Abstract

1. In tro duction

W e present a v ariational framework based on sesquilinear forms for Galerkin approxima-

tion techniques for state feedback control in problems governed by infinite dimensional

dynamical systems. Both parab olic and second order in time hyp erb olic partial differen-

tial equations with unb ounded input and unb ounded observ ation op erators are included

as sp ecial cases of our treatment.

In this pap er we discuss the linear quadratic regulator (LQR) problem for a class

of (essentially parab olic) unb ounded input or b oundary control problems. A v aria-

tional framework using sesquilinear forms is develop ed to treat Dirichlet and Neuman

b oundary control problems for parab olic equations and strongly damp ed elastic sys-

tems. Using such a framework, convergence of Galerkin approximations to solutions

of Riccati equations is also established. The b oundary control problem for parab olic

systems has b een studied extensively over the last two decades, inspired by the mono-

graph of J.L. Lions [Li] (e.g., see [Ba], [CP], [Fl1], [PS], [IP] and the references cited

there). In a series of pap ers [La1], [L

T1, L

T2], Lasieck a and T riggiani obtain existence

and regularity results for solutions to the op erator Riccati equations that app ear in the

linear quadratic regulator problem. The main to ol in their treatment is the theory of

analytic semigroups. They have recently develop ed an approximation theory for Riccati

solutions in a similar spirit [L

T3].

Our approach is very close in spirit to the studies by Lions [Li] and Sorrine [So]

and extends the approximation theory develop ed by Banks and Kunisch [BK] to the

∗ ∗

⊂ ⊂

−

×

V H H V

V . V

H .

U V U

V .

case of unb ounded input control op erators. W e employ the Gelfand triple formulation

( = ) of elliptic op erators [Li], [T a], [Sh], [W] using co ercive sesquilinear

forms defined on It follows from [T a] that the co ercive form defines a generator of

an analytic semigroup on The control forces through b oundary or p ointwise actuators

are represe nted by an input sesquilinear form defined on where is the input

space. Then the approximation metho ds are derived by restricting these sesquilinear

forms onto finite dimensional subspaces of

The ob jective of this pap er is to explore to what extent one can develop the sesquilin-

ear form formulation to study unb ounded input control problems and to establish a

computationally feasible approximation theory for linear quadratic regulator problems.

These investigations were motiv ated by [BK] where our treatment originated, by [BI1]

in which a similar treatment has b een develop ed within the context of parameter esti-

mation problems, and by the fact that many b oundary control problems can b e treated

using the sesquilinear forms. Some of our results can b e found in the existing literature,

but the approach here is new and, in some cases, greatly simplifies the technical details

required to establish the results.

The results given here extend to the unb ounded case the approximation theory

develop ed in [Gi], [BK], [It] in which the input and output op erators are assumed to b e

b ounded. The case of unb ounded input op erator has also b een discussed in [La2] and

[IT].

The outline of the pap er is as follows. In Section 2 we discuss the basic results for

abstract parab olic control systems describ ed by sesquilinear forms and state the linear

quadratic regulator problem we consider in this pap er. Also, several examples that can

b e readily treated by our formulation are discussed. In Section 3 we summarize results

H .

for the optimal control problem and Riccati equations. In Section 4 Galerkin approxi-

mations to the LQR problem are formulated and a convergence theory is established for

the case where the output op erator app earing in the quadratic cost is b ounded on

In Section 5 we deal with the case when the output op erator is not b ounded. Damp ed

second order systems are treated in Section 6.

A few of the Theorems and Lemma are stated here without pro ofs. Detailed pro ofs

can b e found in the complete pap er [BI2] (also, see a companion pap er [IT]).

∗

∗

∗

∗ ∗

∗

2 2

1

1

0

1

0

0

1

0

∗

∗ ∗

∗

∗

− ∗

−

− ∗

∗ ∗

∗

∗

−

V ,V H

V V

V H

V ,V

V

V

H H

V V

V ,V

V V

2. Sesquilinear F orms and P arab olic Con trol Systems

⊂

→ →

⟨ ⟩ × ⟨ ⟩

× × →

| | ≤ || || || || ∈

≥ || || − || || ∈

A ∈ L

⟨−A ⟩ ∈

≥

|| − A || ≤

|| ||

∈

|| − A || ≤

| − |

|| || ∈

|| − A || ≤

| − |

|| || ∈

A ∈ L

⟨ −A ⟩ ∈

∼ A ≥

|| − A || ≤

| − |

|| || ∈

V H V H

V V H

V H H V

ϕ, ψ V V ϕ, ψ

H H V σ V σ V V

. σ ϕ, ψ C ϕ ψ ϕ, ψ V

. Re σ ϕ, ϕ ω ϕ ρ ϕ ϕ V

ω > V , V

. σ ϕ, ψ ϕ, ψ ϕ, ψ V ,

λ ρ, λ ρ,

. λI ϕ ϕ

ω ϕ V

. λI ϕ

M

λ ρ ϕ ϕ H

. λI ϕ

M

λ ρ ϕ ϕ V

M C /ω V , V

. σ ϕ, ψ ϕ, ψ ϕ, ψ V

Re λ

ρ, λ ρ,

. λI ϕ

M

λ ρ ϕ ϕ V .

Assume and are complex Hilb ert spaces and with continuous dense

injection. Let denote the top ological (conjugate) dual space of . W e identify

with its dual, so that = in a Gelfand triple [W]. The duality pro duct

on is the unique extension by continuity of the scalar pro duct

of defined on . Consider a sesquilinear form on (i.e., : C l ) such

that

(2 1) ( ) for

(2 2) ( ) for

where 0. It then follows from [T a, Lemma 3.6.1] that if ( ) is defined by

(2 3) ( ) = for all

then for Re =

(2 4) ( ) for

(2 5) ( ) for

(2 6) ( ) for

where = 1 + . The dual or adjoint op erator ( ) defined by

(2 7) ( ) = for all

also satisfies the estimates (2.4) (2.6). Moreover, (2.6) for implies that for

=

(2 8) ( ) for

∫

1 1

0

0

∗ ∗

∗

∗

∗

∗

V ,V V ,V

V V

H

ϕ H

V

V

V

V

V

t

− ∗ −

∗

∗

∗

∗

∗

∗ ∗

∗ ∗

∗

∗ ∗ ∗

∗

∗

∗

∈

|⟨ − A ⟩ | |⟨ − A ⟩ |

≤ || ||

| − |

|| || ∈

A A { ∈

| | ≤ ‖ ‖ ∈ }

A

A

A { ∈ A ∈ }

A

|

|

→ ∈

∈ A ≥ →

−

∈

A ϕ V

λI ϕ, ψ ϕ, λI ψ

ϕ

M

λ ρ ψ ψ V .

S t H , V V ϕ

V σ ϕ, ψ k ψ ψ V

V , H , V

S t V ,

. ϕ V ϕ V V .

S t H

S t V S t

S t V

. S t V S t .

t f t V

ϕ V t t z t

. z t S t ϕ S t s f s ds

z t V , V

.

d

dt z t z t f t V .

In fact, for we have

( ) = ( )

for all

This implies (2.8). It thus follows from [Pa, Chap. 2, Theorem 5.2] (see also [T a])

that generates an analytic semigroup ( ) on and where dom ( ) =

: ( ) for all . F ollowing conventional notation (see [T a])

we will not distinguish b etween the semigroups in since each involves either a

restriction or extension of one of the others. F rom (2.1) one can show that dom ( ),

the domain of the infinitesimal generator of the semigroup ( ) defined on satisfies

(2 9) dom ( ) = : =

In addition, we have that generates the adjoint semigroup ( ) on [T a, Pa] and

moreover the dual of the semigroup ( ) defined on equals ( ) , the restriction

of ( ) on ; i.e.,

(2 10) ( ( ) on ) = ( )

It follows from [Ka, Theorem IX.1.19] that if ( ) is continuously dif-

ferentiable and = dom ( ), then for 0 the function ( ) defined

by

(2 11) ( ) = ( ) + ( ) ( )

satisfies ( ) is continuously differentiable in , and satisfies

(2 12) ( ) = ( ) + ( ) in

Now, from [Li], [T a], [W], we have

∗

∗

∗

∗

∗

∗

∗

∗

∗

∗

∫

∫ ∫

∫

∫ ∫

∫ ∫

Theorem 2.1

Theorem 2.2

H H t

V

T

V H

T

V

t

t

H t

V

t

H t

V

V ,V

H ϕ H

2

2 1

1

2

1

2

0

2

0

2

1

2

0

2

2

0

0

2

1

0

2

0

2

1

0

2

0 1

0

1

0 1 0 1 0

1

1 1

1 1

∈ ∈ ∈

∩

|| || ≤ || || || || ∈

|| || ≤ || || || ‖

→ ∈

∈ → − ∈

|| − || ≤ || ||

|| − || ≤ || ||

−

∈

∈ ∈ L

⟨ ⟩ ∈

{ ∈ | | ≤ ‖ ‖ ∈ } ϕ H f L , T V z

L , T V H , T V M

. z t M ϕ f s ds , t , T

. z s ds M ϕ f s ds .

t z t H

f L , T V t S t s f s ds H

. S t s f s ds M f s ds

. S t s f s ds M f s ds.

σ σ V

σ ϕ, ψ σ ϕ, ψ σ ψ , ϕ

σ ϕ, ψ σ ϕ, ψ σ ψ , ϕ ϕ, ψ V .

σ σ σ σ σ σ ϕ, ϕ Reσ ϕ, ϕ

ϕ V A V , V

A ϕ, ψ σ ϕ, ψ ϕ, ψ V

A ϕ V σ ϕ, ψ k ψ ψ V .

F or and (0 ; ), (2.12) has a unique solution

(0 ; ) (0 ; ) given by (2.11) and for some p ositive constant

(2 13) ( ) ( + ( ) ) [0 ]

(2 14) ( ) ( + ( ) )

F rom Thm. I I I.1.2 in [Li], we have that ( ) is continuous. Thus from

(2.11) and (2.13), for all (0 ; ), the function ( ) ( ) is

continuous and

(2 15) ( ) ( ) ( )

(2 16) ( ) ( ) ( )

Moreover, we have (again from standard results and arguments) eg. see [BI2]

Let us define the sesquilinear forms and on by

( ) =

( ) + ( )

2

( ) =

( ) ( )

2 for

Then = + , with symmetric and skew-symmetric, and ( ) = ( )

for . Define ( ) by

= ( ) for all

and

dom ( ) = : ( ) for all

∫ ∫

∫

∗ ∗

∗

H H

t

H V t

H

V H

H

T

Y U

1

2 1

2

0

2 2

2

0

2

1

1

0

0

2 2

2

0

0

2

0

⊃ A

∈ → ∈ ∩

|| || || || ≤ || || ∈

∈

| | ≤ ‖ ‖ ‖ ‖

|| || || || ⟨ ⟩

∈

A

∈

∈ L

∈ L ∈ L

∈ ∈

. A .

ϕ f L , T H t z t H , T H C , T V

M >

. z s ds z t M f s ds, t , T .

