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1. Introduction. Many important scienti�c problems require the estimation of pa-rameters in distributed or partial di�erential equations. These inverse or parameteridenti�cation problems arise in several contexts, including bioremediation of contami-nated groundwater [12], in population biology problems [1], and in physical models forexible sturctures [2, 3, 7, 8]. The inverse problems then consist of estimating theseparameters, using data obtained from experimental observations. The goal of this paperis to present a general convergence and stability theory for approximation methods forthe treatment of time dependent parameter identi�cation problems involving distributedparameter systems.General theory for parameter estimation in an abstract setting can be found in [6].In that work (and its many references) one �nds that key components in inverse problemanalyses are continuity of the system state with respect to the parameter, compactnessof parameter spaces, and convergence of numerical approximations that is uniform withrespect to the parameters and consistent with the topology of the observation space.For general autonomous linear parabolic problems, the paper [4] contains the relevantanalysis. The sesquilinear form approach contained therein provides a uni�ed way tohandle a wide variety of problems, with conditions that can be veri�ed in a straight-forward manner. In the present paper we seek results which extend the framework of[4] to nonautonomous parabolic problems in order to allow general coverage of manyproblems, together with veri�able conditions on the sesqulinear form that determinesthe dynamics.Estimation of time dependent parameters is crucial in certain applications. Forexample, the growth of an individual in a population model depends on the availableresource, which is a function of time. The sti�ness of a beam in a exible structure2



may decrease over a long period of time, due to aging. Fluctuations in water tables dueto precipitation cause changes in groundwater velocity �elds which in some cases mustbe determined from tracer movements. To analyze these situations, it is essential togeneralize the existing theory to include time dependent parameter problems.Our theory is based on the weak version of the system in terms of sesquilinear formsused in [4]. The theory depends on the following properties of the time and parameter(q 2 Q) dependent sesquilinear form �(t; q)(� ; �) describing the system: continuity withrespect to the parameter, uniform boundedness (both in time and the parameter), anduniform coercivity in time and the parameter.The paper is organized as follows. In Section 2, we present a theoretical frameworkfor the approximation. Applications of this theory to a contaminated groundwater modeland the Euler-Bernoulli beam equation is discussed in Section 3. Concluding remarksand further studies are the topics of Section 4.2. Approximation theory for identi�cation problems. Let H be a Hilbert spacewith inner product h� ; �i and corresponding norm j � j. Let V be a Hilbert space thatis densely and continuously imbedded in H, with norm k � k and imbedding constantK : for each � 2 V; we have j�j � Kk�k: We use these spaces to form a Gelfand triplestructure V ,! H = H� ,! V �: We consider the following abstract di�erential equationon H 8><>: _u(t; q) = A(t; q)u(t; q)+ F (t; u(t; q); q)u(0; q) = u0(q) (2:1)with parameter q belonging to a compact separable metric space (Q; d). The operatorA is assumed to be determined by a time and parameter dependent sesquilinear form onV ; i.e, �(� ; �)(� ; �) : [0;1)�Q � V � V ! C, where �(t; q)(� ; �) is sesquilinear for each3



t 2 [0;1) and q 2 Q. Concerning �, we make the following assumptions(�0) The function �(�; q)(�; ) is measurable on [0;1); for �xed �; 2 V and q 2 Q:(�1) There exists K0 > 0 3 j�(t; q)(�; )j � K0k�k � k k 8�;  2 V; q 2 Quniformly in t on each interval [0; T ].(�2) There exists c0 > 0; �0 2 R 3 �(t; q)(�; �) + �0j�j2 � c0k�k2; 8� 2 V; q 2 Quniformly in t on each interval [0; T ].(�3) For q; q̂ 2 Q; t � 0; and all �; 2 V , we have thatj�(t; q)(�; )� �(t; q̂)(�; )j � d(q; q̂)k�k � k k:Under these assumptions there exists a family of uniquely determined linear op-erators A(t; q) : dom(A(t; q)) ! H, with dense domains, satisfying �(t; q)(�; ) =h�A(t; q)�; i; 8� 2 dom A(t; q);  2 V .For the nonlinear term, we shall need the following.(F1) The function F : [0;1) �H � Q ! H is continuous. Moreover, F is locallyLipschitz continuous in H; uniformly for q 2 Q and for t 2 [0; T ], for each T > 0:The weak form of (2.1) is then given by8><>: h _u; �i+ �(t; q)(u; �) = hF (t; q; u(t; q)); �i 8� 2 Vu(0) = �: (2:2)4



