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Abstract

Recurrent event analysis has been a topic that has generated much
attention in the last few years. The analysis of recurrent event data
can be a complex task, with many different relationships and depen-
dencies that need to be specified. One aspect of recurrent events that
is difficult to specify, and even more complex to justify, is the re-
lationship a subject’s rate of failure will have as events continue to
occur. Marginal modeling is a method that estimates parameters by
considering the marginal distributions of the data. In the thinking
that the dependence between the events is not an interesting aspect
of the analysis, marginal modeling ignores the dependence on event
number for estimation of parameters and corrects for this dependence
in the variance. The fundamental issues of marginal modeling in re-
current event analysis will be discussed, specifically when used in Cox
proportional hazards regression.

1 Introduction

To estimate the lifetime of a system, whether it is a product, a car, or a
person, recurrent event analysis techniques are well-established methods of
estimation. Recurrent events are encountered when a system failure can
occur more than once. For example, in biomedical applications, the failure
event may refer to the hospitalization of a patient with a chronic disease
(Wei et al., 1989). In reliability applications, this may refer to estimating
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the average number of valve replacements in diesel engines (Nelson, 1995)
or estimating the expected number of warranty claims (Kalbfleisch et al.,
1991). As events can happen multiple times, it is of interest to relate the
occurrence/re-occurrence of an event to external factors using a stochastic
model (Peña, 2006). Full or dynamic models specify a stochastic structure
on the rate of failure (or hazard) governing all events. One difficulty in using
these methods is the need to model the differences in the effect an event
has on a system. On the one hand, if the event were arrest due to drug
possession, one might expect that if a subject has one event they are more
likely to have two, and if they have two they are more likely to have three
and so on. On the other hand, if the event were a bug in a new computer,
one might expect that since there are a limited number of bugs, having one
makes it less likely to have two, and so on. Furthermore, if the time to the
first bug was longer than average, then this might suggest that the time to
the second bug would also be longer than average. This dependence between
the rate of failure and number of events can be difficult to model.

Marginal modeling is a method that estimates parameters by assuming a
working model on the marginal distributions of the data. In the belief that
the dependence between the events is not an interesting aspect of the analysis,
marginal modeling ignores the dependence for estimation of parameters. In
recurrent event analysis, the marginal distributions of the individual events
are being considered. Recurrent event marginal modeling specifies a marginal
distribution on each of the event numbers.

There are two ways of carrying out a marginal analysis of recurrent event
data with the Cox model. The first method, referred to as a coordinate-wise
approach, yields estimates of parameters from the marginal distributions
assumed on the calendar times. A coordinate-wise approach to Cox propor-
tional hazards regression gives an estimate for the relative risk for all kmax
events (β̂1, β̂2, . . . , β̂kmax), where kmax is the maximum event number being
considered, which is commonly the largest number of events experienced by
any subject (some events might be excluded in the modeling if only expe-
rienced by a small percentage of subjects). Advocates of marginal models
propose that the individual estimates from the model be combined to get an
“average effect”. Wei et al. (1989) propose a linear combination

∑kmax

i=1 ciβ̂i
where the ci’s are chosen such that

∑k
i=1 ci = 1 and the linear combination

has the smallest asymptotic variance among all linear estimators.
The other approach of marginal analysis, which is referred to as the inde-
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pendence working model, computes a single estimate of the parameter under
the assumption of independence among the events. This assumption is ob-
viously impractical and most often known to be false, hence the ‘working’
independence model. This method ignores the dependence between events
for estimation of an overall effect, and corrects for the dependence in the
variance of the estimate. This approach defines the overall score process as
the sum of the event-specific score processes and forces all of the β̂k’s to be
equal.

The question arises, “How does this method of estimation compare with
a method that specifies the full model?” A full model is a single model
that governs the failure rate for the entirety of the data. Andersen and Gill
(1982), Peña and Hollander (2004), and Peña (2006) present a family of
dynamic models. Dynamic models are full models that specify (or assume)
a correlation structure (dependence), an effective age, frailties, and other
components. Can the correlation component of a full model be simply ignored
for estimation and then corrected for in the variance? Can the “average
estimate” from the marginal model ever be compared to an estimate from
the true full model?

Figure 1: Example of the marginal modeling question.
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The top of the figure 1 starts with the full data Y that is being considered.
From this full data there exist a true full model that governs Y. From the
true full model we can make an estimate of the parameter of interest θ in this
case. Furthermore, from the true full model there exist a model that governs
the rate of the jth failure Yj, from which estimates of marginal parameters
θj can be made. With these estimates, some sort of optimal combination,
such as the linear combination described earlier can be made.

On the left side of the figure we have the assumed marginal models. These
models are put on the Yj’s. The figure tends to show that the assumed
marginal model is different then the true marginal model. This is not always
the case. The figure merely is attempting to show that assumed marginal
model may be misspecified, (i.e., need not coincide with the true marginal
model). Furthermore, from the assumed marginal model estimates may be
made on the marginal parameters and combined as mentioned above.

There are many questions that arise from this type of modeling. The
first most basic question is the comparison of the assumed marginal model
with the true marginal model. What types of popular marginal models are
correctly specified under some common full model assumptions? By assuming
a marginal model (conditional distributions) on each of the event times, there
is a family of full models that is being assumed. One of the main questions is,
what do the full models that are being assumed by the individual marginal
models correspond to?

This question will be analyzed in the sections to come. In Section 1.1
some of the research on marginal modeling in recurrent event analysis is
reviewed. Section 2 gives a more specific view of the techniques that will
be used to shed some light on this topic. Sections 3 and 4 examine the
question in depth using the Cox proportional hazards model under ‘perfect’
and ‘minimal’ repair full model assumptions. Section 5 gives the direction
that we are currently taking and where we envision it progressing in the
future.

1.1 Marginal Recurrent Event Analysis

Cox (1972) proposed a semi-parametric regression method for survival data.
Cox assumed that the hazard rate (introduced formally in section 3) was a
function of log linear regression coefficients and an unknown baseline hazard
function was common to all subjects. The goal of the model was to estimate
regression coefficients, that could be used to quantify the change in risk
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relative to a baseline level (i.e. group A is at 20% more risk for an event
then group B). The method of estimating the regression coefficients, which
was later termed partial likelihood (Cox, 1975), was maximum likelihood
estimation where the likelihood was partially known. The justification of the
asymptotic properties of the regression estimators made by Cox (1972, 1975)
was largely heuristic. While many proofs of the asymptotic properties of
the regression estimators were done, the work of Andersen and Gill (1982) is
the most notable. Andersen and Gill (1982) fully integrated the Cox model
into a counting process framework. They also gave proofs of consistency and
asymptotic normality to which all later proofs are based.