ϕ, ψ V

. a σ ϕ, ψ K ϕ ψ

K > A V

U Y U U Y Y

. J , T u, z C z t u t dt z T , Gz T

u L , T U

.

d

dt z t z t B u t

z z H .

u t U B U, V

C V , Y G H

z H u L , T U J u, z

Assume

(2 17) dom ( ) dom ( )

Then if = 0 and (0 ; ) in (2.11), we have ( ) (0 ; ) (0 ; )

and there exists a constant 0 such that

(2 18) ˙ ( ) + ( ) ( ) [0 ]

The condition (2.17) is satisfied if we assume that for all

(2 18 ) ( )

for some 0 since in this case dom ( ) = (it is also satisfied under the milder

condition (5.9) given in Section 5).

Assume and are Hilb ert spaces ( = and = ). Consider the finite

horizon optimal control problem: Minimize the quadratic functional

(2 19) (0 ; ) = ( ( ) + ( ) ) + ( ) ( )

over (0 ; ) sub ject to

(2 20)

( ) = ( ) + ( )

(0) =

Here we assume ( ) is a -v alued control function, the input map ( ), the

observ ation map ( ), and ( ) is self-adjoint, nonnegative definite. By

Theorem 2.1, the minim ization problem for (2.19) is well-p osed; i.e., given initial datum

and (0 ; ), the cost ( ) is finite. W e will analyze the solution of

(2.19)-(2.20) and its infinite horizon analogue in terms of Riccati op erators in Section 3

2

∫

∞

∗

Example 1

n n

∂

∂ ν

L

H

H

2

2

Γ

2 2

2 1 2

Ω

Γ (Γ)

1

ℜ ≤ ℜ ≤

▽ ▽ ▽

∈

|

∈ ∈

▽ ▽ − ▽ −

∈ ≥

→

⟨ ⟩ ⟨ | ⟩ ∈

A ∈ L ⟨−A ⟩ A { ∈

|A ∈ } A

, n , n

C

.

∂

∂ t z a z b z cz ,

z ϕ L

a

∂

∂ ν z u t

z z t L , u u t L .

H L , V H , U L

σ V

. σ ϕ, ψ a x ϕ ψ b x ϕψ c x ϕψ dx

a, b, c L a x ω >

B U H

. B u, ψ u, ψ ψ H .

V , V ϕ, ψ σ ϕ, ψ ϕ

V ϕ H .

and show convergence of Galerkin approximations of solutions to Riccati equations in

Section 4.

Let us conclude this section by discussing some motiv ating examples of some imp or-

tance in applications.

(Parab olic systems with b oundary control)

Let Ω b e either a p olygonal domain in 3 or a b ounded domain of 3

with -b oundary Γ. W e consider the control problem for (2.19) with Neuman b oundary

control system:

(2 21)

= ( ) + + in Ω

(0) = (Ω)

= ( )

where = ( ) (Ω) = ( ) (Γ) and is the normal deriv ative on Γ T o

write this in abstract form (2.20), without loss of generality we use the real Hilb ert

spaces = (Ω) = (Ω) = (Γ) and define a real v alued sesquilinear form

on (the complexification of spaces and forms is readily done in the usual way) by

(2 22) ( ) = ( ( ) ( ) ( ) )

where (Ω) and ( ) 0 a.e. in Ω. W e consider the input map

: given by

(2 23) = for all (Ω)

As ab ove we define ( ) via = ( ) and take dom ( ) =

In the general case, dom ( ) is difficult to characterize precisely

. But

∗ −

−

1

1 2

H H

H

V ,V H H

H L

∗

− ∗

∗ − ∗

∗

− ∗ −

− −

−

1

2

2

Γ

2

2 1 1

0

1

2

(Ω)

1 2 1

1 1

0

1

2

(Ω)

1

(Ω)

·

∈

A A { ∈ | | }

∈ A A

▽ ▽ ▽

· △ ·

△

→

→

⟨· ·⟩ ⟨· ·⟩ ⟨· ·⟩

× × × −△

∈

∈

⟨ ⟩ ⟨ −△ ⟩ σ σ

b ν

b a

a C

. ϕ H

∂ ϕ

∂ ν

.

ϕ ϕ Aϕ A

. Aϕ a ϕ b ϕ cϕ.

∂

∂ t z t, z t,

z t u t

U L .

V L , H H H V

H V H H H

V L V .

, , ,

H V H L V V . R

H H χ H

ϕ L

. ϕ, χ ϕ, χ .

if we define as in Theorem 2.2 (i.e., as the skew-symmetric part of ), then one

can readily argue that (2.18a) and hence (2.17), holds in the case that ^ = 0 on Γ.

Moreover, in the sp ecial case that = 0 and p ossesse s sufficient smo othness (e.g.,

(Ω)) it can b e shown that

(2 24) dom ( ) = dom ( ) = (Ω) = 0

In any case, we have for dom ( ) that = where is formally given by

(2 25) = ( ) + +

W e next consider the Dirichlet b oundary control problem consisting of minimizing

(2.19) sub ject to

( ) = ( ) in Ω

(2.26)

( ) = ( ) on Γ

where denotes the Laplacian and = (Γ) T o cast this problem in the context of

(2.20), we take = (Ω) = (Ω) = (Ω) in a Gelfand triple setting

with (Ω) the pivot space. W e thus identify and through the Riesz

map and but of course do not identify = (Ω) and As usual, the duality pairing

is the extension by continuity of the inner pro duct = from

= (Ω) (Ω) to W e recall that = ( ) defines an isometric

isomorphism from (Ω) onto (Ω) (see [W], [Gr]) and moreover for (Ω)

and (Ω) we have

(2 27) = ( )

∫

∗

∗ ∗

− ∗

∗

−

−

−

− −

2

2

1

2

2 2 2

2 2 2

2 2 2

1 2

L

V ,V L

∂ ψ

∂ ν

V ,V V ,V

L L L

L L L

L L L

H L V ,V

2

Ω

(Ω)

1

Γ (Γ)

2 2 1 2

1

0

2 1 2

2 1

0

(Ω) (Ω) Γ (Γ)

(Ω) (Ω) Γ (Γ)

1 2

1

(Ω) (Ω)

1

Γ (Γ)

(Ω) (Ω)

⟨ ⟩

∈ L

⟨ ⟩ ⟨− −△ | ⟩

∈ ∈ −△ ∩

∈

⟨ ⟩ ⟨ ⟩

∈ ∩

∈ ∩

⟨△ ⟩ ⟨ △ ⟩ − ⟨ | ⟩

⟨ ⟩ ⟨ △ ⟩ − ⟨ | ⟩

−△

⟨ −△ ⟩ ⟨− ⟩ ⟨− −△ | ⟩

⟨ ⟩ ⟨ ⟩ ⟨ ⟩ σ V L

σ ϕ, ψ ϕψ dx ϕ, ψ

B U, V

. B u, χ u,

∂

∂ ν χ

χ V L . χ L ψ χ H

H H

.

∂ z t

∂ t

, χ σ z t , χ B u t , χ

z C , T H C , T L .

ψ H H

z , ψ z , ψ z ,

∂ ψ

∂ ν

.

∂ z

∂ t

, ψ z , ψ u,

∂ ψ

∂ ν

.

ψ χ χ L

∂ z

∂ t

, χ z , χ u,

∂

∂ ν χ ,

∂ z

∂ t

, χ z , χ B u, χ

W e define on = (Ω) by

( ) = =

and ( ) by

(2 28) = ( )

for any = (Ω) Note that for (Ω) we have = ( ) is in (Ω)

(Ω) so that (Γ) (see [W, p. 127]). Thus we may consider the abstract

system

(2 29)

( )

+ ( ( ) ) = ( )

which is in the form (2.20). T o see that this is an abstract formulation of (2.26), we

consider (2.26) in the case where (0 ; (Ω)) (0 ; (Ω)) Then by Green’s

formula ([Gr, p. 53] [W]) for all (Ω) (Ω) we have

=

Using (2.26) in this relationship we find

=

If we cho ose = ( ) for arbitrary in (Ω), this last equation can b e written

as

( ) = + ( )

or, in view of (2.27) and (2.28),

+ =

∫

Example 2

∂

∂ x

∂

∂ x

/

/ d

dt

· ∈ R

{ ∈ }

R R R

∈ ∈ ≡ ∈

2

2

1

1

Ω

2

2

1 2 1 2

0

2

2

1 2

2

2

0 0

1 2

0

0

.

∂

∂ t z t, x

∂

∂ x z t, x ,

z t, u t , z t, . y t, H /

ϕ H ϕdx y t, x z t, x .

∂

∂ t y t, x

∂

∂ x y t, x

∂

∂ x y t, u t

∂

∂ x y t, .

V H , / , H L , / , U , Y L , , C ,

w H

.

d

dt w t γ A d

dt w t Aw t B u t

.

d

dt w t γ A d

dt w t Aw t B u t

w t H w ϕ V A w ψ H .

A H γ > which is just (2.29).

As a sp ecial case of the system in (2.21), for the one dimensional case one can

also formulate the Dirichlet b oundary control problem as a Neumann problem. F or

simplicity of discussion, we consider the heat equation

(2 30) ( ) = ( ) on Ω = (0 1)

with b oundary condition ( 0) = ( ) ( 1) = 0 W e define ( ) (Ω) =

(Ω) : = 0 satisfying ( ) = ( ) Then (2.30) can b e written as

( ) = ( )

with

( 0) = ( ) and ( 1) = 0

If we cho ose = (0 1) = (0 1) = = (0 1) and =

then this example can b e cast into an abstract Neuman b oundary control problem as

ab ove.

(Second order systems with damping)

W e consider second order equations for in the Hilb ert space

(2 31) ( ) + 2 ( ) + ( ) = ( )

(2 32) ( ) + 2 ( ) + ( ) = ( )

for ( ) with initial data (0) = dom( ) and (0) =

Here is a p ositive definite self-adjoint op erator on , and 0 is the damping

co efficient. Equation (2.31) has often b een studied, for example, in [CR], and leads

∗

0

0 0

′′ ′′

′′ ′′

∗

/

/

V ,V

/ /

H

V V

V H

4

4

2

1 2

4

0

2 1

0

1 2

2

2

0

0 0 0 0

1 2 1 2 1 2 2 1 2 2

0 0

0

1 2 1 2

0

1 2 1 2

2 2

{ ∈ | }

∩

− ∈

× ×

⟨ ⟩ − ⟨⟨ ⟩⟩ ⟨ ⟩

⟨⟨ ⟩⟩ L

⟨ ⟩ ⟨ ⟩ ⟨ ⟩ ∈

| | ≤ ‖ ‖ ‖ ‖ ∈

≥ ‖ ‖ − ‖ ‖

A

. Aϕ d

dx ϕ L ,

A

. ϕ ϕ ϕ ϕ ,

A ϕ H , ϕ ϕ ϕ ϕ

V H , H ,

. A ϕ d

dx ϕ ϕ V .

H V H V V V

σ V

. σ ϕ , ϕ , ψ , ψ Aϕ , ψ ϕ , ψ γ Aϕ , ψ ,

, V A V , V

Aϕ, ψ Aϕ, ψ A ϕ, A ψ ϕ, ψ V

σ ϕ, ψ γ ϕ ψ ϕ ϕ , ϕ , ψ ψ , ψ V ,

Reσ ϕ, ϕ γ ϕ γ ϕ , to the so-called “structural damping” mo del. Equation (2.32) has b een studied in [Sa,

BI1] and numerous other places, and is known as a mo del with Kelvin-V oigt damping.