As is the case for linear nonautonomous problems (see [15]), we seek solutions of(2.2) in the Hilbert spaceW (0; T ) = ff 2 L2((0; T );V ): _f 2 L2((0; T );V �)g;whose norm is given by kfk2W = Z T0 kf(t)k2 + k _f (t)k2V � dt:For the weak form we will show the following existence and uniqueness result.Theorem 2.1 Suppose that the hypotheses �0, �1, �2, and (F1) hold. Then thereexist T > 0 such that the problem (2:2) has a unique solution u 2 W (0; T ).Proof. To begin the proof, we �rst assume that �0 = 0: Once we have the resultestablished in this case, we will extend it to the general setting. We consider the followingsequence of di�erential equations.8><>: h _u0; �i+ �(t; q)(u0; �) = 0 8� 2 Vu0(0) = �; (2:3)and for n � 1;8><>: h _un; �i+ �(t; q)(un; �) = hF (t; q; un�1(t; q)); �i 8� 2 Vun(0; q) = �: (2:4)We note that for each �xed n and each T > 0; there exist a unique solutionun 2 W (0; T ) (see [15]): these systems are linear. Our �rst step is to show that unis Cauchy in L2((0; T );V ) for some T 2 (0;1): To do this we �rst demonstrate theuniform boundedness of the solutions un of (2.3) and (2.4).5



First, set b = j�j; let B = maxf2; 2bg and consider the bounded set U = fu : juj �Bg � H: Fix T 0 > 0 and choose M so that jF (t; 0)j � M; for all t 2 [0; T 0]: Hence forany u 2 U we havejF (t; u)j � jF (t; 0)j+ jF (t; u)� F (t; 0)j �M + LBBwhere LB is the local Lipschitz constant for the set U . Now choose T > 0 such thatT � T 0 and ((M+LBB)2T+b2)eT � B2 ( since h(t) = ((M+LBB)2t+b2)et is increasingfunction of t for t � 0 and h(0) = b2 < B2 and limt!1 h(t) = 1; such a choice of T ispossible). As in the arguments of [15], we see that ju0j � B: Suppose now that junj � B.We will use an induction argument to show that jun+1j � B:Toward this end we have that for any t 2 [0; T ]h _un+1; un+1i + �(t; q)(un+1; un+1) = hF (t; un); un+1i:Integrating from 0 to t and using coercivity (recall we are assuming �0 = 0), we getZ t0 12 ddt jun+1j2dt+ Z t0 c0kun+1k2dt � Z t0 jF (t; un)j � jun+1jdt:This implies that Z t0 12 ddtjun+1j2dt � Z t0 jF (t; un)j � jun+1jdt:Using the induction assumption and the inequality 2jabj � a2 + b2 we getjun+1(t)j2 � Z t0 jF (t; un)j2dt+ Z t0 jun+1j2dt+ j�j2From Gronwall's inequality we then obtain thatjun+1j2 � ((M + LBB)2t+ b2)et � B2;for t 2 [0; T ]; as desired. This step is crucial in order to employ the local Lipschitzproperty of F: 6



Next we will show that the sequence un satis�esZ t0 kun � un�1k2dt � M̂ L2(n�1)K4(n�1)c2(n�1)0 tNn!where M̂ = TM2K2c20 � Z T0 ku1 � u0k2dt;where M is as above and K is the imbedding constant. To obtain this estimate, wesubtract the di�erential equation for u0 from that of u1 to see thatZ t0 h _u1 � _u0; u1 � u0idt+ Z t0 �(t; q)(u1� u0; u1 � u0)dt = Z t0 hF (t; u0); u1 � u0idt:Using coercivity we see thatZ t0 12 ddt ju1 � u0j2dt+ Z t0 c0ku1 � u0k2dt � Z t0 jF (t; u0)jju1 � u0jdt:Multiplying the above inequality by 2 and using the inequality 2jabj � �a2+ 1�b2 togetherwith the Sobolev imbeding constant K, we see thatju1(t)� u0(t)j2 + Z t0 2c0ku1 � u0k2dt � Z t0 K2� jF (t; u0)j2dt+ Z t0 �ku1 � u0k2dt:Choosing � = c0 we haveZ t0 2c0ku1 � u0k2dt � Z t0 K2c0 jF (t; u0)j2dt+ Z t0 c0ku1 � u0k2dt;so that Z t0 ku1 � u0k2dt � M2K2c20 Z T0 dt = M̂ ;as desired. For the induction argument, we suppose thatZ t0 kuj � uj�1k2dt � M̂ L2(j�1)K4(j�1)c2(j�1)0 tjj!7



