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ABSTRACT

Two well-known simultaneous inference procedures for the balanced
one-way layout are Tukey's T-method and Scheffé's S-method. The T-method
gives short simultaneous confidence intervals for all pairwise comparisons
while paying a high'price for high-order cqmparisons. The S~method is
appropriate when one has uniform interest in all contrasts, but gives
long confidence intervals for pairwise and other low-order comparisons.

In this paper we propose a family of procedures which are intermediate
between the T- and S-methods. The resulting'simultaneous intervals are
shorter than Scheffé's for low-order comparisons, shorter than Tukey's
for high-order comparisons, and shorter than both Tukey's and Scheffé's

for some intermediate comparisons of interest,



1. INTRODUCTION

Consider a balanced one-way layout with k groups and n observations
on each group, with u = (ul,...,ﬂk)' as the population vector of means,

2
i= (ﬁl,...,ﬁk)' as the corresponding sample estimates where i~ N(u,g—l),

and si with v = k(n - 1) degrees of freedom as the usual unbiased
estimator of 02. We use Ck to denote the contrast subspace of Rk and
c = (cl,...,ck)' as a generic notation for a contrast in Ck,

Two well~known simultaneous interval estimation procedures for all
S'E are:

Tukey's T-method:

AL s (o)
] 1 2
c'he [e'dtn s\,qk,\)T(g)],

~

where qéa% is the (1 - a)-th quantile of the studentized range distribution

with parameters k and v, and

T(ec) = Llic,]|.
b Zii il

Scheffe's S-method:

~

c'u e [C'ﬁ + n—l/zs\)[(k - 1)Féfi’\)]1/zs(g)]

where Fégi v is the (1 - o)-th quantile of the central F distribution
. s

with k-1 and v degrees of freedom and
Y
S(c) = (c'e).

The T-method gives shorter confidence intervals than the S-method for
all pairwise comparisons, but longer confidence intervals for most other
contrasts, Note that the length of the confidence intervals obtained by

the T- and S-methods is proportional to T(c) and S{(c), respectively.



That the T-method favors the pairwise comparisons is clearly demonstrated
by the fact that for any d > 0
min  {T(c)} = d//2 ,
SeCk:S(S)=d -
which is obtained when c is a pairwise comparison.

As a test procedure, the S-method has superior average power when one
has uniform interest in all alternatives (see Scheffé& (1959) p. 48 and
pp. 76-7), while the T-method is more resolvent (see Gabriel (1969)) than
the S-method when the testing family consists only of the null hypotheses
on subsets of treatments.

| In spite of the confusion that seems to prevail in evaluating the
various multiple comparison procedures (unistage, multistage, etc.), the
existence of a variety of techniques ffom which the statistician can
choose one to fit the néture of the problem at hand is essential, This
variety of choice shoﬁld ameliorate the discomfort felt by statisticians
using multiple comparisoﬁ procedures that do not sufficiently suit the
nature of the loss functions associated with the problem at hand (see
Anscombe (1965), Duncan (1965), O'Neill and Wetherill (1971)).

The well-known multistage multiple comparison procedures (see
Miller (1966, Ch. 2)) provide considerable flexibility, as they can easily
be modified to fit more closely one's interest in distributing error rates
in any given problem. Such flexibility is not provided, however, by the
simultaneous procedures. From our earlier discussion it is clear that
problems for which the T- and S-methods would be appropriate are very
distinct. 1In using the T-method one goes out of his way to obtain short
confidence intervals for pairwise comparisons while paying a high price on

other contrasts (see Scheffé& (1959, Ch. 3)). On the other hand, the S-method



fits situations where one has uniform interest in all contrasts, but gives
long confidence intervals for pairwise and other low-order comparisons.

In this paper we propose a family of simultaneous inference pro-
cedures that are intermediate between the T- and S-methods. These pro-
cedures give confidence intervals shorter than the S-method (but longer
than the T-method) for pairwise comparisons, shorter than the T-method
(but longer thén the S-method) for some high—order comparisons, and shorter
than both the T~ and S-methods for other comparisons of interest, such as
some one-to-many comparisons. These properties depend on the specific
procedure used. Since a whole range of procedures is developed, the
proposed approach allows the statistician to distribute error rates in a
way that fits more closely the nature of his loss functionm.