Sp ecial cases of these equations include an Euler-Bernoulli b eam equation in which

is defined by

(2 33) = in (0 1)

with the appropriate b oundary conditions. In general, is not necessarily a differ-

ential op erator. But if we consider the b oundary condition (corresp onding to hinged

ends)

(2 34) (0) = (1) = (0) = (1) = 0

then dom( ) = (0 1) (0) = (1) = (0) = (1) = 0 and, moreover,

= (0 1) (0 1) with

(2 35) = for

First we consider the system defined by (2.32). Let = , = , and

define a sesquilinear form on by

(2 36) (( ) ( )) = + 2

where is the inner pro duct in and is the usual extension in ( ) given

by = = for . Then

( ) 2(1 + ) for = ( ) = ( )

and

( ) 2 2

/

∗

∫

∫

0 0

0 0

0

0

0

1 2

′ ′′ ′′′

′

′′ ′′

′′

V V V

H V H

H

H

H

/

V ,V

A

/

1 2

2

1

2

2

2

2

1

2

2

2

0 0

0

0 2

0

1 2 2

1

0

0

2

( )

1

0

2

1 2

∈

‖ ‖ ‖ ‖ ‖ ‖

‖ ‖ ‖ ‖ ‖ ‖

A

− −

A { ∈ ∈ ∈ }

A

{ ∈ ∈ ∈ }

{ ∈ }

⟨ ⟩ ∈

‖ ‖ | | ϕ ϕ , ϕ V

ϕ ϕ ϕ ,

ϕ ϕ ϕ .

σ

.

I

A γ A

H

. ϕ, ψ H ψ V Aϕ γ Aψ H .

ϕ, ψ H ψ V ϕ γ ψ A .

A H L ,

ϕ ϕ ϕ ϕ .

V A ϕ H , ϕ ϕ ,

Aϕ, ψ ϕ ψ dx ϕ, ψ V

ϕ ϕ dx,

A where for = ( )

= +

and

= +

Hence (2.1) and (2.2) are satisfied for the sesquilinear form defined by (2.36), and

(2 37) =

0

2

generates an analytic semigroup on , where

(2 38) dom ( ) = ( ) : and + 2

Note that dom ( ) can b e equiv alently defined by

( ) : and + 2 dom ( )

W e may also consider the differential op erator of (2.33) on = (0 1) with the

b oundary conditions (corresp onding to fixed-free ends or a cantilevered b eam)

(0) = (0) = (1) = (1) = 0

Then,

= dom

( ) = (0 1) : (0) = (0) = 0

= for

with

dom

=

even though is not a simple differential op erator as in (2.35).

2

2

3

2

′′

′′ ′′ −

−

∑

∫

√

√

√

√

√

⟨ ⟩ ∈ ℜ

∈

∈

−

−

∈ ∈ ≡

∈ ∩ ∩

− ∈

∈

−

− −

× ×

⟨ ⟩ − − ⟨ ⟩

− ⟨ ⟩ ⟨ ⟩ m

i i i m m

i

∂

∂ x

∂

∂ t∂ x

/

/

/ d

dt

/

/

d

dt

/ /

d

dt

/ /

/ /

/ /

/ /

=1

1

0

1

2

0 0

+

0 0

+

0 0

1 2

2

0

1 1 2

1

2 1 2

2

1 2

1 2

1

1 2

1

2 1 2

2

2

1 2

2

2 1 2

1

0 0

1 4 1 4

1 2 1 2

1 2

1 1

2 1 2

2 1

2 1 2

1 2

1 2

2 2

B

. B u, ψ u χ x ψ x dx u u , . . . , u U

χ L , i

χ x

, x , x , ,

. w t, x w t, x u t

M t, x M t, x u t

M t, x w t, x γ w t, x

w A w A u

w C , T H C , T A C , T A z t

γ A w t z t w t γ A w t w A

w A

.

z γ A z γ A z

z γ A z γ A z .

H H H V A A σ

V

.

σ ϕ , ϕ , ψ , ψ γ A ϕ , ψ γ A ϕ , ψ

γ A ϕ , ψ γ A ϕ , ψ .

With (2.32) we may consider, for example, the input op erator defined by

(2 39) = ( ) ( ) for = col( ) =

where (0 1) represe nts the supp ort of an th moment control (such controllers are

realized using piezo ceramic patch actuators). F or example, if ( ) is the characteristic

function of the interv al [0 ] (0 1) then the control input will have the form

(2 40) ( ) ( ) = ( )

for an undamp ed system, or more generally ,

( ) ( ) = ( )

when the moment is given by ( ) = ( ) + 2 ( ) for a Kelvin-V oigt

damp ed b eam.

Next we consider the system defined by (2.31). It is not difficult to show that

if (0) dom

( ) and ˙ (0) dom

( ) and 0, then (2.31) has the solution

(0 ; ) (0 ; dom

( )) (0 ; dom

( )) (e.g., see [CR]). Let ( ) =

1 ( ) and ( ) = ( ) + ( ). Then for (0) dom( ) and

˙ (0) dom( )

(2 41)

+ = 1

+ = 1

Let = and = dom

( ) dom

( ), and define a sesquilinear form

on by

(2 42)

(( ) )) = 1

+ 1 +

/

∫

∫

1 4

/

/ /

A

i

′ ′

′

′′′ ′′′ −

{ ∈ }

⟨ ⟩ ∈

‖ ‖ | |

∈

− −

−

1 4 1

1 2

1

0

1 4

2

( )

1

0

2

1

0 0

+

0 0 σ

A

A ϕ H , ϕ ϕ

A ϕ, ψ ϕ ψ dx ϕ, ψ A ,

ϕ ϕ dx

χ

H , χ x x x , x

w t, x w t, x u t ,

Then, satisfies (2.1) and (2.2) and yields an abstract system equiv alent to (2.41). If

is the differential op erator given by (2.33) with the b oundary conditions (2.34), then

dom ( ) = (0 1) : (0) = (1) = 0

= for dom ( )

and

dom

=

F or this system we may also consider the input op erator defined by (2.39) with

(0 1). If ( ) = ( ) on [0 ] and zero otherwise, then the control input is of

the form

( ) ( ) = ( )

which is shear control.

2 2

∫

∫

∗

∗ ∗ ∗ − ∗ ∗

Theorem 3.1

3. Riccati equations

t

T

T

T

/

T

T

/

L ,T Y L ,T U

T T

H

T T

T

T

T

2

2

0

2

2

1 2

0

1 2

0 0

2

(0 ; )

2

(0 ; )

0

2

0

1

0

L

L − ∈

M

M ∈

L M

∈ L ∈ L

L →

M →

L −

M

‖L M ‖ ‖ ‖ ‖L M ‖

∈

− L L L L L M L M

L , T U

L , T Y

. u t C S t s B u s ds, t , T ,

H L , T Y

. ϕ t C S t ϕ, t , T .

B U, V C V , Y S t

T > L , T U H

H H

. u G S T s B u s ds

. ϕ G S T ϕ.

J u, z u z u u z

σ

z H

. u I z

First we formulate the LQR problem for (2.19) using an op erator theoretic framework

as in [Ba], [Gi], [IT]. Let b e the b ounded linear op erator mapping from (0 ; )

into (0 ; ) defined by

(3 1) ( )( ) = ( ) ( ) (0 )

and b e the b ounded linear op erator mapping from into (0 ; ) defined by

(3 2) ( )( ) = ( ) (0 )

Boundedness of the op erators and follows from Theorem 2.1, the b oundedness

assumptions ( ) and ( ), and prop erties of the semigroup ( ).

F or a given 0, define the b ounded linear op erators : (0 ; ) and

: by

(3 3) = ( ) ( )

and

(3 4) = ( )

Then the cost functional (2.19) can b e written as

( ) = + + + +

and using standard arguments (e.g., see [PS],[IT]) we have

Assume the sesquilinear form satisfies (2.1) and (2.2). Then for

, the optimal control that minim izes (2.19) is given by

(3 5) = ( + + ) ( + )

∗ 2

2

Remark 3.2

1

0 0 0 0

(0 ; )

2

0

(0 ; )

∗ ∗ ∗ ∗

−

∗

∗

∗

∗

∗ ∗

−

∗ ∗ ∗

∗

∗

( )

∫

T

T

T

T

T

T

T

u

T

T

T T t

T T T T T

L ,T Y V

t

H L ,T U

M M

L

L

L L

M

M

⟨ ⟩

∈ L ∈ L

∈ L

−

≡

A A −

∈

‖ ‖ ≤ ‖ ‖ ∈

M

→

‖ − ‖ ≤ ‖ ‖

H

. ,

I

I

. z , z J , T u , z J u, z .

C H , Y G V , V Y

σ V , V

u

. u t B t z t

t

.

d

dt t t t t B B t C C ϕ

ϕ V z t

. C S t ϕ c ϕ ϕ H ,

W V H V

V L , T Y

. S t s B u s ds b u , and the self-adjoint op erator Π on , defined by

(3 6) Π = ( )

0

0

+ [ ]

satisfies

(3 7) Π = (0 ; ) = min ( )

Moreover, if we assume ( ) and ( ), and either (i) is finite

dimensional or (ii) satisfies (2.17), in addition to (2.1)-(2.2), then Π ( ) and

the optimal control is given by

(3 8) ( ) = Π ( ) ( )

where Π ( ) Π satisfies the differential Riccati equation

(3 9) Π ( ) + Π ( ) + Π ( ) Π ( ) Π ( ) + = 0

for all and ( ) is the corresp onding optimal tra jectory .

(1) The condition (i) or (ii) app earing in Theorem 3.1 is used only to

argue (e.g., [BI2])

(3 10) ( ) for all

which is (H2) of [PS] if we identify and of [PS] with the spaces and ,

resp ectively

, of our notation here. The condition (H3) of [PS] follows from (2.4) and

(2.9). W e note that (3.10) implies the op erator of (3.2) can readily b e continuously

extended to (0 ; ).

F rom (2.15) we have

(3 11) ( ) ( )

∫

∫

∫

∫ ∫

∗

∗ ∗ ∗

∗

−

∗

∗ ∗

∞

∗

∗

−

Lemma 3.3

Pro of:

0 0

0

2 2

0 0 0

0 0

2

0

2

0

2

0

2

T

T T

T

t

T

T

T t

s

T s

T

T T

Y U

H αt

H

H t

V t

H H

∈ L ∈ L ∈ L

→

− − ∈

− − − ∈

− ∈

|| || || ||

‖ ‖ ≤ ‖ ‖ ≥ ∈

∈

‖ ‖ ‖ ‖ ≤ ‖ ‖ ‖ ‖

B U, V , C V , Y G H

t t

. t x S T t GU T , t x S s t C C U s, t xds x H ,

U s, t

. U t, s x S t s x S t ξ B u ξ s x dξ x H ,

u

. u t B t U t, z z H .

. J u z C z t u t dt

S t σ

H S t S t

H V V

S t H

S t z M e z α > , M z H

z t S t z , z V

z t ω z s ds ρ z s ds z .

which is (H1) of [PS]. Thus under the assumptions in Theorem 3.1 the problem can b e

treated using the Pritchard-Salamon framework [PS] (e.g., see Thm 2.2 of [IT]).