There are many texts which deal, in varying degrees of technicality, with
the Cox proportional hazards model. Andersen et al. (1993) develop a thor-
ough theoretical treatment of the asymptotic properties of the Cox model
in a variety of situations. Kalbfleisch and Prentice (2002) give the theory
behind the Cox model along with many examples and explanations of how
it can be used. Therneau and Grambsch (2000b) give a brief introduction
to the theory behind the Cox model, and a thorough look into how such
models can be applied. This text includes a detailed description of how the
Cox model can be fit in R, SAS, and other packages. Section 13 of Hougaard
(2000) gives a nice explanation of why marginal models are used, in addition
to some of their pitfalls.

Since the full integration of the Cox model into the counting process
framework countless variations have been proposed. The Cox models con-
sidered here are models that can be used for analyzing recurrent event data.
The most popular recurrent event Cox model is the Andersen and Gill model,
which is described in detail in Andersen and Gill (1982) and Andersen et al.
(1993). The Andersen Gill model assumes that the rate of failure is indepen-
dent of all elements of a subjects history (previous failures, etc.) except the
given covariates.

In the interest of removing some of the assumptions of the Andersen
Gill model, Lawless and Nadeau (1995), Pepe and Cai (1993), and Lin and
Ying (2000) all consider a proportional rate model, sometimes referred to
as a proportional means model. The proportional rate model removed the
independence assumption made by the Andersen Gill model. This model
is similar to the Andersen Gill model except that the hazard function is
replaced by a mean function (a similar exchange is made with the baseline
hazard function). In the case of external covariates the mean function at
time t, is the expected number of events experienced in [0, t].
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The work of Pepe and Cai (1993) was on a marginal proportional rate
model which is the most similar to Prentice et al. (1981) in the Cox model
case. Prentice et al. (1981) (PWP) present a conditional marginal model for
recurrent event analysis with the Cox model, which essentially models the
gap times of the subjects. In their paper, a subject is at risk for the kth
event only after the (k− 1)th event has occurred. Wei et al. (1989) proposed
modeling the kth event using a Cox model. The interesting aspect of the
Wei, Lin, and Weisfield (1989) model (or WLW model) is that a subject is at
risk for the kth event from the onset of the experiment. They also presented
a method to linearly combine marginal estimates. This estimator achieves
the lowest asymptotic variance among all linear combinations, subject to∑
ci = 1.
Metcalfe and Thompson (2007) raise the question of whether the WLW

model should be applied. They look at the differences of the WLW and PWP
models in simulation studies and with real data. Their view point is that the
WLW model cannot pass the proportional hazards assumption. Their studies
find that WLW coefficients require different interpretation than those of the
PWP, but the use of the model is justified. Furthermore, they find that the
average treatment effect is difficult to interpret and do not recommend its
use. Similar to Metcalfe and Thompson (2007), the authors Therneau and
Hamilton (1997); Therneau and Grambsch (2000a); Ja Lim et al. (2007),
all investigate the differences in the WLW, PWP, and Andersen Gill model
through simulations and real data. However, to the knowledge of the author,
previous research has not addressed the asymptotic properties of the WLW
and PWP models in a full model context.

Yang and Ying (2001) examined the question of the existence of a para-
metric or semiparametric recurrent event model with marginal proportional
hazard functions. The only previous example of such a model did not have
a density function. They develop a class of models that pass such an as-
sumption. Within this class of models, Yang and Ying (2001) estimate the
efficiency loss when using the WLW model versus the true full and marginal
model. They find that using the true models does not provide much efficiency
gain. They state in the paper that the number of parametric models where
the WLW is correctly specified “appears to be limited.”
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2 Marginal Modeling and the Cox Model

In this section we describe in more detail the marginal modeling question
being considered in this dissertation. We will consider the effect of using
marginal modeling techniques when estimating the relative risk parameter in
the Cox proportional hazards model.

Cox proportional hazards regression is a model that is widely used in
the analysis of biomedical data. The Cox model assumes that the hazard
rate (discussed more in Section 3) is proportional for different groups of
covariate’s. This models assumes that the hazard rate has the following
form:

λ(t|X, β) = Y (t)λ0(t) exp{βTX(t)},

where β is a q dimensional vector of parameters, X(t) is a q dimensional
vector of possibly time dependent covariates, and λ0(t) is the baseline haz-
ard that can be specified parametrically or assumed to be nonparametric
(yielding a semi-parametric model). The at-risk indicator Y (t) is one until
the unit has experienced an event or is censored. The regression parameters
βj, are the change in the log odds for a one unit increase in Xj. This model
is used in medical settings to assess the risk of covariates (age, high blood
pressure, etc.), or to measure the effectiveness of a new treatment.

In studies where multiple events per subject are possible, there are a num-
ber of different ways the Cox model can be used. The three most common
recurrent event Cox models are the independent increment or Andersen-Gill
model, the marginal or Wei Lin and Weissfeld (WLW) model, and the condi-
tional or Prentice Williams and Peterson (PWP) model. The Andersen-Gill
model assumes that the number of events in the interval (t1, t2] is indepen-
dent of the number of events in the interval (t3, t4] for (t1 < t2 < t3 < t4).
Formally, the Andersen-Gill model assumes that the hazard rate for the ith
individual has the following form:

λi(t|Xi, β) = Yi(t)λ0(t) exp{βTXi(t)}

This model differs from the Cox model in that the Yi(t) remains one as
events occur until censoring. The theory for this model was developed in the
landmark paper Andersen and Gill (1982).

The independence assumption, which the Andersen Gill model makes, is
not a very realistic situation when dealing with many biomedical data. The
WLW and PWP models separate the analysis into different events, thereby
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avoiding dependence assumptions on event number. These events are treated
as different strata and estimates of the log odds are made for each. Formally,
the PWP model assumes the following hazard for the kth event of the ith
unit:

λik(t|Xi, β) = Y p
ik(t)λ0k(t) exp{βTkXi(t)},

where the at-risk process Y p
ik(t) is one on the interval from the k− 1th event

to the kth event, unless censored. The WLW model for the kth event of the
ith unit is the same as the PWP model, except for the at-risk process:

λik(t|Xi, β) = Y w
ik (t)λ0k(t) exp{βTkXi(t)}

In this model the at risk is one until the kth event, unless censored. The
differences between these models is that in the WLW you are at risk for the
kth event from the onset, while in the PWP you are at risk for the kth event
only after the (k − 1)th event has occurred.

