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1. IntroductionIn a recent paper,1 Godsalve carried out a Fourier analysis for an anisotropically scattering atmosphereilluminated by an incident solar beam. Interestingly, in order to represent better a remote-sensing problem,Godsalve allowed the ground to reect in an asymmetrical manner, and this ground condition is such thatboth sine and cosine components are required in a Fourier decomposition of the radiation intensity. However,in reading the paper of Godsalve, we have discovered that serious errors were made in that work in regard tothe coupling, by way of the boundary condition at the ground, between the sine and cosine components ofthe solution. In this work, we report what we believe to be a correct Fourier decomposition that can be usedto solve this new class of radiative-transfer problems. We note also that Godsalve introduced the discrete-ordinates approximation at the beginning of his analysis, and so a set of well-posed component problemsthat can be used with other solution techniques is not readily available from his paper. Thus here for ageneral model of ground reectance, we develop a complete formulation, for all of the component problemsrelated to a Fourier decomposition of the radiation intensity, that is independent of the solution techniqueto be used.We let I(�; �; ') denote the intensity (radiance) of the radiation �eld and utilize the equation of transfer2for a plane-parallel medium to model our atmosphere. We write� @@� I(�; �; ') + I(�; �; ') = $4� Z 1�1 Z 2�0 p(cos�)I(�; �0; '0)d'0d�0 (1)where � 2 (0; �0) is the optical variable and $ is the albedo for single scattering. In addition, � 2 [�1; 1]and ' 2 [0; 2�] are, respectively, the cosine of the polar angle (as measured from the positive � axis) and theazimuthal angle which describe the direction of propagation of the radiation. We note also that the phasefunction p(cos�) is represented by a �nite Legendre expansion in terms of the scattering angle �, viz.p(cos�) = LXl=0 �lPl(cos�) (2)where the coe�cients are such that �0 = 1 and j�lj < 2l+ 1.We assume that the atmosphere is illuminated uniformly by a solar beam with a direction speci�ed by(�0; '0), and so we seek a solution to Eq. (1) that satis�es the boundary conditionsI(0; �; ') = ��(�� �0)�('� '0) (3a)and I(�0;��; ') = Z 2�0 Z 10 R(�0; �; '0; ')I(�0; �0; '0)�0d�0d'0 (3b)November 28, 1995



{ 2 {for � 2 (0; 1] and ' 2 [0; 2�].As we wish to include the possibility that there could be some phenomenon (e.g. rows of plants, or oceanwaves) related to the ground that introduces a special direction into the problem, we make no assumptionshere regarding the symmetry of the reection function R(�0; �; '0; '). We note that, in writing the boundarycondition at the ground as we have in Eq. (3b), we are considering that the reection function describes thereection of radiation from some direction de�ned by the variables (�0; '0), with �0 2 (0; 1] and '0 2 [0; 2�],to another direction de�ned by the variables (��; '), with � 2 (0; 1] and ' 2 [0; 2�].2. The Unscattered Component of the IntensitySince the incident beam for the considered problem is represented by delta functions , the resultingintensity will also have a component containing generalized functions, and so, in order to avoid the impossibletask of trying to compute generalized functions, we use �rst a decomposition of the formI(�; �; ') = I0(�; �; ') + I�(�; �; ') (4)where I0(�; �; ') denotes the solution of Eqs. (1) and (3) for the case $ = 0 and where I�(�; �; ') is thecomplementary component of the solution. We note that even if the reection function at the ground hasa component for specular reection, the decomposition given by Eq. (4) is such that all of the generalizedfunctions in the solution I(�; �; ') will be contained in I0(�; �; ').Solving Eqs. (1) and (3) for the case $ = 0, we �ndI0(�; �; ') = ��(�� �0)�(' � '0)e��=� (5a)and I0(�;��; ') = ��0R(�0; �; '0; ')e��0=�0e�(�0��)=� (5b)for � 2 (0; 1] and ' 2 [0; 2�].3. The Complementary Component of the IntensityWe can now substitute Eq. (4) into Eqs. (1) and (3) and deduce, after noting Eqs. (5), that thecomplementary component I�(�; �; ') is de�ned by� @@� I�(�; �; ') + I�(�; �; ') = $4� Z 1�1 Z 2�0 p(cos�)I�(�; �0; '0)d'0d�0 + F (�; �; '); (6)for � 2 (0; �0); � 2 [�1; 1] and ' 2 [0; 2�], and the boundary conditionsI�(0; �; ') = 0 (7a)November 28, 1995