(2) (See [Ba]) In the general case (i.e., ( ) ( ) and ( )),

the function Π ( ) satisfies the implicit integral Riccati equation

(3 12) Π ( ) = ( ) ( ) + ( ) ( ) for

where the evolution op erator ( ) is defined by

(3 13) ( ) = ( ) + ( ) ( ; ) for

and the optimal control is given by

(3 14) ( ) = Π ( ) ( 0) for

Next we consider the problem of minim izing the quadratic cost functional

(3 15) ( ; ) = ( ( ) + ( ) )

sub ject to (2.20). The following lemma plays an imp ortant role in the infinite time

interv al problem and hence we shall sketch a pro of.

A semigroup ( ) generated via a sesquilinear form satisfying (2.1), (2.2)

is (uniformly) exp onentially stable on if and only if ( ) and ( ) are exp onentially

stable on , and .

W e first assume that ( ) is exp onentially stable on . Then we have

( ) for some 0 1 and any . Using (2.2) and

(2.12) for ( ) = ( ) , we obtain

1

2

( ) + ( ) ( ) +

1

2

∗ ∗

∫ ( )

Theorem 3.4

0

2

2

0

2

( ) ( )

( )

V H

V ,V V ,V

H H

H V V V

∞

L

∗

L

∗ ∗

∗

∗ ∗

∗

L

∗

∗

∗ ∗ ∗

∗ ∗

∗

‖ ‖ ≤ ‖ ‖

‖ ‖ ‖ ‖

∈ ∈ A A

∈

‖ ‖ ≤ ‖ ‖ ≤ ‖ − ‖ ‖ ‖

∈ L

∈ L

A

∈ L A −

A ∈ L A −

A A − ∈

∈ L A −

H

z s ds

ω

M ρ

α z

S t V

S t S t S t V

S t H

S t H S t V S t

V

S t

V ϕ H t > , S t ϕ

V ϕ H t >

S t ϕ k S t ϕ k S t S ϕ

S t V H

C C H , Y

C H , Y Y σ

, B

K H , U B K

H , C F Y , V F C

V

B B C C x x V

V , V B B

U t H V V

F rom this inequality and the exp onential (in ) b ound we find

( )

1

2

+

1

2

and an application of Datko’s lemma [D] yields exp onential stability of ( ) on . Since

( ) = ( ) , we also obtain exp onential stability of ( ) on .

Since ( ) is also exp onentially stable on , similar arguments b eginning with

the b ound for ( ) on yield that ( ) is exp onentially stable on and ( ) is

exp onentially stable on .

T o argue the converse statement in the lemma, supp ose that ( ) is exp onentially

stable on and recall that for and 0 ( ) dom ( ) where dom ( )

is dense and continuously emb edded in . F or and 1 we have

( ) ( ) ( 1) (1)

so that exp onential stability of ( ) on implies exp onential stability on .

F or the case when is b ounded (i.e., ( )), we have

Assume ( ) and either is finite dimensional, or satisfies

(2.17), in addition to (2.1) and (2.2). If ( ) is stabilizable, i.e., there exists an

op erator ( ) such that generates an exp onentially stable semigroup

on and ( ) is detectable, i.e., there exists ( ) such that generates

an exp onentially stable semigroup on , then the algebraic Riccati equation

( Π + Π Π Π + ) = 0 for all

has a unique nonnegative solution Π ( ), Π generates an exp onentially

stable semigroup ( ) on , and , and the optimal solution that minim izes (3.15)

∗

∗

∗

Pro of

0

2 2

( )

2

( )

2

2 2

∗ ∗

∗

L L

∗ ∗

∗

∗

∗

∗ ∗

∗ ∗

∗

K U

K

V U,V H,U H

V

K

H

V

V

−

∈ L

⟨ ⟩ ∈

≥ || || − || || || || || ||

|| || − || ||

A ∈

L A −

A ∈ L

A −

A

A

∈ L A −

A −

∈ L u t B U t z .

K H , U

σ ϕ, ψ σ ϕ, ψ K ϕ, B ψ ϕ, ψ V

V

Reσ ϕ, ϕ ω ϕ ρ

ω

B K ϕ

ω ϕ ρ ϕ .

, B K

V , U B K V

, C F Y , V

F C V

V H V

Z Z V

B H , U B B

U t H V V B B V

U t V H V

C C V , Y is given by

( ) = Π ( )

: Note that for ( )

( ) = ( ) + for all

defines a continuous sesquilinear form on where

( )

1

2

( +

1

2

)

=

1

2

Thus, by Lemma 3.3, the stabilizability of ( ) implies that there exists an

( ) such that generates an exp onentially stable semigroup on , and

similarly

, the detectability of ( ) implies that there exists an ( ) such

that generates an exp onentially stable semigroup on . The theorem now

follows from [PS, Theorems 3.3 and 3.4 and Remark 3.5]. Recall that the spaces W and

of [PS] are chosen as and , resp ectively

, in our framework here. W e note that

the space of (H3) in [PS] is here taken to b e = dom ( ) = endowed with

the graph norm corresp onding to ; the condition (H3) follows then from (2.4). Since

Π ( ) it follows from the discussions in Section 2 that Π generates

an analytic semigroup ( ) on , and . Since dom ( Π) = , the

exp onential stability of ( ) on implies that on and .

The case where is unb ounded ( ( )) will b e discussed in Section 5.

∫

∗

∗

∗

∗ 2

0

0

0

0

2

4. Galerkin appro ximation

N N N N

N N

N N N

N N

N N

N N

N N

N

V

N N

N N

V ,V

N

N N

N N

N

H t

N

V

⊂ →

⟨− ⟩ ∈

× ∈ L

∈ L

⟨ ⟩ ⟨ ⟩ ∈

∈

‖ − ‖ → → ∞

§

∈ ∈ ∈

∈ ≥

⟨ ⟩ ⟨ ⟩ ∈

−

‖ ‖ → ‖ ‖ → → ∞

4.1 Convergence of Galerkin approximations

Lemma 4.1

V V H A V V

. A ϕ, ψ σ ϕ, ψ ϕ, ψ V ,

A σ V V B U, V

B U, V

. B u, ψ u, B ψ ψ V ,

C C V

H ϕ V ϕ V

ϕ ϕ N

f L , T V z H z t V

ϕ z z t V , t

.

d

dt z t , ψ σ z t , ψ f t , ψ ψ V

z P z ,

e t z t z t

e t e s ds N

W e turn now to the approximation results that are the main fo cus of this pap er. Let

b e a sequence of finite dimensional subspaces of . Define :

by

(4 1) = ( ) for all

that is, is defined via restriction of to . F or given ( ), we

define ( ) by

(4 2) = for all

and denotes the restriction of onto . W e assume the approximation condition:

( 1)

F or any , there exists a sequence in such that

0 as .

The following lemma is standard in the literature (e.g., see Chapter I I I in Lions [Li]).

Supp ose (H1) is satisfied and let (0 ; ) and . If ( )

is defined by (2.11) with = and ( ) 0 satisfies

(4 3) ( ) + ( ( ) ) = ( ) for all

(0) =

then the error function ( ) = ( ) ( ) satisfies

( ) 0 and ( ) 0 as

∫

N N

∗

∗

∗

1

2

1

2

∗

∗

−

∗

−

−

−

∗

− −

∗

−

Lemma 4.2

Pro of

0

0

( )

1

1

0

1

1

0 1

1 1

1

N N

N N N N

N N

V ,V

N

N tA N t

t s A N

N

N N

V

V

N N

H H

N N

V H

N N

N

N N

N N N N

N N

V ,V

N

∈

∈

∈ ⟨ ⟩ ⟨ ⟩ ∈

∈ L ⟨ ⟩

⟨ ⟩ ∈

→ ∈

≥ ∈

‖ − ‖ ≤

‖ ‖

‖ − ‖ ≤

| − |

‖ ‖

‖ − ‖ ≤

| − |

‖ ‖

∈

− → −

∈ ∈

≥ − ∈

⟨ ⟩ ⟨ ⟩ ∈ t , T

P H V

ϕ H

P ϕ V P ϕ, ψ ϕ, ψ ψ V .

P V , V ϕ, ψ

ϕ, ψ ϕ V z t

z t e P z e P f s ds.

P ϕ ϕ H ϕ H

Reλ ρ ϕ V

. λI A P ϕ ϕ

ω

. λI A P ϕ

M

λ ρ ϕ

. λI A P ϕ

M

λ ρ ϕ

M M /ω M M ω /ω

ϕ V

λI A P ϕ λI A ϕ V .

σ V

V u V ϕ V

Reλ ρ, u λI A P ϕ V

λ u , ψ σ u , ψ ϕ, ψ ψ V .

uniformly in [0 ].

In this lemma denotes the usual orthogonal pro jection of onto ; i.e., for

and = for all

This pro jection can readily b e extended to ( ) by replacing in the

definition by for all . Then the solution ( ) of (4.3) can b e written

as

( ) = + ( )

It follows from (H1) that in for all . In addition, we have

F or and

(4 4) ( )

(4 5) ( )

(4 6) ( )

where = 1 + and = ((1 + ) ) .

Moreover, for every

( ) ( ) in

: First we observe that the sesquilinear form restricted to defines a con-

tinuous sesquilinear form on satisfying (2.2) for all . Hence for and

= ( ) exists and satisfies

+ ( ) = for all

1 ∗ −

∗

∗

1

2

1

2

∗

∗

∗

∗

N

N

N N

N

N

Lemma 4.3

V ,V

N N N

N N N

V

N N N N

N N

N N N

N N

V

N

V

tA N

H

tA N

H

tA N

V H tA N

V H

tA N

V

tA N

V

∈ − A ∈

⟨ ⟩ ⟨ ⟩ ∈

⟨ − ⟩ − ∈

∈ ‖ − ‖ → → ∞

⟨ − ⟩ −

⟨ − ⟩ −

− ∈ ≥

‖ − ‖ ≤ ‖ − ‖

∈

‖ − ‖ → → ∞

‖ − ‖ → → ∞

∈

‖ ‖ ≤ ‖ ‖ ‖ ‖ ≤ ‖ ‖

‖ − ‖ → → ∞

‖ − ‖ → → ∞ ϕ V , u λI ϕ V

λ u, ψ σ u, ψ ϕ, ψ ψ V ,

λ u u , ψ σ u u , ψ ψ V .

u V u u N

λ u u , ψ σ u u , ψ

λ u u, ψ σ u u, ψ .

ψ u u V Reλ ρ

u u c

ω u u

ϕ H

i e P ϕ S t ϕ N

e P ϕ S t ϕ N

t ϕ H

ii e P ϕ c

t ϕ , e P ϕ c

t ϕ

t >

iii e P ϕ S t ϕ N ,

e P ϕ S t ϕ N .

Thus, the first three estimates follow from exactly the same arguments as in Lemma

3.6.1 of [T a]. Since for all = ( ) satisfies

+ ( ) = for all

we obtain

+ ( ) = 0 for all

By (H1), there exists a sequence ^ such that ^ 0 as , and

^ + ( ^ )

= ^ + ( ^ )

Cho osing = ^ , we then find from (2.1) and (2.2) that for ,

^ ^

for some p ositive constant c. F rom this the desired convergence follows immediately .

