in the integer part as well. Hence, we directly calculated the shift between the
time reference frames, but that did not help either. This strongly suggests that at least parts of the problem
lies in the data. Indeed, figure 4a shows that the second and third data points are almost identical, whereas
the fourth and fifth differ significantly. In theory, as they lie exactly one time frame right of the second and

9FLIR (SC 6000) Photonic detector Resolution: 640x512 pixels, Speed: 120 Hz (fps), Temperature sensitivity: 0.01◦C

14



third point, they should also be close together. This shows that the data from the different temperature ranges
do not agree, which naturally causes difficulties when trying to match them.

In conclusion, it is critical to have as many points as possible in the highest temperature range of the
cooling curve.

5 Discussion and future work

Our numerical experiments show that the highest temperature ranges are most important for error detection.
That is why it is crucial to avoid shift errors especially in this temperature range. For that, an additional
calibration range capturing high temperature values could be helpful, as it would provide more data points in
the higher temperature range and allow better data matching.

If that is not available, the errors caused by wrong data might be avoided by repeated measurements. In
any case, with the data at hand, it seems almost impossible to accurately detect defects.
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