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A2. B 2 L(U; Z), where U is a separable Hilbert space;A3. C 2 L(Z; Y ), where Y is a separable Hilbert space;A4. N 2 L(Y; U); Q = Q� 2 L(Y ); R = R� 2 L(U); R�1 2 L(U).The approach we take makes use of spectral factorizations. Earlier papers using aspectral factorization approach to Riccati equations are Molinari [14] and Ku�cera [13]for the �nite-dimensional case, and Callier and Winkin [4] and Weiss [25, 24] for thein�nite-dimensional case, assuming exponential stabilizability.More recently, there has been a spate of papers using a spectral factorizationapproach to solutions of Riccati equations for a much more general class of systemsthan the class considered here (see Sta�ans [17, 18, 19, 20, 21, 22] and Weiss andWeiss [26]). The generality of the class of well-posed linear systems lies in the factthat B and C (and other operators) are allowed to be very unbounded; in our casethey are assumed to be bounded. The justi�cation for a paper devoted to our specialclass of bounded systems lies in the following:� the papers by Callier and Winkin [4] and Weiss [25, 24] impose exponentialstabilizability, which is stronger than the strong stabilizability that we assume.� Curtain and Zwart consider strongly stabilizable systems, but they consideronly the standard LQ Riccati equation in [8].� In [18, 19, 20], Sta�ans allows for unbounded B and C, but considers only thestandard LQ Riccati equation.� Weiss and Weiss [26] concerns stable systems with unbounded B and C oper-ators, but they impose a coercivity condition, which is stronger than ours.� Sta�ans [17] considers the same problem as in Weiss and Weiss [26], but forstrongly stabilizable and detectable systems.� Sta�ans [21] considers the same general Riccati equation as we do for a moregeneral class of systems, but because of this he only obtains su�cient con-ditions. In fact, all the new papers on strongly stabilizable and detectablesystems [17, 18, 19, 20, 21, 22, 26] obtain only su�cient conditions for theexistence of a solution to the Riccati equation. We obtain necessary and suf-�cient conditions.So, although our class of systems is more restrictive in that B and C are assumedto be bounded, the type of Riccati equation is quite general and most importantlywe obtain necessary and su�cient conditions for the existence and uniqueness ofstrongly stabilizing solutions. Our approach follows the thesis of Weiss [25] veryclosely (see also Weiss [24]), but it is also inuenced by the recent paper by Weissand Weiss [26] (which was inuenced by [25]).2



The class of systems we consider has immediate applications to models usedby engineers for large exible space structures, namely dissipative systems withcolocated actuators and sensors (see Balakrishnan [2], Joshi [12] and Section 8 inSlemrod [16]). In fact, this was the original motivation for this paper. It is theclassic example of systems that are strongly stabilizable but never exponentiallystabilizable. As a motivating example, we present the model of dynamic boundarycontrol of a vibrating square elastic plate, considered by You in [27].Example 1.1 Consider a square elastic plate with one clamped edge �0 and twosimply supported edges �1 and �3. The last edge, �2, is subject to dynamicalequations involving the inertial force, inertial torque, external control force f1(t; y)and external control torque f2(t; y). The latter two constitute the input u(t) =col(f1(t); f2(t)).Let 
 = [0; 1]� [0; 1] and let w(x; y; t) be the transverse vibrations of the plate,for x 2 
. De�ne �0 = f(x; y) 2 
 : x = 0g, �1 = f(x; y) 2 
 : y = 0g,�2 = f(x; y) 2 
 : x = 1g, �3 = f(x; y) 2 
 : y = 1g.The following is a suitable model for the vibrating plate.@2w@t2 (x; y; t) + �2w(x; y; t) = 0 for (x; y) 2 
 (2)with initial conditionsw(x; y; 0) = w0;@w@t (x; y; 0) = w1 for (x; y) 2 
and boundary conditionsw(0; y; t) = @w@x (0; y; t) = 0w(x; 0; t) = @2w@y2 (x; 0; t) = 0w(x; 1; t) = @2w@y2 (x; 1; t) = 0@2w@t2 (1; y; t) = @3w@x3 (1; y; t) + (2� �) @3w@x@y2(1; y; t) + f1(t; y)@3w@t2@x(1; y; t) = �@2w@x2 (1; y; t)� �@2w@y2 (1; y; t) + f2(t; y):If we measure the linear and angular velocities along �2, we obtain the measurementq(t) = 24 @w@t (t; 1; y)@2w@t@x(t; 1; y) 35 : 3



To obtain a suitable �rst-order formulation, we introduce certain spaces and opera-tors. H0 = L2(
)� L2(0; 1)� L2(0; 1); with the inner producthŵ; v̂iH0 = Z
 w(x; y)v(x; y)dxdy+ Z 10 w1(y)v1(y)dy + Z 10 w2(y)v2(y)dy;and ŵ = col(w(x; y); w1(y); w2(y)) 2 H0;U = L2(0; 1)� L2(0; 1);D(A0) = fŵ = col(w(x; y); w1(y); w2(y)) 2 H4(
)� L2(0; 1)� L2(0; 1)jw(0; y) = @w@x (0; y) = 0; w(1; y) = w1(y); @w@x (1; y) = w2(y);w(x; 0) = @2w@y2 (x; 0) = w(x; 1) = @2w@y2 (x; 1) = 0g:We de�ne A0 : D(A0)! H0 and B : U ! H0 byA0 = 26664 �2 0 0�( @3@x3 + (2� �) @3@x@y2)jx=1 0 0( @2@x2 + � @2@y2 )jx=1 0 0 37775 ; B0 = 24 0 0I 00 I 35 :Next, H1 = D(A 120 );with the inner producthŵ; v̂iH1 = hA 120 ŵ; A 120 v̂iH0 ;D(A1) = fĥ 2 H1 : 9ŵ 2 H0 such that hĥ; v̂iH1 = hĥ; ŵiH08v̂ 2 H1g;A1ĥ = ŵ; A1 : D(A1) � H1 ! H0;H = H0 �H1;D(A) = D(A1)�H1:Finally, we de�ne A : D(A)! H and B 2 L(U ;H) byA = � 0 I�A1 0 � ; B = � 0B0 � :In You [27] it is shown that A : D(A) � H ! H is a closed, densely de�ned skew-adjoint operator with compact resolvent (A�1 2 L(H) is compact). A generates aunitary C0-group of operators T (t) on H. The system (2) with boundary conditionscan be reformulated asdzdt (t) = Az(t) +Bu(t)y(t) = B�z(t) 4



