1

1

P ARAMETER ESTIMA

TION IN A STR

UCTURAL A

COUSTIC SYSTEM

WITH FULL

Y NONLINEAR COUPLING CONDITIONS

ABSTRA CT

The research of H.T.B. was supp orted in part by the Air F orce Office of Scientific Research under grants

AFOSR-90-0091 and AFOSR-F49620-93-1-0198. This research was also supp orted by the National Aeronautics

and Space Administration under NASA Contract Numb ers NAS1-18605 and NAS1-19480 while H.T.B. was

a visiting scientist and R.C.S. was in residence at the Institute for Computer Applications in Science and

Engineering (ICASE), NASA Langley Research Center, Hampton, V

A 23681.

H.T. Banks

Center for Research in Scientific Computation

North Carolina State Universit y

Raleigh, NC 27695

R.C. Smith

Department of Mathematics

Iowa State University

Ames, IA 50011

A metho dology for estimating physical parameters in a class of structural acoustic systems

is presented. The general mo del under consideration consists of an interior cavity which is

separated from an exterior disturbance by an enclosing elastic structure. Piezo ceramic patches

are b onded to or emb edded in the structure; these can b e used b oth as actuators and sen-

sors in applications ranging from the control of interior noise levels to the determination of

structural flaws through nondestructive ev aluation techniques. The presence and excitation

of the patches, however, changes the geometry and material prop erties of the structure as

well as involves unknown patch parameters, thus necessitating the developmen t of parameter

estimation techniques which are applicable in this coupled setting. In developing a framework

for approximation, parameter estimation and implemen tation, strong consideration is given

to the fact that the input op erator is unb onded due to the discrete nature of the patches.

Moreover, the mo del is weakly nonlinear as a result of the coupling mechanism b etween the

structural vibrations and the interior acoustic dynamics. Within this context, an illustrating

mo del is given, well-p osedness and approximation results are discussed and an applicable pa-

rameter estimation metho dology is presented. The scheme is then illustrated through several

numerical examples with simulations mo deling a v ariety of commonly used structural acoustic

techniques for system excitation and data collection.

I

1 In tro duction

The recent success of piezo ceramic materials as sensors and actuators in applications involv-

ing structural vibrations has spawned intense study into questions regarding the mo deling

of piezo ceramic actuator/sensor interactions with underlying structures, the optimal design,

placemen t and numb er of actuators/sensors to b e used, and the development of effective con-

trol strategies in a v ariety of environments. When b onded to or emb edded in a thin structure

(b eam, plate or shell), piezo ceramic patches derive their actuating capacity from the piez-

electric prop erty that an induced voltage pro duces a strain in the material thus leading to

the p otential for pro ducing in-plane forces and/or moments when the patches are mounted in

pairs. Conversely

, their sensing capabilities are due to the dual piezo electric effect; namely , a

mechanical deformation leads to the generation of a prop ortional voltage across the element

which can then b e used to measure accumulated strain.

However, the b onding or em b edding of patches in the underlying structure changes not

only the geometry of the structure but also physical prop erties such as the density

, stiffness,

Poisson ratio and damping co efficients, when indeed, many of these parameters are unknown

even for the homogeneous, uniform host structure material. This necessitates the development

of effective parameter identification metho ds to b e used when estimating system parameters in

applications such as exp erimental mo del v alidation, the determination of optimal placement

and numb er of patches, the use of piezo ceramic patches in nondestructive ev aluation (NDE)

techniques, and the implementation of mo del-based control schemes. W e p oint out that the

estimation of physical parameters in this setting differs from that considered in much of the

previous literature (see [6] and the references therein) in that here the patch contributions

to the system lead to unb ounded (discontinuous) input and output op erators due to the fact

that the patches cover only discrete p ortions of the structure.

Parameter estimation metho ds for distributed parameter systems involving unb ounded

op erators have b een develop ed and tested in the case in which piezo ceramic patches are used

as sensors and actuators when b onded to a transversely vibrating b eam [15, 16]. There, fit-

to-data techniques involving PDE mo dels were develop ed which could b e used to estimate

unknown b eam parameters given v arious data forms. Moreover, in that setting, results p er-

taining to convergence and continuous dep endence on data were obtained in a v ariety of cases

involving physically tractable metho ds for exciting the system and measuring data.

In this work, we develop an analogous metho dology which can b e used for estimating

physical parameters in structural acoustic systems. In the systems of interest, an exterior

disturbance (e.g. noise source, mec hanical or electromagnetic force) is separated from an

interior cavity by a thin elastic structure (a b eam, plate or shell). As energy is transferred

from the exterior field to the structure, vibrations develop which then lead to unwanted

interior noise through acoustic/structure interactions. Control of this unwanted interior noise

is accomplished through sensing and actuating via piezo ceramic patches which are b onded

to the structure. Before mo del-based control schemes can b e implem ented, however, the

physical parameters of the structure (which now includes the patches) must b e estimated from

data which is collected b oth on the structure and from the acoustic resp onse in the enclosed

cavity

. Although similarities exist b etween the problem of estimating physical parameters

for the isolated structure and that involving the structural acoustic system, the hyp erb olic f contributions due to the acoustic comp onent sufficiently change the problem dynamics so as

to warrant in-depth study of techniques for the latter coupled system. Finally

, we note that

although the initial imp etus for developing distributed parameter estimation techniques for

structural acoustic systems was motiv ated by mo del-based noise control considerations, the

same techniques can b e used when p erforming vibration analysis or using NDE metho ds to

determine structural flaws in these coupled systems.

The structural acoustic problem used here to motiv ate and illustrate the development of

an appropriate parameter estimation metho dology consists of a 2-D enclosed cavity which is

separated from the p erturbing exterior disturbance by a thin b eam. This mo del represents

a 2-D slice from a 3-D mo del for several exp erimen tal apparata b eing used in the Acoustics

Division, NASA Langley Research Center, to test mo deling, parameter estimation and control

strategies. W e add, however, that the metho dology b eing presented is equally v alid for es-

timating parameters in many 3-D mo dels representing v arious exp erimental setups currently

in use (see the mo dels in [9, 10 ]). This 2-D mo del was chosen simply b ecause it simplifies

the discussion and more clearly illustrates the pro cess involved in developing the parameter

identification techniques.

Moreover, the mo deling, mathematical, and computational considerations presented here

are v alid whether the external source or disturbance of the elastic structure (denoted by in

the mo del b elow) is acoustic, mechanical or electromagnetic excitation of the structure. The

principle ideas in this pap er are also p ertinent whether we assume that the piezo ceramics are

b onded to the structure or are emb edded within the structure. F or the sake of definiteness,

we assume that the piezo ceramic patches are b onded to the structure (the structural mo dels

are somewhat different if the patches are emb edded).

The mo del b eing used to illustrate the metho dology is weakly nonlinear due to the manner

in which the structural vibrations couple with the interior acoustic fields. While linearization

provides a very go o d approximation to the system dynamics (see [1]), we retain the non-

linearity here so as to illustrate some of the general analytic assumptions which are made

when extending well-p osedness and parameter convergence results for the corresp onding lin-

ear problem to a weakly nonlinear problem of this typ e. This also facilitates the demonstration

of numerical techniques which can b e used when simulating, testing and implementing the

parameter estimation scheme in the nonlinear problem. In discussing parameter estimation

metho ds for structural acoustics problems of this typ e, our emphasis is on the formulation of

the problem in a manner which is conducive to approximation and implementation b oth in the

linear and nonlinear forms as well as under a v ariety of interior cavity damping assumptions.

