
Undercompressive Shocks for a System of HyperbolicConservation Laws with Cubic NonlinearityMatthew R. Schulze1 and Michael Shearer2Center for Research in Scienti�c ComputationandDepartment of MathematicsNorth Carolina State UniversityRaleigh, NC 27695{82051 IntroductionNoncompressive shocks are discontinuous solutions of systems of hyperbolic conservationlaws with the property that all families of characteristics pass through the shock, thusviolating the Lax entropy condition [10]. In other words, noncompressive shocks areneither compressive nor expansive in any characteristic �eld. Allowing all noncompres-sive shocks leads to one (or more) parameter families of solutions of the Riemann initialvalue problem, which describes how an initial discontinuity propagates forward in time.Uniqueness can generally be recovered however, by imposing a suitable additional con-dition, the most general form of which is known as the kinetic relation [1, 2, 3, 6]. Theterm undercompressive shock is properly reserved for a noncompressive shock satisfyingthe chosen kinetic relation.Undercompressive shocks were �rst studied as solutions of nonstrictly hyperbolic sys-tems of conservation laws [7, 11, 14], and as special solutions of systems of mixed type[20, 12, 16, 18]. Recently however, it has been discovered that undercompressive shocksoccur naturally in strictly hyperbolic scalar equations in which the nonlinear ux functionis nonconvex [6, 8]. In this context, undercompressive shocks are approximated by trav-elling wave solutions of higher order equations in which small dissipative and dispersiveterms are added to the hyperbolic conservation law.In this paper, we analyze the occurrence of undercompressive shocks in the strictlyhyperbolic system of one dimensional nonlinear elasticity in the special case that thestress{strain relation is given by a monotonic cubic function. The kinetic relation usedhere is derived from the viscosity{capillarity admissibility condition introduced by Slem-rod [20]. This condition adds dissipative and dispersive terms to the hyperbolic system1Current Address: Lockheed Martin Astronautics, P.O. Box 179, Mail Stop 4051 Denver,CO 80201. Research supported by Army Research O�ce grant DAAH04-94-G-0043.2Adjunct Professor of Mathematics at Duke University. Research supported by NationalScience Foundation grant DMS 9504583, and by Army Research O�ce grant DAAH04-94-G-0043.



as in the scalar case. Travelling waves for the resulting system are analyzed directly,leading to a complete description of all admissible shock waves.The main results are that (a) Undercompressive shocks are present if and only ifdissipation and dispersion are balanced in a way that dispersion su�ciently dominatesdi�usion, and (b) The Riemann problem has a unique centered solution among functionsconsisting of a �nite number of shocks and rarefactions, in which all shocks satisfy theviscosity{capillarity admissibility condition. The �rst result contrasts with the scalarcase, in which there are undercompressive shocks for any dissipation and dispersion,provided they are scaled appropriately. Incidentally, again in contrast with the scalarcase, undercompressive shocks cannot be arbitrarily weak; their minimum strength de-pends solely on a parameter measuring the balance between dissipation and dispersion.The second result contrasts with the corresponding situation for the widely studied caseof non-monotonic p, for which there are two solutions for some initial data [5, 18, 15],uniqueness being recovered only by the imposition of a further condition, the nucleationcondition [1]. For monotonic p; no additional condition is required; while there are so-lutions that include a pair of undercompressive shock waves (analogous to the dynamicphase boundaries of the nonmonotonic case), there is no second admissible solution.The equations of one{dimensional elasticity, with viscosity and capillarity terms in-cluded, are: ut � vx = 0vt � �(u)x = �vxx � �2Auxxx: (1.1)In this system, u = u(x; t) represents the longitudinal strain at time t at a cross sectionof a rod located at position x, and v = v(x; t) is the velocity of the rod at x. � = �(u)is the hyperelastic portion of the stress, taken to be a given monotonically increasingfunction of strain u. The terms �vxx and �2Auxxx represent viscoelastic and capillarye�ects, respectively [20]. The parameters � and A are non{negative constants, with �considered small, and A held �xed as � �! 