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I. INTRODUCTIONRecently,1 during a study that compared di�erent types of PN boundary condi-tions for a few basic transport problems, we found numerical evidence that the PNmethod with boundary conditions of the Mark type yields, in any order, the exactscalar ux at the boundary of an isotropically scattering half-space subject to anisotropic incident distribution. Since we are not aware of any previous mention ofthis result, we report here a proof that con�rms our numerical observations.II. THE PROOFWe start with the transport equation, for x > 0 and �1 � � � 1,� @@x	(x; �) + 	(x; �) = c2 Z 1�1	(x; �0)d�0 (1)and the boundary conditions, for � > 0,	(0; �) = 1 (2a)and limx!1	(x;��) = 0; (2b)where 	(x; �) denotes the particle distribution function at position x and anglecos�1 �, and where c 2 (0; 1) denotes the mean number of secondary particles emit-ted per collision.As is well known,2 the �rst N + 1 moments of Eq. (1) are satis�ed by the PNapproximation (with N odd)	(x; �) = NXn=0�2n+ 12 � n(x)Pn(�); (3)where, considering Eq. (2b), n(x) = JXj=1Aje�x=�jgn(�j): (4)



2Here J = (N+1)=2, gn(�) is the Chandrasekhar polynomial of order n, the eigenvalue�j is the j-th positive zero of gN+1(�) and fAjg are coe�cients to be determined.If we now use the Mark prescription for boundary conditions,2;3 i.e. if we requirethat Eq. (2a) be satis�ed at �i, i = 1; 2; : : : ; J , the positive zeros of the Legendrepolynomial PN+1(�), we obtain, for i = 1; 2; : : : ; J ,JXj=1Aj NXn=0�2n+ 12 � Pn(�i)gn(�j) = 1; (5)a system of linear algebraic equations to be solved in order to determine the coef-�cients Aj , j = 1; 2; : : : ; J . We now wish to show that we can derive an analyticalexpression for these coe�cients. First, we specialize to isotropic scattering a moregeneral relation reported by _In�on�u4 to obtain(�� �) kXl=0(2l+ 1)Pl(�)gl(�) = (k+ 1) [Pk+1(�)gk(�)� Pk(�)gk+1(�)]� c�: (6)Using this result, we can rewrite Eq. (5) for i = 1; 2; : : : ; J as� c2� JXj=1Aj � �j�j � �i� = 1: (7)We now de�ne, in the manner of Chandrasekhar,5H(�z) = �C(z)D(z) ; (8)where C(z) = JYk=1(z � �k); (9a)D(z) = JYk=1(z � �k) (9b)and � = JYk=1� �k�k� : (10)



3In regard to H(�z), we note that by using Cauchy's theorem we can develop thealternative representationH(�z) = �"1 + JXk=1 C(�k)(�k � z)D0(�k)# : (11)In addition, since PN+1(z) = (�1)J (2N + 1)!!(N + 1)! C(z)C(�z) (12a)and, for isotropic scattering,gN+1(z) = (�1)J(1� c)(2N + 1)!!(N + 1)! D(z)D(�z); (12b)we can show that the constant � can be written as� = (1� c)�1=2: (13)Proceeding with our proof, we use Eq. (11) for z = �i, i = 1; 2; : : : ; J , to obtainJXj=1 C(�j)(�j � �i)D0(�j) = �1: (14)By comparing this result to Eq. (7), we conclude thatAj = ��2c�� C(�j)�jD0(�j)� ; (15)for j = 1; 2; : : : ; J . Having found the required coe�cients, we can now compute thescalar ux at the boundary �(0) = Z 1�1	(0; �)d�: (16)With the help of Eqs. (3), (4) and (15), we �nd�(0) = ��2c� JXj=1 C(�j)�jD0(�j) : (17)
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