Models that analyze the events marginally are popular since they are easy
to interpret, and easy to analyze. When doing a study on medical data there
are many relationships that are occurring between the unit and the rate of
failure. While some of these relationships are known, most are not. One
relationship that is hard to measure is the change in the rate of failure a
unit has as events continue to occur. There may be correlations between
the events that need to be modeled. Modeling each event marginally allows
an experimenter the ease of not having to consider correlations that occur
between events. If an estimate is only for the kth event then the dependency
and relationship between events is not needed.

There will of course be a true full model governing the observables. This
true full model may be complex and have dependencies, frailties, and inter-
actions that are affecting event occurrence rates. From this true full model
there is a true parameter that gives the true change in log odds for a one unit
increase in a covariate. It is common when using the PWP and WLW models
to combine the estimates of the individual event times to obtain an ‘average
effect’. This is done in the belief that an average effect over all events will
give an overall idea of the effectiveness or risk of a covariate. The question
arises of how to compare these ‘average effects’ to an effect that would result
from the true full model.

To summarize, the second aim of this dissertation is to investigate some
issues of marginal modeling, specifically when used in Cox proportional haz-
ards regression. The properties of the regression coefficient estimators for the
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PWP and WLW models will be given for some basic, yet important, model
assumptions. The specific aims of this project are:

1. To develop an expression that can determine the asymptotic properties
of the regression estimators from the WLW and PWP model, for a
minimal and perfect repair models.

2. Investigate and prove the bias of the regression estimators from the
WLW model for perfect and minimal repair models.

3. Compare the asymptotic properties of the regression estimators to sim-
ulated properties via simulation study, under a homogeneous Poisson
process.

3 Properties of Marginal Models in an IID

Setting

In reliability settings it is common to have a situation where once a unit
has failed it will be replaced with an entirely new unit. This ‘perfect re-
pair’ setting is modeled as the inter-event (or gap) times being independent
and identically distributed (iid), given the covariate information (Xi). While
somewhat less common in biomedical type settings there are still some ex-
amples where after a failure, and possible some recovery time, the risk the
subject has is the same as if they never had the event. Some settings that
illustrate such cases are; risk of a bacterial infection after completion of
treatment (i.e. strep throat, sinus infection, etc.), or risk of an accident in a
factory.

Let Tik and Sik denote the gap and calendar times for the ith unit and
the kth failure respectively. In order to establish the properties of the PWP
and WLW model we will assume the following continuous hazard on the gap
times stated in terms of the hazard function discussed in section 3.

Ti,k|xi

iid∼ λ1(t|β, xi) = eβxiλ0(t) (1)

with Ḡ1(t|β, xi), g1(t|β, xi) as the survivor and probability density functions,
respectively. Clearly the distribution being considered is a proportional haz-
ards model. From the distribution of the gap times we will denote the hazard
of the calendar times via:

Si,k|xi

iid∼ λk(t|β, xi)
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with Ḡk(t|β, xi), gk(t|β, xi) as the survivor and probability density functions,
respectively. Ḡk(t|β, xi) will be the kth convolution of Ḡ1(t|β, xi). It is
not immediately clear if the calendar times will have proportional hazards
for varying covariates. The first calendar event time will have proportion
hazards since it has distribution equal to the gap times.

While we cannot say whether the convoluted hazards will be proportional
there are some properties that we can give. The first is a property of hazard
rate ordering given in Shaked and Shanthikumar (2007).

Corollary 1 Let Ti,k|xi

iid∼ λ1(t|β, xi) = eβxiλ0(t) and β > 0. Then if λ0(t)
is nondecreasing in t (that is λ0 ∈ IFR) we have that:

λk(t|β, xi) > λk(t|β, xj) ∀xi > xj ∀k (2)

That is, if subject i has a greater covariate value then subject j than he is at
greater risk for the kth event, if λ0 ∈ IFR and β > 0.

Proof: The proof immediately follows from Theorem 1.B.4 in Shaked and
Shanthikumar (2007).

While this corollary does not tell us about the proportionality of the
convoluted hazard functions, it does give us some important information
that will be used.

It is worthy to note that a convoluted hazard function can be written as
the expected value of the previous convolution, that is, λk(v) = EW [λk−1(v−
W )]. We’ll show this result for k = 2 variables T1 and T2:

λT1+T2(v) =
gT1+T2(v)

ḠT1+T2(v)

=

∫
gT2(v − z)fT1(z)dz∫
ḠT2(v − z)gT1(z)dz

=

∫
λT1(v − z)

[
ḠT2(v − z)gT1(z)dz∫
ḠT2(v − z)gT1(z)dz

]
= EZ {λT1(v − Z)}

This property will be used in the following lemma which will shed some light
on the constant of proportionality as k increases:

Lemma 1 Let Y and Z be two nonnegative continuous random variables
with survivor functions F̄Y (·|θ) and F̄Z(·), respectively. Furthermore, let
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ΛY (t|θ) and ΛZ(t), be their cumulative hazard functions with ΛY (t|θ) =
θΛZ(t), θ > 1, and let Λk

Y (t|θ) and Λk
Z(t) be the cumulative hazard functions

of the kth convolution of Y and Z, respectively. Then if ∂
∂t

ΛZ(t) = λZ(t) is
IFR have the following property:

Λk−1
Y (t; θ)− Λk−1

Z (t) > Λk
Y (t; θ)− Λk

Z(t), ∀t > 0 and θ > 1

Proof: To show the result consider the right hand side:

Λk
Y (t; θ)− Λk

Z(t) =

∫ t

0

λkY (u; θ)du−
∫ t

0

λkZ(u)du

=

∫ t

0

EW [λk−1
Y (u−W ; θ)]du−

∫ t

0

EW [λk−1
Z (u−W )]du

= EW [

∫ t

0

λk−1
Y (u−W ; θ)du]− EW [

∫ t

0

λk−1
Z (u−W )du]

= EW [Λk−1
Y (t−W ; θ)− Λk−1

Z (t−W )]

< EW [Λk−1
Y (t; θ)− Λk−1

Z (t)]

= Λk−1
Y (t; θ)− Λk−1

Z (t)

with the inequality coming from the fact that ∂
∂t

[Λk−1
Y (t; θ) − Λk−1

Z (t)] =

λk−1
Y (t; θ)− λk−1

Z (t) > 0, bey previous corollary.
We will start by examining a look at properties of the PWP model in an

iid setting since it is the most straightforward. The PWP model is unique
because analysis using the calendar times will give similar, but slightly differ-
ent estimates, to that using the gap times. These slight differences disappear
asymptotically.