for 1 � j � n: Subtracting the di�erential equation for un from that of un+1 and usinga similar argument to that above, we see thatZ t0 2c0kun+1 � unk2dt � Z t0 K2LBkun � un�1kkun+1 � unkdt� Z t0 K4L2B� kun � un�1k2dt+ Z t0 �kun+1 � unk2 dt:Again, we choose � = c0: The induction hypothesis then produces the desired result.Now standard arguments of ODE's will show that un is Cauchy in L2((0; T );V ): Sincefor each N; un satis�es the equation8><>: _un(t; q) = A(t; q)un(t; q) + F (t; un�1(t; q); q)un(0; q) = u0(q);we have (from the continuity of the operator A(t) from V to V � and continuity of Fin H) that _un is Cauchy in L2((0; T );V �). Hence the above observations imply that unis Cauchy in W (0; T ). By completeness of W (0; T ) we have a limit u 2 W (0; T ); andstraightforward arguments show that u is a solution of (2.2).In order to relax the assumption that �0 = 0; we consider the usual transformationu(t) = z(t) exp(�0t): It is easily veri�ed that u satis�es the di�erential equation (2.2) ifand only if z satis�es the equation8><>: h _z; �i+ � (t; q)(u; �) = hG(t; q; z(t; q)); �i 8� 2 Vz(0) = �in which � (t; q)(�; ) = �(t; q)(�; ) + �0h�; i; and G(t; q; z) = e��0tF (t; q; e�0tz): Theassumptions in the above special case hold for the z problem, which then produces aunique solution to the problem of interest.Our main goal in this paper is a convergence theory for least squares based parameterestimation. Toward that end, we next consider an approximation method based on8



a sequence of Hilbert spaces HN ; N = 1; 2; : : :, with orthogonal projections PN :H ! HN . The following assumption about these approximations will be needed for ourconvergence results.(A1) The subspaces HN are subsets of V , and 8v 2 V; we have that kPNv�vk ! 0.This assumption is satis�ed by many �nite element and spectral schemes (see [6, 10, 14]).The Galerkin approach to approximation involves restricting �(t; q) toHN�HN , yieldingbounded linear operators AN(t; q) satisfying�(t; q)(�N;  N)= �hAN(t; q)�N ;  Ni:Theorem 2.3. Suppose that (�0) � (�3), (F1), and (A1) hold, and that qN ! q inQ. Then we have that uN (t; qN)! u(t; q), in H, uniformly on [0,T].Proof. We �rst de�ne zN = uN�PNu: It is su�cient to show that zN (t)! 0; uniformlyin t: Now, 8� 2 HN ; we have thath _zN ; �iV �;V = h _uN � _u+ (d=dt)(u� PNu); �iV �;V= h _uN � _u; �iV �;V + (d=dt)hu � PNu; �iV �;V= h _uN � _u; �iV �;V + (d=dt)hu � PNu; �iH= h _uN � _u; �iV �;V ;Using this fact we have that12 ddt jzN j2 = h _zN ; zN i = h _uN � _u; zN i= ��(t; qN)(uN ; zN) + �(t; q)(u; zN)+hPNF (t; qN; uN )� F (t; q; u); zNi:9



Adding and subtracting a few terms, we see that12 ddt jzN j2 = ��(t; qN)(zN ; zN ) + �(t; qN)(u� PNu; zN)+�(t; q)(u; zN)� �(t; qN)(u; zN)+hPNF (t; qN; uN)� PNF (t; qN; u); zNi+hPNF (t; qN; u)� F (t; q; u); zNi:Using the coercivity, boundedness, and continuity of �; we see that12 ddt jzN j2 + c0kzNk2 � �0jzN j2 � K0ku� PNuk � kzNk+ d(qN ; q)kuk � kzNk+LB(jzN j2 + ju� PNuj � jzN j)+jPNF (t; qN; u)� F (t; q; u)j � jzN j:Simplifying the above and using standard inequalities (such as 2ab � (a2=�) + b2�) weobtain12 ddtkzNk2 � C1jzN j2+C2d(qN ; q)kuk2+C3ku�PNuk2+C4jPNF (t; qN; u)�F (t; q; u)j2:An application of Gronwall's inequality and the dominated convergence theorem willprovide the �nal result.We have thus obtained, based on the assumptions given above, that uN(t; qN) !u(t; q) in H; when qN ! q in Q: To put this result into the context of least squaresestimation, we consider a continuous map C:H ! Z; where Z is a normed linear space.Given z 2 Z; one determines an appropriate parameter value for the system by mini-mizing J(q) = kCu(q)� zk2:10