for z(t) 2 H, with u; y 2 L2(0; 1)� L2(0; 1) and B 2 L(U;H).In the same paper it is proven that A � BB� generates a strongly stable con-traction semigroup TB(t). Since A has compact resolvent, this implies that T �B(t)is also strongly stable. He also shows that �(A;B;�) is approximately controllableby appealing to results in Benchimol [3]. Here, we prove approximate controllabilityand observability by appealing to properties of Lyapunov equations from Hansenand Weiss [11] (See also Curtain and Zwart [7], Theorem 4.1.23). It is clear that thefollowing Lyapunov equations have the solution 12I(A�BB�)�LCz + LC(A�BB�)z = �BB�z; z 2 D(A);(A� BB�)LBz + LB(A�BB�)�z = �BB�z; z 2 D(A�):Since T �B(t) and TB(t) are strongly stable, LC = 12I = LB are the unique solutions of(1.1) and (1.1), respectively. From the results in Section 3.7 of Hansen and Weiss [11],we conclude that �(A�BB�; B; B�) have identical controllability and observabilitygramians LC = 12I = LB. As in Curtain and Zwart [7], Theorem 4.1.22, this showsthat �(A � BB�; B; B�) is both approximately controllable and observable. Sincethese properties are invariant under feedback, this implies that �(A;B;B�) is bothapproximately controllable and observable.The preceding example has a very special state-space structure, namely, �(A;B;B�),where A is dissipative and B is a bounded operator. The duality between the inputand output operators, C = B�, is usually termed \colocated" in the literature, be-cause the input and output are implemented at the same location. It is known thatif A has compact resolvent and either �(A;B;�) is approximately controllable or�(A;�; B�) is approximately observable, then A�BB� generates a strongly stableC0-semigroup (see Benchimol [3]). In fact, this is a common way of stabilizing dis-tributed parameter systems of hyperbolic type. Another example modeling a exiblebeam, but of the same mathematical structure can be found in Slemrod [16].While our theory is directly applicable to the �(A;B;B�) class, it is more nat-urally formulated in a more general setting, using the well-posed system theoryapproach from Weiss [23].In section 2, we give the de�nitions and results needed to prove our result.For completeness, we include proofs of two technical lemmas, that can be found inWeiss and Weiss [26] and in the earlier papers of Sta�ans [17, 18, 19, 20, 21, 22];We have followed the notation in Weiss and Weiss [26]. In section 3, we prove theexistence and uniqueness of a strongly stabilizing solution to the Riccati equationfor stable systems. As a special case of this, we present a Riccati criterion for J-spectral factorizations. In section 4, we extend our results to the unstable case. Weillustrate the usefulness of these results by applying them to obtain versions of thepositive{ and bounded{real lemma for dissipative systems with colocated actuatorsand sensors (the �(A;B;B�) class). Applications to H1{control design for thesesystems will be investigated in a future paper.5



2 PreliminariesIn this section we give de�nitions and results, which we need to prove the mainresults. To start with, we recall the de�nitions of some function spaces, which wewill use throughout this paper.De�nition 2.1 Let Z1; Z2 be Hilbert spaces, B a Banach space and 
 � C .� L2(
; Z1) is the class of Lebesgue-measurable, square integrable, Z1-valued func-tions on 
.� H2(Z1) is the class of holomorphic, square-integrable, Z1-valued functions on theopen right half-plane.� H1(B) is the class of bounded, holomorphic, B-valued functions on the open righthalf-plane.� L1(L(Z1; Z2)) is the class of essentially bounded, weakly Lebesgue measurable,L(Z1; Z2))-valued functions on the imaginary axis.We have the following result for these function spaces.Lemma 2.2 Let U; Y be separable Hilbert spaces, and F : fs 2 C jRe(s) > 0g !L(U; Y ). If F (j!) 2 L1(L(U; Y )) and F (s)u 2 H2(Y ) for all u 2 U , then F (s) 2H1(L(U; Y )).Proof. F (s) is analytic for Re(s) > 0, because F (s)u 2 H2(Y ), for all u 2 U . LetkFkL1 =M and let s = x+ iy, with x > 0. It is well known (see e.g. Theorem 11.2in Duren [10]) that any function in H2 admits a Poisson integral representation. Inour case:F (s)u = 12� Z 1�1 xx2 + (y � !)2F (j!)ud!:Hence, for every s in the open right half-plane,kF (s)ukY � MkukU 12� Z 1�1 xx2 + (y � !)2d!= M2 kukU :Thus, we have that F (s) is uniformly bounded and analytic on Re(s) > 0, i.e.F 2 H1(L(U; Y )).Corollary 2.3 Let U; Y be separable Hilbert spaces, and F : fs 2 C jRe(s) > 0g !L(U; Y ). F�(s) := F �(�s). If F (j!) 2 L1(L(U; Y )) and F�(�s)y 2 H2(U) for ally 2 Y , then F (s) 2 H1(L(U; Y )). 6