The reason why the the PWP can handle two different time structures is
the form of the at risk process. In the PWP model a subject is at risk for the
kth event after the (k−1)th event has occurred, unless it has been censored.
Using calendar time the PWP at risk process is Y p

ik(s) = I(Si,k−1 < s <
Si,k ∩ s < τ) where τ is the possibly random censoring time. When the gap
times are used for analysis the PWP at risk is the doubly indexed process
Y p
ik(t, s) = I(t < Ti,k ∩ s ≥ Si,k ∩ t < τ − Si,k−1), where s represents calendar

time and t represents gap time. The reason s is necessary is to ensure that
Si,k has been observed. If we allow s → s∗, where s∗ ∈ [0,∞) denotes the
maximum calendar time, then we get Y p

ik(t, s
∗) = I(t < Ti,k ∩ t < τ −Si,k−1).

Therefore we will denote Y p
ik(t, s

∗) ≡ Y p∗
ik (t) = I(t < Ti,k ∩ t < τ − Si,k−1) as

the gap time at risk process.
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From the results of section 3, we know that (denoting Y w
ik (t) = I(t <

Sik ∩ t < τi)):

dMik(t, s
∗; β, xi) ≡ dM∗

ik(t; β, xi) = dN∗ik(t)− Y
p∗
ik (t)λ1(t|β, xi)dt

and
dMik(s; β, xi) = dNik(s)− Y w

ik (s)λk(s|β, xi)ds
form zero-mean martingales. We use a similar convention to differ between
calendar and gap time counting processes and martingales as was done with
the PWP at risk processes. The WLW at-risk process is used since it does
not depend on Si,k−1, and equals zero after the kth calendar time, unless
already censored.

The martingales introduced here will serve a crucial purpose in the in-
vestigation of large sample properties of marginal models. The gap time
martingale M∗

ik will be used in investigating properties of the PWP in the
perfect repair (iid) setting. The calendar time martingale Mik will be used
for the WLW in the perfect repair model. The next section investigates
properties under a minimal repair assumption, where both methods use the
calendar time martingale.

Since maximum likelihood estimation is used the large sample properties
of these estimators will be obtained from the score processes of the marginal
models for the kth event. The equality between the gap time and calendar
time score processes Up∗

k and Up
k , can be seen by a simple change of variables.

For the PWP this is given by:

Up∗
k (α) =

n∑
i=1

∫ ∞
0

{
xi −

S
p∗(1)
K (u;α)

S
p∗(0)
K (u;α)

}
dN∗ik(u) (3)

where S
p∗(m)
k (t;α) =

∑n
i=1 x

m
i Y

p∗
ik (t)eαxi .

Theorem 1 Let up∗k denote the mean of the PWP score process Up∗
k . That

is,
1

n
Up∗
k (α)

p−→ up∗k (α)

Furthermore, let βpk be the solution to up∗k (α) = 0. Then, since βpk is the
solution to Up∗

k (α) = 0 as n→∞, it is the asymptotic limit of the estimator
of the regression coefficient for the kth event under the PWP model. Under
the assumption in (1), we have:

βpk = β ∀k
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That is, the PWP model is asymptotically unbiased for a perfect repair model.

Proof: To prove the above assertion we start by adding and subtracting the
appropriate quantity to (3) to obtain the sum:

Up∗
k (α) =

n∑
i=1

∫ ∞
0

{xi − Ep∗
K (u, α)} dM∗

ik(u)

+
n∑
i=1

∫ ∞
0

{xi − Ep∗
K (u, α)}Y p∗

ik (u)λ1(u|β, xi)du (4)

where Ep∗
K (u, α) =

S
p∗(1)
K (u;α)

S
p∗(0)
K (u;α)

, is a predictable process. Therefore, the first

term is a stochastic integral of a predictable process with respect to a zero-
mean martingale, which by the results of section 3 is again a zero-mean
martingale (regardless of the value of α).

To look at the properties of βpk , the asymptotic limit of the regression co-
efficient for the kth event under the PWP model, we’ll look at the asymptotic
limit of the above score process. Since the first term in (4) is a zero-mean
martingale it represents random noise which is op(n).

1

n
Up∗
k (α)

p−→ up∗k (α) = EX,τ,Tk

{∫ ∞
0

{X − ep∗K (v, α)}Y p∗
k (v)λ1(v|β,X)dv

}
as n→∞

where ep∗K (t, α) =
E[S

p∗(1)
K (v;α)]

E[S
p∗(0)
K (v;α)]

. The above expected value is being taken with

respect to all random entities, which are X, τ , and Tk. Assuming the expec-
tation and integral can be interchanged, we have:

up∗k (α) =

∫ ∞
0

{EX,τ,Tk
[XY p∗

k (v)λ1(v|β,X)]− ep∗K (v, α)EX,τ,Tk
[Y p∗
k (v)λ1(v|β,X)]} dv

(5)
Under the iid assumption all inter-event times are independent, and hence
Sk−1 is independent of Tk. Therefore, adding an assumption of independent
censoring, we have:

Eτ,Tk
[Y p∗
k (t)|X = x] = Eτ,Tk

[I(t ≤ Tk ∩ t ≤ τ − Sk−1)|X = x]

= ETk
[I(t ≤ Tk)|X = x]Eτ [I(t+ Sk−1 ≤ τ)|X = x]

= Ḡ1(t;x, β)F̄ (t+ Sk−1)

13



where F̄ denotes the survival function of the censoring distribution (possibly
degenerate). We now use the conditional expectation of Y p∗

k to simplify up∗k .

EX,τ,Tk
[XmY p∗

k (v)λ1(v; β,X)] = EX [Xmλ1(v; β,X)Eτ,Tk
{Y p∗

k (v)|X}]
= EX [Xmeβxλ0(v)Ḡ1(t;X, β)F̄ (t+ Sk−1)]

Now consider,

ep∗K (v, α) =
EX,τ,Tk

[S
p∗(1)
K (v;α)]

EX,τ,Tk
[S

p∗(0)
K (v;α)]

=
EX,τ,Tk

[XeαXY p
k (v)]

EX,τ,Tk
[eαXY p

k (v)]

=
EX [XeαXḠ1(t;X, β)F̄ (t+ Sk−1)]

EX [eαXḠ1(t;X, β)F̄ (t+ Sk−1)]

Notice λ0(v) is not random, and hence can be brought outside the expecta-
tion. Thus,

up∗k (α) =

∫ ∞
0

λ0(v)

{
EX [XeβXḠ1(v;X, β)F̄ (v + Sk−1)]−

EX [XeαXḠ1(v;X, β)F̄ (v + Sk−1)]

EX [eαXḠ1(v;X, β)F̄ (v + Sk−1)]
EX [eβXḠ1(v;X, β)F̄ (v + Sk−1)]

}
dv

Notice that when evaluated at β, all terms will cancel and we are left with 0.
Therefore, the solution to upk(α) = 0 occurs at the true value β, and hence
βpk = β.