In the second section of this presentation, a mo del for the 2-D system b eing used to

illustrate the parameter estimation metho d is presented. Details regarding the mo deling of

the acoustic and structural comp onents as well as coupling conditions are given, and care is

taken to motiv ate the assumptions which lead to v arious damping conditions in the system

mo del. In formulating the strong form of the system mo del, details are also given regarding

the interactions b etween the piezo ceramic patches and the underlying structure (b eam) as

well as the weakly nonlinear interactions b etween the b eam and the interior acoustic field. T o

provide a formulation which is conducive to approximation in the context of unb ounded input

op erators as well as facilitates the discussion of well-p osedness results, the weak form of the

system equations is then develop ed and p osed in terms of sesquilinear forms and the b ounded

op erators which they define. Finally

, we show that the solution tra jectories can b e expressed

R

⋃

∩ ̸∘

0

=1

2 System Mo del

b b D b

pe pe D pe

bℓ bℓ bℓ D bℓ

N

i i t t

a b h

E , ρ c

w t, x

T b

E ρ c

T E ρ c

∂ t in terms of a semigroup on an appropriate space and within this framework, the assumptions

underlying the well-p osedness results for the linear and nonlinear problems are discussed.

A discretization metho d suitable for simulations and the implem entation of the parameter

estimation metho d is outlined in Section 3. This discussion is kept relatively brief since details

regarding the corresp onding finite dimensional system for the linearized problem can b e found

in [1]. However, the section do es provide additional details concerning the discretization of the

nonlinear comp onent of the op erator and a brief algorithm for carrying out this discretizetion

is included.

A parameter estimation scheme suitable for data consisting of displacement, velo city or

acceleration measuremen ts on the b eam, voltage measuremen ts from the patches, or pressure

measurement inside the cavity is presented in Section 4. Assumptions on the form of the

unknown parameters are discussed and conditions leading to convergence and continuous

dep endence on data results for the linear and nonlinear problems are outlined.

In Section 5, numerical examples demonstrating the parameter estimation techniques with

a v ariety of data typ es and metho ds for exciting the system are presented. Sp ecifically ,

examples are given in which the force to the system is provided by a numerically simulated

acoustic source, simulated voltage inputs to the patches, and a simulated hammer impact

to the b eam. The simulated data under comparison in the examples consists of acceleration

v alues of the b eam, voltage (accumulated strain) v alues from the patches, and voltage v alues

in conjunction with interior acoustic pressure v alues. The conclusions from this study and

physical considerations concerning the implementation of the metho d are summarized in the

final section of the pap er.

The mo del of interest consists of an exterior disturbance which is separated from an interior

cavity Ω( ) by a common elastic b oundary Γ ( ) that is mo deled by an Euler-Bernoulli b eam

as depicted in Figure 1. The b eam is assumed to have length , width and thickness .

The Y oung’s mo dulus, mass density (in mass p er unit volume) and damping co efficient for

the homogeneous b eam are denoted by and , resp ectively

. Due to the nature of the

exterior forces and the manner in which the patches are excited, we will b e considering only

transverse vibrations ( ).

Bonded to the b eam are piezo ceramic patches which are mounted in pairs as depicted

in Figure 1. In this discussion, it is assumed that the patches have thickness , width ,

Y oung’s mo dulus , density , and damping co efficient . Moreover, it is assumed

that the b onding layers for each patch have equal thicknesses, Y oung’s mo duli, densities and

damping co efficients, and these parameters are denoted by , , and , resp ectively .

W e emphasize that these assumptions are made solely for clarity of presentation, and similar

results can b e obtained in an analogous manner for the more general case in which the patches

and b onding layers have differing thicknesses and material prop erties (see, for example, [12]).

Finally

, we assume that inside the cavity

, there is a region

~

Ω =

~

Ω , p ossibly all of

Ω, with

~

Ω Ω( ) = , which provides a first approximation to the interior material (eg.,

passengers, seats, storage compartments in the case of an aircraft interior; elastic or medium

jfxn^Ωy(t)Γ^Γ0(t)0aw(t,x) Γ01~Ω2~Ω3~Ω4~

\

R

f

0

0

0

Fig. 1. The 2-D domain.

2.1 Acoustic Comp onen t t N

t

P ρ

⃗

U

P t, ⃗ x P ⃗ x p t, ⃗ x

ρ t, ⃗ x ρ ⃗ x ρ t, ⃗ x

⃗

U t, ⃗ x

⃗

U ⃗ x ⃗ u t, ⃗ x

⃗ x x, y

<

t

E material that absorbs energy in other examples) which disrupts and damps the interior acoustic

fields. This region is assumed to have p ositive measure and may or may not b e small as

compared to Ω( ) (see Figure 1 where = 4).

W e consider first the acoustic wave dynamics inside the cavity Ω( ). The v ariables of interest

to us are the pressure , density , and the velo city , each of which can b e represented in

terms of a mean and fluctuating comp onent

( ) = ( ) + ( )

( ) = ( ) + ^ ( )

( ) = ( ) + ( )

(here we have taken = ( ) and are assuming that the rate of sound travel is sufficiently

rapid so that little heat transfer takes place). F or the range of magnitudes involved in these

problems ( 140 dB), it is usual to assume linear relations when considering constitutive laws

and force balancing [20], and we make that assumption throughout the analysis which follows.

In the region Ω( )

~

Ω, air damping is omitted due to the relatively small dimensions of the

typ e of exp erimental cavities of interest to us. Hence in that region, an increase in pressure

brings ab out a prop ortional strain with the ratio defined as the bulk mo dulus of elasticity

{

0

2

2

0

2

2

2

2

0 0

0

0 f f

t

t

f

f

f

t

t

∂

∂ t

−

∇ ·

− ∇ ·

− ∇ · − ∇ ·

−∇

∈

∈

∈

∈

∇ ×

∇ ×

∇ ×

−∇

E p

⃗ s p E ⃗ s

⃗ s t, ⃗ x

⃗ s ⃗ u

p E ⃗ s d ⃗ s

E d

<

ρ

∂ ⃗ s

∂ t p

ρ ρ , ⃗ x t /

ρ , ⃗ x

∂ p

∂ t

E

ρ p , ⃗ x t /

∂ p

∂ t

E

ρ p d

ρ p , ⃗ x .

⃗ u ⃗ s

ρ ⃗ u ⃗ ω ρ ⃗ u t

⃗ ω ρ ⃗ u

t t ϕ

ρ ⃗ u ϕ .

t where

= or = (2.1)

( ( ) denotes the displacement of the center of gravity of an infinitesimal elemen t of the

medium and satisfies = ). On the other hand, the material lump ed in

~

Ω will provide some

medium damping and here we assume that a change in pressure yields

=

~ ~

(2.2)

where

~

and

~

denote the bulk mo dulus of elasticity and damping co efficient of the medium

in

~

Ω. W e p oint out that this use of a generalized Ho oke’s law in which stress is prop ortional to

a linear combination of strain and strain rate is done under the assumption that relatively low

acoustic frequencies are excited ( 1000 Hz), and is similar to the constitutive law leading to

Kelvin-V oigt damping of vibrations in elastic materials. W e also emphasize that this damping

mo del should b e considered as a first approximation to the actual acoustic damping mechanism

in the medium

~

Ω, and dep ending on the sp ecific materials involved, the manner of acoustic

excitation, and the geometry of the physical system, more comprehensiv e mo dels may b e

required to accurately describ e the medium damping.

F orce balancing in the acoustic cavity

, we obtain the relation (the Euler equation)

= (2.3)

where

=

Ω( )

~

Ω

~

~

Ω

denotes the equilibrium density of the medium ((2.3) is equiv alent to the linearized momen tum

equation in fluid dynamics). By taking two time deriv atives of (2.1) and (2.2), the divergence

of (2.3), and eliminating cross terms, one arrives at

= Δ Ω( )

~

Ω

=

~

~

Δ +

~

~

Δ

~

Ω

(2.4)

T aking the curl of the momentum equation (2.3) and noting that = we obtain (

) = 0. Hence the vorticity = is constant in time in Ω( ). Under the assumption

that the initial vorticity (0) is zero, we may conclude that = 0 for all time or that

the flow is irrotational in Ω( ). Thus in Ω( ), there exists a scalar velo city p otential such

that

= (2.5)

The flow is more complex near and in the region

~

Ω as a result of the viscous effects and

medium damping. This can p otentially lead to rotational comp onents in the acoustic field

which in general necessitates the use of a vector p otential. As a first approximation, however,

we are assuming that the rotational comp onents near and in

~

Ω are negligible and a relation

of the form (2.5) will b e used throughout the acoustic cavity Ω( ).