Proof. F (s) 2 L1(L(U; Y )) if and only if F�(�s) 2 L1(L(Y; U)). Thus,Lemma 2.2 implies that F�(�s) 2 H1(L(Y; U)). This, in turn, is equivalent withF (s) 2 H1(L(U; Y )).For our main result, we also need some notions and results from the theory ofwell-posed linear systems and regular linear systems. Details and further referencescan be found in Weiss [23]. For any Hilbert space W , S� is the right shift onL2(0;1;W ), de�ned by(S�w)(t) = � 0 0 � t < �w(t� �) t � �:An operator F on L2(0;1;W ) is called shift-invariant if FS� = S�F. P� de-notes the projection of L2(0;1;W ) onto L2(0; � ;W ) by truncation, de�ned forw 2 L2(0;1;W ) by(P�w)(t) = � w(t) 0 � t < �0 t � �:For w1; w2 2 L2(0;1;W ) and � � 0, the � -concatenation of w1 and w2, denotedw1 �� w2 is de�ned by(w1 �� w2)(t) = � w1(t) 0 � t < �w2(t� �) t � �:We now de�ne well-posed linear systems for the Hilbert spaces Z; U; Y .De�nition 2.4 A well-posed linear system on U , Z and Y is a quadruple � =(T;�;	;F), where1. T = fT (t)gt�0, where T(t) is a strongly continuous semigroup of boundedlinear operators on Z2. � = f�tgt�0 is a family of bounded linear operators from L2(0;1;U) to Zsuch that��+t(u �� v) = T (t)�tu+�tv;for any u; v 2 L2(0;1;U) and any �; t � 0,3. 	 = f	tgt�0 is a family of bounded linear operators from Z to L2(0;1; Y )such that	�+tx = 	�x �� 	tT (�)x;for any x 2 Z and any �; t � 0, and 	0 = 0,7



4. F = fFtgt�0 is a family of bounded linear operators from L2(0;1;U) toL2(0;1; Y ) such thatF�+t(u �� v) = F� u �� (	t��u+ Ftv);for any u; v 2 L2(0;1;U) and any �; t � 0, and F0 = 0.The four families of operators, de�ned above relate the input function u, the outputfunction y, the state at time t, x(t) and the initial state x(0) of the system on any�nite interval [0; t) in the following way:� x(t)Pty � = � T (t) �t	t Ft �� x(0)Ptu � :Both 	t and Ft have a limit as t ! 1, where the convergence is in the Frechetspace Lloc2 (0;1; Y ). These limits are denoted 	 (the extended output map) and F(the extended input-output map), respectively. Note that we use a boldface letter forthe families of operators in De�nition 2.4 and a normal letter for the correspondingextended operator. It can be checked that F is a shift-invariant operator (i.e. S�F =FS� ). It determines a function G(s) which is called the transfer function of thesystem.To every well-posed linear system � we can associate a triple of operators(A;B;C) such that for t � 0�tu = Z t0 T (t� s)Bu(s)ds; (3)(	x)(t) = CT (t)x; for x 2 Z1 � Z, (4)where A is the generator of the semigroup T (t), and B and C are (possibly un-bounded) operators from U to Z and Z to Y , respectively. If C is bounded, thenZ1 = Z. A well-posed linear system is called regular if the transfer function G(s) hasa strong limit as s! 1 along the real axis. A su�cient condition for a well-posedlinear system to be regular is that the input operator B be bounded. A regularlinear system is generated by a quadruple (A;B;C;D) of operators, such that (3)and (4) hold and furthermore,(Fu)(t) = CL Z 10 T (t� s)Bu(s)ds +Du(t);where Du = lims!1 G(s)u and CL is an extension of C to a domain which in-cludes T (t)x for every x 2 Z and almost every t. If C is bounded, then CL = C.(A;B;C;D) are called the generating operators of �.8



Finally, we de�ne the operator~�� = Z �0 T (s)Bu(s)ds (5)Clearly, k��k = k~��k. If T (t) is exponentially stable, ~�� has a limit ~� 2 L(L2(0;1;U); Z)given by~�u = lim�!1 ~��u: (6)This limit can also exist if T (t) is not exponentially stable; in such a case, we call Ban in�nite-time admissible input operator for T (�) and the operator ~� the extendedinput map. Analogously, C is called an in�nite-time admissible observation operatorfor T (�) if the extended output map 	 2 L(Z;L2(0;1; Y )).In our applications, B and C will always be bounded. To distinguish thisspecial case from the general case we use the terminology bounded linear system�(A;B;C;D) to mean the well-posed linear system � with generating operators(A;B;C;D), where B; C and D are bounded. Note that such a system is alwaysregular and has the transfer function G(s) = D + C(sI � A)�1B and(Fu)(t) = Z 10 CT (t� s)Bu(s)ds+Du(t): (7)Moreover the dual system �d = �(A�; C�; B�; D�) can be de�ned in an obviousway with A� the generator of the C0-semigroup T �(�) on Z. It is straightforwardto show that C is an in�nite-time admissible observation operator for T (�) if andonly if C� is an in�nite-time admissible control operator for T �(�). Moreover, forany w 2 L2(0;1; Y ) with _w 2 L2(0;1; Y ) there holds	�w = lim�!1 Z �0 T �(s)C�w(s)ds (8)and (F�w)(t) = (B�	�S�tw)(t) +D�w(t) (9)= B� lim�!1Z �t T �(s � t)C�w(s)ds+D�w(t) (10)for all t � 0.For more general duality results for well-posed linear systems see Weiss andWeiss [26], section 6. The following result that was proven in Theorem 11.1 of thesame paper (see also Lemma 4.10 of Sta�ans [20]) is not so obvious, even for boundedlinear systems. Therefore, we include a proof for this special case.Lemma 2.5 Let T (�) be a C0-semigroup and let 	 be an extended output map forT (�). 9



1. If �F 2 L(L2(0;1;U);L2(0;1; Y )) is shift invariant, then 	new = �F�	 is anextended output map for T (�);2. Let �� = (�T; ��; �	; �F) be a bounded linear system with generating operators( �A; �B; �C; �D) and suppose that �C is an in�nite-time admissible observation op-erator for �T(�). Then, 	new = �F�	 = CnewT (�) is an extended output map forT (�), whereCnewx0 = �B�V x0 + �D�Cx0;and V satis�esV z = �	�	z = lim�!1 Z �0 �T �(t) �C�CT (t)zdt:Proof. (1). We need to show that 	new satis�es De�nition 2.4(iii), which reducesto showing thatS��	newx0 = 	newT (�)x0 for x0 2 Z:This follows fromS��	new = S�� �F�	= �F�S��	 since �F is shift-invariant= �F�	T (�)= 	newT (�):(2). From (4) it follows thatCnewx0 = (	newx0)(0) = (�F�	x0)(0):Taking now x0 2 D(A), we see that w = 	x0 and _w = 	Ax0 are both in L2(0;1; Y )by assumption. So (8) and (10) hold, yieldingCnewx0 = ( �B� �	�S�t	x0 + �D�	x0)(0) using (9)= ( �B� �	�	T (t)x0 + �D�CT (t)x0)(0)= ( �B� �	�	+ �D�C)x0 using (4):Since all the operators on the right-hand side are bounded, Cnew is in L(Z; Y ). Thegiven expression for V = �	�	 follows from (8).We now introduce some stability notions for bounded state linear systems �(A;B;C;D),which we also denote �(A;B;C). 10



