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ABSTRACT

The specific'objectives of this research are four in number: to
develop predictive models for nutrients and associated water quality
parameters in the Pamlico Estuary for use in managing that aquatic
system, to calibrate and verify these models using available data, to
use the models to simulate or predict water quality in the Pamlico
Estuary under different nutrient loadings, and to use the model to
evaluate the significance of selected physical, chemical and biological
processes in the estuary,

Two steady~-state, one-dimensional models have been developed and
verified. One model, designed for winter conditions, considers
phosphorus as the nutrient limiting algal growth during that season.
The second model, developed for summer seasons, is based on nitrogen
as the limiting nutrient.

Simulations using these models indicate that past industrial
discharges of phosphorus have had significant effects on water quality
in the estuary. Additional simulations indicate that reduction of
phosphorus inputs to levels specified in present discharge permits will
produce substantial improvements in water quality.

The research also indicates that nitrogen incorporated into
algal blooms during a winter season is detained in estuary sediments until
the following summer, when it can be used again as a nutrient source
under the nitrogen-limited conditions that prevail at that time, The
results also indicate that release of nitrogen from estuary sediments is

a major factor in summer algal blooms,
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Summary and Conclusions

The models developed in this research are made possible by extensive
field data for the Pamlico Estuary obtained by Hobbie and coworkers.
during the years 1970 to 1973, and by data for the Iexasgulf discharge
obtained over the same period by personnel at Texasgulf,

Two steady-state, one-dimensional models for the Pamlico Estuary have
been developed. One is for winter seasons, and is based on phosphorus being
the limiting nutrient for photosynthetic processes, It permits predictions
of concentrations of such water quality parameters as reactive niltrogen,
reactive phosphorus, and chlorophyll a as functions of the inputs of
nutrients and river flow to the estuary system. The second model is for
summer seasong, and considers nitrogen as the limiting nutrient. It also
permits predictions of estuary quality as a function of inputs to the
estuary system. The selection of the suitable limiting nutrient for each
season was first made on the basis of evaluations of the inputs of N and P
to the estuary, and then tested by comparing the resulting model with field
observations.

Based on these models, the following conclusions and interpretatiéns are
made,

1. During a winter season, inorganic nitrogen (largely nitrate) enters
the estuary from upstream sources in the Tar River flow. This
nitrogen then reacts with phosphorus that originates primarily in the
industrial discharge to produce algal blooms. These winter blooms are
the largest that occur during a complete annual cycle, The blooms are
usually located midlength along the estuary, in the region of the

industrial discharge, A substantial portion of the biomass that is
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produced then settles and is detained in the estuary, The field
data are consistent with the assumption of phosphorus limitation,
During summer seasons, the estuary is severely nitrogen limited.
The inputs of nitrogen to the estuary from upstream sources are
much less in summer than in winter, The causes of this reduction
are not known with certainty. It 1s proposed here that nitrogen
is retained on the land by photosynthetic processes to a much
greater extent in summer than in winter, so that it cannot be
washed away in runoff, In addition, runoff is lower in summer
than in winter. This combination of low soluble nitrogen avail-
ability on land and low runoff from upstream significantly

reduces nitrogen inputs to the estuary during summer seasons.

A significant source of nitrogen inpugs to the estuary during the
summer arises from the estuary sediments. A substantial portion
of this sedimentary nitrogen arises from organic nitrogen deposited
during winter seasons, This nitrogen i1s released to the overlying
waters primarily as NH3 as warm summer temperatures provide
conditions for heterotrophic biological activity in the sediments.
During the summer, the balance between displacement of water down-
stream by advective fresh water inputs and longitudinal mixing by
wind and other factors causes significant upstream transport of
salinity., It also permits upstream transport of phosphorus from
the industrial discharge. The inorganic nitrogen arriving at the
head of the estuary reacts with phosphorus in the upper reaches of
the estuary and is rapidly depleted. Algal biomass is highest at

upstream locations during the summer,
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There is some evidence that sudden increases in flow during the
summer can produce temporary stratification in the estuary. This
can produce anoxic conditions in the bottom waters, It is proposed
here that these anoxic conditions are related to the decomposition
of organic matter produced and settled iﬁ the estuary, Factors
which increases or decrease this production of biomass would then
increase or decrease the occurrence and severity of these anoxic
conditions.