{ 3 {and I�(�0;��; ') = Z 2�0 Z 10 R(�0; �; '0; ')I�(�0; �0; '0)�0d�0d'0 (7b)for � 2 (0; 1] and ' 2 [0; 2�]. Here, the known inhomogeneous term isF (�; �; ') = $4� Z 1�1 Z 2�0 p(cos�)I0(�; �0; '0)d'0d�0: (8)Before attempting a Fourier decomposition of the complementary component of the intensity, we makeuse of the addition theorem3 for the Legendre polynomials and express the scattering law asp(cos�) = LXm=0(2� �0;m) LXl=m�ml Pml (�0)Pml (�) cos[m('0 � ')] (9)where Pml (�) = (1� �2)m=2 dmd�mPl(�) (10)denotes an associated Legendre function, and where�ml = (l �m)!(l +m)!�l: (11)Using Eqs. (5) and (9), we rewrite Eq. (6) as� @@� I�(�; �; ') + I�(�; �; ') = $4� LXm=0(2� �0;m) LXl=m�ml Pml (�)� Z 1�1 Z 2�0 Pml (�0)I�(�; �0; '0) cos[m('0 � ')]d'0d�0 + F (�; �; ') (12)where now we write the inhomogeneous term asF (�; �; ') = F1(�; �; ') + F2(�; �; ') (13)with F1(�; �; ') = $4 LXm=0(2� �0;m) LXl=m�ml Pml (�0)Pml (�) cos[m('� '0)]e��=�0 (14a)andF2(�; �; ') = $4 �0 LXm=0(2� �0;m) LXl=m�ml Pml (�)(�1)l�me��0=�0� Z 10 Z 2�0 Pml (�0)R(�0; �0; '0; '0) cos[m('0 � ')]e�(�0��)=�0d'0d�0: (14b)November 28, 1995



{ 4 {In order to simplify Eq. (14b), we �rst let 'r denote a reference direction, and then we expand the reectionfunction in a Fourier series of the formR(�0; �; '0; ') = 12 1Xn=0(2� �0;n)Rcn(�0; �; '0) cos[n('� 'r)] + 1Xn=1Rsn(�0; �; '0) sin[n('� 'r)]; (15)where, of course, Rcn(�0; �; '0) = 1� Z 2�0 R(�0; �; '0; ') cos[n('� 'r)]d'; n � 0; (16a)and Rsn(�0; �; '0) = 1� Z 2�0 R(�0; �; '0; ') sin[n('� 'r)]d'; n � 1: (16b)Since later in this work we will use a double Fourier series representation of the reection function, we alsowrite hereRcn(�0; �; '0) = 12 1Xm=0(2� �0;m)Rccn;m(�0; �) cos[m('0 � 'r)] + 1Xm=1Rcsn;m(�0; �) sin[m('0 � 'r)] (17a)and Rsn(�0; �; '0) = 12 1Xm=0(2� �0;m)Rscn;m(�0; �) cos[m('0 � 'r)] + 1Xm=1Rssn;m(�0; �) sin[m('0 � 'r)]; (17b)with Rccn;m(�0; �) = 1� Z 2�0 Rcn(�0; �; '0) cos[m('0 � 'r)]d'0; n � 0;m � 0; (18a)Rcsn;m(�0; �) = 1� Z 2�0 Rcn(�0; �; '0) sin[m('0 � 'r)]d'0; n � 0;m � 1; (18b)Rscn;m(�0; �) = 1� Z 2�0 Rsn(�0; �; '0) cos[m('0 � 'r)]d'0; n � 1;m � 0; (18c)and Rssn;m(�0; �) = 1� Z 2�0 Rsn(�0; �; '0) sin[m('0 � 'r)]d'0; n � 1;m � 1: (18d)Substituting Eq. (15) into Eq. (14b), we �ndF2(�; �; ') = 12 LXm=0(2� �0;m)F c2;m(�; �) cos[m('� 'r)] + LXm=1F s2;m(�; �) sin[m('� 'r)] (19)where F c2;m(�; �) = $�2 �0 LXl=m�ml Pml (�)(�1)l�me��0=�0 Z 10 Pml (�0)Rcm(�0; �0; '0)e�(�0��)=�0d�0 (20a)November 28, 1995