De�nition 2.6 A C0{semigroup T (t) on a Hilbert space Z is called strongly stableif limt!1T (t)x = 0:De�nition 2.7 The bounded linear system �(A;B;C) is strongly stable if1. A generates a strongly stable C0{semigroup T (t);2. 	 2 L(Z;L2(0;1; Y ));3. ~� 2 L(L2(0;1;U); Z);4. F 2 L(L2(0;1;U);L2(0;1; Y )).It is well-known (see for instance Weiss [23]) that (ii){(iv) respectively are equivalentto(ii)0 C(sI � A)�1x 2 H2(Y ) for all x 2 Z;(iii)0 B�(sI �A�)�1z 2 H2(U) for all z 2 Z;(iv)0 C(sI � A)�1B 2 H1(L(U; Y )).De�nition 2.8 The bounded linear system �(A;B;�) is strongly stabilizable ifthere exists F 2 L(Z; U) such that �(AF ; B; F ) is a strongly stable bounded linearsystem, where AF = A+ BF .De�nition 2.9 The bounded linear system �(A;B;C) is statically stabilizable ifthere exists K 2 L(Y; U) such that �(AKC ; B; C) is a strongly stable bounded linearsystem, where AKC = A+BKC.De�nition 2.10 The operator X 2 L(Z) is a strongly stabilizing solution to theRiccati equation (1), if1. X satis�es (1) for all z 2 D(A);2. �(AFX ; B;� FXC �) is a strongly stable bounded linear system;where AFX = A+BFX and FX = �R�1(B�X +NC).We remark that the concept of strong stability (stabilizability) in De�nition 2.7(2.8)played an essential role in Sta�ans [19, 20]. The De�nitions 2.9 and 2.10 are inspiredby these papers, although the concept of static stabilizability introduced here is new.Note that it implies that the system is both stabilizable and detectable in the sensede�ned in Sta�ans [19, 20]. 11



An essential di�erence between the development of the Popov approach in Weiss [25]and in Weiss and Weiss [26] lies in the initial formulation of the problem. InWeiss [25], he took C = I (and N = L) and this forced him to work with ex-ponential stability, instead of strong stability. We show how the extra C-factorallows one to weaken the stability requirements. Let us consider the cost functionalassociated with (1).J(x0; u(�)) = Z 10 h� C�QC C�N�NC R �� x(t)u(t) � ;� x(t)u(t) �iZ�Udt (11)subject to the constraints_x = Ax+ Bu; x(0) = x0 (12)y = Cx: (13)Noting thaty(x0; u(�)) = 	x0 + Fuas in Weiss [25] and Weiss and Weiss [26] we reformulate the cost asJ(x0; u) = h� 	�Q	 	�(QF +N�)(F�Q+N)	 R �� x0u � ;� x0u �iZ�L2(0;1;U);(14)whereR = R+NF + F�N� + F�QF: (15)If we assume that �(A;B;C) is a strongly stable bounded linear system, then	 2 L(Z;L2(0;1; Y )) and F 2 L(L2(0;1;U);L2(0;1; Y )) and this is su�cientto ensure that J is well de�ned for all inputs u 2 L2(0;1;U). If C = I , then toensure that 	 and F are bounded, one needs to assume that T (t) is exponentiallystable, as was done in Weiss [25]. The introduction of the extra C{factor, weakensthis assumption to (ii) and (iv) in the de�nition of strong stability.We have the following result for strongly stable semigroups.Lemma 2.11 Let T (t) be a strongly stable C0-semigroup and let B be an in�nite-time admissible input operator for T (t), i.e. ~� 2 L(L2(0;1;U); z), where ~� isde�ned as in (6). Under these assumptions,limt!1 Z t0 T (t� s)Bu(s)ds = 0: (16)Proof. We haveZ t0 T (t� s)Bu(s)ds = T (t� t1) Z t10 T (t1 � s)Bu(s)ds + Z tt1 T (t� s)Bu(s)ds:12



Now, since T (t) is strongly stable and u(t) 2 L2(0;1;U), we have for �xed t1,T (t� t1) Z t10 T (t1 � s)Bu(s)ds! 0 as t!1.For the remaining term, we haveZ tt1 T (t� s)Bu�(s)ds = Z t0 T (t � s)But1(s)ds= (�tut1)(t);where we de�nedut1(t) = � 0 t � t1u�(t) t > t1;and �t and ~�t are de�ned as in (4), (5). It is easy to see that k�tk = k~�tk � k~�k.Hence,k(�tut1)(t)kZ � k~�k�Z 10 kut1(s)k2dt� 12 :By assumption, k~�k <1, so the above expression can be made arbitrarily small bychoosing t1 large enough. This proves the claim.The following concepts play a central role in our theory.De�nition 2.12 The Popov function � : jR! L(U) associated with the Riccatiequation (1) is de�ned by�(j!) = R+NG(j!)+ G(j!)�N� + G(j!)�QG(j!) (17)where G(j!) = C(j!I �A)�1B and ! 2 R.We remark that a su�cient condition for the Popov function � to be well-de�nedis that F is a bounded operator from L2(0;1;U) to L2(0;1; Y )) for �(A;B;C).In this case, G 2 H1(L(U; Y )) and it has an extension to s = j! in the sense thatlim�!0G(� + j!)u exists for all u 2 U and for almost all ! 2 R (see Theorem 4.5in Rosenblum and Rovnyak [15]). Moreover, � 2 L1(L(U)).De�nition 2.13 A function � 2 L1(L(U)) has a Wiener-Hopf factorization if�(j!) =M�(j!)N(j!); for almost all ! 2 R, (18)where M; N; M�1; N�1 2 H1(L(U)), and M�(s) =M(��s)�.13