0 + :The viscosity and capillarity terms on the right hand side of system (1.1) serve as theregularization of the hyperbolic system in which � = 0: Speci�cally, we say a shock wave(u; v)(x; t) = ( (u�; v�) if x < st(u+; v+) if x > st (1.2)with speed s is an admissible solution of the hyperbolic systemut � vx = 0vt � �(u)x = 0 (1.3)if it is approximated by a travelling wave solution (u�; v�) = (û; v̂)((x� st)=�) of system(1.1) satisfying the boundary conditions(û; v̂)(�1) = (u�; v�); (û0; v̂0)(�1) = (0; 0); (û00; v̂00)(�1) = (0; 0): (1.4)This viscosity{capillarity admissibility criterion [20] for shock waves has been studiedwidely in the context of phase transitions, where �(u) is non{monotone and system (1.3)2



changes type from hyperbolic (where �0(u) > 0) to elliptic (where �0(u) < 0). How-ever, here we consider strictly monotonically increasing �(u): The characteristic speeds��(u) = �q�0(u) are then real and distinct, so that system (1.3) is strictly hyperbolic.It is well known [9] that if � is also strictly convex, then admissible shock waves (1.2)satisfy the Lax entropy condition:��(u+) < s < ��(u�) if s < 0; �+(u+) < s < �+(u�) if s > 0; (1.5)and conversely, every shock wave satisfying the Lax entropy condition is admissible. Inthis paper, �(u) is monotonic but non-convex. In particular, it is straightforward toshow that if � has isolated non-degenerate inection points (where �00 = 0 and �000 6= 0),then for �xed A large enough, there are admissible shocks not satisfying the Lax entropycondition, and shocks satisfying the Lax entropy condition that are not admissible. Thisresult follows from the analysis in [19] by perturbing away from the purely dispersivecase A =1:More detailed results concerning undercompressive shocks are obtained when we re-strict attention to the particular function �(u) = u3 + u: Some results from the earlierpaper [15] on the system of mixed type in which �(u) = u3 � u apply here as well, butin fact the results in the strictly hyperbolic case are much simpler. There are two mainconclusions. First (Theorem 3.2), there are undercompressive shocks if and only if thedispersive term is stronger than the dissipative term to the extent that A > 2=3:The second result concerns the Riemann problem, the initial value problem for system(1.3) with jump initial data of the form:(u; v)(x; 0) = ( (uL; vL) if x < 0(uR; vR) if x > 0: (1.6)Theorem 4.2 states that the Riemann problem has a unique solution for all initialdata (uL; vL); (uR; vR), the solution consisting of combinations of rarefaction waves andadmissible shock waves. Moreover, the proof of Theorem 4.2 is constructive, so that thesolution is speci�ed for each set of initial data. The solution consists of up to four wavesseparated by intervals (in x=t) in which the solution is constant.2 PreliminariesIn this section, we recall standard de�nitions of rarefaction waves and shock waves [21, 23].Let r� = r�(u) = (1;�q�0(u))T denote the right eigenvector of the linearized versionof system (1.3) corresponding to the characteristic speed ��(u) (respectively). A centeredrarefaction wave is a continuous piecewise smooth weak solution of (1.3) that has the scaleinvariant form(u; v)(x; t) = 8><>: (u�; v�) if x � ��(u�)t(u; v)(x=t) if ��(u�)t � x � ��(u+)t(u+; v+) if x � ��(u+)t: (2.1)For this to represent a solution of (1.3), (u; v)(�) lies on an integral curve of r�; and� = ��(u): In particular, the constants (u�; v�); (u+; v+) lie on the same integral curve,3