Using the T rotter-Kato theorem [Pa] and the estimates (4.5) and (4.6) one can

readily establish the following results (see [BI1] for pro ofs).

F or all

( )

( ) 0 as

( ) 0 as

where the convergence is uniform on b ounded -interv als. Moreover, for all

( )

and for 0

( )

( ) 0 as

( ) 0 as

∫

N

∗

∗

∗

∗ ∗

∗

∗

∗

2

2

2

0

2 2

0

N

N

N

N tA N

N N

N

N t

N

Y U

N N

N N N N

N N

∈ L

M → M ∈

M → M ∈

∈ M

M ∈ L

M ∈

M M

§

‖ ‖ ‖ ‖

⟨ ⟩

Lemma 4.4

4.2 Convergence of Riccati Solutions

C H , Y σ

ϕ ϕ L , T Y ϕ V

y y V y L , T Y

ϕ V , ϕ V

V , L , T Y

ϕ t C e P ϕ ϕ V .

N V

.

J , T u C z t u t dt

Gz T , z T

.

d

dt z t A z t B u t , t >

z P z .

Using Lemma 4.3 we have an approximation result in the b ounded output case

corresp onding to Theorem 2.2.

If ( ) and the sesquilinear form satisfies (2.17), in addition to

(2.1) and (2.2), then

in (0 ; ) for all

and

in for all (0 ; )

where for is given by the continuous extension to (see (3.10)) of the

op erator in (3.2) and ( (0 ; )) is defined by

( )( ) = for

The arguments b ehind these results are tedious but straightforward once one uses the

estimates of Theorems 2.1 and 2.2 (which requires (2.17)) to establish uniform b ounds

for and . The details can b e found in [BI2].

W e first consider the finite horizon optimal control problem for (2.19)-(2.20). Cor-

resp onding to a given approximation scheme as defined via (4.1), (4.2), we formulate

the th approximate problem in : Minimize

(4 8)

(0 ; ) = ( ( ) + ( ) )

+ ( ) ( )

sub ject to

(4 9)

( ) = ( ) + ( ) 0

(0) =

2 0

∗

∗

∗ ∗ ∗

∗

∗

A

∈ L ∈ L ∈ L

∈ ≤

−

∈

∈ ≤

−

L M L M

∈ L

Theorem 4.5

Pro of:

Theorem 4.6

N

T

T

N

T

N

N

T

N N

T

N

T

N N

T

N N N

T

N N

N

T

N N N

T

N

T

N

T

N

T

N N

T

N

N N N

T

N

T

N

T

N

T

N

T σ

B U, V , C V , Y G H

u N

u

L , T U z H t , t T

V

.

d

dt t A t t A t B B t C C

T P GP ϕ H t P ϕ t ϕ

H t , T u t , t T

. u t B t z t .

, , , , u ,

C H , Y Y

Then we may obtain the following convergence results using Theorem 3.1 and Lemmas

4.1-4.3 in the general case of unb ounded output.

Supp ose the sesquilinear form satisfies (2.1) and (2.2) and is defined

by (2.3), ( ) ( ) and ( ) is nonnegative. Supp ose the approx-

imation scheme satisfies (H1). Then the optimal control to the th approximate

problem for (4.8)-(4.9) converges strongly to , the optimal control for (2.19)-(2.20)

in (0 ; ) for all . Moreover, if Π ( ) is the solution to the Riccati

equation in :

(4 10) Π ( ) + Π ( ) + Π ( ) Π ( ) Π ( ) + = 0

and Π ( ) = , then for all , Π ( ) converges strongly to Π ( ) in

, uniformly in [0 ], where the optimal control ( ) is given by

(4 11) ( ) = Π ( ) ( )

The arguments are quite straight forward and are similar to those given in

[IT]. W e define for the finite dimensional problem analogues Π

of the op erators in (3.1)-(3.6). Use of Lemmas 4.1 and 4.3 then yield at once that these

op erators converge in the appropriate top ologies to the corresp onding op erators in (3.1)-

(3.6).

Under the stronger assumptions (including b ounded output) in Theorem 3.1, we

obtain stronger convergence prop erties for Π . The arguments are quite similar to

those just outlined, except we use the stronger results for the extended op erators in

Lemma 4.4 in this case.

Consider the case ( ). Assume either (i) is finite dimensional

1

∗

∗

− −

∗

∗

∗

N N N

N

K

N

K

1 1

0 0

( )

1

2 2

2 2

Lemma 4.7

Pro of:

N

T

T

N N

t A B K N

H ω t

H

N

N

K

K

K

K H V

V

K

H

K

N

K

N N N

N

K

K

N

tA N

tA N

L

→

A

∈ L ≥

≥

‖ ‖ ≤ ‖ ‖

A ∈ L

A −

⟨ ⟩ ∈

∈

≥ − ‖ ‖‖ ‖‖ ‖ ‖ ‖

≥ ‖ ‖ − ‖ ‖

‖ ‖ ‖ ‖ −

⟨− ⟩ ∈

→

→ σ

t t V , V , T

i V H

, B

K V , U M ω N

N N N

e P ϕ M e ϕ , t > .

, B K H , U

B K H K

K V

σ V

. σ ϕ, ψ σ ϕ, ψ K ϕ, B ψ ϕ, ψ V

σ ϕ V

.

Reσ ϕ, ϕ Reσ ϕ, ϕ K B ϕ ϕ

ω

ϕ ρ ϕ

ρ ρ B K / ω A A B K

A ϕ, ψ σ ϕ, ψ ϕ, ψ V

e P ϕ T t ϕ H

e P ϕ T t ϕ H or (ii) the sesquilinear form satisfies (2.17) in addition to (2.1) and (2.2), is satisfied.

Then Π ( ) converges to Π ( ) in ( ), uniformly on [0 ].

W e turn next to the infinite horizon problem involving (3.15). W e assume

(H2) the injection : is compact.

Then we have the uniform stabilizability result which is the unb ounded input ana-

logue of the fundamental results of [BK].

Supp ose ( ) is stabilizable and (H2) holds. Then there exists a sequence

of op erators ( ) and p ositive constants 1 and indep endent of

and a p ositive integer such that for all

0

Since ( ) is stabilizable, there exists an op erator ( ) such that

generates a uniformly exp onentially stable semigroup on . Let b e the

restriction of onto . Consider, as in the pro of of Theorem 3.4, the corresp onding

sesquilinear form on

(4 12) ( ) = ( ) + for

Then is continuous and for

(4 13)

( ) ( )

2

where = + 2 . Thus, Lemma 4.3 applies to = where

= ( ) for all , so that

( ) in

( ) in

∗ ∗ ∗

∗

1

2

0

2

≥

L

L

∗

∗

− −

Theorem 4.8

N

K

N

K

N

K

N

K

N N N N

1

( )

0

0

1

2

( )

2 2

( Π )

2 tA N

V H

N tA N

tA N

H

t A N

H

N

N

N N N N N N N N N N

t A B B N

H ω t

H

∈ ≥

‖ ‖ ≤ ‖ ‖

≥ A −

∪ −

‖ − ‖ → → ∞

≥

‖ ‖ ≤ ‖ ‖

∈ L

∈ L

A A

∈ L

−

≥

‖ ‖ ≤ ‖ ‖ ϕ H t

e P ϕ

M

t ϕ , t > ,

T t , t B K i

t > S e P T t B

H B H

e P T t N .

T t , t t >

T t N e P <

C H , Y

B U, V

, B , C N

V , V

V

. A A B B C C ,

M ω >

. e P ϕ M e ϕ , for every and 0 and

~

0

where ( ) 0 is the semigroup generated by . Since the emb edding is

compact, for a fixed 0 the set = ( ( )) is relatively compact in

, where is the unit sphere of . It then follows from Prop osition 3.7 in [Ch, p.126]

that

( ) 0 as

Since ( ) 0 is uniformly exp onentially stable, there exists a 0 such that

( ) . Hence for sufficiently large 1 from which the desired

results follows using standard semigroup arguments (e.g., see the pro of of Theorem 3.1.1

in [T]).

Combining Lemma 4.7 with arguments in [BK] and [IT], one obtains the main result

of this section concerning convergence for the b ounded output ( ), unb ounded

input, ( ), case.

Assume the conditions of Theorem 4.6 hold and (H1) and (H2) are

satisfied. Supp ose ( ) is stabilizable and ( ) is detectable. Then for sufficiently

large, there exists a unique nonnegative self-adjoint solution Π ( ) to the

algebraic Riccati equation in

(4 14) Π + Π Π Π + = 0

there exists constants 1 and 0 such that

(4 15)

1

1

Pro of:

∗

∗

∗

∗

∗

∗

N

K

N

K

N N N

∗

∗

L

∗

−

−

∗

−

( )

0 0

2

1 2

1 2

2

0

( )

→ ∈ ‖ −

‖ → → ∞ A −

∈

− · − ≤ ‖ ‖

→ → ∞

‖ ‖ ≤ ‖ ‖

‖ ‖ ≤ ‖ ‖

∈

≤ ‖ ‖

≥

N N s

N N N

H,U

N N

N N

H

K

N

tA N

V

/ w t

H

tA N

H

/ w t

V

N N

V

t A G C N

P ϕ ϕ V ϕ V B P

B N B B

H ϕ H

J B z z J u z ε N ϕ

ε N N

σ K

. e P ϕ

M

t e ϕ

. e P ϕ

M

t e ϕ

ϕ V

J u ϕ α ϕ

N N α > N

N

e P and Π Π in for every . Moreover, we have Π

Π 0 as . The feedback system op erator Π (i.e., the

approximate feedback controls in the original infinite dimensional system) generates an

exp onentially stable analytic semigroup on and for every

( Π ( ); ) ( ; ) ( )

where ( ) 0 as .

The arguments are essentially a rep eat of those for Theorems 2.2 and 3.1

of [BK] and Theorem 2.6 of [IT] where we use the appropriate norms and top ologies

at each step. F or the sake of completeness we give a brief outline, referring the reader

to [BI2] for details. W e first consider and as in Lemma 4.7. Using the inverse

Laplace transform (see [T] or [Sh]) to obtain a representation for analytic semigroups

in terms of resolvents and standard contour arguments (again see [Sh]) along with the

b ounds (4.6), one readily obtains b ounds

(4 16)

(4 17)

for . These can then b e used to argue

( ; )

for and 0 indep endent of . This is the result of Step 1 in the pro of of

Theorem 2.6 in the App endix of [IT] and guarantees (Theorem 3.3 of [PS]) existence of

the desired solutions to (4.14) for sufficiently large.

Detectability and arguments similar to those in Lemma 4.7 yield b ounds similar to

those in (4.16), (4.17) for and hence uniform detectibility . F ollowing w t

2

2

2

2

∗

∗

∗

∗

∗

−

L

−

L

−

L

∗ ∗

∗

L

∗

L

∗

L

1 2

( )

2

( )

2

( )

( ) ( )

( )

M

t e ϕ .