5

{ }

{

2

2

2

2

2

2

2

2

2

0

2

2

1 2

2.2 Beam Comp onen t

∇ −

∈

∈

∈

∈

∈

∈

∈

∇ · ∈

∈ ∪

M

−

M t tt

f

f

t

f f

t

tt t

t

b bℓ bℓ pe pe

∂ ϕ

∂ t p ,

p

∂ ϕ

∂ t t

p ϕ

∂ ϕ

∂ t

E

ρ ϕ , ⃗ x t /

∂ ϕ

∂ t

E

ρ ϕ d

ρ ϕ , ⃗ x .

n

c ⃗ x d ⃗ x

c ⃗ x

E /ρ , ⃗ x t /

E /ρ , ⃗ x

, d ⃗ x

, ⃗ x t /

d/ρ , ⃗ x ,

∂ ϕ

∂ t c ϕ d ϕ , x, y t , t > ,

ϕ n , x, y , t > .

d ⃗ x

⃗ x t / ∂ t t

t

w

ρw

∂

∂ x t, x ϕ t, x, w t, x f t, x < x < a , t > ,

w t,

∂ w

∂ x t, w t, a

∂ w

∂ x t, a t > ,

f

ϕ t, x, w t, x

x x

ρ x ρ hb b ρ T ρ T χ x

Substituting (2.5) into the momentum equation (2.3) we find

= 0

which implies that = since no acoustic sources or sinks are present in Ω( ). Use of this

pressure expression (actually = ) after differentiation in time once in equations (2.1),

(2.2) then yields

= Δ Ω( )

~

Ω

=

~

~

Δ +

~

~

Δ

~

Ω

Finally

, hardwall b oundary conditions are assumed since one of the exp erimen tal configu-

rations (a cylinder with end plates) that we have mo deled has concrete walls. With ^ denoting

the outward unit normal to the cavity and ( ) and ( ) denoting the sp eed of sound and

damping co efficients given by

( ) =

Ω( )

~

Ω

~

~

~

Ω

( ) =

0 Ω( )

~

Ω

~

~

~

Ω

the acoustic resp onse can b e mo deled as

= Δ + Δ ( ) Ω( ) 0

^ = 0 ( ) Γ 0

(2.6)

W e emphasize that this mo del was derived under the assumption that the only acoustic

damping in the cavity o ccurs in the region

~

Ω and hence ( ) = 0 in the rest of the chamb er

and b oundary

, i.e. for Ω( )

~

Ω and Ω( ) = Γ Γ ( ). Moreover, we have assumed that

the flow is irrotational in the region Ω( ).

Through force and moment balancing, the equation of motion for the transverse displacements

of the b eam are found to b e

+ ( ) = ( ( )) + ( ) 0 0

( 0) = ( 0) = ( ) = ( ) = 0 0

where is the total b eam moment, is the force due to the exterior disturbance field and

( ( )) is the backpressure due to the ensuing acoustic waves inside the cavity (this

latter term is in general nonlinear since its effect o ccurs on the surface of the vibrating b eam).

F or pairs of patches having edges and , the density of the structure is

( ) = + 2 ( + ) ( ) (2.7)

6

{

[ ]

≤ ≤

M −

K

K

− −

1 2

1 2

2

2

3

2

3

3 3

3

3 3

31

3 3 3

3 3

3

3

3

31 pe

pe

pe

D

pe

B

pe

b bℓ bℓ pe pe pe

D D b D bℓ bℓ D pe pe pe

B

pe bℓ

bℓ pe bℓ bℓ pe bℓ

bℓ

D pe

D pe χ x

, x x x

,

x x

t, x M t, x M t, x

M

M

M t, x E I x

∂ w

∂ x c I x

∂ w

∂ x ∂ t

M t, x V χ x

V

E I x E h b b

E a E a χ x

c I x c h b b

c a c a χ x

E bd h T T .

a a a h/ T h/ a h/ T T

h/ T

d

c

c where the characteristic function

( ) =

1

0 otherwise

lo calizes the patch effects b etween the endp oints and (see [11 , 12 ] for details).

The general b eam moment

( ) = ( ) ( )

consists of an internal comp onent , dep ending on material and geometric prop erties of the

b eam and patches, and an external comp onent (the control term) which results from the

activ ation of the patches through an applied voltage (see Figure 2(a)).

F or a b eam undergoing pure b ending motion with out-of-phase excitation of the patches,

the internal and external momen ts are given by

( ) = ( ) + ( )

( ) = ( )

where is the voltage into the patches. As shown in [11 ], the stiffness, damping and control

constants for the combined structure are

( ) =

12

+

2

3

[ + ] ( )

( ) =

12

+

2

3

+ ( )

= ( + 2 + )

(2.8)

The constants and given by = ( 2 + ) ( 2) and = ( 2 + + )

( 2 + ) result from the integration of stresses through the b onding layer and patch, and

is a piezo ceramic constant which relates the amount of strain pro duced in the patch to

the level of voltage b eing applied.

At this p oint it is worth commenting further on the damping term which is taken to

b e a combination of the Kelvin-V oigt damping co efficient for the patch and the damping which

results from the pro duction of current when the structure vibrates. This latter contribution to

the damping results from the piezo electric effect of the patches which dictates that a voltage

is pro duced when the patch is sub jected to in-plane strains. Under the assumption that the

Kelvin-V oigt (material) and electrical damping have approximately the same typ es of effect

in the patch, we have combined the two into the co efficient which must b e considered to

b e unknown and like the other parameters, must ultimately b e estimated using data fitting

techniques with exp erimen tal data when considering actual applications. W e also p oint out

that the expression (2.8) can easily b e generalized to include the p ossibility of differing material

prop erties in the two patches or b onding layers (again, see [11, 12 ]).

The fact that the patches generate a voltage when strained implies that they can b e used

as sensors as well as actuators. Sp ecifically

, the voltage pro duced by the patches when the

7

+

+

Voltage Input

Generated

Moment

Actuator

Strain Accumulated

Generated

Voltage

Sensor

0Γ

y Γ

Ω x

(a)

(b) (c)

Γ Γ ]

2. 1 K − ∇ · ∇ · Coupling Conditions t w x x dx wx x wx x t, x, w t, x t, x t, x, w t, x ȷ , < x < a , t > w t, x, w t, x ϕ t, x, w t, x ȷ c oustic c avity with piezo c er amic p atches; (a) p atch gener ation of pur e b ending moments, p atch sensing of ac cumulate d str ain, and (c) fixe d domain and b oundary .

eam b ends is

) = ( ) = ( ) ( ) (2.9) the sensor constant dep ends up on piezo electric material prop erties as well as the and size of the patch (see [18]). Hence the voltage provides a measure of accumulated in the b eam (see Figure 2(b)) thus enabling the patch to serve as a sensor in a v ariety applications involving the measurement of b eam vibrations.

the mo del discussed thus far, the structural and internal acoustic resp onses are coupled the backpressure ( ( )) on the surface of the b eam. A second coupling is the continuity of velo city (or momentum) condition

) = ( )) ^ 0 0 h results from the assumption that the b eam is imp enetrable to air (or whatever the fluid the interior cavity). W e p oint out that the velo city condition provides a form of damping the b eam which is similar to that obtained with the incorp oration of viscous (air) damping

(mo deled by a term of the form in the b eam equation). As noted in the examples, internal Kelvin-V oigt damping in concert with the coupling effects due to the continuity of elo city and backpressure causes a b eam resp onse which differs somewhat from that observed an uncoupled, undamp ed b eam having the same dimensions.