and ��(u) is monotonically increasing as u goes from u� to u+ : Such a rarefaction isreferred to as forward if the plus sign is used in (2.1), and backward if the minus sign isused.Because of symmetries in systems (1.1,1.3) when �(u) = u3 + u, it will be enoughfor us to further describe only backward rarefaction waves with u� < 0: In this case,(u�; v�); (u+; v+) are related byv+ = v� + Z u+u� p3u2 + 1 du; u� < u+ � 0: (2.2)For a �xed (u�; v�) with u� < 0; we let R�(u�; v�) denote the curve of points (u+; v+)de�ned by (2.2). R�(u�; v�) is called the backward rarefaction curve through (u�; v�).A centered shock wave(u; v)(x; t) = ( (u�; v�) if x < st(u+; v+) if x > st: (2.3)with speed s is a weak solution of (1.3) if f(u�; v�); (u+; v+); sg satisfy the Rankine-Hugoniot condition �s(u+ � u�)� (v+ � v�) = 0�s(v+ � v�)� (�(u+)� �(u�)) = 0: (2.4)Eliminating v+ � v�, we haves2 = (�(u+)� �(u�))=(u+ � u�); (2.5)which equates the square of the speed with the slope of the chord joining the points(u�; �(u�)) in the graph of �.A shock (2.3) is called a Lax shock if it satis�es the Lax entropy condition (1.5), whichrelates the slope of the chord, given by (2.5), to slopes of �:either �0(u�) < s2 < �0(u+), for a backward shock, having s < 0:or �0(u+) < s2 < �0(u�), for a forward shock, having s > 0:For a function � having at most one inection point, it easy to show that the Laxentropy condition is equivalent, for centered shock waves (2.3), to the entropy condi-tion (E) of Wendro� [23] (subsequently generalized by Liu [11]), and to the viscositycriterion, involving the existence of smooth travelling wave solutions of (1.1) with A = 0(i.e., including viscosity but not capillarity).In the next section, after describing undercompressive shocks, for which �0(u�) > s2;we return to Lax shocks and characterize those that are admissible according to theviscosity{capillarity condition.3 Travelling Waves and Undercompressive ShocksTravelling wave solutions u = u(�); v = v(�); � = (x � st)=� of (1.1) with the boundaryconditions (1.4) give rise (after integrating from � = �1 and eliminating v) to theordinary di�erential equationAu00 = �su0 + �(u)� �(u�)� s2(u� u�): (3.1)4



This second order equation is equivalent to the �rst order systemu0 = wAw0 = �sw + �(u)� �(u�)� s2(u� u�): (3.2)Equilibria of (3.2) are of the form (u;w = 0), with�(u)� �(u�)� s2(u� u�) = 0: (3.3)For convenience, when (u; 0) is an equilibrium, we shall for brevity refer to u as theequilibrium. If u+ is an equilibrium, then s; u+; u� are related by (2.5), so that for anyv�; v+ satisfying v+�v� = �s(u+�u�); the Rankine Hugoniot condition (2.4) holds, andthe triple ((u�; v�); (u+; v+); s) represents a shock wave solution (2.3) of the hyperbolicsystem (1.3). Admissible shock waves correspond to solutions of (3.2) satisfying theboundary conditions (u; v)(�1) = (u�; v�) (3.4)If u� and u+ are saddle point equilibria for (3.2), and there is a heteroclinic orbit from(u�; 0) to (u+; 0) in the phase plane, then we say u� �! u+ is a saddle-to-saddle con-nection. In particular, (2.3) is an undercompressive shock if and only if the RankineHugoniot condition (2.4) is satis�ed and u� �! u+ is a saddle-to-saddle connection.3.1 EquilibriaFor the rest of this section, we con�ne attention to the case u� < 0. For each value ofu� and s there are one, two or three equilibria. When there are two or three, they areu� and uo = �(u� +pD)=2; u+ = �(u� �pD)=2; (3.5)where D = 4(s2 + 1) � 3u2�: Therefore, there are three equilibria satisfyingu� � uo � u+precisely when the chord with slope s2 through (u�; �(u�)) intersects the graph at twovalues of u larger than u�: I.e., when34u2� + 1 < s2 < 3u2� + 1 (3.6)We record the formula relating s2 to u+ and u�:s2 = (�(u+)� �(u�))=(u+ � u�) = u2+ + u+u� + u2� + 1: (3.7)Lemma 3.1 [15] For u� < 0, let uo; u+ be given by (3.5), with s satisfying (3.6). Thenthe equilibria (u�; 0) of (3.2) are saddle points. The equilibrium (uo; 0) is an attractor(stable node or spiral) if s > 0, and is a repeller if s < 0.5