P P ν M

T e

ν

M

T e ,

P i H V

B P B B P

B P

N

‖ ‖

‖ − ‖ ≤

‖ − ‖ ≤

‖ − ‖ → →

‖ − ‖ ≤ ‖ − ‖

≤ ‖ ‖ ‖ − ‖ →

→ ∞

/

V

N N N

T

N

V ,V w T

T V ,V w T

N N

V ,V

N N N

H,U

N N

H,U

N N

H,V arguments similar to those in Step 2 of the pro of of Theorem 2.6 in [IT] (relying on

Y oung’s inequality and Datko’s lemma), one can obtain the b ound (4.15). In fact, one

also obtains a b ound in which the right side of (4.15) is replaced by

Then with standard estimates (see the App endix in [BK] and (A.6), (A.7) of [IT])

Π Π (0)

Π Π (0)

the convergence of Lemma 4.6 and the triangle inequality

, we are able to conclude that

Π Π 0. Moreover, since the injection : is compact, we

find

Π Π (Π Π)

Π Π 0

as .

∫

C

∗

∗ ∗

∗

2 2

2 2 0 0 θ θ θ

θ θ

θ

∗

− ∗

− −

−

−

∗

−

L

−

∞

−

5. Case of Un b ounded .

0

0 0

0 0

0

0

2

1 2

0

1

1 2

1 1

1

1

0

2

0

2

0

+

0

1

( )

+

0

1 u H

H

H

V

/

θ

θ θ θ

/

V θ

H θ

V V V θ

V

V V α

V α

V

θ

U V θ

V

β β

ρ

∈ L ∈ L

{ ∈ | | ≤ ‖ ‖ ∈ }

⟨ ⟩ ⟨ ⟩ ∈

⟨ ⟩ ≥ ‖ ‖ ∈

≤ ≤

‖ ‖ ≤ ‖ ‖ ‖ ‖ ≤ ‖ ‖ ‖ ‖ ‖ ‖

≤ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

‖ ‖ ≤ ‖ ‖

∈ A

A ⊃ { ≤ | − | } ∪

‖ − A ‖ ≤

| − |

∈

− A ≥

C V , Y B U, V A

H

.

A u V σ u, v k v v V ,

A u, v σ u, v ρ u, v u, v V ,

σ σ

σ u, u ρ u, u ω u u V .

A V θ , V

V V , H V , V H

.

ϕ c ϕ ϕ c ϕ ϕ ϕ

c ϕ ϕ c ϕ ϕ ,

α

B ϕ b ϕ θ < b > α .

ρ sp σ > , M > U ρ

ρ λ λ ρ < π

σ U

λI

M

λ ρ λ

ρI

β t S t dt β

In this section we consider the case ( ) and ( ). Let b e a

self-adjoint op erator on defined by

(5 1) dom( ) = : ( ) for all and

= ( ) + for all

where is the symmetric part of (see Theorem 2.2) and

( ) + for

Let Λ = with dom(Λ) = and for 0 1 denote (see [LM]) the intermediate

space : = [ ] =dom(Λ ). Then we have [ ] = and the interp olation

inequality

(5 2)

=

where = . W e assume throughout this section

(H3) with 1 for some 0 and let =

Since C l is not in ( ), there exist 0 0 and , a neighb orho o d of such

that

( ) Σ = : 0 arg( )

2

+

and

( )

1 + for Σ

(e.g., see [T a]). It then follows from [Pa, p.69-75] that

( ) =

1

Γ( )

( ) for 0 θ θ

θ

∫

∫

∫

1

0 0

1 0

∗

∗

∗

∗

∗

∗

∗

Theorem 5.1

1

( ) 1

( )

1 1

Γ(1 ) 0

Γ(1 ) 0

1

Γ(1 ) 0

+ 1

0

1

1

1

( )

( )

−

L

−

L

−

∗

∗ −

−

∞

− ∗

−

∞

− ∗ ∗ −

−

∞

− − −

∗ −

∗ ∗ ∗ −

∗ ∗ − ∗

L

−

∗

· ≥ ∈ A

≥

‖ ‖ ≤

‖ ‖ ≤

∈ A

‖ − A ‖ ≤ ‖ ‖

≤ ‖ ‖ ‖ ‖

≤ ‖ ‖

‖ − A ‖ ≤ ‖ ‖ ∈

− A ⊂

− A ∈ L

·

·

‖ ‖ ≤

‖ − A ‖ ≤ ‖ ‖ ≤ ≤ ρ ρt

ρ V δ t

ρ V ,V

M

t δ t

V

α

V

α α

ρ

V

c

α α

ρ α

V ρ α

V

cM

α α α δ t

V

α

α

V α V

θ α

θ

α

T

T

T

T V ρ t s

γ

γ

T V γ V

S t e S t , t ρ ρ

δ > M

.

S t M e

S t e .

x V

ρI x t S t x dt

t S t x S t x

t e x dt.

< α < α M >

ρI x M x x V .

V V V V ρI V

. B ρI V , U .

G U t, s

T > M >

U t, s M e

γ < M

. ρI t x M x t T .

where Γ( ) denotes the gamma function and ( ) = ( ) 0. Since ( ),

there exist constants 0 and 1 such that

(5 3)

( )

( )

Then for = dom ( )

( ) ( )

( ) ( )

Hence if 0 , then there exists 0 such that

( ) for all

Since is dense in and is closed in , this implies dom(( ) )

and therefore

(5 4) ( ) ( )

Under the assumption (H3) using the same arguments as in Theorem 1 [Fl2], we

have the following results on the solution Π ( ) to the Riccati equation (3.12).

Assume (H3) holds. Let Π ( ) b e the solution to the integral Riccati

equation (3.12) with = 0 and ( ) b e the evolution op erator defined by (3.13).

Then for each 0, there exists a constant 0 such that

( )

and for 1, there exists a constant such that

(5 5) ( ) Π ( ) for 0

∫

2

2

Theorem 5.2

∗ ∗ ∗

∗ ∗

∗ ∗

∞

∗ ∗ ∞ ∗

∞

∞ ∞

∗ ∞ ∗ ∞ γ

T T T

T

T

T

t

T T

H

T

d

dt

T T T

T T

H T

T

γ

T w

γ

H

∈ ∈ ∞ ∞

∈ L

∈ ≤

− − −

∈ A → ∈

≤

⟨ ⟩ ⟨A ⟩ ⟨ A ⟩

−⟨ ⟩ ⟨ ⟩

∈ A

− → ∞ L

∈

− A → − A

⟨ A ⟩ ⟨A ⟩

−⟨ ⟩ ⟨ ⟩

∈ A

H z H u L , U J u z <

M , M T

. B t V , H B t t B .

x V , t x, t T

. a t x S s t C C s B B s S s t xds.

x t S t x V L , T V

S t Ax t x, t T

t x, y x, t y t x, y

B t x, B t y C x, C y

x, y T

s T H

ϕ V γ <

ρI ϕ ρI ϕ V .

.

x, y x, y

B x, B y C x, C y

x, y

Moreover, if we assume

( 4) for any there exists a control (0 ; ) such that ( ; ) ,

then the constants in ab ove are uniform in .

By Theorem 5.1 and (5.4),

(5 6) Π ( ) ( ) and ( Π ( )) = Π ( )

Now it is not difficult to argue (e.g., see [Fl1]) that for Π ( ) is given by

(5 7 ) Π ( ) = ( )( Π ( ) Π ( )) ( )

Since for dom ( ), ( ) is strongly differentiable in (0 ; ) with

deriv ative ( ) (see Theorem 2.1), Π ( ) satisfies the differential Riccati

equation

Π ( ) + Π ( ) + Π ( )

Π ( ) Π ( ) + = 0

for all dom ( ) and Π ( ) = 0. The following theorem follows from (5.5).

If (H3), (H4) hold and let Π = lim Π (0) as in ( ), then

for and 1

( ) Π (0) ( ) Π in

Moreover, if (H2) is satisfied, the convergence of ab ove b ecomes strong and Π satisfies

the algebraic Riccati equation

(5 8)

Π + Π

Π Π + = 0

for all dom ( ).

θ

¯ 1

1

∞

∗

∗ ∗

∞

∞ ∞ ∗ ∞ ∗ ∞

∗

∗

∗

∗ ∗

∞

V V

T

T

d

dt

T T T

T T

T

N N N N

N

Theorem 5.3

Theorem 5.4

∈ L

| | ≤ ‖ ‖ ‖ ‖

≤ ∈

≤

∈ ∈ ∩

⟨ ⟩

⟨ ⟩ − ⟨ ⟩

∈

− ∈ L

⟨ ⟩

−⟨ ⟩ ∈

A A

∈

L A − ≥

− ≥ ∈

∈ L σ

V

σ

. σ ϕ, ψ M ϕ ψ

M > θ < ϕ, ψ V ,

t , t T

G x V t x C , T V C , T V

.

t x, y σ x, t y σ y , t x

B t x, B t y C x, C y

x, y V .

s V

.

σ x, y σ y , x B x, B y

C x, C y x, y V .

σ

, B , C

V B B T t , t H

u

u t B T t z , t z H .

V V , A , B , C

P

Under the stronger assumption (b elow (5.11)) the sesquilinear form satisfies (2.16)

and Π ( ); i.e.,

Assume that the sesquilinear form satisfies

(5 9) ( )

~

for some

~

0 and 0

¯

1 for all in addition to (2.1) and (2.2) and that

(H2) and (H3) hold. Let Π ( ) b e the solution to the integral Riccati equation

(3.12) with = 0. Then, for each , Π ( ) ([0 ]; ) ([0 ]; ) and

satisfies the Riccati equation

(5 10)

Π ( ) = ( Π ( ) ) + ( Π ( ) )

+ Π ( ) Π ( )

for all

Moreover, if (H4) holds, then Π (= lim Π (0)) ( ) and satisfies the algebraic

Riccati equation

(5 11)

( Π ) + ( Π ) + Π Π

= 0 for all

Then we have the optimal feedback solution:

Assume the sesquilinear form satisfies (5.9) in addition to (2.1) and

(2.2), and (H2) and (H4) hold. Then, if ( ) is stabilizable and ( ) is detectable,

then the algebraic Riccati equation (5.11) has a unique non-negative solution Π = Π

( ) and Π generates a stable analytic semigroup ( ) 0 on . The

optimal control for (3.15) is given by

( ) = Π ( ) 0 for

Next we consider the Galerkin approximation of Π ( ). Let

and the pro jection b e defined as in Section 4. W e will assume the following

N N N N

∗ ∗

∗

∗

∗

∗

1

0

1

0

( Π ) ~

Theorem 5.5

∗ ∗

−

∗ −

∗ ∗

A − −

N

V V

N

N

N N

V V

N N N

N N N

N

V V

N

V V

V V

N

N N

N

N N N N

N

t B B N

H ω t

H

‖ ‖ ≤ ‖ ‖ ∈

→ ∈

→ ∈

≥

‖ − ‖ ≤

| − |

‖ ‖

∈ −

⟨ ⟩ ⟨ ⟩ ∈

| | ‖⟨ ⟩‖ ≤ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

≤ ‖ ‖ ‖ ‖

∈

∈ L ∩ L

⟨ ⟩

−⟨ ⟩ ∈

≥

‖ ‖ ≤ ‖ ‖ ≥

H c > P ϕ c ϕ ϕ V .

.

P ϕ ϕ V ϕ V

P ϕ ϕ V ϕ V ,

Reλ ρ

. λI A P ϕ cM

λ ρ ϕ .