mo del we have develop ed has nonlinearities in the (i) v ariable domain Ω( ), (ii) back term ( ( )), and (iii) velo city term ( ( )) ^ . ) · ∈ ∇ · K K · · 0 1 t D pe t Strong F orm of the System Equations c ϕ d ϕ x, y t , t > , n x, y , t > , t, x, w t, x ȷ w t, x < x < a , t > , xI w x I w x ∂ t t, x, w t, x f t, x x t χ x x < a , > , t, wx w t, a wx a t > , , x, y ϕ x, y , w , x w x , x, y ϕ x, y , w , x w x . t i χ i , s ρ, E I c I ρ, E I c I or the coupled system in which pairs of patches are b onded to the b eam and excited outthe acoustic, structural and coupling comp onents just discussed can b e combined to the nonlinear mo delΔ + Δ ( ) Ω( ) 0

= 0 ( ) Γ 0

( )) ^ = ( ) 0 0 + ( ( )) + ( ) + ( ) ( )

0) = ( 0) = ( ) = ( ) = 0 0

) = ( ) (0 ) = ( )

( ) is the voltage b eing applied to the patch and denotes the characteristic over the patch.

e p oint out that the piezo ceramic material parameters (see (2.9)) and = as well as the b eam parameters and are considered to b e unknown and estimated using inverse problem techniques as discussed in later sections. While the given in (2.7) and (2.8) can b e used as starting v alues in the parameter estimation exp erimental evidence (see [15, 16 ]) has indicated that the final parameter v alues v ary quite significantly from the analytic v alues due to the contributions from the b onding yer, v ariation in the measurement of physical constants, and nonuniformities in the v arious

This combined with the lack of analytic expressions for the damping constant the estimation of these parameters b efore mo del-based control strategies can b e ented.

e also emphasize that the parameters and are piecewise constant in nadue to the presence and differing material prop erties of the b onding layer and patches

(2.8) as well as the results in [15]). This leads to difficulties with the strong form of the equations since it necessitates the second deriv atives of the Heaviside function (equiv- tly , deriv atives of the Dirac delta) thus yielding an unb ounded control input op erator.

differentiation of the discontinuous material parameters also leads to difficulties when apximating the dynamics of the coupled system. T o avoid these problems, it is adv antageous formulate the problem in weak or v ariational form (the use of the v ariational form also ermits the use of basis functions having less smo othness than required for those used when ximating the solution to the strong form of the equations). 0 0 0 0 } ∫ } ∫ ∫ ) ∫ ∫ [ ]} W eak F orm of the System Equations t t D pepe · ≈ ∇ · − ∇ · ∇ ≈ ∇ · · · ∇ ∇ · ∇ × · ∇ · ∇ − ) 0 ( ) Γ

2 2 2 ) Ω 2 2 ρ ρ ȷ ϕ n ϕ ⃗ v ϕ ϕ ⃗ v ϕ w , ϕ, w ϕ t, x, w t, x ȷ n ϕȷ n t, x, w t, x ȷ t, x, w t, x nη η x η x x a c ξ ξ c ξ dw ξ dγ ρw η E I D w D η c I D w D η ϕ w η dγ t χ D η dγ f η dγ . a , ℓ < x < a, y c ξ dω ρw η dγ ξ dω E I D w D η dγ c ϕ ξ dω c I D w D η ϕ w η w ξ dγ t χ D η dγ f η dγ , we note that in the case of no acoustic cavity damping ( 0 and = ), the del (2.10) is completely equiv alent to the nonlinear mo dels whose linearizations are the of the investigations in [1, 8 , 10 , 11] if one makes the approximation ^ ^ replaces the coupling terms and = in those mo dels by and = , ectively

. That is, the p otential used in those references differs from the one used here by multiplicativ e factor .

appropriate choice for the state of the second-order problem (2.10) is the pair ( ) of the acoustic p otential and b eam displacement. It follows immediately that with choice, the state for the problem in first-order form is = (

) which contains the

(since = as well as the b eam displacemen t and velo city . o facilitate the writing of (2.10) in weak form we make several assumptions. First we that ( ( )) ( ^ + ^ ) is small (this is reasonable if either is small near

( ) or if the b eam has small slop e so that ^ ^ ). Note that with this assumption, velo city term ( ( )) ^ in (2.10) can b e approximated by the normal term

( )) ^ which arises when developing the weak form of the equation. In addition making this approximation, we multiply the cavity and b eam equations in (2.10) by suffitly smo oth test functions and , resp ectively

, and integrate by parts (Green’s theorem) the usual manner (see[1]). Assuming that satisfies the b oundary conditions ( ) = ( )

= 0 and = , we then obtain

+ + ˙ + ˙ +

) ( ) + the integrals ab ove we make the further approximations that = where Ω is the domain Ω [0 ] [0 ], and = where Γ is the b oundary 0 = 0 as in Figure 2(c). W e then obtain the nonlinear first order v ariational form

˙ ˙ +

) ˙ ( ) + ∗ HV × × × ∈ } · ∇ ⟩ ⟨ ⟩ ⟩ ⟨ ⟩ ∇ · ≃ ) ( )⟩ ∫ ) ( )⟩ ∫ ) ( )⟩ 2 2 1 2 1 2 Abstract First Order F orm ulati on , η V H V H V H L L V H L H L H H ψ H ψ x ψ x x , a V c dω ρw η dγ ξ dω E I D w D η dγ , , , , . ȷ w V V H V H w ξ , η V all Ψ = ( ) .

state space and space of test functions are taken to b e the pro duct spaces =

= where the Hilb ert spaces and are given by =

(Γ ) and =

(Γ ). Here and denote the quotient spaces of and over the cont functions and (Γ ) is given by (Γ ) = (Γ ) : ( ) = ( ) = 0 at = 0 use of the quotient space results from the fact that the p otentials are determined only to a constant). F rom energy considerations, the and inner pro ducts are taken to b e the pro duct space inner pro ducts are given by

Φ Υ + Ψ Λ

Φ Υ + Ψ Λ e p oint out that in the v ariational form the deriv atives have b een transferred from the and patch moments onto the test functions. This eliminates the problem of having to ximate the deriv atives of the characteristic function and the Dirac delta as is the case the strong form of the equations. Moreover, we note that the continuity of velo city con-

^ = of the strong form b ecomes a natural b oundary condition in the weak v ariational form (2.11). Hence it is not directly imp osed on any numerical approximate

The coupling condition will therefore b e satisfied only approximately in computasolutions as well as in the conceptual formulation given in making the approximation pass from the strong form (2.10) to the v ariational form (2.12).

system (2.12) can b e formally approximated by replacing the state v ariables by their dimensional approximations and constructing the resulting matrix system, and it is in form that we will consider approximation strategies in Section 4. In order to discuss the ell-p osedness of the problem, however, it is adv antageous to p ose the problem in an abstract hy format as discussed in the next subsection.

ollowing the theoretical work in [2, 3 ], it is adv antageous to formulate the problem in terms sesquilinear forms and the b ounded op erators which they define (see also [1, 10 ] for further detailing the abstract formulation of structural acoustic systems in this manner).

e b egin by p ointing out that the Hilb ert spaces and form a Gelfand triple pivot space (further details concerning the basic definitions and fundamental analysis theory here can b e found in [22]). F or Φ = ( ) and Ψ = ( ) in , we V ∫ ∫ } ∫ ) ∫ ) ∫ → C · ∇ · ∇ − | ≤ | | | | ∈ | | ⟩ \ | | | |∇ | | | | | ≥ − 2 2 1 1

2 1 1 3 3 4 4 2 V V , i , , ξ dω E I D w D η dγ , , c ϕ ξ dω c I D w D η ϕη w ξ dγ . σ , c , c , c , c > V , σ , V σ , , σ , c , c > V . , c dω c I D w dγ ϕ dω k E I D w dγ dω ϕ dω > , c , c H c σ ,V σ define the sesquilinear forms : = 1 2 by

Ψ) =

Ψ) = + [ ] these definitions, it is straightforward to show that and satisfy v arious contiuity