The primary factor affecting water quality iIn aquatic systems is
the input of critical substances to those systems. Hence, the
water quality in the Pamlico Estuary is primarily affected by
inputs of nitrogen and phosphorus to that system. For conditioms
representative of 1970-73, productivity is severely limited by
nitrogen in the summer and moderately limited by phosphorus in the
winter, Substantlial changes in inputs of either of these nutrients
could cause changes in these relationships. For example, doubling
the industrial discharge of phosphorus could cause the estuary to
be nitrogen limited in the winter. Extensive phosphorus ;emoval
might cause the system to be limited by phosphorus in the summer.

Use of these models for management purposes should consider these

- possible changes.

Severe reductions in the inputs of nitrogen during the winter,
such as may have occurred during the cold and relatively dry
winters of 1976 and 1977, may cause the estuary to become nitrogen

limited during the winter.
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10.

The development of extensive anoxic conditions during the summer,
such as_those indicated in the summer of 1973, can cause the
present nitrogen-limited model to be in error, This is
particularly true for predicting the reactive phosphorus in

the estuary waters, since phosphorus can be rapidly releasedl

from sediments under anoxic conditions,

Model simulations indicate that industrial discharges of phosphorus
had substantial effects on estuarine water quality in the early
1970's, and that reduction of these phosphorus inputs to average
levels specified in present discharge permits will yield significant
improvements,

Future studies should (a)< develop a dissolved oxygen model to
quantify the relationship between winter algal blooms and summer
deoxygenation, (b) examine nitrogen releases from estuarine
sediments during the summer, and (c) investigate the possible

significance of denitrification on nitrogen cycling in the system.
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1. Introduction

The Pamlico River shown in Figure 1 is an estuary in North Carolina
that extends from Washington to Pamlico Sound, a distance of about 60 km.
The width of the estuary at Washington is about 1 km, and at its mouth
is about 7 km. The depth ranges from about 2 to 7 m, with an average
of 3.4 m. The tidal effects in the estﬁary are modest because of the
Outer Banks which form a barrier betweeﬂ Pamlico Sound and the Atlantic
Ocean; the average lunar tide is only agout 0.2 m. Wind tides, however,
may cause water surface variations of 1 m or more.

The principal tributary of the estuary is the Tar River whose mouth
is at Washington. This river drains mostly agricultural and forested
lands in eastern North Carclina. The d?ainage area of the river at
Washington is about 8300 kmz. Approximately 80 km upstream at Tarboro,
the U. S. Geological Survey (USGS) maintains a permanent gauging station,
the drainage area of which is about 5800 kmz. Flows in the Tar River are
typically high in winter months when rainfall is heavy and low in the
summer; in spring and fall, the flows are variable. Figure 2.shows the
monthly runoff at Tarboro for 1971, a fairly typical year. 1In the vicinity
of Washington, the USGS maintains a gauging station on a small tributary
of the Tar River called Herring Run, the drainage area of which is about
40 km2. The pattern of inflows to the Tar from this tributary is probably
representative of inputs to the Pamlico River between Wéshington and its
mouth,

The salinity concentration at Washington is generally less than 500
mg/L. Pamlico Sound on the other hand is half sea water, with average

salinity of about 18 Zo. The average salinity gradient along the length
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of the estuary is about 300 mg/L per km. Salinity concentrations in the
estuary vary with freshwater inflow and other conditions. The avérage
monthly salinity profile approximately midway along the length of the
estuary in 1971 is shown in Figure 3; data are from Hobbie et al. (1972).
Figure 4 shows the 1971 monthly variation in temperatures. As indicated,
summer temperatures are between 25 and 30°C, and those in winter range
from about 6 to 10°C.

The Pamlico River is not used extensively for recreational purposes.
However, it subports modest commercial fishing and is also used for
navigation. One of its mdin uses is for receiving wastewater discharges
from Texasgulf, Inc., a fertilizer manufacturer engaged in phosphate
mining and processing at Aurora, NC, approximately midway between Washington
and Pamlico Sound.

In the early 1960's, extensive phosphate deposits were discovered in
this part of North Carolina. Estimates place these deposits between
1 and 10 billion metric tons, which rank them as one of the world's major
phosphorus resources. In 1965, Texasgulf, Inc. (then called Texas Gulf
Sulfur Corp.) began mining the apatite oreé and processing it into fertilizer
(at present production rates, the estimated life of the deposits is about
300 years). They use strip mining methods in which the overburden with
thickness of about 20 m is removed to expose the 15-m thick lens of apatite,
Because the water table is so close to the ground surface, it must be
lowered, which is done through use of wells, The rate of well water
discharge remains fairly constant at about 2.Otn3/s (72 cfs). After using
this water for process purposes in the plant, it is discharged to the
estuary; on the average, it carried about 20 mg/L P as P205 during the

early 1970's; this is equivalent to about 280 yM as P.