3.2 Heteroclinic orbits between saddle point equilibria.As in [8, 15], we can use the fact that �(u) is cubic to �nd explicit solutions of (3.2),(3.4). Then we establish the parameter ranges for which the explicit solutions correspondto saddle-to-saddle connections.Consider system (3.2) with three equilibria as discussed in the last subsection. ThenAdvdu = �s+ r(u)v ; (3.8)where r(u) = (u� u�)(u� uo)(u� u+): Now look for solutions of (3.8) of the formv = k(u� u�)(u� u+): (3.9)Here, we shall take k < 0; which is consistent with u� < 0; for which v(u) > 0 alonga connection from u� to u+. Substituting into (3.8), we get a linear equation for u.Equating coe�cients, we obtain� kA(u+ + u�) = �s� uo=k (3.10)from the constant term, and 2kA = 1=k from the coe�cient of u. Thereforek = �1=p2A; (3.11)and for �xed u� we can solve equations (3.5), (3.7), (3.10) for s and u+ with the followingresult when A 6= 2=9:s = s(�) = �3sA2  u� �pq2� 9A ! ; u+ = u(�)+ = (9A� 1)u� �pq(2� 9A) ; (3.12)where q = (18A� 3)u2� + 18A� 4: (When A = 2=9; we �nd s = �u� � u�1� ; u+ = u�1� :)Note that there are two families of equilibria in (3.12), each family depending on thetwo parameters u�; A. We now characterize parameter ranges for which (3.12) corre-sponds to a saddle{to{saddle connection.Theorem 3.2 Let �(u) = u3 + u; and let u� < 0: Then there is a saddle-to-saddleconnection u� �! u+ with speed s < 0 if and only if A > 2=3, u� � �b(A); whereb(A) = s 29A� 6 ; (3.13)and s = s(�); u+ = u(�)+ , given by (3.12).Proof Suppose u� �! u+ is a saddle-to-saddle connection with speed s < 0. Thenthe argument in [15] establishes that the trajectory in the phase plane must lie on aninvariant parabola. Thus, s; u+ must be given by one of the formulae in (3.12). It remainsthen to show that the requirements that u�; u+ be saddle point equilibria, and that s < 0are equivalent to the restrictions on A and u� in the Theorem, given that u� < 0:6



First note that, by integrating along the trajectory w = w(u) from u� to u+, weobtain Z u+u� sw(u) du = Z u+u� (�(u)� �(u�)� s2(u� u�)) du < 0; (3.14)since u� < u+; s < 0; w = u0 > 0: Consequently,u+ > �u�: (3.15)Now, u(�)+ + u� = u� �pq2 � 9A : (3.16)But q = (18A � 3)u2� + 18A � 4 > u2� when 9A � 2 > 0; so that u� + pq > 0 in thiscase. Thus, u(+)+ + u� < 0 when 9A � 2 > 0; contradicting (3.15). On the other hand,when 9A � 2 < 0; we have q < u2�; leading to u� +pq < 0 and the same contradictionof (3.15). We conclude that u+ = u(�)+ ; s = s(�) (3.17)in (3.12). Incidentally, the same estimate of q shows that the choice (3.17) is consistentwith (3.15). Henceforth, we write u+; s without the additional superscripts:s = �3sA2  u� �pq2� 9A ! ; u+ = (9A� 1)u� �pq(2 � 9A) ; (3.18)where q = (18A� 3)u2� + 18A� 4:Next, we prove that A > 2=3; and u� < �b(A): We prove these inequalities from therestriction that u+ < �2u�; in order that u� be a saddle point. (If u+ > �2u�; then uois the leftmost equilibrium, and u� becomes the middle equilibrium.)Since s < 0; the formula (3.18) implies thatA > 2=9: (3.19)Now u+ + 2u� = 12�9A n(�9A+ 3)u� �pqo < 0 and (3.19) together imply that pq <3(1 � 3A)u�: Thus, A > 1=3 andq = (18A � 3)u2� + 18A � 4 < 9(1 � 3A)2u2�:Simplifying this inequality and using (3.19) again, we obtain 2 < 3u2�(3A � 2); whichcompletes the proof.When A > 2=3; and u� < b(A); we use the notation u� = u�(u�) to denote u+ givenby formula (3.18). Thus, u� �! u�(u�) is a saddle-to-saddle connection with speeds = s�(u�) gien by (3.18).To characterise all undercompressive shocks, we must also consider u� > 0 and/ors > 0: These possibilities are covered by the following lemma, in conjunction with Theo-rem 3.2, which reduces any saddle-to-saddle connection to a saddle-to-saddle connectionu� �! u+ with u� < 0 and speed s < 0: 7