{ 5 {and F s2;m(�; �) = $�2 �0 LXl=m�ml Pml (�)(�1)l�me��0=�0 Z 10 Pml (�0)Rsm(�0; �0; '0)e�(�0��)=�0d�0: (20b)By de�ning F c1;m(�; �) = $2 LXl=m�ml Pml (�0)Pml (�) cos[m('0 � 'r)]e��=�0 (21a)and F s1;m(�; �) = $2 LXl=m�ml Pml (�0)Pml (�) sin[m('0 � 'r)]e��=�0 ; (21b)we can rewrite Eq. (14a) asF1(�; �; ') = 12 LXm=0(2� �0;m)F c1;m(�; �) cos[m('� 'r)] + LXm=1F s1;m(�; �) sin[m('� 'r)]: (22)Now, with F cm(�; �) = F c1;m(�; �) + F c2;m(�; �) (23a)and F sm(�; �) = F s1;m(�; �) + F s2;m(�; �); (23b)we can write the inhomogeneous term in Eq. (12) asF (�; �; ') = 12 LXm=0(2� �0;m)F cm(�; �) cos[m('� 'r)] + LXm=1F sm(�; �) sin[m('� 'r)]: (24)Considering the use of Fourier series again, we substituteI�(�; �; ') = 12 1Xm=0(2� �0;m)Ic�;m(�; �) cos[m('� 'r)] + 1Xm=1 Is�;m(�; �) sin[m('� 'r)] (25)into Eq. (12) and note Eq. (24) to �nd, for m = 0; 1; : : : L,� @@� Ic�;m(�; �) + Ic�;m(�; �) = $2 LXl=m�ml Pml (�) Z 1�1 Pml (�0)Ic�;m(�; �0)d�0 + F cm(�; �) (26a)and, for m = 1; 2; : : : L,� @@� Is�;m(�; �) + Is�;m(�; �) = $2 LXl=m�ml Pml (�) Z 1�1 Pml (�0)Is�;m(�; �0)d�0 + F sm(�; �): (26b)In addition, we �nd, for m = L+ 1; L+ 2; : : : ,� @@� Ic�;m(�; �) + Ic�;m(�; �) = 0 (27a)November 28, 1995



{ 6 {and � @@� Is�;m(�; �) + Is�;m(�; �) = 0: (27b)Finally we substitute Eqs. (15), (17) and (25) into Eqs. (7) and deduce the required boundary conditions onthe Fourier components of I�(�; �; '). We �nd from Eq. (7a)Ic�;m(0; �) = 0; m = 0; 1; 2; : : : ; (28a)and Is�;m(0; �) = 0; m = 1; 2; 3; : : : ; (28b)for � 2 (0; 1]. From Eq. (7b) we �nd, for m = 0; 1; 2; : : : and � 2 (0; 1],Ic�;m(�0;��) = �2 1Xn=0(2��0;n) Z 10 Rccm;n(�0; �)Ic�;n(�0; �0)�0d�0+� 1Xn=1 Z 10 Rcsm;n(�0; �)Is�;n(�0; �0)�0d�0 (29a)and, for m = 1; 2; 3; : : : and � 2 (0; 1],Is�;m(�0;��) = �2 1Xn=0(2��0;n) Z 10 Rscm;n(�0; �)Ic�;n(�0; �0)�0d�0+� 1Xn=1 Z 10 Rssm;n(�0; �)Is�;n(�0; �0)�0d�0: (29b)Considering now the component problems for m > L, we can solve Eqs. (27) subject to the conditionsof Eqs. (28) to �nd Ic�;m(�; �) = 0 (30a)and Is�;m(�; �) = 0 (30b)for � 2 (0; 1]. We also �nd Ic�;m(�;��) = Ic�;m(�0;��)e�(�0��)=� (31a)and Is�;m(�;��) = Is�;m(�0;��)e�(�0��)=� (31b)for � 2 (0; 1]. Here Ic�;m(�0;��) and Is�;m(�0;��) are to be determined.Noting Eqs. (30), we see that the summations in Eqs. (29) truncate, so we write the boundary conditionsat � = �0 asIc�;m(�0;��) = �2 LXn=0(2��0;n) Z 10 Rccm;n(�0; �)Ic�;n(�0; �0)�0d�0+� LXn=1 Z 10 Rcsm;n(�0; �)Is�;n(�0; �0)�0d�0; (32a)November 28, 1995