We say then that βpk is asymptotically unbiased, or consistent. This result
is true regardless of the covariate distribution, and holds under all censoring
distributions as long as they are independent of the event times.

The equivalence of the calendar time and gap time analysis of the PWP
can be seen by noting that:

upk(α) = ESk−1
{up∗k (α)|Sk−1}

As a result, if the limit of the score process with gap times has a unique
solution at β, then upk has a solution at β. Following equation 5 we get upk
as,

upk(α) =

∫ ∞
0

{
EX,τ,Sk,Sk−1

[XY w
k (s)λk(s|β,X)]− epK(s, α)EX,τ,Sk,Sk−1

[Y w
k (s)λk(s|β,X)]

}
ds.
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Similar to the gap time case obtaining the conditional expectation of Y w
k and

Y p
k is essential in simplifing upk.

EX,τ,Sk,Sk−1
[Y p
k (s)|X = x] = Eτ,Sk,Sk−1

[I(Sk−1 < s ≤ Sk ∩ s ≤ τ)|X = x]

= ESk,Sk−1
[I(Sk−1 < s ≤ Sk)|X = x]Eτ [I(s ≤ τ)|X = x]

= F̄ (s) [1− {P (s ≤ Sk−1|X = x) + P (s > Sk|X = x)}]
= F̄ (s) [P (s ≤ Sk|X = x)− P (s ≤ Sk−1|X = x)]

= F̄ (s)
[
ḠK(s; β, x)− ḠK−1(s; β, x)

]
and

Eτ,Sk
[Y w
k (s)|X = x] = Eτ,Sk

[I(s ≤ Sk ∩ s ≤ τ)|X = x]

= Eτ [I(s ≤ τ)]ESk
[s ≤ Sk)|X = x]

= F̄ (s)ḠK(s; β, x)

As a result epK can be expressed as:

epK(s, α) =
EX,τ,Sk,Sk−1

[S
p(1)
K (s;α)]

EX,τ,Sk,Sk−1
[S

p(0)
K (s;α)]

=
EX,τ,Sk,Sk−1

[XY p
k (s)eαX ]

EX,τ,Sk,Sk−1
[Y p
k (s)eαX ]

=
EX [XeαXEτ,Sk,Sk−1

{Y p
k (s)|X = x}]

EX [eαXEτ,Sk,Sk−1
{Y p

k (s)|X = x}]

=
EX [XeαX{ḠK(s; β,X)− ḠK−1(s; β,X)}]
EX [eαX{ḠK(s; β,X)− ḠK−1(s; β,X)}]

We combine these with the earlier calculations of to get:

upk(α) =

∫ ∞
0

F̄ (s)

{
EX [Xgk(s; β,X)]

−EX [XeαX{ḠK(s; β,X)− ḠK−1(s; β,X)}]
EX [eαX{ḠK(s; β,X)− ḠK−1(s; β,X)}]

EX [gk(s; β,X)]

}
ds

It is not quite as clear that the solution to upk occurs at β, but as was shown
upk has equal solution to up∗k . The reason for deriving upk is to use it as a bench
mark for a score process that has solution at β and uses calendar time.

We will now look at the properties of the WLW method in a iid set-
ting. We’ll have similar notation for S

w(m)
k (t;α) =

∑n
i=1 x

m
i Y

w
ik (t)eαxi , where
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Y w
ik (t) = I(t < Sik ∩ t < τi) denotes the WLW at risk process. Inference

based on the WLW method is based on the score process:

Uw
k (α) =

n∑
i=1

∫ ∞
0

{xi − Ew
k (v, α)} dNik(v) (6)

with Ew
k (v, α) =

S
w(1)
k (v;α)

S
w(0)
k (v;α)

.

Similar to the PWP we will look at the limit of the WLW score process,
with the same iid assumption on the distribution of the gap times. As we saw
earlier the iid gap time assumption leads to the formation of two different
martingales. In the case of the WLW we will be using the calendar time
martingale. We can add and subtract the appropriate compensator to (6)
and get:

Uw
k (α) =

n∑
i=1

∫ ∞
0

{xi − Ew
k (v, α)} dMik(v)+

n∑
i=1

∫ ∞
0

{xi − Ew
k (v, α)}Y w

ik (v)λk(v|β, xi)dv

(7)
Similar to the PWP the first integral forms a zero mean martingale for any
α. Consider the limit of (7), which gives an expression that can calculate the
solution to Uw

k (α) = 0 as n→∞:

1

n
Uw
k (α)

p−→ uwk (α) = EX,Sk,τ

{∫ ∞
0

{X − ewk (v, α)}Y w
k (v)λk(v|β,X)dv

}
as n→∞

Assuming the expectation and integral can be interchanged, we have:

uwk (α) =

∫ ∞
0

{EX,Sk,τ [XY
w
k (v)λk(v|β, x)]− ewk (v, α)EX,Sk,τ [Y

w
k (v)λk(v|β,X)]} dv

(8)
We now have a limiting form of the score process. The value of βwk such that
uwk (βwk ) = 0 is the asymptotic limit of the WLW estimate of the coefficient β
for the kth event. Therefore with the distribution of the gap times, covariate
xi, and censoring value τ the asymptotic bias of the WLW method can be
calculated as βwk − β. We demonstrate this in the following section, where
we compare the calculated asymptotic bias with the simulated bias. This
section shows that the asymptotic bias is relatively close to the simulated
bias for moderate sample sizes.
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When we assume that the censoring is independent of the gap times, we
can simplify (8) by noting that:

ewK(v, α) =
EX,Sk,τ [S

w(1)
K (v;α)]

EX,Sk,τ [S
w(0)
K (v;α)]

=
EX,Sk,τ [XY

w
k (v)eαX ]

EX,Sk,τ [Y
w
k (v)eαX ]

=
F̄ (v)EX [XeαxḠK(v; β,X)]

F̄ (v)EX [eαXḠK(v; β,X)]

using earlier calculations uwk can be expressed as:

uwk (α) =

∫ ∞
0

F̄ (v)

{
EX [Xgk(v; β, x)]− EX [XeαxḠK(v; β,X)]

EX [eαXḠK(v; β,X)]
EX [gk(v; β,X)]

}
dv(9)

Theorem 2 Let βwk denote as the asymptotic limit of the regression coeffi-
cient for the kth event under the WLW model. Then, under the assumptions:

• X ∼ Ber(p)

• Independent censoring.