In Section 2 we give the theory needed, derive the family of inter-
mediate procedures and discuss their applicationrin generality., In Section
3 we apply the theory of Section 2 to obtain two important intermédiate

procedures and provide tables for their implementation.

2. INTERMEDIATE SIMULTANEOUS INFERENCE PROCEDURES

2.1. A Class of Intermediate Procedures.

The T- and S-methods are both special applications of Roy's Union-
Intersection (UI) principle (see Gabriel (1970)). As test procedures they

are obtained writing
HO: "Jl =. se e == ]Jk
as the following intersections:

T-method: H, = A VU T
O 1eicyex + 3



S-method: Hy = ncklg'}ﬂ = 0.
ce

The overall statistic is defined as the maximum of all likelihood
ratio test statistics for the individual hypotheses in the intersection
set,

Let M be a subset of Ck that includes all pairwise comparisons.
A wide class of intermediate procedures can be obtained by generating
different subsets M and applying the UI principle with Ho expressed

as

H.o= n |c'y| = 0.
0 ceM ~ ©

~

Let us define for each ¢ ¢ M

L ~
u(c) = n’c'(U - W/0S(c), and

t(e) = u(e)g- .
AV

Then lt(g)| is the likelihood ratio test statistic for Hg: IE'El =0
and has a central Itl distribution with V degrees of freedom,
The test statistic E(M) and critical value EQ(M) for an o~level

simultaneous test of the family
4

{HS: lS'El =0:ce¢ M}
are defined by

E(M) = sup|t(c)|
ceM
and -

Pr{lt(g)l > Ea(M) for at least one c ¢ M|H0} = 0. 2.1)

Simultaneous confidence intervals for all c'U such that c ¢ M

~ ~



' . are given by
e’ e [e'fi + 0% (s(e)]. 2.2)
Note that
() 2 (o)
Fl,\) < Eoc(M) < (k - l)Fk-l,\)’ (2.3)

thus (2.2) provides simultaneous confidence intervals for contrasts c'u
with c e M which are shorter than those obtained by the S-method.

There are two difficuities in constructing these procedures.

(1) obtaining the distribution of the test criterion, and (2) extending
the resolutionrof the procedure from M to Ck - M.

The way in which these difficulties can be solved depends on the
nature of the set M. We shall now discuss how they can be solved when
‘ M 1is a finite set and in particular when M consists of comparisons
between the average of a subset of I means and the average of a disjoint
set of J means, for some integers I,J. This approach leads to a

meaningful class of intermediate simultaneous inference procedures,

2.2, Approximate Distribution of the Test Statistic Under HO'

The first difficulty can be handled for any finite M containing
distinct contrasts Cis
t, = t(gi), and note that the test statistic is of the form

i=1,...,m as follows. Let u, = u(ci) and
i

E0) = max [t |,

1<i<m

- where the |t are dependent random variables, each distributed as a

N
central |t| under the null hypothesis.
We will approximate ga(M) using a modified second-order Bonferroni

approximation due to Siotani (1964). Let Ea(M) be the first-order



Bonferroni approximation, i.e.
> =
m Pr{|ti| E D} = o,
and put

§ M) = £ Primin(|t,],|t,]) > E. (M]. (2.4)
a0 = | L petutndleg ey > E

Then Siotani's second-order approximation ga(M) is given by

m Pr{|e | > éa(M)} =0+ 6 (). (2.5)

Let EQ(M) be the second order Bonferroni approximation, i.e.
mPr{|t,| >E M} - I Primin(je,],|e.]) >E M} = a3
i o 1<i<i<m 1773 o

then it can be shown that (see Siotani, 1964)
Ea(M) < Ea(M) < Ea(M).

Siotani (1964) has argued that in several applications his approximation
should be closer to the true critical value than either the first- or second-
order Bonferroni‘approximations. We have evaluated the approximétion when
M 1is the set of all pairwise comparisons, in which case the procedure
reduces to the T-method and the exact distribution is known, and found that
'Ea(M) was slightly conservative but closer to Eu(M) than either Eu(M)
or EQ(M).