Lemma 3.3 Suppose u� �! u+ is a connection with speed s. Then(i) u+ �! u� is a connection with speed �s:Moreover, if � is an odd function, then(ii) �u� �! �u+ is a connection with speed s; and(iii) �u+ �! �u� is a connection with speed �s.3.3 Admissible Lax ShocksRecall that if (1.2) is a backward Lax shock then (u�; 0) is a repeller for system (3.2),and (u+; 0) is a saddle point.First, we consider u� < 0 and u+ < u�: Note that u� cannot be the middleequilibrium for a saddle-to-saddle connection from some ~u > 0 to u+ with negativespeed. (This follows by contradiction: integrate wdw=du along a supposed trajectoryfrom ~u to u+; to �nd a positive signed area between the graph of � and the chordthrough (u+; �(u+)); (u�; �(u�)): On the other hand, this area must be negative, sinceu+ < u� < ~u:) This observation implies that the stable manifold from (u+; 0); that isjoined to (u�; 0) for small u� � u+ > 0; cannot extend to the third equilibrium. Thus,the trajectory from (u�; 0) to (u+; 0) persists as u+ decreases. Hence, all shocks (1.2)with u+ < u� < 0 and s < 0 are not only Lax shocks; they are admissible.For �xed (u�; v�), we parameterize these shocks by u+; and de�ne a slow shock curveS� by S�(u�; v�) = f(u+; v+) : v+ = v� � s(u+)(u+ � u�); u+ < u�g; (3.20)where s(u+) = �qu2+ + u+u� + u2� + 1: (3.21)Now we consider Lax shocks (1.2) with u+ > 0 > u�: Here, the undercompressiveshocks play an important role.Lemma 3.4 Let A > 2=3: (i) for each uL < b(A) there is usad = usad(uL) < uL suchthat for s = �(u2sad + usaduL + u2L + 1)1=2; (3.22)usad �! u�(usad) is a connection with speed s. (ii) for b(A) < uL < 0; there is no usadsuch that usad �! u�(usad) is a connection with speed s given by (3.22).Proof. From (3.10),(3.11) and (3.18), we can express uo in terms of u� and A:uo = u� �pq2 � 9A ; thus, from (3.18), we �nd that s = 3uoqA=2: But uo is the middleequilibrium if and only if s2 > 3u2o+1, which leads immediately to uo < b(A): To completethe proof, we identify uo with uL in this argument. Then usad is the corresponding u�:This completes the proof.We de�neu�(u�) = ( u�(usad(u�)) if A > 2=3 and u� < b(A)�2u� otherwise, (3.23)8



then u� marks the end point of a curve S�� of admissible Lax shocks. To be precise, foru� < 0; let S��(u�; v�) = f(u; v+(u)) : u > u�(u�)g; (3.24)with v+ = v+(u) given as for S�(u�; v�) (cf. (3.20)).We summarize the construction of admissible Lax shocks as follows.Lemma 3.5 Let u� < 0: Then f(u�; v�); (u+; v+); sg is an admissible Lax shock withs < 0 if and only if (u+; v+) 2 S�(u�; v�)[ S�(u�; v�) and s = s(u+) is given by (3.21).4 Wave Curves and the Riemann ProblemThe key ingredient in solving the Riemann problem is to understand the construction ofthe slow wave curve W�(uL; vL) for a �xed point (uL; vL) with uL < 0. Then symmetryis used to construct slow wave curves for uL > 0, and fast wave curves W+(uL; vL). InTheorem 4.1 we show that the wave curves are monotonic. The wave curves can thenbe used to construct a unique solution of the Riemann problem for system (1.1). Theprocedure is similar to that in [15], but the details are di�erent, and much simpler.4.1 Wave CurvesThe slow wave curveW�(uL; vL) is de�ned to be the set of (u1; v1) such that the quarter-plane problem consisting of (1.1) in the domain x < 0; t > 0 with boundary conditions(u; v)(x; 0) = (uL; vL); x < 0; (u; v)(0; t) = (u1; v1); t > 0 (4.1)has a weak solution (u; v)(x=t) that involves rarefaction waves, admissible shock waves,and constants. Note that in general, the boundary conditions overdetermine the problem;only for a restricted set of data can there be a solution.The solution of the quarter-plane problem with data (4.1) involves a single admissibleLax shock, or a single rarefaction wave if and only if (u1; v1) lies in the set S(uL; vL) [R(uL; vL). As (u�; v�) traverses S�(uL; vL) [ R�(uL; vL), the only points (u1; v1) towhich (u�; v�) could possibly be connected by a slower wave (with negative speed) thanthe shock or rarefaction joining (uL; vL) to (u�; v�) are the points U (�)+ (u�; v�); withu� < �1; and the endpoint U�(u�; v�) = (u�(u�; A); v(u�(u�; A); u�)) of S��(u�; v�).(In particular, if (u�; v�) 2 S��(uL; vL); then any saddle-to-saddle connection u� �! u+with negative speed is faster than the shock from (uL; vL) to (u�; v�):) It is not hardto check that the loci ��; RS(uL; vL) (de�ned below) of these points, together withS�(uL; vL) [ R�(uL; vL) [ S��(uL; vL), comprise the entire wave curve W�(uL; vL). Wenow give more precise details of this construction.The rarefaction{shock curve RS(uL; vL) is the set of (u1; v1) such that the solutionof the quarter plane problem (4.1) is a rarefaction{shock separating constant states(uL; vL); (u1; v1): That is, there is a point (u+; v+) 2 R(uL; vL) such that the shock((u+; v+); (u1; v1); s) is an admissible shock wave with speed s = �(3u2+ + 1)1=2 that is9