A su�cient condition for � to have a Wiener-Hopf factorization is that it satis�esthe coercivity condition�(j!) � "I; for some " > 0, almost all ! 2 R: (19)See Theorem 5 in Devinatz and Shinbrot [9] or Rosenblum and Rovnyak [15], The-orem 3.7.De�nition 2.14 Let � 2 L1(L(Z)). The Toeplitz operator with symbol � is de-�ned byT� :H2(Z)! H2(Z); T�x = P+�x; for x 2 H2(Z),where P+ is the orthogonal projection from L2(�j1; j1;Z) onto H2(Z). The time-domain Toeplitz operator with symbol � is de�ned byT t� : L2(0;1;Z)! L2(0;1;Z); T t�x(�) = F�1T�(Fx(�));for x 2 L2(0;1;Z), where F denotes the Fourier transformation that maps L2(0;1;Z)onto H2(Z).Theorem A.6.26 in Curtain and Zwart [6] states that T� and T t� are bounded oper-ators.We state some properties of Toeplitz operators, that we will use throughout thispaper; proofs can be found in Section 2.1 of Weiss [25].Lemma 2.15 1. If G� 2 H1(L(Z)) or K 2 H1(L(Z)), then TGK = TGTK;2. If G 2 H1(L(Z)), then TG equals the multiplication map induced by G. Con-sequently, T tG = FG , where FG is the extended input-output map of the systemrepresented by G;3. The adjoint of the Toeplitz operator TG is given by T �G = TG� .The invertibility of the Toeplitz operator with symbol the Popov function isimportant in the proof of our main result.Lemma 2.16 Consider the Toeplitz operator T� with symbol the Popov function �.1. R de�ned by (15) equals the time-domain Toeplitz operator T t� with symbol thePopov function (17);2. R is boundedly invertible if and only T� is;3. T� is boundedly invertible if � admits a Wiener-Hopf factorization;14



Proof. (i) This is proven in Lemma 4.27 in Weiss [25].(ii) This is a direct consequence of part (i) and the fact that T� and T t� are isomor-phic.(iii) See Theorem 5 of Devinatz and Shinbrot [9]Finally, we conclude this section with a technical lemma, that is proven bySta�ans in Theorem 2.7 of [18], Theorem 2.6 of [19], Theorem 13 of [21], as well asin Theorem 11.3 in Weiss and Weiss [26] for the general case of a well-posed linearsystem. For completeness, we give a proof for the special case of a bounded linearsystem.Lemma 2.17 Let �(A;B;C) be a strongly stable bounded linear system and let theoperators N , Q and R be given. Suppose that the corresponding Popov function� 2 L1(L(U)) has a Wiener-Hopf factorization, �(j!) = M�(j!)N(j!). ThenN(�) is the transfer function of the well-posed linear system � = (T;�;	N;FN),where the C0-semigroup and the input map are the same as those for �(A;B;C).Proof. Let � have a Wiener-Hopf factorization � =M�N . This implies thatM isinvertible overH1(L(U)). We denote the extended input-output map correspondingto the transfer functionM by FM . Because FM andM are isomorphic via the Fouriertransform [6, Theorem A.6.27], F�1M is bounded and shift invariant.Next, we de�ne�F = (QF +N�)F�1M (20)which is a bounded operator from L2(0;1;U) to L2(0;1; Y ). Because F and F�1Mare shift-invariant and bounded, and Q and N are bounded, it follows that �F isshift-invariant and bounded. So, from Lemma 2.5, we can de�ne a new output map	N for T (t) by(	Nx0)(t) = (�F�	x0)(t) = ((FM )��(F�Q+N)	x0)(t): (21)Next, we have to show that FN satis�es the functional equation in part (iv) ofDe�nition 2.4:(FN (u �� v))(t) = ((FNu) �� (	N��u+ FN v))(t):We can split the equation above in two equations, one for 0 � t < � and one fort > � . The �rst one is a trivial equation, the second one becomes(FN (u �� v))(t) = (	N��u+ FN v)(t� �):If we apply a shift over a distance � to this equation, we see that we must checkwhether FN satis�esS��FN (u �� v) = 	N��u+ FN v; 15



where S� is the right shift on L2(0;1;U). Now, since � = (T;�;	;F) is a well-posed linear system,S��F(u �� v) = 	��u+ Fv;and so�F�S��F(u �� v) = �F�	��u+ �F�Fv:>From the shift-invariance of �F, we obtainS�� �F�F(u �� v) = �F�	��u+ �F�Fv: (22)Next,T t� = T tM�N= R by Lemmas 2.15 and 2.16(i)= (F�Q+N)F + F�N� + R from (15)= F�M �F�F + F�N� + R from (20).By Lemma 2.15, T t� = T tM�T tN = F�MFN , which in combination with the above showsthat F�M (FN � �F�F) = F�N� + R;and since FM is invertible we obtainFN � �F�F = F��M (F�N� +R):Using a similar argument as that for �F you can show that the right-hand side isinvariant with respect to the left shift S�� , and so the same holds for the left-handside. Therefore,S�� (FN � �F�F)(u �� v) = (FN � �F�F)S�� (u �� v)= (FN � �F�F)v;and soS��FN (u �� v) = S�� �F�F(u �� v) + (FN � �F�F)v= �F�	��u+ �F�Fv + FN v � �F�Fv using (22)= �F�	��u+ FN v= 	N��u+ FN v from (22):This shows that (T;�;	N;FN) is a well-posed linear system with the transferfunction N(s).In the general theory in Weiss and Weiss [26], neither N nor M need to beregular. however, in the case of a bounded linear system, N is always regular, sinceit has the same bounded input operator B.16