, symmetry and co ercivity conditions. Namely

, satisfies

Ψ) Φ Ψ for some l

R (b ounded)

(Φ Φ) Φ for some 0 ( -elliptic)

Ψ) = (Ψ Φ) (symmetric) all Φ Ψ (the b oundedness results from Schwarz’s inequality for inner pro ducts in with equiv alence results for v arious Sob olev norms, while the -ellipticit y and etry of follow directly from the fact that (Φ Ψ) = Φ Ψ ).

prop erties of dep end up on the form of damping in the cavity Ω. If damping is in a region Ω as discussed in Section 2.1 with (Ω

) = 0, then satisfies

-ellipticity follows from the fact that

(Φ Φ) = + the final inequality resulting from the observ ation that = for

Φ . On the other hand, if the cavity is taken with medium damping in with 0 (the case of “weak cavity damping”), then one can only establish the weaker ipticit y condition (Φ Φ) Φ 0 ( semielliptic ) (in this case = 0 since (Φ Φ) contains no full acoustic comp onent when damping weak in the cavity). As discussed in the next section, the inclusion of medium damping the region where (Ω

= 0 and the resulting -elliptic b ehavior of yields semigroup results than those obtained when acoustic damping is weaker or omitted. ∗ ∗ ∗ ly 1

2 2 1 2 2 2 1 ,V pe ,V t t t t t ,V t ,V,V t ,V,V L ⟩ K ⟨ · ·⟩ − ⟩ ⟨ ⟩ · · → G Z V × L ⟩ H × AZ C Z Z B F G Z { ∈ H ∈ ∈ } − ⟩ ⟨ ⟩ U, V u, u χ D η dγ , , f /ρ G z , z , ϕ w w ϕ t, x, w t, x ϕ t, x, w t, x ϕ t, x, t , σ z t , σ z t , B u t F G z , z , t ϕ t, , , w t, V H t , B u t , F t t , G z t , z t V V , A V , V , σ , , A A σ σ z t , z t ϕ, w , ϕ, w V H t t, t t u t t t V , A A H A t, x, w t, x, G z , z t , σ z t , σ z t , B u t F , o account for the patch contributions when a voltage is applied, we let denote the ert space containing the voltage inputs and we define the op erator ( ) by = Ψ , where is the usual duality pairing. Finally

, the external forcing and p erturbation terms are given by = (0 ) and ( ) = (0

)) where

) = ( )) ( ( )) ( 0) denotes the nonlinear p erturbation to linear coupling term.

these definitions, we can write the system (2.12) in the abstract weak or v ariational

) Ψ + ( ( ) Ψ) + ( ( ) Ψ) = ( ) + + ( ) Ψ (2.16)

Ψ in . W e reiterate that the state for the problem in second-order form is given by

) = ( ( ) ( )) in .

o p ose the system in first-order form, we form the pro duct space terms ( ) = (0 ( )),

) = (0 ( )) and ( ( )) = (0 ( ( ) ( ))) in = and define the op erators

) by

Ψ = (Φ Ψ)

= 1 2 (the existence of and is guaranteed by the b oundedness of and ).

for the state ( ) = ( ( ) ( )) = (

) in = , the weak form (2.16) is alent to the system

) = ( ) + ( ( )) (2.17) where

( )) = ( ) + ( ) + ( ( )) (2.18)

= Θ = (Υ Λ) : Λ Υ + Λ details concerning the formulation of the first-order system in the linear case can e found in [1]). The representation (2.17) is formal in the sense that the manner in which tiation and the resulting solution exists has yet to b e sp ecified. This will b e discussed in the context of proving well-p osedness results for the system mo del.

, in discussing well-p osedness results and parameter convergence in the sections h follow, it proves useful to compare the nonlinear system with that which results when oth coupling terms are linearized. The latter is found by replacing the term ( ) by

0) in the v arious expressions for the coupled system (equiv alently

, take ( ) = 0).

yields the second-order v ariational form

) Ψ + ( ( ) Ψ) + ( ( ) Ψ) = ( ) + Ψ (2.20) ) t 2 0 0 Mo del W ell-P osedness ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ t u t tV H t e t ωt t t t t B U, V t , B u t V V V t , V , A A H A λ , λ λ > ω e AZ B F H H | ≤ ≥ A H T A ⊂ H → H H C Z F G Z V H ∈ L ∈ { } × ⊂ × V H T ⊃ { } ×{ ∈ H| ∈ − ∈ } A A ⟩ ⟨ − A − A ⟩ | ≤ W { } × ⊂ W A Ψ and consequently the first-order system

) = ( ) + ( ) + ( ) (2.21) . the main purp ose of the pap er is the careful mo deling presented ab ove and the demon-

(by examples in Section 5 b elow) of a feasible numerical approach to estimation of we give here a brief discussion of p ossible theoretical considerations. The ideas e discuss are admittedly incomplete but they do make a start on well-p osedness of the full structural acoustics mo del.

first step in determining the well-p osedness of the semilinear system mo del is to that generates a semigroup on . As noted earlier, the sesquilinear form is

, continuous and symmetric while is continuous and -elliptic if strong damping (Ω ) = 0) is included via the region or -semielliptic if damping is weak or omitted the cavity

. In b oth cases, the Lumer-Philips theorem (with arguments similar to those given pages 82-84 of [2]) can b e used to prove that the op erator defined in (2.19) generates

-semigroup ( ) on the state space . The semigroup satisfies the exp onential b ound

) for 0 (where in fact, = 0 due to the fact that is dissipative as shown in

Moreover, if strong medium damping is included via the region

(which implies that -elliptic), the semigroup ( ) is analytic on .

or the problem thus p osed, the state lies in which implies that the semigroup ( ) by : dom is defined on . The nonlinear forcing term ( ( )) =

) + ( ) + ( ( )), however, lies in rather than since the control term ( ) the pro duct space control term ( ) = (0 ( )) 0 = .

o remedy this, “extrap olation space” ideas and arguments similar to those presented in

4 , 19] are used to extend the semigroup ( ) on to a semigroup

) on a larger space so as to b e compatible with the forcing term.

detailed in [10 ], the space of interest is defined in terms of dom where

= = (Φ Ψ) Ψ Φ Ψ Ψ ecifically

, the space = [dom ] is taken to b e dom with the inner pro duct

Ψ = ( )Φ ( )Ψ some arbitrary but fixed with (recall that the original solution semigroup the b ound ( ) ). As proven in [4], the resulting norm is equiv alent to graph norm corresp onding to . Moreover, we have that 0 = [dom ]

[10] for details). t ) ) priori ∗ a 1. (W ell-P osedness of the Nonlinear System) W A ∈ W ⟨ A ⟩ H ∈ W A A ⊂ H H T W H W T × → T Z T − ∈ Z Z × → Z B F G Z Z ∈ H , χ t t B u t F t T X X t , T t t s u s F s G s u F G L , T , V T X X u F z , z , ϕ w B u z , z B u t u t t t t H V t rom the definition of and the equiv alence of the norm with the graph norm correonding to , we can defineby

( ) = Θ all Θ , . With this definition and the Riesz representation theorem, it is shown

[10] that an extension of the original op erator from dom to all of . Finally , proven in [4], the op erator the infinitesimal generator of a -semigroup

) on h is an extension of ( ) from to (note that

) is also analytic if strong medium vity damping is included).

ving extended the op erator and hence the generated semigroup to a space which is with the forcing function, we are now in a p osition to discuss criteria on the input and which guarantee the existence of a unique solution to the system mo del. In corresp onding linear problem, under reasonable regularity conditions on ( ) and

), one can imm ediately argue the existence of a unique strong solution to the system terms of the extended semigroup

). F or the semilinear problem of interest, however, the nonhomogeneous terms must satisfy certain continuity criteria in order to obtain results. F or example, if we let denote the reflexive Banach space and assume

: [0 ] defined in (2.18) is continuous in on [0 ] and uniformly Lipschitz tinuous on , then the integral equation ) = ) + )