{ 7 {for m � 0 and � 2 (0; 1], andIs�;m(�0;��) = �2 LXn=0(2��0;n) Z 10 Rscm;n(�0; �)Ic�;n(�0; �0)�0d�0+� LXn=1 Z 10 Rssm;n(�0; �)Is�;n(�0; �0)�0d�0; (32b)for m � 1 and � 2 (0; 1]. It follows that once we have solved our basic problems for m = 0; 1; 2; : : :L, we cancompute the functions required to complete the solutions given by Eqs. (30) and (31) from Eqs. (32) withm > L.4. Special CasesAt this point we would like to show how the foregoing development reduces to simpler forms for threespecial cases. We consider �rst a mixture of specular and di�use reection. We thus writeR(�0; �; '0; ') = (�s=�)�(�0 � �)�('0 � ') + �d=� (33)where �s and �d are, respectively, the coe�cients for specular and di�use reection. In this (classic) exampleof reection, there clearly is no preferred direction on the ground, and so we are free to choose 'r = '0.Looking back to Eq. (5b), we �nd we can now writeI0(�;��; ') = [��s�(�� �0)�(' � '0) + �0�d]e��0=�0e�(�0��)=� (34)for � 2 (0; 1]. We next observe that for this special case all sine components of I�(�; �; ') are zero. Inaddition, Eq. (21a) reduces to F c1;m(�; �) = $2 LXl=m�ml Pml (�0)Pml (�)e��=�0 (35a)and Eq. (20a) becomesF c2;m(�; �) = $2 �s LXl=m�ml Pml (�0)Pml (�)(�1)l�me�(2�0��)=�0+$�0�d�0;m LXl=0 �lPl(�)(�1)le��0=�0 Z 10 Pl(�0)e�(�0��)=�0d�0: (35b)It follows that, with Eqs. (35) and F cm(�; �) = F c1;m(�; �) + F c2;m(�; �); (36)the inhomogeneous source term in Eq. (26a) is explicitly available. We can now use Eq. (33) in Eqs. (16a)and (18a) to �ndRccm;n(�0; �) = 1� (1 + �0;n)�m;n [(�s=�)�(�0 � �) + 2�d�0;n] ; m � 0; n � 0; (37)November 28, 1995



{ 8 {so that we can conclude, from Eqs. (28a) and (32a), that the boundary conditions subject to which we mustsolve Eq. (26a), for m = 0; 1; 2; : : :L, are Ic�;m(0; �) = 0 (38a)and Ic�;m(�0;��) = �sIc�;m(�0; �) + 2�d�0;m Z 10 Ic�;0(�0; �0)�0d�0 (38b)for � 2 (0; 1]. It is clear from Eqs. (30a), (31a), (32a) and (37) that Ic�;m(�; �) = 0 for m > L.For a second special case, we consider a reection function of the formR(�0; �; '0; ') = KXk=0 bkPk(cos�) (39)where � is the angle between the vectors that de�ne the incident and emergent directions of the radiation.In addition, the fbkg are coe�cients that are assumed known. As we did with the phase function, we canuse the addition theorem3 for the Legendre polynomials to rewrite Eq. (39) asR(�0; �; '0; ') = KXj=0(2� �0;j) KXk=j(�1)k�jbjkP jk (�0)P jk (�) cos[j('0 � ')] (40)where bjk = (k � j)!(k + j)! bk: (41)We note that if we choose 'r = '0 then the complementary part of the intensity I�(�; �; ') will not haveany sine components. Here again Eq. (21a) reduces toF c1;m(�; �) = $2 LXl=m�ml Pml (�0)Pml (�)e��=�0 (42a)and Eq. (20a) becomesF c2;m(�; �) = $��0 LXl=m�ml Pml (�)(�1)l�me��0=�0 KXk=m(�1)k�mbmk Pmk (�0)� Z 10 Pml (�0)Pmk (�0)e�(�0��)=�0d�0: (42b)We �nd that, with Eqs. (42) and F cm(�; �) = F c1;m(�; �) + F c2;m(�; �); (43)the inhomogeneous source term in Eq. (26a) is again explicitly available. Upon using Eq. (40) in Eqs. (16a)and (18a), we �ndRccm;n(�0; �) = 2(1 + �0;n)�m;n KXk=n(�1)k�nbnkPnk (�0)Pnk (�); m � 0; n � 0: (44)November 28, 1995