characteristic on the left. In words, the trailing edge of the rarefaction wave is a shock.It is straightforward to calculate that on RS(uL; vL);u1 = �u+=2; v1 = v+(u+) + (3u2+ + 1)1=2(u1 � u+); ~uL < u+ < 0 (4.2)where v+ is given by (3.20) and~uL = ( max(uL; b(A)) for A > 2=3uL for A � 2=3: (4.3)For A < 2=3; or for b(A) < uL < 0, we de�ne the slow wave curve to be W�(uL; vL) =S�(uL; vL)[R(uL; vL)[RS(uL; vL)[S��(uL; vL); since the solution of the Goursat problemcannot include undercompressive shocks.For A > 2=3 and uL < b(A); the wave curve also includes combinations of waves withundercompressive shocks. Undercompressive shocks can be combined with rarefactionwaves or with shock waves. Accordingly, we de�ne the R� and S� portions of the wavecurve W�(uL; vL) as follows.The curve R� is the set of (u; v) such that the solution of the quarter plane problem(4.1) is a rarefaction wave joining (uL; vL) to (u�; v�) 2 R and an undercompressiveshock from (u�; v�) to (u; v): Thus,v� = v�(u�) = vL + Z u�uL q�0(y)dy; �0(y) = 3y2 + 1u� = u�1� (u) = 12� 9A �(9A� 1)u�qq(u)� ; q(u) = (18A� 3)u2 + 18A� 4:(4.4)(note that u�; u�1� are given by the same quadratic formulae, though with di�erent do-mains), and v = v� � s�(u�)(u� u�); uRS < u < u�(uL);s�(u�) = �3sA2  u� �pq2 � 9A ! : (4.5)Similarly, the curve S� is de�ned as the set of (u; v) such that the solution of thequarter plane problem (4.1) is a shock wave joining (uL; vL) to (u�; v�) 2 R and anundercompressive shock from (u�; v�) to (u; v): Thus, the formulae are modi�ed only byv� = v�(u�) = vL � s(u�)(u� � u); s(u�) = �u2� + u�uL + u2L + 1�1=2 : (4.6)and v = v� � s�(u�)(u� u�); u�(uL) < u < u�(uL): (4.7)We want to show dv=du > 0 for uRS < u < u�(uL): Sincedvdu = dvdu� du�du ;the result will be proved by the two calculationsdu�du < 0; A > 2=3; uRS < u < u�(uL); (4.8)10



dvdu� < 0; A > 2=3; usad(uL) < u� < b(A): (4.9)Proof of (4.8): From (4.4), we have thatu0�(u) = 12 � 9A  (9A� 1)� 12pq6(6A� 1)u! < 0for A > 2=3; u < 0: Since u� = u�1� ; this completes the proof.The proof of (4.9) is much more tricky, because there is some cancellation of terms .Speci�cally, from (4.7), we havedvdu� = v0�(u�) + ddu�p(u�); (4.10)where, from (3.12),p(u�) = �s�(u�)(u�(u�)� u�)= 3(2� 9A)2sA2 �u� �qq(u�)��(18A � 3)u� �qq(u�)� (4.11)To simplify ddu� p(u�); we introduce the parameterB = 9A� 2 > 4 for A > 2=3;so that, after simplifying,p0(u�) = 2p2pB + 2B2pq n(2B + 1)u�pq � (B + 1)((2B + 1)u2� +B)o ; (4.12)where q = (2B + 1)u2� + 2B: First note that, since u� < 0; we have p0(u�) < 0: On theother hand, v0(u�) > 0 on the shock and rarefaction curves. Therefore, to prove (4.9),we have to show � p0(u�)=v0(u�) > 1; u� < b(A): (4.13)On the rarefaction curve, v0(u�) = q�0(u�); (4.14)whereas on the shock curve,v(u�) = vL�s(u��uL); s = �qu2� + u�uL + u2L > �q�0(u�); u� < uL < 0: (4.15)Thus, on the shock curve,v0(u�) = �s0(u�)(u� � uL)� s(u�)= � 12s(3u2� + 1) > q�0(u�)=2: (4.16)11



Thus, the inequality (4.13) is implied by� p0(x)=q�0(x) > 1; x < b(A); (4.17)which we now proceed to prove.It is convenient to change parameters again, introducing y = 1=x2; c = 1=B: Theninequality (4.17) becomes g(y; c) > 1; 0 < y < b(A)�2 = 1=2c � 2; 0 < c < 1=4; whereg(y; c) = 2p2p1 + 2cp3 + y ((1 + c)(2 + c+ y)p2 + c+ 2y �pc(2 + c)) : (4.18)This function of two variables can be plotted easily, from which it is observed that g islarger than about 3=2. Proving this estimate is delicate and uninformative, so we omitthe details. We have proved the following theorem.Theorem 4.1 For uL < 0, the slow wave curve W�(uL; vL) is the graph of a continuousmonotonically increasing function.Remarks. 