) + ( ) + ( ( )) well-defined for + + ( ) ((0 ) ). Moreover, for (0) = , the solution

) of (2.22) is a unique mild solution to (2.17) (see Theorem 1.2, page 184 of [21]). In if : [0 ] is Lipschitz continuous in b oth v ariables, then it follows from

1.6, page 189 of [21] that (2.22) provides the strong solution to (2.17) interpreted in sense.

required continuity of the nonhomogeneous terms and is demonstrated in [10] hence the remaining question concerns the Lipschitz continuity of the nonlinear coupling

( ) = (0

)). This is a difficult condition to assure . However, if we that the input terms and are sufficiently smo oth so as to assure the necessary tinuity in ( ), then the nonlinear system is well-p osed. These results are summarized the following result.

the nonlinear system ted by (2.16), (2.17) or (2.22) and assume that and are sufficiently smo oth that ( ( )) = ( ) + ( ) + ( ( )) is Lipschitz continuous in b oth and . Then with is the unique strong solution to (2.16) b oth when strong acoustic vity damping is assumed and when weak or no damping is present in the cavity (in h case, is only -semielliptic).

results can b e further extended when strong acoustic damping is assumed via the and hence is -elliptic and

) is analytic. In this case, the mild (and thus ∑ 0 =0 → ∈ H A Z Z Z State Appro ximation

System Appro ximation j u t t F t T V t, x w t B x i t, x, y ϕ t P x P y 1. (Linearized System: Equiv alence of Solutions) solutions to (2.21) are guaranteed to b e equiv alent to the weak or v ariational solutions

(2.20) for sufficiently smo oth nonhomogeneous terms. Moreover, the following theorem es the corresp onding result for the linearized problem.

the system repted by (2.20) or (2.21) and supp ose that the mappings ( ) and ( ) from

] to l

R and , resp ectively

, are Lipschitz continuous. F urthermore, assume that damping of the form (2.2) is present in the region with (Ω

= 0.

for each = dom we have that (2.21) taken with (0) = has a unique solution given by (2.22) with ( ) = 0. Moreover, this strong solution is equal the weak solution of (2.20).

pro of of the equiv alency b etween strong and weak solutions follows that given in [3] general second-order systems with unb ounded input terms. W e p oint out that numerous umerical results have suggested similar results for the nonlinear problem and the case in h damping is omitted in the cavity even though we have not b een able to extend the equating the strong and weak solutions to cover those cases.

mo deling and well-p osedness discussion thus far has b een for the infinite dimensional nonstructural acoustic system. In this section we discuss a Galerkin scheme for discretizing problem which can b e used when simulating the system dynamics, estimating the physical and calculating control gains (see [1]). This is accomplished by approximating b eam displacement and acoustic p otential by spline and sp ectral expansions, resp ectively . detailed in [1] where the corresp onding linear problem was considered, cubic splines are for discretizing the b eam displacemen t since they satisfy the smo othness requirement well as b eing easily implem ented when adapting to the fixed-end b oundary conditions and h discretizations. Sp ecifically

, the approximate b eam displacement is taken to b e the combination ) = ( ) ( ) is the cubic spline which has b een mo dified to satisfy the b oundary conditions.

acoustic p otential is approximated by the Galerkin expansion

) = ( ) ( ) ( )

� y t A w t t B t t } { } ≡ } { } × × H · · · · · × × · · · ) + ) ] ) ] ] ) ] [ ] ) + =0 2 11 12

21 22 2 22 11 12 2

2 1 2 1 11 12 12 32 2 0 ,m , i j y mN N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N x P y a , ℓ i j x, θ P x P y m m n B H B B B i m n H H H M , M , M , M , A w t w t A A , A , B , F t , F t . t ϕ t , ϕ t , , ϕ t , w t , w t , , w t N n u t u t , u t s A , A M A w t F t y t y t B u t F t y ( ) and ( ) denote the standard Legendre p olynomials that have b een scaled y transformation to the interv als [0 ] and [0 ], resp ectively

. The condition + = 0 inates the constant function thus guaranteeing that the set of functions is suitable as a for the quotient space. W e take ( ) = ( ) ( ) where

+ 1)( + 1) 1.

and 1 dimensional approximating cavity and b eam subspaces are taken to b e span and = span , resp ectively

, where and are the vity and b eam bases describ ed ab ove. Defining = + 1, the approximating state is then taken to b e = and the pro duct space for the first order system is . restricting the infinite dimensional system (2.12) to , one obtains the nonlinear dimensional system diag [ ] diag [ ] ( ) = ) 0~ ) = 0 ) vector ( ) = ( ( ) ( ) ( ) ( ) ( ) ( )) contains the 1 =

+ 1) 1 approximate state co efficients while ( ) = ( ( ) ( )) contains the oltage v alues. The matrices and are the mass and stiffness matrices which arise when the uncoupled wave equation with Neumann b oundary conditions while and the mass, stiffness and damping matrices which arise when solving the damp ed b eam with fixed b oundary conditions. The matrices and result from the choice inner pro duct (see [1]). The contributions from the coupling terms are contained in the and op erator ( ( )) while the control, forcing and initial terms are contained

) and ~ , resp ectively

. A more detailed description of how the v arious comp onent are constructed can b e found in [1].

equiv alent finite dimensional Cauchy equation is then

( ) = ( ) + ( ) + ( ) = ~ onc e × · · − × − − × × ( )] ) ] [ ] [ ] 32 32 1 32 32 1

32 32 1

Algorithm for Constructing the Nonlinear Comp onen t Algorithm for Creating the Nonlinear Comp onen t : t A y t B u t F t y w t t m A w t j , , m , m n m w t B x P x P w t B x dx x dx c f x . c w t , A A B x , A c B x , A P x n n , A n n A n m N N N N N N N N y N k k N i x the v arious op erator definitions following from those given ab ove. As with the infinite problem, it will also b e useful to consider the corresp onding problem

( ) = ( ) + ( ) + ( ) = ~ considering issues such as parameter convergence. The linear op erator is obtained y considering the linearization of ( ( )) as discussed in [1].

determination of state tra jectories involves the rep eated construction of the nonlinear erator ( ( )). Although most of the comp onents of this op erator need to b e constructed once, the ( 1) matrix ( ( )) must b e determined at each step in the solution the ordinary differential equation (ODE) (3.1) and hence its formation must b e made as t as p ossible.

e first p oint out that for = 1 , this ( 1) matrix has the entries

) = ( ) ( ) ( ( ) ( )) the integrals are ev aluated via a Gaussian quadrature rule of the form

) ( ) is the numb er of quadrature p oints and is the quadrature weight. These quadratures hence the formation of the matrix can b e efficiently accomplished in the manner outlined the following algorithm.

) Create the matrices and which have the comp onents

( ) = ( ) = ( ) dim = ( 1) dim = ( 1) and dim = ( + 1)).

matrices need to b e formed and can b e created b efore solving the ODE

With the notation denoting Hadamard or comp onentwise multiplication, p erform the

�

�

� � �

P arameter Estimation Problem K · · · · · · K · · · K ∈ C {Z } − ) ( ) ) ( ) ( ) ] 2 32 2

32 1 32 2 32

32 32 32 32 32 1 1 , A A , E I , c I , i , , s, z q ρ , E I , c I , , , , , q Q Q Q q t , q z z t x, ϕ, wqw t , x q z A w t , x n m P x , b n w t b ones , m , A w t n m w t A A w t , A w t n m j m j m w t , ind ind A w t , A w t n m w t ρ A A w t , A w t n m . x N N x N N N N N D B S i i i = ( ) dim ^ = 1

= 1 : + 1

( ^) dim 1 ) = + 1) dim ( ) = ( + 1)

) = ( ) dim ( ) = ( + 1)

= ( 1) ( + 1) + 1

= ( + 1)