3 Riccati equation for strongly stable systems.Now, we can prove our main result which relates strongly stabilizing solutions of theRiccati equation to Wiener-Hopf factorizations. The su�ciency part is contained inTheorem 30 of Sta�ans [21].Theorem 3.1 Consider the strongly stable bounded linear system �(A;B;C) andthe operators N; Q; R, satisfying the assumptions A1{A4. There exists a unique,self-adjoint strongly stabilizing solution to the Riccati equation (1) if and only if theassociated Popov function � has a Wiener-Hopf factorization.Proof. Necessity: Suppose that the Riccati equation has a strongly stabiliz-ing solution X with corresponding feedback operator FX . Then, with a long butstraightforward calculation, using the fact that X satis�es the Riccati equation, wecan check that the following expression holds:�(j!) = (I � FX(j!I � A)�1B)�R(I � FX(j!I �A)�1B):We de�ne N(s) = I�FX (sI�A)�1B; M(s) = RN(s). To show thatN andM forma Wiener-Hopf factorization of �, it is su�cient to show that N(s) 2 H1(L(U))and N�1(s) 2 H1(L(U)), because the invertibility of R shows that then the sameholds for M and M�1.>From the de�nition of a strongly stabilizing solution, FX(sI � AFX )�1B 2H1(L(U)) and so N�1(s) = I + FX(sI � AFX )�1B 2 H1(L(U)). To prove thatN 2 H1(L(U)), note that B�(sI �A�)�1z 2 H2(U) implies that (I �N�(�s))u =B�(sI � A�)�1F �Xu is in H2(U) for all u 2 U . Moreover, N(s) = (M�)�1� 2L1(L(U)) and consequently N�(�s) 2 L1(L(U)), as well. So, by Corollary 2.3,N(s) 2 H1(L(U)).Su�ciency: By assumption �(A;B;C) is strongly stable. Suppose that � has aWiener-Hopf factorization, �(j!) = M�(j!)N(j!). By Lemma 2.16(iii) T� isboundedly invertible and by part (ii) of the same lemma it follows that R is bound-edly invertible. As in the proof of Theorem 2.15 in Weiss [25], you can show thatthe self-adjoint operator X de�ned byX = 	�Q	� 	�(QF +N�)R�1(F�Q+N)	 (23)is in L(Z) and satis�es the Riccati equation (1) and moreover, u� 2 L2(0;1;U) andy� 2 L2(0;1; Y ), whereu�(�) = �R�1(B�X +NC)x�(�) = FXTFX (�)x0= �R�1(F�Q+N)	x0 (24)y�(�) = Cx�(�) = CTFX (�)x0 = 	x0 + Fu�(�) (25)Because of the C-factor we cannot conclude exponential stability >from (25), as wasdone in Weiss [24, 25], but we can show that TFX is a strongly stable semigroup, by17



considering the perturbations formula from Curtain and Zwart [6, Theorem 3.2.1]:TFX (t)x0 = T (t)x0 � Z t0 T (t� s)BR�1(B�X +NC)TFX(s)x0ds= T (t)x0 + Z t0 T (t� s)Bu�(s)ds using (24)Now, since T (t) is strongly stable and u�(t) 2 L2(0;1;U), Lemma 2.11 shows thatthe right-hand side tends to zero as t goes to in�nity. Hence, TFX (t) is a stronglystable semigroup.It remains to show the property (2) in the de�nition of a strongly stabilizing so-lution. It follows directly from the equations (24) and (25) that FX(sI�AFX )�1x0 2H2(U) and C(sI �AFX )�1x0 2 H2(Y ). Using the perturbation formulasB�(sI �A�FX )�1z = B�(sI � A�)�1z +B�(sI � A�FX )�1F �X �B�(sI �A�)�1zC(sI � AFX )�1B = C(sI �A)�1B + C(sI �A)�1B � FX(sI � AFX )�1Band the facts that B�(sI � A�)�1z 2 H2(U), for all z in Z and that C(sI �A)�1B 2 H1(L(U; Y )), it follows that B�(sI � A�FX )�1z 2 H2(U) and C(sI �AFX )�1B 2 H1(L(U; Y )) if B�(sI � AFX )�1F �X 2 H1(L(U)) or, equivalently,FX(sI �AFX )�1B 2 H1(L(U)). Therefore, it su�ces to prove this last assertion.>From Lemma 2.17 we have that N has a realization (T;�;	N;FN) as a well-posed linear system. It follows >from this that it has A as generator of its semigroupand that B is its input operator. Because B is bounded, N actually has a realizationas a regular linear system, with generating operators (A;B;CN ; DN), see Weiss [23,Theorem 5.8]. If we normalize N such that lim�!1N(�)u = u (this can be donebecause N is invertible), then clearly DN = I . To �nd CN , note that R�1(F�Q +N)	x0 = R�1(B�X + NC)TFX(�)x0 and R = F�MFN . Thus, using the de�ningequation (21) for 	N , F�1N 	Nx0 = R�1(B�X +NC)TFX(�)x0 and(	Nx0)(t) = FN (R�1(B�X +NC)TFX(�)x0)(t):Using the regularity of FN , with D = I , and taking t = 0 in the above equation wesee immediately thatCNx0 = R�1(B�X +NC)x0 = �FXx0:So N(s) = I � FX(sI � A)�1B. Because N is a Wiener-Hopf factor, it follows thatN�1(s) = I +FX(sI �AFX )�1B 2 H1(L(U)). Hence, we can conclude that X is astrongly stabilizing solution. The uniqueness follows as in Lemma 2.13 of Weiss [25].In the coercive case, we obtain the following corollary.18