ϕ V u λI A P ϕ

λ u , χ σ u , χ ϕ, χ χ V .

λ u , χ ϕ χ c u χ

M ϕ χ

χ P ψ ψ V

N

V H

V

.

σ x, y σ y , x B x, B y

C x, C y x, y V ,

M ω >

e P ϕ M e ϕ , t .

(stronger) approximation condition:

( 5) there exists a constant ~ 0 such that ~ for all

While the results b elow can b e shown by some elab orate arguments without assuming

(H5), the condition (H5) is a standard assumption in finite element approximations

(e.g., see [BA]). Then if (H1) and (H5) are satisfied, then

(5 12) in for and

in for

and moreover for

(5 13) ( )

~

In fact, if for , = ( ) , then

+ ( ) = for all

Thus,

+

and cho osing = for all , this inequality yields (5.13).

Supp ose the assumptions in Theorem 5.4 hold and the approximation

conditions (H1) and (H5) are satisfied. Then, for sufficiently large, there exists

a unique non-negative solution Π = Π ( ) ( ) to the algebraic Riccati

equation in

(5 14)

( Π ) + ( Π ) + Π Π

= 0 for all

and there exist constants

~

1 and ~ 0 such that

~

0

∗

∞

∞

∗ ∗ ∞ ∞

→ ∈

→ ∈

→ L

A −

N N s

N N w

N N s

N N

P ϕ ϕ H ϕ H

P ϕ ϕ V ϕ V .

B P B V , U

N B B

H

Moreover,

Π Π in for each

Π Π in for each

and Π Π in ( ) where Π is the unique non-negative solution

to (5.11). Finally

, for sufficiently large, Π generates a stable analytic

semigroup on .

∗

∗

√

[ ]

∗

∗

∗ ∗

0

0

0

0

0

V ,V

V ,V

V

6. Second Order Systems.

→ →

∈ L ∈ L

∈ ×

‖ ‖ × ×

×

−

A

A

− −

A { ∈ ∈ ∈ }

0 0

0

2

2

0 0 0

0

0

0

0 0 0

0

0

0

0 0 0

0

0

0 0 0 0

1 2 1 2 2 1 1 2 2 2

0 0

1 2 2 0 0 1 0 2 0

V H V

.

d

dt w t D d

dt w t A w t B u t V

B U, V A , D V , V

. a ϕ, ψ < A ϕ, ψ >

. b ϕ, ψ < D ϕ, ψ >

ϕ, ψ V a b V V .

a V

ω ρ b V

ϕ a ϕ, ϕ . V V V H V H

σ V V

. σ ϕ , ϕ , ψ , ψ a ϕ , ψ a ϕ , ψ b ϕ , ψ .

H

.

I

A D

ϕ , ϕ H ϕ V A ϕ D ϕ H .

Let b e a Gelfand triple as discussed in Section 2. W e consider

general second order systems in the context of sesquilinear forms using the approach in

Section 3 of [BI1]. Consider then the second order system:

(6 1) ( ) + ( ) + ( ) = ( ) in

where ( ) and ( ) are defined by

(6 2) ( ) =

(6 3) ( ) =

for and and are continuous symmetric sesquilinear forms on W e

assume that is -co ercive (i.e. satisfies an equality of the form (2.2) wherein without

loss of generality we take = 1 and = 0) and is nonnegative. Thus can b e

equipp ed with the equiv alent norm = ( ) Let = , =

and define the sesquilinear form on by

(6 4) (( ) ( )) = ( ) + ( ) + ( )

W e again have a solution semigroup on for the systems (6.1) written in first order

form (e.g., see [BI1]). The generator in this case is given by

(6 5) =

0

with dom( ) = ( ) : and + The system describ ed

by (6.1)-(6.5) requires some separate analysis since some of conditions assumed in Sec-

tion 3 through 5 ab ove are not satisfied. However as will b e outlined b elow, the results

2

2

∗ ∗

∫

∫ t

C ,T V L ,T H

t

V L ,t Y

0

0

0

0

0

(0 ; ) (0 ; )

0

(0 ; )

2

0

A

§

A

A ≥

‖ − ‖ ≤ ‖ ‖

∈ L

‖ − ‖ ≤ ‖ ‖

∈ ∈

6.1 Case of Bounded

Lemma 6.1

B , B .

C

C H b

V S t , t

σ

b V M

T

S t s f s ds M f .

C H , Y

c >

. S t s C y s ds c y

t , T y L , T Y

b

V in Sections 3-5 are still v alid for control problems governed by (6.1) under appropriate

conditions on and = col [0 ]

It has b een shown in [BI1] that generates a -semigroup on and that if is

-co ercive, then generates an analytic semigroup ( ) 0. In fact, the latter can

b e shown readily by observing that the sesquilinear form defined by (6.4) satisfies the

conditions (2.1)-(2.2). Moreover, we actually have from standard estimates (e.g., see

[BIW])

Assume that is -co ercive. Then there exists a p ositive constant

(which dep ends only on ) such that

( ) ( )

It follows directly from Lemma 6.1 that for any ( ), the following condition

holds: there exists 0 such that

(6 6) ( ) ( )

for all [0 ] and (0 ; ). F rom duality (see [PS]) it follows then that (3.10)

holds and indeed the conditions of [PS] are satisfied (see Remark 3.2(1)). Thus if is

-co ercive, we have that the conclusions of Theorems 3.1 and 3.4 hold for the second

order system problem governed by (6.1)-(6.5). Moreover, it is not difficult to show that

the conclusions of Lemma 4.4 for the Galerkin approximation holds for this case. Thus

the conclusions of Theorem 4.6 applies to this case for approximations of solutions to

the differential Riccati equation analogues of (4.10).

∗

∫

N

N

N

− ∗

L

L

−

0 0

0

0

0 0

Lemma 6.2

Pro of:

0 0

0 0

2 2

0

1

0

0 0 0 0

0

0

( )

( )

( + )

1 2

2

2 2

2

Γ

1

× ∈ R

≥ − ‖ ‖ − ‖ ‖

∈ ∈ L

∈ R ≥

‖ ‖ ≤ ≥

≥

‖ ‖ ≤ ≥

∈

≥ ‖ ‖ − ‖ ‖

−

V H

V ,V

H ν t

ε ε

N N

H ν ε t

N A t N

V H

γ

tA N

tA N λt N N

V

H

V H b γ a b,

γ > b V V ρ

b ϕ, ϕ γ

ϕ ρ ϕ

ϕ V A D V D V , V

< D ϕ, ψ > b ϕ, ψ . ν M

S t M e , t

ε > N N N

S t P M e , t

M > N S t e A

z ϕ , ϕ V

σ z , z γ

ϕ ρ ϕ .

σ ω e V

e P

π i e λI A P dλ

In the case of the infinite horizon problem and asso ciated algebraic Riccati equation,

to obtain Theorem 4.8 and Lemma 4.7 we assumed (H2): is compactly emb edded

into . This condition (H2) is not true for the second order system problem formulated

here. But we have a result corresp onding to Lemma 4.7 for these problems.

Assume that is compactly emb edded into and = +

¯

for some

0 where the continuous sesquilinear form

¯

on satisfies for some ¯

Re

¯

( )

2

¯

for all , and

¯

is a compact op erator on with

¯

( ) defined by

¯

=

¯

( ) Then if for some and 1

( ) 0

then for any 0 there exists an integer such that for

( )

~

0

for some constant

~

0 indep endent of , where ( ) = with defined as

in (4.1).

F rom (6.4) we have for = ( )

Re ( )

2

¯

Thus satisfies (2.1)-(2.2) with = and the semigroup on is represente d

by

=

1

2

( )

2

0 0

0 0 0 0

‖ − ‖ { ≥ }

− ∈

∈

−

−

−

∈

−

∗

− −

−

− − −

− −

−

−

−

N N

λ

λγ λ

λγ

N N N N

V

N

H

N N N N

N N

N N N N

N N N N N

V

N N

H

N

V

N

H

N N N

N

N

N N

1

1 2 0

2 0 2 0 1

2 1

2

0 0 1 0

0

0 0 0

2

1

0

1

0

0 1

1

0

0

+1

1

0

+1

1

0

0

1

1 2

2

0

1

0

1

0 1

0

1

0

2 1

0 0

2

0

1 0

1

0 1 ρ

λI A P λ ν ε

N .

. λz z f V

. λz D z A z g H .

z λz f .

λ λD A z g λf D f V ,

D γ A D .

I λ

λγ

A λ

λγ

A D z

γ f

λγ

A

λγ g λf D f .

λ > ν, I A A D

λI A z , z P f , P g

.

I λ

λγ

A λ

λγ

A D z

γ f

λγ

A

λγ g λf D f

z λz f f P f , g P g P P

V V H , z V

I λ

λγ

A λ A

λγ

D z where Γ is the integration path (shifted by ¯

) as describ ed in [Sh, Theorem 6.A]. Hence

it suffices to argue that ( ) is uniformly b ounded on Re + and

in Consider the resolvent equation

(6 7) =

(6 8) + + =

F rom (6.7), = It thus follows from (6.8) that

( + + ) = + + in

where by the assumption = +

¯

Equiv alently ,

( +

+ 1

+

+ 1

¯

)

=

+ 1

+

+ 1

( + +

¯

)

Thus, if Re then ( + +

¯

) exists and is b ounded. Similarly

we have

( )( ) = ( )

is equiv alent to

(6 9)

( +

+ 1

( ) +

+ 1

( )

¯

)

=

+ 1

+

( )

+ 1

( + +

¯

)

and = where = = and and are the orthogonal

pro jections onto of and resp ectively

. Here for

( +

+ 1

( ) +

( )

+ 1

¯

) θ

0

0

0 0 0

2

0

0

6.2 Cases of Unb ounded

−

−

− −

− −

− −

− −

L

− −

L

− − −

−

∗

N

N N

H

N

N N

N N N

V

N N

H H

N N

H

λ

λγ

N λ

λγ

N N N

V

ε ε

N N

U

V

θ

θ

θ

θ θ

β

T β

−

−

‖ − ‖ ‖ − ‖ →

→ ∞

{ }

≥ −

{ ≥ }

A

∈ L

§

∈ L ≤

‖ ‖ ≤ ‖ ‖ ∈

≤ ≤

× ≤ ≤

∈ L ∩ L ≤ →

∈

2

1

0

1

0

0

1

2

1

0 0

1

1

1

0

0

0

1

0

1

0

1

0

1

0

0 0 0

0

1 1

0

( ) 0

1

0

1

0

0 ( )

+1

0

1

+1

0

1

0

1

1

0

0

0

0 0

0

0

I λ

λγ

A λA

λγ

D z

λ

λγ

A A P z

λ

λγ

A D A D z .

A D P A D V H

A P A A D A D

N . N I A A D P

λ > ν .

N N N λI A P

λ ν ε ,

B , B ,

C H , Y .

C

C V , Y θ <

. B ϕ b ϕ ϕ V

V V , H , θ

V V , H V V , θ

H V , V β < ϕ ϕ V

ϕ V

= ( +

+ 1

+

+ 1

¯

)

+

+ 1

( ( ) )

+

+ 1

(

¯

( )

¯

)

Since ( )

¯

=

¯

and is compactly emb edded into

( ) and ( )

¯ ¯

0

as Hence for sufficiently large ( + ( ) + ( )

¯

)

exists and is uniformly b ounded in any compact set in Re It thus follows

from (6.9) that there exists an integer such that for ( ) is

uniformly b ounded on Re + which completes the pro of.