) (: 1 : 2) = ( ) dim ( ) =

) = ( ) dim ( ) = ( 1) wing op erations in the ODE solver:

creating the matrices and offline, the time needed to solve the ODE is reduced thus improving the efficiency of the scheme for parameter estimation and trol applications.

goal of the parameter estimation problem is to determine the “true” material parameters

, = 1 given data measurements ^ from some observ able subof the state space. T o p ose this mathematically

, we let = ( and assume that where denotes an appropriately chosen admissible space. The parameter estimation problem is to then seek ¯ which minimizes

) = ( ) ^ (4.3) en p ointwise temp oral measurements ^ = ^

( ) at given p oints on the b eam and in the vity

. Note that this minimization is p erformed sub ject to = (

) satisfying the system equations (2.12) or (2.16). Dep ending on the exp erimental apparatus, the observ ations may consist of p osition, velo city

, acceleration, or accumulated strain meats at p oints on the b eam as well as pressure measurements inside the cavity

. The form the op erator dep ends up on whether one is p erforming the estimation pro cedures in the domain or in the frequency domain. In the time domain, is the identity whereas it is F ourier transform for estimation in the frequency domain.

or time domain estimation with data consisting of p osition, velo city

, or acceleration ents at p oints ¯ on the b eam, the fit criterion functional to b e minimized is

) = ( ¯ ; ) ^ (4.4) ) − − − − | − | } { } { } { } · · · · − − − · · · · · K K · · · Ki i i i t i i ij , ,s , k s k k BS 2 1 2 +1 3 2 +1

+1 3 2 +1

3 2 +1 1 , x x q wx , x q wx , x q z x, y q wx , x q z ϕ t , x, y p E I c I , a α s α s x c B x , c c c I x c B x , c c c I x c B x , c c c x H x x H x x c c , , , , = 0 1 or 2. On the other hand, if a patch with endp oints at and is used to collect ulated strain measuremen ts, an appropriate functional is

) = ( ; ) ( ; ) ^ (4.5)

(2.9)). Here the data consists of the voltage measured across the patches. The patch data also b e combined with pressure measuremen ts ^ at p oints ( ¯ ¯

) in the cavity to provide fit criterion functional

) = ( ; ) ( ; ) ^ + ( ¯ ¯) ^ (4.6) h in some cases has more sensitivity than that in (4.5) which considers only strain meats. ab ove fit criteria can also b e used with data that has b een transformed to the frequency

(in which case is the F ourier transform), and this is indeed a common pro cedure starting the optimization pro cess with data in which several frequencies are excited (see comments in the examples as well as [13, 14]). In this case, optimization is qualitatively erformed in the frequency domain until frequencies match sufficiently so that the optimization will converge with the time domain data.

o facilitate the estimation of the material parameters and , we now make some regarding their spatial b ehavior. Because the b eam and patches are considered b e homogeneous as well as uniform in width and thickness, it is reasonable to assume that density

, stiffness and damping parameters of the combined b eam/piezo ceramic patches are constant in nature (see for example, [15]). A suitable partition is then taken to b e

0 where the 2 p oints are the endp oints of the piezo ceramic hes. Finally

, we assume that these parameters have the form ) = ) = = =

) = ~

) ~ = ~ = = ~

) = ^

) ^ = ^ = = ^ the piecewise constant basis functions are defined by

) ( ) ( ).

co efficient constraints = = = , and so on, result from the uniformity of the eam in areas not covered by patches. Finally

, we recall from the definitions (2.8) and (2.9) the patch parameters and are simply constants which dep end piezo electric prop erties, the geometry and size of the patch, and patch and b onding layer erties. is finite dimensional with the ab ove assumptions on the parameters, the mination of the fit criteria in (4.4), (4.5) and (4.6) involves an infinite dimensional state 1 1 2 2. (Linearized System) − − − − −∈ ≤ → → ∞ − | ≤ | | | | ∈ ) N N i i i N i i V V N N N ϕ H V q w t , x q z , ν , , , q wx , x q wx , x q z q wx , x q z ϕ t , x, y p ,ρ ϕ Q H V V V N N . q σ q V q , σ q , γ d q , q , , V , q , q Q B u F t q Q L , T , V . q q Q t q z t q V > z z z z hence is not immediately tractable. With the Galerkin schemes of the the last section, wever, corresp onding minim ization problems involving the state approximations can b e deelop ed and used when estimating physical parameters with these fit-to-data techniques. With and defined in the last section, finite dimensional functionals corresp onding those in (4.4), (4.5) and (4.6) are

) = ( ¯ ; ) ^ = 0 1 2 (4.8)

) = ( ; ) ( ; ) ^ (4.9)

) = ( ; ) ( ; ) ^ + ( ¯ ¯

) ^ (4.10) ectively

. The approximate b eam displacemen t and acoustic pressure at the arious p oints are found by solving either the nonlinear finite dimensional system (3.1) or the

(3.2) if one is considering the linearized problem.

following theorem taken from [16 ] sp ecifies conditions under which convergence and tinuous dep endence (on data) of the solutions to the linearized finite dimensional parameter problems involving the functionals (4.8), (4.9) and (4.10) can b e exp ected.

b e a compact subset of a metric space and assume that approximates in the sense that for each Φ , exists Φ such that

Φ ( ) 0 as (4.11) urthermore, assume that ( ) and ( ) defined in (2.13) are -elliptic, continuous, satisfy the continuity with resp ect to parameter condition

)(Φ Ψ) ( ~

)(Φ Ψ) ( ~

) Φ Ψ for Φ Ψ (4.12)

= 1 2 and ~ . Finally

, assume that

+ )( ; ) is continuous from to ((0 ) ) (4.13) or arbitrary such that in , one then has the convergence

; ) ( ; ) in norm

0. Here and are solutions to the linearized system (2.20) and and e the corresp onding linear finite dimensional system in . 2 \ Z a 2. (Nonlinear Damp ed System)L , a > , E I > c I > , a F u q ν q u t F t G t u F B u F G G t our problems the admissible parameter space is taken to b e a compact subset of metric space

[ (0 )] [l

R ] with elements satisfying the co efficient constraints ecified in (4.7) as well as the physical constraints 0 0 and 0 on (0 ). In the remaining hyp otheses, we note that the sesquilinear forms satisfy the ellipticity , tinuity and parameter continuity conditions as long as damping is assumed in the region

Ω with (Ω

) = 0 (see (2.14) and (2.15)). Moreover, the input term ( +

) satisfies the condition (4.13). Finally

, the convergence condition sp ecified in (4.11) is as a consequence of the approximating prop erties of the cubic splines and Legendre olynomials in a Galerkin setting (see [6] for further details).

for the linearized problem with strong acoustic damping via a subsequence of

¯ to the problems involving the minimization of the functionals (4.8) with =

1, (4.9) or (4.10) sub ject to (3.2) will converge to a solution ¯ of the original problem of izing the functionals (4.4), (4.5) or (4.6) sub ject to (2.20). The convergence in the case volving the minim ization of (4.8) with acceleration data do es not follow directly from this but can b e obtained using results from the theory of analytic semigroups in a manner to that used in [7].

b oundedness and Lipschitz continuity assumptions on the nonlinear coupling term

), similar results can b e obtained for the nonlinear problem as summarized in the following the system with the nonlinear input

( ) + ( ) + ( ( )). If, in addition to assuming a continuity condition of the

(4.13) (with + replaced by + + ( )), we also assume that ( ( )) is tinuous in , uniformly Lipschitz continuous in , and displays at most affine growth

, then convergence results analogous to those summarized in Theorem 2 can b e for the nonlinear system.

e p oint out that these continuity assumptions on were also made when discussing the wellosedness of the nonlinear system. Details concerning these conditions as well as arguments to the pro of for the nonlinear case can b e found in [5].

indicated previously

, the assumption of medium damping inside the cavity is often in applications of interest. While we have not extended Theorem 2 to include case in which acoustic damping is omitted or is weak, extensive numerical tests suggest that convergence and continuous dep endence of the parameters on data is b eing obtained the same manner exhibited by the system having b oth strong acoustic and structural