To obtain the probabilities required in (2.4) we note that (Itil,!tjl)
has a bivariate |t| distribution (see Dunnett and Sobel (1954), for example)

with parameters Vv and lpijl where
1
I b
P13 T S(c,)5(c.)
is the correlation between u, and uj.

Although the number M = }¥m(m - 1) of pairs of contrasts in M is

usually large, the number D of distinct correlations may be reasonably small.



Let Mﬁ be the number of pairs (i,j) for which Ipijl = P4 d=1,...,D.

D
"Then I Md =M and
d=1
D
S (M)y = ZM/P
a d=1 dd
where P, is the probability that the two components of a bivariate lt]

distribution with v degrees of freedom and correlation P4 will both
exceed Ea(M).

Although tables of the bivariate |t| distribution are available
(Krishnaiah, et.al. 1969), we have preferred to write a computer program
to do all necessary calculations. The program evaluates the bivariate |tl
distribution function using Gaussian quadrature formulae. A description

and listing of this program are available from the authors.

2.3. Extension of the Resolution of the Procedure.

We now consider the second difficulty, namely extending the resolution
of the procedure from M to Ck - M. Let S(I’J) denote a contrast that
is a comparison between the average of a set of I means and the average
of a disjoint set of J means. These contrasts are sometimes called
standard comparisons. The set of all I: J ’comparisons in Ck is denoted by
Gk. This set usually contains most, if not all, contrasts of interest.

Note that for a given I,J
. 1
Sle(1,3)] = (1/1I + 1/3)7,

and does not depend on the particular I: J comparison.
We will first extend the resolution of the procedure from M to Gk.

Let P(c) denote the set of indices i for which ¢, is positive and

i

N(S) the set for which g is negative. We say that ¢y dominates ¢,



if and only if

P(gl),z P(c

) and Negp) 2 N(ey).

Thus the 2:1 comparison %(ul + uz) = Yy dominates the 1l:1 comparisons
My = U and My = Uy but not My = Wy

For given 1I,J, let i,j be a generic notation for any integers such
that

min(I,J) < min(I,J) and max(I,T) < max(I,J).

Let Dz z[c(I,7)] be the set of all c¢(I,J) dominated by c(I,J).
’ ~ ~ ~
Also let DT j[c(J,I)] be the set of all c¢(I,J) dominated by =c(I,J).
’ ~ ~ ~
, * %
For a given c¢(I,J) and M let I ,J be any two integers such
* % * *
that I +J <%k, I >1,J >1 and
min{S[c(I,J)]: either D= =[c(I,J)] c M .or D= =[c(I,I)] < M}
i 3 ~ I,J ~ - I,J ~ e
3

= sle(,30]. (2.6)

The empty set is not considered to be contained in M. Since by definition M
contains all pairwise comparisons, (2,6) is always well defined. Note that
* %
for any c¢(I,J) € Gk we let I ,J be the pair of integers such that all
* %
I': J comparisons dominated by c(I,J) or -c(I,J) are in M and
* ok
1/1 +1/J is a minimum,

Lemma 2.,1. With probability at least 1 - ¢ we have simultaneously for

all c(1,J) € Gk

-1
2

¢! (1,0 ¢ I:g'(I,J)Q + o7 g (DS[e®, 5] 2.7)

R D>

Proof: Put - U =y. With no loss in generality assume that the minimum

in (2.6) takes place when
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% _%
DI ,J [S(I’J)] <M.
Then, since we have
Ty = 1 ]
ey =T 5 _ - z c'y, (2.8)
~ * . i* ~ v
(I )(J*) S.sevxf’J (1,J)
the lemma follows.

Thus each comparison c¢(I,J) in Gk is written as an optimal linear
combination of lower-order comparisons in M that are dominated by ¢(1,J)
or -c(I,J). Note that if ¢(I,J) is dominated by c(I,J), the confidence
interval for the former cannot be shorter than for the latter.

It seems reasonable to confine attention to procedures that for any
given I: J give the same length of confidence interval for all c(I,J).
Also, if Gk is indeed the part of Ck of most interest we should restrict
M to contain only pure I: J comparisons. Based on these considerations,

* *
we can now define I and J in (2.6) simply as those integers such that

% o * *

all I:J comparisons are in M and 1/I + 1/J is minimized under

the restrictions
* % , * % )
min(I ,J ) < min(I,J) and max(I ,J ) < max(I,J).