Corollary 3.2 Consider the strongly stable bounded linear system �(A;B;C) andthe operators N; Q; R, satisfying the assumptions A1{A4. Assume that R � �Ifor some � > 0 (i.e. R is coercive). There exists a unique self-adjoint stronglystabilizing solution to the Riccati equation (1) if and only if the associated Popovfunction � is coercive.Proof. Su�ciency: Assume that � is coercive. Theorem 3.7 in Rosenblum andRovnyak [15], shows that � has a Wiener-Hopf factorization. Theorem 3.1 thenimplies that (1) has a unique self-adjoint strongly stabilizing solution.Necessity: Suppose (1) has a self-adjoint strongly stabilizing solution X , with corre-sponding feedback FX . In the proof of Theorem 3.1 it is shown that�(j!) = S�(j!)RS(j!);where S(s) = I � FX(sI � A)�1B and S; S�1 2 H1(L(U)). By assumption R iscoercive and because S is invertible over H1(L(U)), � is coercive, as well.Another important special case of Theorem 3.1 is the application to J-spectralfactorizations for systems that are not exponentially stabilizable. In this case, thecoercivity assumption (19) is not satis�ed.De�ne for Hilbert spaces Z+; Z� and a real  > 0,JZ+;Z�() = � IZ+ 00 �2IZ� � :De�nition 3.3 Suppose that G 2 L1(L(U; Y )), where U = U+ � U� and Y =Y+ � U� and U+; Y+; U� are separable Hilbert spaces. A J-spectral factorization ofG is de�ned byG�(j!)JY+;U�()G(j!) = W�(j!)JU+;U�()W (j!); (26)where W and W�1 2 H1(L(U)) and W and W�1 are regular.Theorem 3.4 Suppose that G(s) is the transfer function of the strongly stablebounded linear system �(A;B;C;D), where A is an operator on Z, 2 L(U; Z); C 2L(Z; Y ) and U = U+ �U�; Y = Y+ � U�. Then G has a J-spectral factorization ifand only if1. there exists a boundedly invertible operator W1 2 L(Y+ � U�) such thatD�JY+ ;U�()D = W �1JU+;U�()W1 (27)and 19



2. The Riccati equation (1) with Q = JY+;U�(); N = D�JY+ ;U�(); R =D�JY+;U�()D has a unique self-adjoint, strongly stabilizing solution X. Inthis case, a J-spectral factor for G is given byW (s) = W1 + L(sI � A)�1B;where L = JU+;U�()�1W��1 (B�X +D�JY+;U�()C).Proof. For convenience of notation we write JU = JU+ ;U�(), JY = JY+;U�().Su�ciency: The formula for W (s) follows by direct substitution. It remains toprove that W (s);W�1(s) 2 H1(L(U)). We de�ne ~W (s) = W�11 W (s) and showthat ~W and ~W�1 2 H1(L(U)). For the Riccati feedback FX , we have FX =�(W �1JUW1)�1(B�X + D�JY C) and furthermore, ~W = I � FX(sI � A)�1B and~W�1(s) = I+FX (sI�AFX )�1B. BecauseX is a strongly stabilizing solution, ~W�1 2H1(L(U)). Because �(A;B;C;D) is strongly stable, G 2 H1(L(U; Y )). This im-plies thatG�JY G 2 L1(L(U)) and consequently that ~W� = G�JY GW�1JUW�11 2L1(L(U)). The strong stability of �(A;B;C;D) also implies that (I�W�(�s))u =B�(sI � A�)�1F �Xu 2 H2(U) for all u 2 U So, we can conclude by Corollary 2.3thatW (s) 2 H1(L(U)).Necessity: Conversely, suppose that G has a J-spectral factorization.(i) Let the limit of the spectral factor W along the positive real axis belim�!1W (�) = W1:Note that in the de�nition of a J-spectral factorization, we demanded that W beregular. Hence, this limit exists. Then, taking limits on both sides in (26), we ob-tain D�JYD = W �1JUW1. (ii) We de�ne � = G�JY G. Note that � is the Popovfunction associated with the Riccati equation (1) with Q = JY ; N = D�JY ; R =D�JYD. Setting M(s) = W (s); N(s) = JUW (s), we obtain a Wiener-Hopf factor-ization of �. Consequently, the Riccati equation has a unique self-adjoint, stronglystabilizing solution.4 Riccati equation for unstable systems.The following lemma shows that in certain cases, we can reduce the unstable caseto the stable case.Lemma 4.1 1. X = X� 2 L(Z) is a solution to the Riccati equation (1) if andonly if X is a solution to the feedback Riccati equation (28)A�FXz +XAFz � (B�X +NC + RF )�R�1(B�X +NC +RF )z+(C�QC + C�N�F + F �NC + F �RF )z = 0 (28)for all z 2 D(A), where AF = A+ BF .20



2. X is a strongly stabilizing solution for (1) if and only if it is a strongly sta-bilizing solution for (28). Furthermore, the generator of the strongly stablesemigroup is the same in both cases.3. There exists at most one strongly stabilizing solution.4. The Popov function � associated with (1) is related to the Popov function �Fassociated with (28) by�F (j!) = R+ (NC + RF )(j!I �AF )�1B+B�(�j!I �A�F )�1(F �R+ C�N�)+B�(�j!I �A�F )�1(F �NC + C�N�F + F �RF + C�QC) �(j!I � AF )�1B (29)= S�F (j!)�(j!)SF(j!) (30)for j! 2 �(A)\ �(AF ), where SF (s) = I + F (sI � AF )�1B.5. �(j!) � "IU if and only if �F (j!) � "IU .Proof. (i), (ii), (iv), (v) were established in Weiss [24, Lemmas 7 and 8],[25]. (iii)is proved as in Lemma 2.13 in Weiss [25]; the exponential stability was not necessary.(see also Curtain and Zwart [8]). The main point is that AFX = A�BR�1(B�X +NC) = AF � BR�1(B�X +NC +RF ).To retain the original form of the Riccati equation, we must use feedbacks of the formF = KC. Hence, we can reduce the unstable case to the stable case if �(A;B;C) isstatically stabilizable. The su�ciency part of the following theorem is included inTheorem 30 of Sta�ans [21].Theorem 4.2 Consider the Riccati equation (1) under the assumptions A1{A4,and assume that the bounded linear system �(A;B;C) is statically stabilizable by astatic output feedback u = Ky.1. (1) has a unique self-adjoint, strongly stabilizing solution if and only if �KChas a Wiener-Hopf factorization.2. Let R � �I for some � > 0. (1) possesses a unique self-adjoint, stronglystabilizing solution X 2 L(X) if and only if � is coercive (i.e. � satis�es (19)).Proof. (i) Theorem 3.1 shows us that the feedback Riccati equation (28) has aunique self-adjoint, strongly stabilizing solution if and only if �KC has a Wiener-Hopf factorization. Lemma 4.1(i-ii), shows that the feedback Riccati equation (28)has a unique self-adjoint, strongly stabilizing solution if and only if the Riccati equa-tion (1) has. 21