In the mid 1960's when Texasgulf was first beginning operation, the
State of North Carolina became concerned about the impact of this discharge
on estuary quality. In particular, the concern was over potential problems
of eutrophication. As a result, Dr. John Hobbie and coworkers at NC State
University in Raleigh were funded through the NC Water Resources Research
Institute to monitor estuary quality (Hobbie 1970a, 1970b, 1971, 1974;
Hobbie et al. 1972, Copeland and Hobbie, 1972; Harrison and Hobbie, 1974),
About 30 sampling stations were established in the estuary starting about
8 km below Washington and extending to fhe mouth. Except in the upper
reaches where the estuary is relatively narrow, two or three stations were
located at eéch of 14 transects across the width of the estuary, as shown
in Figure 5., During an intensive sampling period from late 1969 to early
1974, samples were collected and analyzed once or twice monthly, The
location of samples and routine analyses are shown in Table 1. In
addition to presenting findings in Institute reports, data were stored in
a computer file at the Triangle Universities Computation Center. The
work by Hobbie and colleagues constitutes the most extensive fund of
available information on the quality of the Pamlico River.

In recent years, plans have been made for expanding phosphate
production from the depOSits at Aurora. Within the next two years,

North Carolina Phosphate Corp. will begin operation using strip mining
and processing practices similar to those of Texasgulf. In light of

this increased activity, the State of North Carolina would like to know
the effect of additional phosphorus discharges on estuary quality.

They also want to know the level at which phosphorus discharges are likely
to cause problems with excessive algae growths, Basically, the State is

looking for a tool to assist in managing estuary quality, In 1975,
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Table 1

Pamlico River Analyses by Hobbie et al.

Analysis

Temperature
Dissolved Oxygen
Salinity

pH

© Ammonia

Nitrite

Nitrate

Total Unfiltered Nitrogen
Total Filtered Nitrogen
Total Unfiltered Phosphorus
Total Filtered Phosphorus
Reactive Phosphorus
Chlorophyll-a

Sample Location

Surface
Surface
Surface
Surface
Surface
Surface
Surface
Surface
Surface
Surface
Surface
Surface

Surface

and Bottom
and Bottom
and Bottom
and Bottom
Only

Only

Only

Only

Only

Only

Only

Only

Only



the research reported herein was funded by the NC Water Resources Research

Institute for the purpose of developing such a tool.

2, Objectives

The overall goal of this research is to develop a predictive mathematical

~modél that can be used by the State of North Carolina and others in

managing the quality of the Pamlico River. The specific objectives under
this goal are as follows:

1. Develop predictive models for various constituents in the

Pamlico River associated with eutrophication.

2. Calibrate and verify the models using available data.

3. Use the models to simulate Pamlico River quality under alternative

nutrient loadings.

4, Interpret the data and findings to explain the principal

phenomena occurring in the system.

The firét objective makes it clear that the model is to focus on
problems of eqtrophication, not BOD or oxygen which have been the traditional
concerns of water quality modeling. Major interest, then, is with such
water constituents as nitrogen, phosphorus, chlorophyll, and algal biomass.
Also of importance is the purpose for which the model is intended: it must
be useful to the State for pollution abatement and water quality management.

This implies a different level of abstraction in model development than that

~required fdr, say, describing the kinetics of phosphorus uptake in the pro-

duction of algae. In general, broadgauged. management models frequently

assume steady-state conditions and employ somewhat simplistic (although
fundamentally accurate) mechanisms for the transport of constituents along

the length of the estuary. Finally, the first objective implies the need




to deliver to the State and other users a card deck or tépe of the éomputer
program, togethef with user instructions.

Under the second objective, the predictive model is to be both cali-‘
brated and verified., Calibration implies parameter evaluation, also
called parameter identification, That is, the mathematical symbols that
describe the state of the system such as the cross sectional area of the
estuary, the dispersion coefficient that takes accound of mixing, and the
reaction rate constants that describe nutrient cycling must be assigned
numerical values, either based on information in the technical literature
or from field observations. Verification implies the comparison of
predicted values from the calibrated model with field observations that
have in no way been used for model calibration. Under this objective,
both calibration and verifiication are to be done using available data
from such sources as Hobbie, Texasgulf, and the USGS. A flow chart of the
calibration and verification process is shown in Figure 6.