• Distribution specified in (1)

• λ0 ∈ IFR

we have:

|βwk | > |β| ∀β > 0 ∀k > 1

Proof: Since the PWP model has been shown to be asymptotically unbiased
we can compare upk with uwk . If we can show that uwk (α) − upk(α) > 0, this
will imply that uwk (β) > 0 since upk(β) = 0. This would show that the WLW
model is asymptotically biased for the kth event (when k > 1).

Notice that when taking the difference of upk and uwk the first term will
cancel and we will be left with:

uwk (α)− upk(α) =

∫ ∞
0

F̄ (v)EX [gk(v; β,X)]

{
EX [XeαX{ḠK(v; β,X)− ḠK−1(v; β,X)}]
EX [eαX{ḠK(v; β,X)− ḠK−1(v; β,X)}]

−EX [XeαXḠK(v; β,X)]

EX [eαXḠK(v; β,X)]

}
dv (10)
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Notice that when k = 1, Ḡk−1(v; β,X) ≡ Ḡ0(v; β,X) = 0 by definition of
Ḡk. As a result the two score limits are equivalent when k = 1. For the rest
of the proof we’ll assume that k > 1 since that is where our interest lies.
Focusing in on the inner term of the equation we want to show that

EX [XeαXḠK(v; β,X)]− EX [XeαXḠK−1(v; β,X)]

EX [eαXḠK(v; β,X)]− EX [eαXḠK−1(v; β,X)]
− EX [XeαXḠK(v; β,X)]

EX [eαXḠK(v; β,X)]
> 0 ∀v, α

Simple algebra shows it’s sufficient to verify:

EX [XeαXḠK(v; β,X)]

EX [eαXḠK(v; β,X)]
>
EX [XeαXḠK−1(v; β, x)]

EX [eαXḠK−1(v; β,X)]
∀v, α

Assuming a case control study design, or X ∼ Ber(p) we want to show (with
ḠK(v; β,X = 1) ≡ ḠK(v; β, 1)):

EX [XeαXḠk(v; β,X)]

EX [eαXḠk(v; β,X)]
>

EX [XeαXḠk−1(v; β,X)]

EX [eαXḠk−1(v; β,X)]

peαḠk(v; β, 1)

peαḠk(v; β, 1) + (1− p)Ḡk(v; β, 0)
>

peαḠk−1(v; β, 1)

peαḠk−1(v; β, 1) + (1− p)Ḡk−1(v; β, 0)

p(1− p)eαḠk(v; β, 1)Ḡk−1(v; β, 0) > p(1− p)eαḠk(v; β, 0)Ḡk−1(v; β, 1)

Ḡk(v; β, 1)

Ḡk(v; β, 0)
>

Ḡk−1(v; β, 1)

Ḡk−1(v; β, 0)

where using the relationship of the survivor function to the cumulative hazard
function, we wish to show:

exp{−[Λk(v; β, 1)− Λk(v; β, 0)]} > exp{−[Λk−1(v; β, 1)− Λk−1(v; β, 0)]}
Λk−1(v; β, 1)− Λk−1(v; β, 0) > Λk(v; β, 1)− Λk(v; β, 0)

The last line holds from lemma 1. We have therefore shown that uwk (α) −
upk(α) > 0 for any value of α. When they are evaluated at the true value,
β, we have upk(β) = 0 and thus uwk (β) > 0. To see the direction of the bias
consider the following:

∂

∂α
uwk (α) =

∫ ∞
0

E[gk(v; β,X)](
EX [eαXḠk(v; β,X)]2 − EX [X2eαXḠk(v; β,X)]EX [eαXḠk(v; β,X)]

EX [eαXḠk(v; β,X)]2

)
dv
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Focusing in on the numerator of the inner term, we have:

(EX [eαXḠk(v; β,X)])2 − EX [X2eαXḠk(v; β,X)]EX [eαXḠk(v; β,X)]

=
[
peαḠk(v; β, 1)

]2
−
[
peαḠk(v; β, 1)

] [
peαḠk(v; β, 1) + (1− p)Ḡk(v; β, 0)

]
= p2e2αḠk(v; β, 1)2 − p2e2αḠk(v; β, 1)2

−p(1− p)eαḠk(v; β, 1)Ḡk(v; β, 0)

< 0

This verifies that uwk (α) is decreasing in α. Combining the results we can
then say that for βwk such that uwk (βwk ) = 0 will be a value such that:

βwk > β ∀β > 0 ∀k > 1

for a case control study design. Notice that taking β > 0 is done without
loss of generality since for β < 0 the convention of taking cases to be X = 1
and controls to be X = 0 can be switched, which then would give us β > 0.
This completes the proof of the theorem.

4 Asymptotic Bias for a Minimal Repair Model

The perfect repair model used above is often referred to as a renewal process,
in that the unit is being renewed after each occurrence. A minimal repair
model (commonly referred as a ‘Bad as old’ model) is used to model a re-
current events where the units age after an event is the same as just before
the event. This minimal repair model is oftentimes a better fit for medical
setting than a perfect repair model.

A minimal repair model can be modeled by the use of a nonhomogeneous
Poisson process. That is, Ni(t) =

∑∞
k=1 I(t ≤ Sik) is a nonhomogeneous

Poisson process with mean parameter Λ(t|xi, β) =
∫ t

0
λ(u|xi, β)du, which

will be denoted as NHPP (Λ(·|xi, β)). Furthermore, we will assume that the
λ(t|xi, β) = eβxiλ0(t) is of the proportional form, where λ0(·) is unknown.
These assumptions give us properties on counting process, and hazard func-
tions based on NHPP theory.

P (Ni(t) = k) =
e−Λ(t|xi,β)Λ(t|xi, β)k

(k)!

19



We can use this to get the marginal survivor functions of the calendar times
Si1, Si2, . . . , Sik as (from Rigdon and Basu (2000)):

Ḡk(t|xi, β) = P (Sik > t) =
k−1∑
k=0

Λ(t|xi, β)k

(k)!
e−Λ(t|xi,β) = Γ̄k(Λ(t|xi, β)), t ≥ 0

Where Γ̄k(·) is the survivor function of a gamma distribution with scale
parameter 1 and shape parameter k. From this we get the probability density
function as:

gk(t|xi, β) = − ∂

∂v
Γ̄k(Λ(t|xi, β)) = λ(t|xi)γ̄k(Λ(t|xi, β)),

where γ̄k(·) is the pdf of a gamma(k, 1) distribution. Since most of the
martingale theory used above is stated in terms of the hazard function we
introduce its form here:

λk(t|xi, β) = λ(t|xi, β)
γ̄k(Λ(t|xi, β))

Γ̄k(Λ(t|xi, β))
= λ(t|xi, β)rk(Λ(t|xi, β))

Where rk(·) is the hazard function of a gamma(k, 1) distribution. This leads
to the following lemma about the relationship of the convoluted hazard func-
tions of two groups with proportional hazards.