(ii) Su�ciency: Assume that � is coercive. Since the system is statically stabi-lizable, we can introduce the feedback system with F = KC to obtain the stablesystem �(AKC ; B; C) and its corresponding Riccati equation (28) with F = KC.Lemma 4.1 shows that (1) has a solution if and only if (28) does and from Theo-rem 3.1, (28) has a unique strongly stabilizing solution if �KC given by (29) withF = KC is coercive. Now from (30) we have�KC(j!) = S�KC(j!)�(j!)SKC(j!);where SKC(j!) = I + KC(j!I � AKC)�1B. Because SKC and S�1KC are bothbounded, �KC is coercive if and only � is. Corollary 3.2 now shows that (28)has a unique, self-adjoint, strongly stabilizing solution X 2 L(Z). By Lemma 4.1,equation (1) has the same solution.Necessity: Suppose that (1) has a self-adjoint, strongly stabilizing solution. A simplecalculation shows that if FX = �R�1(B�X +NC), its Popov function�FX (j!) = R � �I; (31)where the inequality holds by assumption. Thus �FX and consequently � are coer-cive.5 ExamplesIn this section we will illustrate the results of the preceding sections by applyingthem to a number of problems. Rather than considering the most general class ofsystems possible, in this section we specialize to systems of the special structure�(A;B;B�; D). As we mentioned in the introduction, our main motivation forwriting this paper comes from these systems. They are often used to model exiblestructures, such as in Example 1.1. It will turn out that the conditions for existenceof solutions of the Riccati equations can in many cases be easily checked for thisclass of systems.We will consider Riccati equations for systems �(A;B;B�; D) under the assump-tions A1-A4 and the additional assumptionsA5. C = B�;A6. A = A0�BV B�, where A0 generates a contraction semigroup and V 2 L(U);A7. A0 has compact resolvent;A8. �(A;�; B�) is approximately observable.22



We will start by showing that this class of systems is statically stabilizable. InCurtain and Zwart [8] it is shown that A7-A9 imply thatZ 10 kB�TB(t)xk2dt <1; Z 10 kB�T �B(t)xk2dt <1;for all x 2 Z, where TB(t) is the C0-semigroup generated by AB := A0�BB� . Thisis equivalent to B�(sI � A)�1x 2 H2(u), B�(sI � A�)�1x 2 H2(U) for all x 2 Z.Furthermore, results in Benchimol [3], Arendt and Batty [1] and Balakrishnan [2]show that A6-A8 imply the strong stability of TB(t). A5, A6 imply that B�(sI �A0)�1B is positive real. The main result of Curtain and van Keulen [5] shows thatin that case B�(sI �AB)�1B 2 H1(L(U)). Concluding, we see that �(AB; B; B�)is strongly stable. Hence, �(A;B;B�) is statically stabilizable (choose K = V � Iin the de�nition of static stabilizability).Note that our Example 1.1 satis�es the assumptions A1-A8. We proceed withthe application of our main results to the LQ Riccati equation, the strict positive reallemma and the strict bounded real lemma for the class of systems �(A;B;B�; D)under the assumptions A1-A8.5.1 The standard LQ caseIn addition to A1-A8, we take R = R� � �I , Q = Q� � 0 and N = 0. We considerthe Riccati equation for z 2 D(A),A�Xz +XAz �XBR�1B�Xz + BQB�z = 0; (32)Under these assumptions, the coercivity assumption (19) is automatically satis�ed.Hence, by part 2 of Theorem 4.2 the Riccati equation (32) has a unique self-adjoint,strongly stabilizing solution. This case was also studied in Curtain and Zwart [8]under the additional assumption that Q be coercive. Thus we have reproven theresult in Curtain and Zwart [8] for a slightly more general Riccati equation.5.2 Strict Positive Real LemmaLet Q = 0, N = I , R = D + D� > "I > 0 for some D 2 L(U) and assume thatV + V � � 0. Note that in this case the coercivity condition (19) is automaticallysatis�ed. Hence, by part 2 of Theorem 4.2, we have that the Riccati equationA�X +XA+ (XB +B)(D +D�)�1(B�X +B) = 0has a unique self-adjoint, strongly stabilizing solution X .The strict positive real lemma corresponds to the case in which �(A;B;B�)is strongly stable. In this case, we have the following spectral factorization forRe(s) > 0.G(s) + G�(s) =M�(s)M(s); (33)23



where G(s) = D +B�(sI �A)�1B; (34)M(s) = R 12 + R� 12 (B� +B�X)(sI �A)�1B (35)M�1(s) = R� 12 �R�1(B� + B�X)(sI �AFX )�1BR� 12 ; (36)where AFX = A�BR�1(B��B�X). The spectral factorization (33) has the propertythat M(s) and M�1(s) 2 H1(L(U)).5.3 The Strict Bounded Real LemmaLet, Q = �I; N = �D� and R = I�D�D � " > 0 for some D 2 L(U) and considerthe following Riccati equation for z 2 D(A)A�Xz +XAz � (B�X �D�B�)�R�1(B�X �D�B�)z �BB�z = 0: (37)Theorem 3.1 now implies that (37) possesses a unique strongly stabilizing, self-adjoint solution if and only if�(j!) = I �G(j!)�G(j!) � �I; (38)where G(s) = D +B�(sI � A)�1B and � > 0.The strict bounded real lemma concerns the case for which �(A;B;B�) is astrongly stable system. In this case the following spectral factorization is readilyveri�edI � G�G =M�M; (39)with M(s) = R 12 + R� 12 (B�X �D�B�)(sI �A)�1B (40)M�1(s) = R� 12 �R�1(B�X �D�B�)(sI �AFX )�1BR� 12 (41)and AFX = A�BR�1(B�X �D�B�). Again, M(s) and M�1(s) are in H1(L(U)).We remark that the above examples can be generalized to systems �(A;BS;RB�; D),where S and R are arbitrary invertible operators on L(U).Acknowledgments: We are grateful to Olof Sta�ans for his helpful comments.References[1] W. Arendt and C.J.K. Batty. Tauberian theorems and stability of one-parameter semigroups. Transactions of the American Mathematical Society,306:837{841, 1988. 24
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