This is demonstrated by the results in the following examples for the nonlinear 2-D acoustic system in which cavity damping is completely omitted. ) · ∈ · K Numerical Examples 10 2 2 3 2 3 t D pe t f pe bℓ c ϕ x, y , t > , n x, y , t > , t, x, w t, x n ρ w t, x < x < . , t > , xI w x I w x ∂ t t, x, w t, x f t, x x t χ x x < . , > , t, wx w t, . wx . t > , , x, y ϕ , x, y w , x w , x , ρ ρ y a . m ℓ m m . m . m k g /m E . N /m ρ . k g /m E I . N m I . k g m /sec ρ . k g /m c m/sec . m b . m . N /m ρ k g /m bd h T T N m/V . m . m/V o test the parameter estimation metho dology

, the general problem

Δ ( ) Ω 0

= 0 ( ) Γ 0

( )) ^ = ( ) 0 6 0 + ( ( )) + ( ) + ( ) ( ) 6 0) = ( 0) = ( 6) = ( 6) = 0 0

) = (0 ) = (0 ) = (0 ) = 0 as considered. F or these examples we assumed no cavity damping and hence 0 =

The cavity was assumed to have and dimensions = 6 and = 1 a b eam at one end having length 6 , width 1 and thickness 005 (see Figure 3).

density and Y oung’s mo dulus for regions of the b eam devoid of patches were taken to b e

2700 and = 7 1 10 which yields = 1 35 and = 73 96 the linear mass density and stiffness parameter (see T able 1 for a compilation of the parameters for the system). The Kelvin-V oigt damping parameter was chosen to e = 001 . Finally

, the v alues = 1 21 and = 343 were used the atmospheric density and sp eed of sound.

the examples, we consider a system in which the b ounding end b eam has b onded it a centered piezo ceramic patch covering 1 3 of its length as shown in Figure 3. The h is assumed to have thickness = 000508 and width = 1 (we p oint out the chosen thickness v alue corresp onds to 20 which is a commercially av ailable kness for piezo ceramic patches). The Y oung’s mo dulus and density were taken to b e

6 3 10 and = 7650 which are reasonable for a patch made from piezo ceramic material.

rom (2.7) and (2.8), we see that the density and stiffness co efficient in the region of the bined b eam and patch (Region 2) will b e greater than that of the b eam (Region 1) (see

3). W e also assume that the damping co efficient will b e slightly larger in Region 2

Region 1.

or testing purp oses, the structural parameter v alues in regions covered by the patches were hosen as sp ecified in T able 1. As seen there, the constant = ( + 2 + ), which when mo deling the actuation due to the patch, was taken to b e = 0067 latter v alue was obtained by assuming a b onding layer of thickness = 0001 and

= 1 9 10 which is the v alue sp ecified for G-1195 piezo ceramic material).

constant which arises when using the patches as sensors was taken to have the v alue

170 . 1

0

Region 1

Region 2

0.2 0.4 0.6

-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

0 0.02 0.04 0.06 0.08 0.1 0.12

Beam Response to an Initial Impulse

Time (sec)

Acceleration (m/sec^2)

0

0.002

0.004

0.006

0.008

0.01

0.012

0 100 200 300 400 500 600 700 800 900 1000

Beam Response to an Initial Impulse

Frequency (hertz)

Linear Amplitude

0 0.02 0.04 0.06 0.08 0.1 0.12 -8 -6 -4 -2 0 2 4 6 8

Time (sec)

Beam Acceleration (m/sec^2)

System Response to an Initial Periodic Force

22DDxxTFig.ρkENcNρ,mm===10%No(DataRegion(Region(Region(28Estimateno(c)Thenoisein

0 200 400 600 800 1000 0

0.2

0.4

0.6

0.8

1

1.2

1.4

Frequency (hertz)

Linear Amplitude

System Response to an Initial Periodic Force

29xo10%Fig.Thethethe

K2210%≤≤KKTρ,DBxxDBDBExampleuπ,ρ,mmρkENcNNEstimateaddeAto(sin(1200whicdyingthetheAccelerationestimate10%vwhicandrespparameterinNoRegion(Region(Region((Inconditionsancoissolutionsmanifestsfield30

0 0.02 0.04 0.06 0.08 0.1 0.12 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

Time (sec)

Beam Acceleration (m/sec^2)

System Response to an Initial Periodic Voltage

0 200 400 600 800 1000 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Frequency (hertz)

Linear Amplitude

System Response to an Initial Periodic Voltage

10%Fig.Thenoiseintendencysystem).dataT“ndatain31 xo3210%Fig.Thedenoteswith

DB≤≤K/,uπ,/./ρ,ExampleInfromasdynamicsTheduringmeasuremcriterionHereinSp(sin(1200withsystemb750thenTheTcalculateofofvthebTheandItofinitialresultsThisdiscussedthethannoiseslighlastTheb33

K22KKDBSDBTρ,ρkENcNNVEstimateofvoltagedatasameandwith6hacpurelyofThebtonesshigherFigureabSim1Region(Region(Region(((34

0.06 0.08 0.1 0.12 0.14 0.16 -0.01 -0.008 -0.006 -0.004 -0.002 0 0.002 0.004 0.006 0.008 0.01 System Response to an Initial Voltage - Beam Strain

Beam Strain (V)

Time (sec)

0.06 0.08 0.1 0.12 0.14 0.16 -1

-0.5

0

0.5

1

System Response to an Initial Voltage - Acoustic Pressure

Pressure (N/m^2)

Time (sec)

0 200 400 600 800 1000 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 x 10_{-3} System Response to an Initial Voltage - Beam Strain

Linear Amplitude

Frequency (hertz)

0 200 400 600 800 1000 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 System Response to an Initial Voltage - Acoustic Pressure

Linear Amplitude

Frequency (hertz) xo10%/Fig.ExampleThedatarThevthistoThew(usingsuremen900The(vusedadded35

K22KK10%DBSDBTρ,ρkENcNNVEstimatedata;examples).whicWguessesalargertofieldasofdomaincthatfrequenciesbnacousticbmoreNoRegion(Region(Region(((36

0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 x 10_{-3} System Response to an Initial Voltage - Beam Strain

Beam Strain (V)

Time (sec)

0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 -0.6

-0.4

-0.2

0

0.2

0.4

0.6 System Response to an Initial Voltage - Acoustic Pressure

Pressure (N/m^2)

Time (sec)

0 200 400 600 800 1000 0

1

2

3

4

5

6

7 x 10_{-4} System Response to an Initial Voltage - Beam Strain

Linear Amplitude

Frequency (hertz)

0 200 400 600 800 1000 0

0.02

0.04

0.06

0.08

0.1

0.12 System Response to an Initial Voltage - Acoustic Pressure

Linear Amplitude

Frequency (hertz)

3710%Fig.Thenoisein x6InpiezoillustratedbparametertoactuatorsinrepThescwconandparameterTexcitingwusedinsighfirst(infrequenciescomparingtheveffectsdetermineAsecondbnoisefreesystemisforcesacousticandthedifficultAprescribtheresp38

ReferencesA44JournaltelContrpthetoofdurationvInvacousticiterationhighlyinformationstrainagainhand,spikofroutinesuccessonsupplemenforTheAerospaceV.L.andsystemndev[1]Con(1993),[2]lems(1988),39

20DifferInteInt.SIAMandEstimationtems,DifferASMEComputationJournalQuarterlyofCom-putation[3]withT,[4]Structured1991,[5]en,[6]Birkh¨[7]ProblemsJ.[8]tic/Structureamples,”[9]turalBozeman,Boston,[10]Coupling,[11]Materialof(IMA),[12]Activtion,[13]Proin40 st253JournalContrSIAMJournalSemigrplicFSemigrEquations,Partial[14]F(1994),[15]PPropp.[16]tertors,”9,(1994),[17]Problem,”[18]Collopp.[19](H.London,[20]bridge[21]Springer-V[22]1987.41