The method also provides confidence intervals for contrasts in

k

" - Gk, since any general contrast c¢ = (cl,...,ck)' can be written as

~

a positive linear combination of I: J comparisons that are contained in
M.

An optimum linear combination may be.found using the following
algorithm. Find the largest order I: J comparison S(I,J)1 in M that

involves the same means as the contrast of interest c. (The largest order

~

comparison is the one minimizing 1/I + 1/J.) Let w, be the largest

1

possible positive number such that none of the components in wlc(I,J)l
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exceeds the corresponding component in c. Then obtain the new contrast

~

c - wlc(I,J)l, and apply the same procedure to this contrast. This is

repeated L times, say, until one gets

L
c= Lw c(I,J)i .
< gep i~

Then a cdnfidence interval for c¢'u is

]

L
N -1
pele'itn ﬁs\,«sm(l\4>i§1s[g(I,J)i]1 :

¢
For example suppose k = 4 and M contains all 1:1, all 2:1 and
all 2:2 comparisoné. The lengths of the confidence intervals for these
comparisons are proportional to 2, V1.5 and /I respectively. (The
%

multiplier is 2n svga(M).) Suppose ¢ = (.6,.4,-.7,-.3)" and let

- 4 =Y. Then the algorithm described above gives

~

[ =3

y. tvy Yoty y, +v.
_ 1 2 _’3 4 1 2 _ _
—.6[ 3 7 5 ] +.2[——7—— yj -F.Zkl yJ

The resulting LCI 1is thus proportional to

6/T + 2/T05 + .2/7 = 1,13 .,

3. TWO_INTERMEDIATE PROCEDURES.

3.1. A Procedure Based on All 1:1 and 1:2 Comparisons.

To illustrate the proposed approach suppose it is decided to let M
be the set of all 1:1 and 1:2 comparisons. For k > 3 there are (?)
possible 1:1 comparisons and 3(?) possible 1:2 comparisons, so there are

m= k(k - 1)2/2 comparisons in all, and
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m ~ 2 2
M= (2) = k(k - 1)°(k - 2)(k" +1)/8

distinct pairs of comparisons.

These M pairs may be classified into 9 classes according to the

correlation between ¢

1 and cj, with frequencies as given in Table 3.1.

TABLE 3.1. CORRELATIONS AND FREQUENCIES FOR FIRST INTERMEDIATE PROCEDURE

d fd M
Kk Kk Kk k
1 0 3(3) + 3(4) + 30(5) + 90(6)
1 k Kk
2 3 24(4) + 60(5)
3 —+ 24.;)
V12
1 k ok
4 3 6(;) + 60(5)
1 k
5 0} 6(3)
6 i 12(12)
/3
2 Kk k
7 2 12¢) +15()
5 Kk
8 3 12(,)
- 3 k
9 ’ 6(5)

To compute éa for a given k and n one needs to compute 9
bivariate |t| probabilities. Tables A.1 and A.2 in the appendix give
values of Ea for the procedure based on 1:1 and 1:2 comparisons for
o = .10 and.05, k = 4(1)10 and n = 2(1)20, In a few cases the approximation
given in the tables is known to be too conservative,‘as it exceeds the
critical value for the S-method (see eq. 2.3). These cases are indicated

with a star in the tables.
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Simultaneous confidence intervals for all I: J comparisons are
given by

1
=%

@Dy ¢ [o' @] + a7 g, 008, %) ],

where S[S(I*,J*)] = S[S(l,l)] = y2 for all 1:1 comparisons and
S[S(I*,J*)] = S[S(l,Z)] = /3]2 for all other (higher order) comparisons.
Let us now consider the application of this procedure in an example
with k = 8 treatments, n = 6 observations per cell and o = .10. From
Table A.1, 2.10 = 3.2135. 1In Table 3.2 we compare the lengths of the con-
fidence intervals obtained in this example using the T-, intermediate and S~
methods for several comparisons of interest. The factors shown should be
multiplied by Zn—%sv to obtain actual lengths of confidenée intervals,
(.10)