1. The proof of (4.9) is quite delicate, and relies heavily on the formulaederived from assuming �(u) is cubic. Nonetheless, it seems doubtful that a more generalnonlinearity, having the same general shape as the monotonic cubic, would give riseto a non-monotonic wave curve. It would be interesting and challenging to test thisconjecture numerically. The consequence of non-monotonicity of W�(uL; vL) would bethat the Riemann problem would have multiple solutions for data (uL; vL); (uR; vR) inan open subset of R2 � R2: As we shall see, monotonicity of the slow wave curve givesuniqueness of solutions of the Riemann problem.2. It might be helpful at this stage to summarize the construction of the slow wavecurve W�(uL; vL) when uL < b(A); A > 2=3; the case for which there are undercom-pressive shocks involved. Consider (uR; vR) 2 W�(uL; vL): We describe the solution ofthe Riemann problem (which involves only waves with negative speeds) as it dependson uR. For uR < uL; the solution is a Lax shock. For uL < uR < 0; the solution isa rarefaction wave. In the range 0 < uR < uRS; the solution is a rarefaction-shock.So far, the constructions are all classical. At uR = uRS; something di�erent happens.Since uRS = u�(b(A)) by de�nition, the shock wave in the rarefaction-shock construc-tion is on the verge of losing admissibility. (The corresponding saddle-node to saddletrajectory in the phase plane is along the separatrix whereas for slightly smaller uR it isembedded in a family of trajectories emanating from the sdddle-node equilibrium.) ForuRS < uR < u�(uL); the solution is a rarefaction followed by a slower undercompressiveshock joining (u�; v�) 2 R to (uR = u�(u�); vR), and u� decreases to uL as uR increasesfrom uRS to u�(uL): As uR crosses u�(uL); the rarefaction is replaced by a Lax shock, sothat for u�(uL) < uR < u�(uL); the solution is a Lax shock followed by a slower under-compressive shock. As discussed above in connection with the de�nition of u�(uL); whenuR approaches u�(uL); the speed of the Lax shock approaches that of the undercompres-sive shock, and the two speeds coincide for uR = u�(uL): Consequently, for uR > u�(uL);the strong Lax shocks become admissible and the solution consists of a single Lax shock.12



Now equations (1.1) are invariant under the group generated by the following trans-formations: (x; t) 7! (�x; t); (u; v) 7! (u;�v)(x; t) 7! (x; t); (u; v) 7! (�u;�v)(x; t) 7! (x; t); (u; v) 7! (u; c+ v); (c constant): (4.19)The �rst transformation converts left moving waves into right moving waves, and viceversa. In particular, u is unchanged under this transformation. The second transforma-tion allows a change in the sign of u without changing the direction of waves. Invarianceunder this transformation depends on � being an odd function.Paralleling the de�nition of the slow wave curve W�(uL; vL), we de�ne the fast wavecurveW+(uR; vR) to be the set of (u1; v1) such that the quarter-plane problem consistingof (1.1) in the domain x > 0; t > 0 with boundary conditions(u; v)(x; 0) = (uR; vR); x > 0; (u; v)(0; t) = (u1; v1); t > 0 (4.20)has a weak solution (u; v)(x=t) that involves rarefaction waves, admissible shock waves,and constants. Then, applying appropriate transformations (4.19), we can expressW�(uL; vL)and W+(uR; vR) for all (uL; vL); (uR; vR) in terms of the slow wave curveW�(uL; vL) con-structed in detail above for uL < 0 :W�(uL; vL) = f(u; v) : (�u; 2vL � v) 2 W�(�uL; vL)gW+(uR; vR) = f(u; v) : (u; 2vR � v) 2 W�(uR; vR)g ; (4.21)4.2 The Riemann ProblemThe wave curves W�(uL; vL) and W+(uR; vR) are used to construct solutions of the Rie-mann problem (1.3), (1.6). This is done in more or less the usual way, identifyingintersections of the wave curves with solutions of the problem. Each point on a wavecurve may represent one or two waves travelling in the same direction, but with di�erentspeeds.By a centered solution of the Riemann problem, we mean a weak solution (u; v)depending only on x=t, and which consists of a �nite number of admissible shocks, rar-efactions