The continuous dependence results above indicate that a minimizer exists within thecompact set Q:In order to compute minimizers, we must make some approximations. ApproximationuN of the state variable u, as discussed above, lead to a cost functionalJN(q) = kCuN (q)� zk2Zto be minimized. The convergence results of the previous sections guarantee that ifqN ! q then JN(qN)! J(q); which will give us (as in [6]) subsequential convergence ofminimizers.Below we discuss two example problems, illustrating the application of this generaltheory.3. Examples. The two examples we discuss in this section indicate not only the varietyof problems which may be examined with our methods but also the straightforwardmanner in which the assumptions above may be veri�ed.1) Remediation of contaminated groundwaterIn this example we consider the following model(x)ct(t; x) + r � (v(t; x)c(t; x))= r � (D(v(t; x))rc(t; x))� �(t) ck(t) + c; (3:1)for t > 0; x 2 
; with initial condition c(0; x) = c0(x): In this model c(t; x) is thecontaminant concentration at time t, position x; v = v(t; x) is the groundwater velocityvector, D = D(v(t; x)) is the dispersion matrix, (x) is a parameter that is related tothe medium's porosity and the linear adsorption coe�cient. The reader may consult11



[9, 13] for a full description of this model.The dispersion matrix D takes the formD = d0I +D1(v); (3:2)where d0I models molecular di�usion and D1(v) models the hydrodynamic dispersion ofthe solute that is due to the pore system of the medium and collisions of solute particleswith soil particles. Empirical evidence and statistical considerations (see [9]) suggest thefollowing model for D1: (D1(v))ij = aT jvj�ij + (aL � aT )vivjjvj : (3:3)Here aT is called the \transverse dispersivity," and aL is called the \longitudinal disper-sivity." See [9] for a detailed exposition of dispersion.Plugging the above terms in equation (3.1), we arrive at a model equation of theform (x)ct +Xi @@xi (vic) =Xi;j @@xi   aT jvj�ij + (aL � aT )vivjjvj ! @c@xj!� f(t; c);with f(t; c) = maxf0; �(t) ck(t) + cg;and D(v) given in (3.3). The form of f is a mathematical device to guarantee (F1):in the presence of a su�ciently weak parabolic maximum principle (we do not know ofsuch a result), this form is unnecessary. The unknown parameters aL; aT , and �; � areto be estimated, as is the velocity �eld v. It is of particular importance to handle timedependent kinetic rate parameters in the biodegradation terms due to the experimen-tally observed behavior of bacteria to learn to degrade compounds more e�ciently and12



to degrade preferentially contaminants in the presence of multiple compounds.We will now relate the abstract formulation developed in the preceding section tothis problem. We begin with the Hilbert spaces H = L2(
) and V = H1(
), whichare the usual Lebesgue and Sobolev spaces. We assume (x) = 1 for simplicity (similaranalysis will hold for  > 0), and de�ne the sesquilinear form � by�(t; q)(�; ) = Z
(D(v)r� � r � v� � r ) dx;which, when integrated by parts (using the no-ux boundary conditions), yields theconvection and dispersion terms. To satisfy the requirements of the previous section, wewill need to make some restrictions on the parameter q. We set e
 = (0; T )�
 andeQ = (L1(e
)))3 � (L1(e
))2 � (C[0; T ])2Here L1 denotes the usual space of essentially bounded measurable functions, andC[0; T ] is the space of continuous functions on [0; T ] (which is a Banach space whenequipped with the sup norm).V = f(v1; v2; v3) 2 (W 11(e
))3 : kvikW 11 � K1; i = 1; 2; 3g;A = f(aL; aT ) 2 (W 11(e
))2 : 0 � aT � aL kaLkW 11 � K2; kaTkW 11 � K3gF = f(�; �) 2 (C1[0; T ])2 : � � 0; � � 0; k�k1 � K4k�k1 � K5g:Where the space C1[0; T ] is the usual space of functions with continuous �rst deriva-tive on [0; T ] with the norm kfk1 = supt2[0;T ] jf(t)j+ j _f(t)jUsing Arzela-Ascoli's and Sobolev embeddings, one can easily show that Q = V�A�Fis compact in eQ. We remark that this choice of Q is not the optimal choice and that13