Since field data collection is not a part of this study, the water
quality constituents that can be modeled are limited to those for which
data are already available. For example, sufficient data do not exist
on gross biomass concentrations or concentrations of specific algal species
in Pamlico River, and hence these constituents cannot be modeled despite
the fact that they are potential indicators of eutrophication. It should
be mentioned that under this objective, close cooperation was planned with
Professor E., J. Kuenzler of the University of North Carolina who was
simultaneously engaged in a study of nutrient kinetics in the Pamlico River,
His report is a companion volume to the work described herein (Kuenzler

et al,, 1979).
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The third objective involves use of the model for simulating Pamlico
River quality under alternative nutrient loadingsf This is the penultimate
step in the general process of modeling, the final one being use of the
model for deciding waste load allocations (which was not a part of this
project). The value of a mathematical model is that it enables prediction
of river quality under a wide variety of conditions. In this work, only a
few simulations were made based on alternative phosphorus loads from
Texasgulf and N. C. Phosphate. However, the possibilities for additional
simulations are enormous and are expected to be performed by the State
of North Carolina.

Under the last objective, work is required to "explain' the system.
Recognizing that a model is basically a statement of cause and effect in
mathematical language, it peryits (or rather is) an explanation of what
occurs in the system. In the case of this model, the explanations are
of ﬁwo types, one that deals with the uptake and cycling of nutrients
that go into the production and decay of algal biomass, and the other
that deals with how the estuary will respond under alternative nutrient

loadings from the industries.

3. Estuary Conditions

With so many years of data on Pamlico Riveflquality available from
Hobbie and coworkers, one of the first tasks of this project was to
bbtain an overview of estuary conditioms. It was quickly 1earned’that,
unlike many estuarine systems in eastern United States, algal blooms in
the Pamlico occurred primarily in winter rather than summer. A perusal
of Hobbie's data showed that the peak particulate phosphorus concentration

in winter was about 4 UM on the average, whereas the peak summer con-
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entration was about 2.5 uM (particulate phosphofus is contained in algal
cells and indicates the presence of biomass). Correspondingly,
the’ chlorophyll~a concentration in winter was about 40 ug/L whereas in
summer it was about 25 ug/L. Hobbie (1971) reported that the dinoflagellate
Heterocapsa was prinqipally responsible for the winter bloom. His data
showed that the winter bloom occurred about midway along estuary length,
whereas the summer bloom was further upstream near Washington.

Reactive nitrogen (NH3 + NOE + Nog) and reactive phosphorus (ortho)
" concentrations were also different in summer and winter. In the winter,
reactive nitrogen ranged along the length of the estuary from about 5 to
45 WM,  with an average of about 30 uM, whereas in summer, the range was
from about 3 to 15 with an average of 6 uM. The peak nitrogen concen-
trations in both winter and summer occurred upstream in the vicinity of
Washington (near the mouth of the Tar River). Winter reactive phosphorus
concentrations varied along the estuary from about 0.5 to 3 UM  with
an average of 1 UM whereas in summer, the range was from about 1 to
10 uM with an average of 5 UM. . Unlike nitrogen, the peak reactivé
phosphorus concentrations occurred about midway along estuary length near
the Texasgulf outfall. In general, Hobbie found the dissolved oxygen
concentrations in both winter and summer to be above 5 mg/L, although
periodically (especially in summer 1973), lower values were encountered.

The above conditions are summarized in Table 2.

In an attempt to determine whether the system might be either
nitrogen or phosphorus limited, average data on nutrient loadings discharged
to the esfuary were examined. The average winter flow of the Tar River at
Tarboro during the years when Hobbie et al. collected their data was

about llSrn%s (4000 cfs), and during the summer it was about 201n35 (700 cfs).
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Table 2

Average Estuary Concentrations

Range Average Tar
over in River
Length Estuary Mouth
Reactive Nitrogen (uUM)
Winter 5-45 30 45
Summer 3-15 6 ‘15
Reactive Phosphorus (UM)
Winter 0.5-3 1 1.5
Summer 1-10 5 2.5
Particulate Phosphorus (UM)
Winter 0.5-4 3 0.5
Chlorophyll-a (ug/L)
Winter 1-40 30 1
Summer 5-25 10 20