The critical values used for the T- and S-methods are 98 40 = 4.10 and
’

r(-10) _ 1 g7,

7,40
TABLE 3.2. COMPARISON OF LENGTHS OF CONFIDENCE
_INTERVALS OBTAINED BY THREE METHODS
Comparison Tukey Intermediate Scheffe
1:1 4.10 4.54 5.12
1:2 4.10 3.94 _ 4.43
1:3 4.10 3.94 4,18
1:4 4.10 3.94 - 4.05
1:5 : 4.10 3.94 3.96
1:6 4.10 3.94 3.91
1:7 4.10 3.94 3.87
2:2 4.10 3.94 3.62
2:3 4.10 3.94 3.30

2:4 4.10 3.94 3.13
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In this case the proposed procedure is better than the T- and S-methods
for the 1:2, 1:3, 1:4 and 1:5 comparisoﬁs and is intermediate in the other
cases. The T-method is best only for 1:1 comparisons while the S-method
is best for comparisons of order higher than 1:5. (Note also that Tr is
better than - S up to order 1:3, from there on S is better than T.) Thus
the intermediate procedure would be recommended in this case if the statis-

tician is interested mainly in 1:1 and one~to-many comparisons.

3.2. A Procedure Based on All 1:1 and 2:2 Comparisons,

An alternative type of intermediate procedure is obtained by letting
M be the set of all 1:1 and 2:2 comparisons. For k > 4 there are (g)
possible 1:1 comparisons and S(E) possible 2:2 comparisons. Hence
m = k(k - [k - 5k + 10]/8.

The M = (2) pairs of comparisons may be classified into 6 classes

according to their correlation, with frequencies as given in Table 3.3.

TABLE 3.3. CORRELATIONS AND FREQUENCIES FOR SECOND INTERMEDIATE PROCEDURE

d p6 Md

=
(=

12 (12) + 225 (16‘) + 315(};)
50(15‘) + 630(1;)
- 60(5)
K K
3D + 225¢)

12(;)

Fa
&lw :ﬂ'F‘ D= aﬂlkﬂ -

30(5)
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Tables A.3 and A.4 in the appendix give values of éa for this
procedure for o = .10 and .05, k = 4(1)10 and n = 2(1)20. Again a
few cases where the approximation is too conservative are starred.

Simultaneous confidence intervals for all I: J comparisons are

given by

-1
¢

E'(IsJ)E € [S'(I,J)g __'t n SVEQ(M)S[E(I*’J*) ]:'3

where S[S(I*,J*)] = S[S(l,l)] = Y2 for 1:1 or one-to-many comparisons and
S[S(I*,J*)] = S[S(Z,Z)] = /T for all other comparisons.

Let us consider the performance of this procedure in an example with
k=6,n=6and o= .10. From Table A.3 2.10 = 3.0239, Critical values
for the T- and S-methods are qé:ig) = 3.85 and Fé;gg) = 2.05. Table 3.4
shows a comparison of the lengths of the confidence intervals for all I: J
comparisons. The factoré shown should be multiﬁlied by Zn-%sv to obtain
actual lengths of confidence intervals.

TABLE 3.4. COMPARISON OF LENGTHS OF CONFIDENCE
INTERVALS OBTAINED BY THREE METHODS

Comparison ' Tukey Intermediate Scheffe
1:1 3.85 4,28 4,53
1:2 3.85 4.28 3.92
1:3 3.85 4,28 3.70
1:4 ~3.85 4,28 3.58
1:5 3.85 4.28 3.51
2:2 3.85 3.02 3.20
2:3 3.85 3.02 2,67
2:4 3.85 3.02 2.77

3:3 - .3.85 3.02 2,61




16

In this case the proposed procedure is better than the T- and S-methods
for the 2:2 comparisons and is intefmediate in all other cases. The T-method
is best for 1:1 and 1:2 comparisons while the S~method is best for 1:3, 1l:4,
1:5 and comparisons of order higher than 2:2, (note also that T is better
than S for 1:1 and 1:2, from there on S is better). Thus the intermediate
procedure might be recommended in this case if the statistician is particularly

interested in 1:1 and 2:2 comparisons.
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