there are many other choices for the set Q; the analysis, however, is similar for di�erentchoices.The assumptions (�0) � (�2) can be easily veri�ed using standard PDE arguments(see, e.g., [4, 15]), and the fact that d0 > 0 is known and �xed. For veri�cation of �3,we let �; 2 V , and suppose that qN ! q in Q. We putDN �vN�ij = d0�ij + aNT jvNj�ij + �aNL � aNT � vNi vNjjvN j :Then we have that j�(t; q)(�; )� �(t; qN)(�; )j� Z
 jD(v)r� � r �DN (vN)r� � r j dx+ Z
 jvN � vj j�j � jr j dx� kD(v)�DN (vN)k1k�kH1k kH1+kv � vNk1k�kH1k kH1= d(qN ; q)k�kH1k kH1 ! 0:Since vN ! v in [L1(e
)]3; aNL ! aL; aNT ! aT in L1(e
).The hypothesis (F1) is easily veri�ed due to the simplicity of the Monod nonlinearity.In the transport model above, data for the inverse problem is typically of the one ofthe following forms: Ĉdij � Z
j c(ti; x) dx;which denotes the dissolved contaminant level (mass as opposed to concentration) attime ti in the region 
j ; ~C tij � Z
j (x)c(ti; x) dx;14



which denotes the total contaminant level (adsorbed and dissolved) at time ti in theregion 
j : Note that the operator u 7! RA u(x) dx is a bounded linear operator fromH = L2 to the real line. Thus the least squares cost functionalJ(aL; aT ; �; �) =Xi;j jĈdij � Z
j c(ti; x; v; aL; aT ; �; �) dxj2;has a minimizer, and when the state is approximated, the minimizers of the approximatecost functional converge (at least subsequentially) to minimizers of J:2) Euler-Bernoulli beam equation with Kelvin-Voigt dampingWe consider the following equation:@2y@t2 + @2@x2(EI @2y@x2 + cDI @3y@x2@t) = f(t; x) 0 < x < l; t > 0 (3:4)y(t; 0) = @y@x(t; 0) = 0EI @2y@x2 (t; l) + cDI @3y@x2@t(t; l) = 0;@@x(EI @2y@x2 (t; l) + cDI @3y@x2@t(t; l)) = 0y(0; x) = y0(x); @y@t (0; x) = y1(x)This equation describes the transverse vibrations of a cantilevered Euler-Bernoullibeam with Kelvin-Voigt internal damping. The state variable u(t; x) is the displacementalong the beam at time t at position x. The parameter EI(t; x) is the sti�ness coe�cient,and cDI(t; x) is the "Kelvin-Voigt" coe�cient which reects the assumption that thebending moment depends not only on the strain, but also on the strain rate as well.The function f represents external distributed forces applied to the beam. For furtherdetails on this model, see [3]. 15



The equation above may be written as a �rst-order system in the usual way: De�new(t; x) = [y(t; x); @y@t (t; x)]T and F̂ = [0; f(t; x)]T . Then denoting @@x2 by D2, we see that(3.4) is equivalent to wt = A(t; q)w(t; x) + F̂ (t; x); (3:5)where (formally) A = " 0 I�D2(EID2) D2(cDID2) #with the initial condition w(0) = w0 = (y0; y1):To write equation (3.5) in a weak formulation, we de�ne the following spacesH2L(0; l) = fu 2 H2(0; l)ju(0) = ux(0) = 0gH = H2L(0; l)� L2(0; l)V = H2L(0; l)�H2L(0; l):The inner product on the L2(0; l) will be denoted by (�; �) and for the space H2L(0; l)we use the inner product hh�; ii = (�xx;  xx)and the associated norm jk � kj (which is equivalent to the usual H2L(0; l) norm byPoincare's inequality). Finally, the inner products for the spaces H, V will be takento be the usual product space inner products, and will be denoted as in the abstractformulation h�; �i and j � j, and h�; �iV and k � k respectively. Then as in [4] the weak formof the beam can be written in terms of the following sesquilinear form: with w = (u; v)and X = (�; ) elements of V , de�ne�(t; q)(w;X ) = �hhv; �ii + �1(t; q)(u;  ) + �2(v;  )16