Lemma 2 Let Y and Z be two nonnegative continuous random variables
with survivor functions F̄Y (·|θ) and F̄Z(·), respectively. Furthermore, let
ΛY (t|θ) and ΛZ(t) be their cumulative hazard functions with ΛY (t|θ) = θΛZ(t), θ >
1. Denote by SY 1, SY 2, . . . , SY k the calendar times of event occurrences of a
NHPP (ΛY (·|θ)), with similar notation for Z (Note that Y =ST SY 1 and
Z =ST SZ1). For the above assumptions we have the following hazard rate
ordering for SY k and SZk:

λSY k
(t|θ) > θλSZk

(t), 0 < t <∞ k > 1

Proof: This result follows from the above derivation of the distribution of
the calendar times from a NHPP(ΛY (·|xi, β)) letting θ = eβ:

λSY k
(t|θ) = λY (t|θ)rk(ΛY (t|θ))

= θλZ(t)rk(θΛZ(t))

> θλZ(t)rk(ΛZ(t))
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The last inequality comes from the fact that the hazard function of a gamma(k,1)
distribution is strictly increasing for k > 1 (a gamma(1,1) has a constant haz-
ard function, which gives the equality for k = 1). The assumption that θ > 1
is only for convenience, taking θ < 1 the inequality reverses. This proves the
lemma.

The above lemma has application to a case control study similar to that
mentioned in the previous section. This can be seen by taking θx = eβx,
so by letting Y represent the case group and Z represent the control group
(1 = e0), Lemma 2 shows that when the hazard function of the first event
is proportional (λ(·|β, x) = eβxλ0(·)), the later events have an increased
constant of proportionality. This is not to say that the calendar times of
the later events will have proportional hazards, it only says that the ratio of
the two hazard functions will be greater than θ for all 0 < v <∞.

The properties of the WLW and PWP for minimal repair model will be
done similarly to the perfect repair model. We start out with the following
fact that comes from the developments of section 3 and the above notation
for a NHPP (Λ(·|xi, β)). Given xi:

dMik(t) = dNi(t)− λk(t|β, xi)Y w
i (t)dt

forms a zero mean martingale.

Theorem 3 Let βpk denote as the asymptotic limit of the regression coeffi-
cient for the kth event under the PWP model. Then under the assumption
of a minimal repair model and time independent covariates, we have:

βpk = β ∀k

That is, the PWP model is asymptotically unbiased when Ni(t) is a NHPP (Λ(·|xi, β)).

Proof: The limit of the PWP score process for the kth event will be obtained
in a similar fashion calendar time version of the previous section.

1

n
Up
k (α)

p−→ upk(α) = EX,τ,N

{∫ ∞
0

{X − epk(v, α)}Y w
k (v)λk(v|β, x)dv

}
Using notation introduced above, it is convenient to note that (assuming
independent censoring):

Eτ,N{Y p
k (v)|X} = Eτ,N{I[N(v) = k − 1 ∩ v ≤ τ ]|X = x}

= F̄ (v)
(Λ(v|β,X))k−1

(k − 1)!
e−Λ(v|β,X)

= F̄ (v)γk(Λ(v|β,X))
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This gives epk as:

epk(v, α) =
EX,τ,N [S

p(1)
k (v;α)]

EX,τ,N [S
p(0)
k (v;α)]

=
EX,τ,N [XY p

k (v)eαX ]

EX,τ,N [Y p
k (v)eαX ]

=
EX [XeαXEτ,N{Y p

k (v)|X}]
EX [eαXEτ,N{Y p

k (v)|X}]}]

=
EX [XeαXγk(Λ(v|β,X))]

EX [eαXγk(Λ(v|β,X))]

Recalling that Y w
k (v) = I((Sk < v) ∩ (v < τ)), iterated expectation can be

used in a similar fashion to find:

EX,τ,N{XmY w
k (v)λk(v|β,X)} = EX{Xmλk(v|β,X)Eτ,N [Y w

k (v)|X]}
= F̄ (v)EX{Xmλk(v|β,X)Ḡk(v; β,X)}
= F̄ (v)EX{Xmγk(Λ(v|β,X))eβXλ0(v)}

Assuming the expectation and integral can be exchanged we have an expres-
sion for the limit of the PWP score process for the kth event as:

uwk (α) =

∫ ∞
0

F̄ (v)λ0(v)

{
EX{Xγk(Λ(v|β,X))eβX} −

EX [XeαXγk(Λ(v|β,X))]

EX [eαXγk(Λ(v|β,X))]
EX{γk(Λ(v|β,X))eβX}

}
dv

which clearly has the property that uwk (β) = 0. This tells us that the PWP
model is asymptotically unbiased for all events. Note that this unbiasedness
is true for all censoring and covariate distributions.

To investigate the properties of the WLW model assume thatX ∼ Ber(p),
therefore evaluating the properties of the WLW method in a case control
study. Using this distribution we can obtain a more compact expression for
the score limit, where the properties of the WLW will be obvious.

Theorem 4 Let βwk denote as the asymptotic limit of the regression coeffi-
cient for the kth event under the WLW model. Then, under the assumptions:

• Ni(t) is a NHPP (Λ(·|xi, β))

• X ∼ Ber(p)
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• Independent censoring.

|βwk | > |β| ∀β > 0 ∀k > 1

Proof: Using the same method as before, the properties of the βwk in a
minimal repair model can be obtained. This can be done by noting:

1

n
Uw
k (α)

p−→ uwk (α) = EX,τ,N

{∫ ∞
0

{X − ewk (v, α)}Y w
k (v)λk(v|β,X)dv

}
Where Uw

k (α) is the score process for βk under the WLW model for the kth
event. Similarly as before we have ewk (t, α) as:

ewk (v, α) =
EX,τ,N [S

w(1)
k (v;α)]

EX,τ,N [S
w(0)
k (v;α)]

=
EX,τ,N [XY w

k (v)eαX ]

EX,τ,N [Y w
k (v)eαX ]

=
EX [XeαXEτ,N{Y w

k (v)|X}]
EX [eαXEτ,N{Y w

k (v)|X}]

=
EX [XeαXḠk(v; β,X)]

EX [eαXḠk(v; β,X)]