13




Assuming that the runoff coefficient over the entire drainage basin at any
time was essentially constant, the flows at the mouth of the Tar River can
be estimated by multiplying Tarboro flows by 1,5, the approximate ratio
of drainage areas, The corresponding average winter and sﬁmmer flows
entering the Pamlico River near Washington were about 170 m3/s (6000 cfs)
and 30 m3/s (1000 cfs), respectively. Using the concentration data at the
mouth of the Tar River shown in Table 2, the reactive nitrogen inputs to
the Pamlico near Washington in winter and summer were about 7.7 mol/s and
0.5 mol/s, respectively. Correspondingly, the reactive phosphorus inputs
from the Tar River were about 0.3 mol/s in winter and 0.1 mol/s in summer.
Hence, the molar ratio of loadings of reactive nitrogen to reactive
phosphorus in winter and summer at the head of the estuary were‘about 25
and 5, respectively. Based on the so-called Redfield ratio (Redfield et al.,
1965) which indicates that about 15 moles of nitrogen are taken up in the
production of algal biomass for each mole of phosphorus when neither nutrient
~limits productivity, these values indicate that the estuary near Washington
was somewhat phosphorus limited in the winter and severely nitrogen limited
in summer. |

Nutrients enter the Pamlico River from sources other than the Tar River,
Tributaries along the length of the estuary contribute inputs, but these
appear to be relatively small,”™ Phésphorus loads from Texasgulf, however,
are sizeable and cannot be ignored. With an average discharge of 2 m3/s

(72 cfs) and a concentration of 280_uM, the industrial load of reactive

*The drainage area of the Pamlico River increases from 8300 km at its head
near Washington to 11,500 km2 at its mouth, a change of about 40 percent,
However, three-fourths of this increase occurs in the last 10 km of estuary
length. In addition, the runoff coefficient for estuary tributaries based
on data from the USGS gauging station at Herring Run is only half that of
the coefficient at Tarboro.
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phosphorus was about 0.6 mol/s, which is approximately twice the Tar River
input in winter and six times its input in summer., Adding this amount to
that from Tar River, the total estuary load of reactive phosphorus was

about 0.9 mol/s in winter, and 0.7 mol/s in summer. The corresponding molar
ratios of reactive nitrogen to phosphorus were about 9 in winter and 1 in
summer., These results are shown in Table 3,

These rough estimates are not conclusive evidence regarding nutrient
limitations in Pamlico River. However, they suggest that in winter, the
upper reaches of the estuary are phosphorus limited, but by midway along
its length, nitrogen is no longer in excess and may even be limiting.

In summer, on the other hand, the estuary appears to be severely nitrogen
limited throughout its entire length. Based on these preliminary conclusions,
plans were made to develop two steady-state models for the Pamlico, one
pertaining to winter conditions when at least part of the estuary is
phosphorus limited, and the other for summertime when nitrogen is the

limiting nutrient.

4, Model Formulation*

Themddeling apprbach of this project was patterned after the finite
difference formulations first developed by Thomann (1972)., Based on the
field data of Hobbie et al. for the Pamlico‘River, it was decidéd that
vertical and lateral concentration gradients were not sufficiently great
to invalidate an assumption of one-dimensionality. Hence, the model was

formulated assuming a gradient only along estuary length, with constant

*This section describes formulation of a basic finite~difference model for
estuaries. It can be skipped by readers already familiar with such models,
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Tar'River
Texasgulf
Total

Tar River
Texasgulf
Total

Approximate Nutrient Loads on Pamlico Estuary

Flqw
(m~/s)

170

*RN and RP denote reactive nitrogen

RN*
(uM)

45
0

Table 3

RP*
(uM)
WINTER

1.5
280

SUMMER

205
280

RN RP
(mol/s) (mol/s)
7.7 0.3

0 0.6
7.7 0.9
0.5 0.1

0 0.6
0.5 0.7

RN/RP
(mol/mol)

25
0
9

= O W

and reactive phosphorus, respectively
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concentrations in any plane across the width, As mentioned above, the
model assumed steady-state conditions.