Where �1(t; q)(u;  ) = (EIuxx;  xx),�2(t; q)(v;  ) = (cDIvxx;  xx).Then with w = (y; _y), the weak form of equation (3.4) can be writtenh _w(t);Xi+ �(t; q)(w(t);X ) = hF̂ (t);Xi; for X 2 VIn terms of the abstract formulation developed in the previous section we will setq = (EI; cDI), 
 = (0; l)� (0; T ),eQ = L1(
) � L1(
)and, Q = f(EI; cDI) 2 (C0;1(
))2 : c0 � EI(t; x) � c1;c2 � cDI(t; x) � c3 jEIjC0;1 � c4; jcDIjC0;1 � c5gHere the space C0;1(
) is the space of Lipschitz continuous functions with normkfkC0;1 = sup
 jf(x)j+ supx;y2
 x6=y����f(x)� f(y)x� y ����:Using same arguments as in former example one can establish the compactness of theset Q in eQ . Standard arguments and the fact that EI(t; x) � c0 and cDI(t; x) � c2easily verify the assumptions (�0)�(�2). For veri�cation of (�3) we let w = (u; v);X =(�; ) 2 V , and suppose that qN ! q in Q. Then we have thatj�(t; q)(w;X )� �(t; qN)(w;X )j� j�1(t; q)(u;  )� �1(t; qN)(u;  )j+ j�2(t; q)(v;  )� �1(t; qN)(v;  )j17



� kEI � EINk1�Z l0 juxxj2dx��Z l0 j xxj2dx�12 +kcDI � cDINk1�Z l0 jvxxj2dx�12�Z l0 j xxj2dx�12� d(qN ; q)kwkkXkTo illustrate the computational methods analyzed herein, we estimated the sti�nessparameter EI as a function of time from computationally generated data. Our FOR-TRAN program uses cubic B-splines to approximate the solution of the Euler Bernoullidi�erential equation, and we used linear splines to estimate the parameter. In the com-putations given below, we use a beam of length 1, with � = 1;  = :01; cDI = :01: Weused 15 cubic B-splines for the computations. For the generated data, we used for EIthe function EI(t) = 10 + 21 + expf15(t � :5)gwhich is constant with respect to the spatial variable. The initial displacement andvelocity are taken to be 0, and the forcing function is given byf(t; x) = 100 sin(5�t) � 1:01�[:495;:505](x);which approximates a � function in the spatial variable.For data, we sampled the displacement u(ti; x = 1) at 200 uniformly spaced timepoints ti in the time interval [0; 1]; as generated with the above model. In order toexamine the behavior of theleast squares identi�cation procedure, we used as data theactual model generated signal, as well as the signal modi�ed by Gaussian noise: zi =u(ti; 1)� (1+ �i); was used for data, with �i a random sample from a zero mean Gaussianrandom number generator. We used � = :01 and � = :1 for standard deviations for thenoise. 18



Our identi�cation algorithm was given the known values of �; ; cDI and f , and wasused to estimate EI(t) using 5 and again using 11 linear splines. In order to implementthe above mentioned compactness constraints, we used a penalized (or regularized) leastsquares cost of the formJ(EI) = 200Xi=1 jzi � u(ti; 1;EI)j2 + � Z 10 j _EI(t)j2 dtwith two di�erent choices of �, depending on the noise level.In Figure 1, we see the results of minimizing J� with 5 (dashed) and with 11 (dot-dash) linear splines. The true EI function is the solid line. We used the constantfunction EI = 12 as our initial guess in the optimization, which was carried out usingthe package lmdif1 from netlib. The regularization parameter � used was 10�4:
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Figure 1. EI estimates using 5 and 11 splines, no noise in the data.19
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Figure 2. EI estimates using 11 splines, for � = :01; :1.In Figure 2, we used 11 splines to estimate EI when the data was corrupted by theabove described noise. The solid line is again the true EI; the dashed line is the estimatewith � = :01; and the dot-dash line, � = :1: The regularization parameter values usedfor the two estimation runs were � = 10�4 and � = 10�2; respectively.4. Concluding Remarks. In this paper we have developed a uni�ed theoretical andcomputational approach for estimating time dependent parameters in abstract parabolicsystems. These results are readily applied in problems ranging from insect dispersal tocontaminant transport in groundwater to vibration in exible structures (with strongdamping). Future research in this area will focus on (temporally) discontinuous parame-20
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