and constants. Since the admissibility condition depends on the parameter A,the meaning of centered shock also depends on A, but we consider A to be a �xed positiveparameter. We say a centered solution satis�es the classical Lax condition if all shocksin the solution satisfy the Lax entropy condition.Theorem 4.2 Let A > 0 be �xed. Then:(a) The Riemann problem has a unique centered solution for all data (uL; vL); (uR; vR):(b) All solutions satisfy the classical Lax condition if and only if A < 2=3:Proof First, note that the slow wave curve W�(uL; vL) runs monotonically from u =�1; v = �1 to u = +1; v = +1: To see this, observe that for large u; (u; v) 2W�(uL; vL) lies on the shock curve portion, and therefore satis�es the Rankine Hugoniotcondition with s < 0 given by s2 = u2L + uLu + u2: Thus, s �! 1 as juj �! 1:13



Consequently, v = vL� s(u� uL) �! �1 as u �! �1 respectively. Similarly, the fastwave curve W+(uR; vR) runs montonically from u = �1; v = +1 to u = +1; v = �1:therefore, the two curves have a unique point of intersection, say (u0; v0): The solution ofthe Riemann problem is then a combination of waves and constants, depending on thelocation of (u0; v0) on the slow wave curve W�(uL; vL), joining (uL; vL) to (u0; v0); and acombination of waves and constants joining (u0; v0) to (uR; vR): This completes the proofof part (a). Part (b) follows from the construction of the wave curves. Speci�cally, ifA < 2=3; then the wave curves do not include any undercompressive shocks, for any initialdata, whereas for A > 2=3; either or both wave curves may include portions representingundercompressive shocks, depending on the location of uL and uR: In particular, forA > 2=3; there are solutions of the Riemann problem that involve either one or twoundercompressive shocks. This completes the proof.The proof of the theorem depends on the explicit cubic nonlinearity used in thispaper, in order to construct wave curves globally in phase space. The key ingredientthat does not immediately generalize to an arbitrary monotonic nonlinearity �(u) witha single inection point, is the construction of solutions with undercompressive shocks.However, it is possible to perturb the cubic nonlinearity and retain the qualitative featurescalculated explicitly here. One technique to achieve this is the Melnikov integral [13],which can be used to perturb the saddle-to-saddle connections and saddle-node to saddleconnections. For larger perturbations, it may be that the wave curves are not monotonic.Indeed, the delicate nature of the calculation to establish monotonicity for the cubicnonlinearity suggests that monotonicity of the wave curves is not an intrinsic property.Consequently, uniqueness of solutions may be lost for di�erent monotone nonlinearities.Finally, we remark that although there are solutions of the Riemann problem withtwo undercompressive shock waves, there are no other solutions with the same initialdata. This contrasts with the situation for a non-monotone ux function �(u); for whichit is well known [1, 15, 18, 22] that for some solutions with two undercompressive shocks(known as phase boundaries in this context), there is also a solution with no phase bound-aries. Uniqueness can be recovered in such cases by imposing an additional condition (anucleation condition) that distinguishes between the two solutions. As explained in [15],the nonuniqueness arises due to the disconnectedness of the wave curves, and their lackof monotonicity. However, the separate components of the wave curves are monotonic.In this paper, no nucleation condition is needed, because the wave curves are connectedand monotonic.References[1] R. Abeyaratne and J.K. Knowles, Kinetic relations and the propagation of phaseboundaries in solids. Arch. Rat. Mech. Anal. 114 (1991), 119{154.[2] R. Abeyaratne and J.K. Knowles, Implications of viscosity and strain gradient e�ectsfor the kinetics of propoagating phase boundaries in solids. SIAM J. Appl. Math.51 (1991), 1205{1221. 14
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