It thus follows from Lemma 6.2 that under the assumptions in Lemma 6.2, the

assumptions (H1) and stabilizability and detectability of Theorem 4.8, the conclusions

of Theorem 4.8 hold for the case when is defined by (6.5), = col [0 ] and

( )

F or the case when ( ) we assume that there exists 0 1 such that

(6 9) for

where is the intermediate space = [ ] 0 1 defined as in Section 5. Since

= [ ] = 0 1 the assumption (H3) is satisfied. Assuming the

finite cost condition (H4), it follows from Theorem 5.2 that there exists an op erator

Π ( ) ( ) (for all 0 1) such that Π (0) Π weakly in for

all . In the case of the second order system (6.1)-(6.3) the assumption (H2) is

0

T

H

[ ]

[ ]

[ ]

√

∗ ∗

∗ ∗

∗ ∗ ∗

∗

∗

∗

∗

∗ ∗

∗ ∗

∗

{ } ×

→ ∈

A A −

−

∈

A A

A

−

−

×

− − −

− − −

− − −

× ×

⟨ ⟩ | | ∈

P V V P H H B P B

P H H

B ϕ B ϕ U ϕ V

. B B C C

σ ϕ, ψ a ϕ , ψ a ϕ , ψ

ϕ ϕ , ϕ , ψ ψ , ψ V

I

A D

,

V H

A B B Q

. A D A B B Q

A D D B B Q

Q C C

Q Q

Q Q

V H H V H

H A ϕ , ϕ ϕ , ϕ ϕ , ϕ H

2 0 2 0 2

2 0

1 2 1 1 2

1 2 1 2

0

0

11 12

21 22

0 0

21 12 0 12 0

0

21 11

0 11

0

21 22 0 22 0

0

21 21

0 12 21

0

22 22 0 22 0

0

22 22

11 12

21 22

0 0 0 0

0 1 1 2

2

1 2 not v alid. However, = is compactly emb edded into = and =

where is the pro jection of onto the subspace 0 . This fact can b e used to

show that Π (0) Π strongly in for each and that Π satisfies the

algebraic Riccati equation

(6 10) Π + Π Π Π + = 0

in the sense of Theorem 5.2 (i.e., see (5.8)).

The condition (5.9) is not satisfied for the second order system defined by (6.4)-(6.5)

since

( ) = ( ) + ( )

for = ( ) = ( ) . Hence, Theorems 5.3-5.5 cannot b e applied directly

to the second order system (6.1)-(6.3). In what follows we employ the structure of

solutions to the Riccati equation to establish the results that corresp ond to Theorems

5.3-5.5 for the second order system. Since the adjoint op erator of is given by

=

0

the Riccati equation (6.10) can b e written in terms of the op erator matrix Π =

Π Π

Π Π

on as

Π Π Π Π + = 0

(6 11) Π Π Π Π Π + = 0

Π + Π Π Π Π Π + = 0

where = = on . Since Π is self-adjoint on =

and is equipp ed with the norm + = ( ) , it follows θ

V

V

∗ ∗ ∗

∗ ∗

−

−

∗ ∗

−

−

−

∗ ∗

− −

¯

0

0

1

2

1

2

1

2

1

2

1

2

1

2

1

2

1

2

1

2

1

2

1

2

∈ L ∈ L ∈ L

∈ L − ∈ L

| | ≤ ‖ ‖ ‖ ‖ ≤

∈ ∈ L

− − −

− ∈ L ∈ L

∈ L ∈ L ∩ L

21 0 0

21

0 12 0 0

11

0 11 0

0

22 0 21 0 0 22 0 12 21 22 22 0

0

0 0

0 0 0

0 22 0 0

0

0

0 0

22 0

0 0 0

21

0

11

0

21

0 0

22 0

0 0

0

0

11

0

21 0 0

0

21 0 0

V , H , A H , V A V , V .

H V , H Q A B B V , V

V H

b b γ a b D γ A D

b

. b ϕ, ψ M ϕ ψ , θ <

ϕ, ψ V . V , V .

A A

γ I A D B B A A

A A Q

A D B B A H A A Q V , H

A V , H H V that Π ( ) Π = Π ( ) and Π = Π ( ) Note

that the third equation of (6.11) is the Lyapunov equation for the self adjoint op erator

Π on , given Π ( ) and that + Π + Π Π Π ( )

is b ounded and symmetric.

As in Lemma 6.2, we have assumed that is compactly emb edded into and that

the sesquilinear form in (6.3) is given by = +

¯

(equiv alently

, = +

¯

)

where

¯

now satisfies

(6 12)

¯

( )

¯

0

¯

1

for all It then follows from Theorem 5.3 that Π ( ) Moreover,

premultiplying the second equation of (6.11) by (recall that is self-adjoint) we

obtain

( (

¯

Π ) ) Π

= Π +

where (

¯

Π ) ( ) is compact and Π + ( ).

Thus Π ( ) and therefore Π ( ) ( ). F urthermore, a similar

argument using the partitioning of Riccati solutions can b e applied to establish the

corresp onding result to Theorem 5.5.

The case of the structural damping (2.31) can b e treated directly using the results

in Sections 3-5.

4

8

22

8

39

7. References

The Mathematic al F oundations of the Finite Element

Metho d with Applic ations to Partial Differ ential Equations,

Sp e ctr al Appr oximation of Line ar Op er ators,

[Ba] A.V. Balakrishnan, Boundary control of parab olic equations: L-Q-R theory

, in

nonlinear op erators, Pro c. 5th International Summer Scho ol, Ak ademie-Berlin,

1978.

[BA] I. Babusk a and A. Aziz,

New Y ork (1972).

[BI1] H.T. Banks and K. Ito, A unified framework for approximation in inverse prob-

lems for distributed parameter systems, Control-Theory and Adv anced T echnol-

ogy , (1988), 73-90.

[BI2] H.T. Banks and K. Ito, A v ariational approach to a class of b oundary control

problems: numerical analysis, Brown University (1989), preprint.

[BIW] H.T. Banks, K. Ito, and Y. W ang, W ell p osedness for damp ed second order systems

with unb ounded input op erators, CRSC TR93-10, N.C. State Univ., June 1993;

Differential and Integral Equations, (1995), 587-606.

[BK] H.T. Banks and K. Kunisch, The linear regulator problem for parab olic systems,

SIAM J. Control and Optimization, (1984), 684-698.

[Ch] F. Chatelin, Academic Press, New

Y ork (1983).

[CP] R.F. Curtain and A.J. Pritchard, Infinite dimensional linear system theory

, in

“Lecture Notes in Information and Control Sciences,” , Springer-V erlag, Berlin.

[CR] G. Chen and D.L. Russell, A mathematical mo del for linear elastic systems with

structural damping, Quart. Applied Math., (1982), 433-454.

3

22

25

21

102

75

91

El liptic Pr oblems in Nonsmo oth Domains,

Perturb ation The ory for Line ar Op er ators,

[D] R. Datko, Uniform asyptotic stability of evolutionary pro cesses in Banach spaces,

SIAM J. Math. Anal. (1972), 428-454.

[Fl1] F. Flandoli, Boundary control systems, SIAM J. Control and Optimization, (1984),

76-86.

[Fl2] F. Flandoli, Algebraic Riccati equation arising in b oundary control problems,

SIAM J. Control and Optimization, (1987), 612-636.

[Gi] J.S. Gibson, Linear quadratic optimal control of hereditary differential systems:

Infinite dimensional Riccati equations and numerical approximations, SIAM J.

Control and Optimization, (1985), 95-139.

[Gr] P

. Grisv ard, Pitman, Boston (1985).

[It] K. Ito, Strong convergence and convergence rates of approximating solutions for

algebraic Riccati equations in Hilb ert spaces, Distributed Parameter Systems,

Lecture Notes in Control and Information Sciences, , Springer-V erlag (1987),

153-166.

[IP] K. Ito and R.K. Powers, Chandrasekhar equations for infinite dimensional systems:

I I unb ounded input and output case, J. Diff. Eq., (1988), 371-402.

[IT] K. Ito and H.T. T ran, Linear quadratic optimal control problem for linear systems

with unb ounded input and output op erators: numerical approximations, Inter.

Series of Numerical Math., , Birkh¨ auser-V erlag (1989), 171-195.

[Ka] T. Kato, 2nd ed., Springer-V erlag, New

Y ork, 1980.

6

3

and 4

I and I I

21

16

16

Optimal Contr ol of Systems Governe d by Partial Differ ential Equa-

tions,

Non-homo gene ous Boundary V alue Pr oblems and Ap-

plic ations,

Semigr oups of Line ar Op er ators and Applic ations to Partial Differ ential

Equations,

The Line ar Quadr atic Contr ol Pr oblem for Infinite

Dimensional Systems, A Semigr oup The or etic Appr o ach for Systems with

[La1] I. Lasieck a, Unified theory for abstract parab olic b oundary problems: A semigroup

approach, Appl. Math. Optim., (1980), 287-333.

[La2] I. Lasieck a, Approximations of Riccati equations for abstract b oundary control

systems - application to hyp erb olic systems, Numer. F unct. Anal. and Opt.,

(1985-1986), 207-243.

[Li] J.L. Lions,

Springer-V erlag, New Y ork, 1971.

[LM] J.L. Lions and E. Magenes,

, Springer-V erlag, New Y ork (1972).

[L T1] I. Lasieck a and R. T riggiani, Dirichlet b oundary control problem for parab olic

equations with quadratic cost: analyticity and Riccati’s feedback synthesis, SIAM

J. Control and Optimization, (1983), 41-68.

[L T2] I. Lasieck a and R. T riggiani, The regulator problem for parab olic equation with

Dirichlet b oundary control; Part I: Riccati’s feedback synthesis and regularity of

optimal solutions, Appl. Math and Opt., (1987), 147-168.

[L T3] I. Lasieck a and R. T riggiani, The regulator problem for parab olic equations with

Dirichlet b oundary control; Part I I: Galerkin approximation, Appl. Math. and

Opt., (1987), 198-216.

[Pa] A. Pazy ,

Springer-V erlag, New Y ork, 1983.

[PS] A.J. Pritchard and D. Salamon,

Part I,

22

Unb ounde d Input and Output Op er ators, R etar de d Systems with Delays in

Contr ol and Observation,

Hilb ert Sp ac e Metho ds for Partial Differ ential Equations,

Equations of Evolution,

Partial Differ ential Equations

Part I I,

MRC, University of Wisconsin-Madison, TSR #2624,

1984.

[Sa] Y. Sak awa, F eedback control of second order evolution equations with damping,

SIAM J. Control and Optimization, (1984), 343-361.

[Sh] R.E. Showalter, Pitman,

London (1977).

[So] M. Sorine, Sur le semi-group e nonliń eaire asso cí e ` a l’equation de Riccati, INRIA

Rep ort 167, Octob er 1982.

[T a] H. T anab e, Pitman, London (1979).

[W] J. Wlok a, , Cambridge Univ. Press, Cambridge,

1987.