Assuming the expectation and integral can be interchanged, we get uwk as:

uwk (α) =

∫ ∞
0

F̄ (v) {EX{Xgk(v; β,X)} − ewk (v, α)EX{gk(v; β,X)}} dv

For reasons given in the previous section we will assume without loss
of generality that β > 0. In the following we will use the notation that
gk(v; β,X = 1) ≡ gk(v; β) and gk(v; β,X = 0) ≡ gk(v).

uwk (α) =

∫ ∞
0

F̄ (v)

{
pgk(v; β) −

peαḠk(v; β)

peαḠk(v; β) + (1− p)Ḡk(v)
[pgk(v; β) + (1− p)gk(v)]

}
dv

Which can be rewritten using the above notation for the hazard function of
the kth calendar time, and the properties of a NHPP (Λ(·|Xi, β).

uwk (α) =

∫ ∞
0

H(v; p, Ḡ, k, α) {λk(v|β)− eαλk(v)} dv
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where

H(v; p, Ḡ, k, α) =
F̄ (v)Ḡk(v)Ḡk(v; β)p(1− p)
(1− p)Ḡk(v) + peαḠk(v; β)

which is non-negative. Lemma 2 leads to the immediate conclusion that
uwk (β) > 0 when β > 0 and k > 1. For the first event rk(v) = c for some
constant c > 0, which gives us that uw1 (β) = 0. The first event is therefore
asymptotically unbiased.

The result that uwk (β) > 0 shows that βwk 6= β, but does not give the
direction of the bias. However, the form of ∂

∂α
uwk (α) in the minimal repair

case is identical to the perfect repair, and hence uwk (α) is decreasing in α.
This proves the theorem.

5 Asymptotic Bias for a Homogeneous Pois-

son Process

In the previous section we proved asymptotic bias of the WLW, under cer-
tain assumptions. The proofs use the asymptotic limit or asymptotic mean
(denoted as uwk ) of the WLW event specific score processes Uw

k . The solution
to uwk (denoted as βwk ) is viewed as the limit of the estimator of the regression
coefficient under the WLW model for the kth event as n → ∞. In this sec-
tion we demonstrates the similarity of βwk , to the average simulated estimate
from a moderate sample size.

Since, uwk is a limit process it does not have any random quantities. As
a result, given the distributions of the covariates, censoring, and event times
uwk can be evaluated (without any data, for all k). With the specified dis-
tributions, which depend on β, we can solve uwk to find βwk for the given
situation. Furthermore, since the distribution of the random observables is
known we can simulate data sets, and obtain estimates β̂wk for all k. This

section compares the average of the simulated β̂wk to the asymptotic limit βwk .
In the case of a Homogeneous Poisson Process, the gap times follow an

Exponential distribution. This case is particularly convenient because the
hazard of an exponential random variable is constant, and the distribution
of the calendar times is a gamma distribution. Formally we assume the
following:

Tik|xi

iid∼ λ1(t|β, xi) = θxi ≡ eβxi
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or that given xi the gap times have an exponential(θxi) distribution. From
this we get that the kth calendar time has a Gamma(k, θxi) distribution.
Furthermore, the solution to uwk , can be estimated.

From the previous section we know that βwk will experience positive ab-
solute bias (for k > 1). Here we demonstrate the accuracy of the expression
for calculating the bias in moderate sample sizes. In the left side of figure 2
we estimated the bias of the WLW method in a case control study from uwk ,
with p = 1

2
, and a degenerate censoring distribution F̄ (v) = I(v < 10). In

the right side of figure 2 the bias of the WLW method was estimated via
simulation study. The values given are the estimated bias based on 1,000
repetitions from samples of size 100. The dotted line with the largest values
on both figures corresponds to the bias of the fifth event βw5 . The solid line
corresponds to the bias obtained for the first event βw1 . While the bias for
events 2 through 4 increase with the event number.
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Figure 2: Comparison of calculated asymptotic bias to simulated bias for
the WLW mehod. Data come from a homogeneous poisson process with
n=100, τ = 10, and X ∼ Ber(1

2
).

Both studies used the same range of β’s, distribution of the covariate,
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and censoring parameter. The simulation was done with a sample size 100,
and 1,000 repetitions for each β. The range of β was chosen to be -1.25 to
1.25 to give a good range of values (β = 1.25 represents a risk increase of
around 3.5 for the treatment group), and to ensure that β is estimable for
most runs of the simulation. The ability to compute β̂wk becomes an issue for
values of β near the ends of the range. For these values the data might be
generated such that all of the observations in the case group happen before
the first observation in the control group, or vise versa. For such data the
log-likelihood does not have a maxima, and diverges off to infinity. As a
result β̂wk is given as around 17 for the iteration.

The non-convergent likelihood situation will happen more frequently in
event numbers 4 and 5, since the case and control groups have had more time
to separate. With a sample size of 100 this situation occurred twice in the
simulation. A sample size of 50 was attempted, but non convergence occurred
in about 1% of the simulations. This does not seem like a high percentage
but it can change the average value of the bias by 20%. As a result, the
simulation was designed so that there will be a minimal number of non-
convergent estimates to assure that the mean bias estimates are consistent.

There is considerable similarities between the figures. They show that
the asymptotic score process, which is used to prove bias in the previous
section, produces estimates which are close to the average observed estimate
in moderate sample sizes. This shows that using uwk is a valid way to estimate
the bias of the WLW method, since it closely mirrors the actual behavior of
β̂wk .

6 Conclusion

In the scope of recurrent event analysis there is much debate to whether
marginal modeling is a viable way of analyzing data. Proponents of marginal
models advocate their use due to the lack of assumptions on the dependence
structure of the events. Opponents of marginal models oppose their used
since they ignore certain assumptions.

The purpose of this work is to look at the properties of marginal models
under some reasonably simple, yet justifiable conditions. What we have
shown is that the WLW model is asymptotically biased in a case control
study design when β 6= 0 for perfect and minimal repair models. We have
also shown that the PWP model in asymptotically unbiased is said models.

26



Notice that the WLW bias will not affect the type I error rate, since the
bias only occurs under the alternative (β 6= 0) and will not affect the size of
the test. The bias will give a hypothesis test more power since it will always
overstate the effect, and drive it farther away from zero.

The question put forth in section 2 regarding marginal model has been
addressed partially. In this project we have looked at some of the properties
of marginal Cox models in terms of bias. This project does not address the
efficiency loss by using marginal models or does it look outside the Cox model
to marginal models used in different disciplines. This project also does not
consider what effect frailties would have. Frailties could have a large impact
on the biases of the estimators and the variance calculations. In the future
the work here will be extended to look at the variance component of the
estimators, with and without frailties.
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