In Thomann's approach, model formulation begins by‘dividing the
estuary into several segments, not necessarily of equal length, Assume
that the main body of the estuary contains n segments as shown in Figure
7, with segment O the upstream boundary section and segment n+l the
downstream boundary section. Assume that each segment is completely mixed
so that it contains no congentration gradients. Changes in concentration
can therefore occur only from one segment to the next.

The task now is to write a mass balance equation for each water
constituent of interest in each of the main body segments, In words, the

mass balance equation for any segment is

[Accumulation] = [Input by Advection] - [Output by Advection]
+ [Input by Dispersion] - [Output by Dispersion]

+ [Sources] ~ [Sinks] (1)

In this equatlon, advection is assumed to be the mechanism whereby a water
constituent is transported from upstream to downstream segments due to
freshwater input to the estuary., Simillarly, disperison is assumed to be
the mechanism that accounts for all mixing, the major causes of which are
lunar and wind tides. The Sources and Sinks terms respectively account for
the increases and decreases of the constituent in the segment due to such
things as chemical reactions, sedimentation, and direct inputs from
tributaries and polluters. It is these terms that usually demand most

attention in water quality modeling.
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Figure 7. Estuary Segments for the Finite Section Models
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Eq. (1) can be rewritten in mathematical symbpls by treating its
terms one by one. Assume that the equation applies to the i-th segment
of the estuary in which the concentration of the constituent of interest

is s The accumulation term on the left hand side is simply

1 L (2)

where Vi is the volume of the segment and the derivative represents the
rate of concentration change with time. The units of Eq. (2) are mass/time.
Under the assumption of steady-state, no accumulation occurs in section

i, and thus Eq. (2) is zero.

Input into section i by advection through the upstream boundary
between sections i-1 and i is simply equal to the concentration at the
boundary times the flow at the boundary. Using the symbol Q to indicate
flow and s to indicate concentration, and with the subscript i-%i to

indicate the boundary, advection into the i-th section is

Q11 %4-14 (3)

where the units are mass/time, as before. Note, however, that the dependent
variables for this model are the concentrations within segments, not at

the boundaries, Hence, in Eq. (3) must be rewritten in terms of

Si-]’i

concentrations in segments., For this purpose, assume that the concentration
at the boundary is a linear combination of concentrations in the adjacent

segments. Hence, we can write

Bi—],i = %1g %5-1 + Bi-],i sy 4)

where o and B are weights whose values must sum to unity. Thomann (1972)
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shows how numerical values for these parameters can be estimated from the

lengths of the segments. In general,

%5 = Zj/(li + Rj) (5)

and

Bij =1 - aij (6)

where Ri and Qj are the lengths of the upstream and downstream segments,
respectively ¥ Substituting Eq. (4) into Eq. (5), the appropriate expression

for advection into section i is

'Qi—l,i (O‘i—l,i Si_l + Bi-lli si) 7

the parameters of which are Q, o and B. Similarly, the expression in

mass balance Eq. (1) for advection out of the segment is

Q

14+ (O‘i%i+l & ¥+ B:{;;Hl Si+1) (8)

The underlying assumption of dispersion is that the rate of transport
through a unit area normal to the concentration gradient is proportional to
the gradient. That is, the rate of transport per unit area (with units
mass/time/area) is proportional to ds/dx, the concentration gradient, where
x indicates distance along the length of the estuary. The rate of tramsport
into section i across the upstream face by dispersion is therefore the pro-
duct of the concentration gradient, the cross sectional area A, and the

proportionality constant E (called the dispersion constant herein),

*Note that evaluation of o,,and o by Eq. (5) requires lengths of end
%1 nn+l

segments. Alternatively, selection of values for these a's implies end
segment lengths.
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evaluation of which is described in the next section of this report.

(ds/dx) (9

A1y Bioyy

i-1i
The units of Eq. (9) are mass/time, as before. However, the gradient at
the boundary must be rewritten in terms of concentrations within segments,
since these are the dependent variables of the model; this can be done

as follows

(8,1 ~ 8y)

111 T @, F /2 (10)

(ds/dx)

where the denominator is the distance between the midpoints of sections
i~1 and i. Substituting Eq. (10) into Eq. (9) and combining the area,
dispersion,and length parameters into a single term E' yields the following

expression for dispersion into section i

Blyens Cre1 ™ %) (11)
where
E' - Ai"lii- Ei"‘]ii- . (12)

-1 @, FR)/Z

-

Similarly, the expression for transport by dispersion out of segment i is

(s ) (13)