{ 9 {It now follows, from Eqs. (28a) and (32a), that the boundary conditions subject to which we must solveEq. (26a), for m = 0; 1; 2; : : :L, are Ic�;m(0; �) = 0 (45a)and Ic�;m(�0;��) = Z 10 Tm(�0; �)Ic�;m(�0; �0)�0d�0 (45b)for � 2 (0; 1]. Here Tm(�0; �) = 2� KXk=m(�1)k�mbmk Pmk (�0)Pmk (�): (46)To complete the formulation for this special case, we note that Ic�;m(�; �) = 0 for m > L.Our third (and last) special case is de�ned by the reection functionR(�0; �; '0; ') = 12 KcXk=0(2� �0;k)ak(�0; �) cos[k('0 � ')] + KsXk=1 bk(�0; �) sin[k('0 � ')] (47)where the coe�cients fak(�0; �)g and fbk(�0; �)g are assumed known. We note that Eq. (47) covers thecases studied by Godsalve1 and by Walthall et al.,4 as well as the scalar problem obtained by neglectingpolarization e�ects in the formulation of Deuz�e, Herman and Santer.5Here again the reection function does not involve a preferred direction so we can set 'r = '0. Withthis choice of 'r, Eqs. (21) becomeF c1;m(�; �) = $2 LXl=m�ml Pml (�0)Pml (�)e��=�0 (48a)and F s1;m(�; �) = 0: (48b)In addition, after noting that Eqs. (16) yield, for this special case,Rc0(�0; �; '0) = a0(�0; �); (49a)Rcn(�0; �; '0) = an(�0; �) cos[n('0 � '0)] + bn(�0; �) sin[n('0 � '0)] (49b)and Rsn(�0; �; '0) = an(�0; �) sin[n('0 � '0)]� bn(�0; �) cos[n('0 � '0)]; (49c)for n � 1, we write Eqs. (20) asF c2;m(�; �) = $�2 �0 LXl=m�ml Pml (�)(�1)l�me��0=�0 Z 10 Pml (�0)am(�0; �0)e�(�0��)=�0d�0; (50a)November 28, 1995



{ 10 {for m � 0, andF s2;m(�; �) = �$�2 �0 LXl=m�ml Pml (�)(�1)l�me��0=�0 Z 10 Pml (�0)bm(�0; �0)e�(�0��)=�0d�0; (50b)for m � 1. From Eqs. (50), it is clear that, for this case, we must solve both the sine and cosine componentproblems de�ned by Eqs. (26), with the corresponding inhomogeneous source terms given explicitly byEqs. (23), (48) and (50). In regard to the boundary conditions at the ground, we can use the expressionsRccm;n(�0; �) = (1 + �0;n)�m;nan(�0; �); m � 0; n � 0; (51a)Rcsm;n(�0; �) = �m;nbn(�0; �); m � 0; n � 1 (51b)Rscm;0(�0; �) = 0; m � 1; (51c)Rscm;n(�0; �) = ��m;nbn(�0; �); m � 1; n � 1; (51d)and Rssm;n(�0; �) = �m;nan(�0; �); m � 1; n � 1; (51e)obtained by substituting Eqs. (49) into Eqs. (18), to �nd that Eqs. (32) reduce toIc�;0(�0;��) = � Z 10 a0(�0; �)Ic�;0(�0; �0)�0d�0; (52a)for � 2 (0; 1], Ic�;m(�0;��) = � Z 10 �am(�0; �)Ic�;m(�0; �0) + bm(�0; �)Is�;m(�0; �0)��0d�0 (52b)and Is�;m(�0;��) = � Z 10 �am(�0; �)Is�;m(�0; �0)� bm(�0; �)Ic�;m(�0; �0)��0d�0; (52c)for m � 1 and � 2 (0; 1]. Finally, we complete the formulation for this case by noting that Ic�;m(�; �) = 0 form > L and that Is�;m(�; �) = 0 for m > minfL;Ksg.5. Concluding RemarksHaving considered a fairly general reection function, we �nd that the Fourier decomposition is consid-erably more complicated than what we are accustomed to seeing in radiative transfer calculations in planegeometry. In particular, we see that for the general case an in�nite number of sine and cosine componentsof I�(�; �; ') are required to establish the solution. We note also that the �rst L sine and the �rst L + 1cosine components of I�(�; �; ') are coupled by the boundary condition at the ground and that the solutionNovember 28, 1995
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