' -
Elagrr %1 7 %

The remaining terms in mass balance Eq. (1) are the Sources and
Sinks. For the purpose of this exposition, assume the constituent of
interest is conservative, in which case changes due to reactions do not
occur. Assume, however, that there is a direct discharge W:.L of the

constituent into section i. The resulting mass balance equation is
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obtained by combining Egqs. (2), (7), (8), (11) and (13) to yield (under

steady-state conditions and after rearrangement)

Qg %1y 7 Bliagg) 84

Qg O 7 Yoy Brogg Y E g Y E ) 8

+ (Q B

— ! - '
341 Prgrn T Elygnn) S =W 14

Note that all the terms in parentheses are parameters; their ewvaluation for
the Pamlico River is described in the next section of the report. The s terms

on the other hand, are the dependent variables whose values are unknown.

Using the symbols aj4.1° aii, and aii+l for the coefflqlents of S;_1v 84
and Si41° respectively, Eq. (1l4) can be rewritten as follows
f4-1 B1-1 T 231 St A4441 S T W (15)

A few observations about Eq. (15) are important before proceeding
further with model formulation and solution. This equation applies to
only one segment of the estuary, viz. section i. With n main-body segments,
it is necessary to write an expression like Eq. (15) for each. This
results in n linear equations in terms of n+2 concentrations. The con-
centrations in the boundary segmgnts, however, (SO and Sn+1) must be
known, thus reducing the problem to one with n equations and n unknowns,
which can be solved. If in fact they are known, the model is said to‘have

"fixed boundaries."

Alternatively, the model could have '"gradient boundaries"
wherein it is necessary to have mathematical expressions for S0 in terms

of s (and possibly sz) and s

4+ 0 terms of s (and possibly s ).

Finally, the concentrations in Eq. (15) are averages over tidal cycles;
thus the model is incapable of predicting a concentration at any specific

time within a cycle.
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Note that Eq. (15) has three unknowns, Sy 10 84 and Sip1 Assume
that numerical values are available for all a's, W's, S, and S 41 The
set of n equations, then, for the entire estuary can be written as follows,

where knownsihave been brought to the right hand side and unknowns are on

the left:
217 83 T 2315 8 = W 2305
ay) 81 T a5y 8y 254 84 =W
- (16)
a3y 8, * 833 85+ 34, 8, Wy
ann-l *n-1 + m n Wn an,n+l Sn+l
In matrix form, Eq. (16) can be written
_ - -
811 %12 51 1
31 %22 223 S2 0. | ™
(17)
339 233 33, 83 Wy
a a s W'
nn-1 nn n n
S, - . - L -

where W' is the direct input to the first or last main body segment
adjusted for the (known) concentration in the boundary section. Note
‘that the matrix of a's is tridiagonal, which makes it possible to use
special solution techniques for evaluating the concentrations.

In sections 6 and 7 of this report, the basic model presented

above for a conservative substance is expanded to apply to winter

and summer conditions in the Pamlico River.
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5. Hydrodynamic Parameters

The model of this research required evaluation of five hydrodynamic
parameters (1) the length of each segment, (2) the cross-sectional area
of boundaries between segments, (3) the average depth (or width) of
boundaries, (4) flows at boundaries, and (5) dispersion coefficients at
boundaries.

The first task in evaluating parameters was to divide the estuary
into segments. Based primarily on the location of major tributaries and
Hobbie's sampling stations, 13 main-body segments were selected, as
shown in Figure 8.%  The upstream boundary of section 1 and the down-
stream boundary of section 13 are 12,5 km and 64.1 km below Washington,
respectively. The length of segments varies from about 2.6 to 6.6 km,
with an average of about 4.0 km; length data for each segment are in
Table 4.

Section 0 is the end segment upstream of section 1l; the lengths of
these two sections are identical. Similarly, section 14 is the end seg-
ment downstream of the last main-body segment; béth of them have the same

.length. The segments were selected such that each section except 11
contains at least one of Hobbie's sampling stations. This is shown in
Figure 8 and Table 4, The upstream end section (0) contains Hobbie's
station 1, and the downstream end section (1l4) contains Hobbie's station
30. The approximate coordinates of the midpoint of the upstream boundary
of each section are shown in Table 4.

Once segment boundaries were selected, their cross sectional areas

were measured from navigation charts published by the National Oceanic

*cf. Harrison and Hobbie (1974) for theée location of sampling stations.
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