PARAMETER IDENTIFICATION IN THE FREQUENCY DOMAIN

H.T. Banks^∗ and Yun Wang^∗

Center for Research in Scientific Computation North Carolina State University Raleigh, NC 27695-8205

Revised: March 1993

Abstract

In this paper, we introduce a method to carry out parameter identification in the frequency domain for distributed parameter systems. Theoretical results related to convergence of approximation ideas for the techniques are presented. An application of the method is illustrated via numerical results for a beam experiment.

1 Introduction

In studying vibrations of flexible structures, estimation of system parameters using observations in the time domain gave poor results when the observations contained several vibration modes. In response to this difficulty in using time domain optimization techniques, we attempted to carry out identification in the frequency domain. The underlying idea for this procedure involves taking the discrete Fourier transform (DFT) of the data and defining the cost function by using this transformed data and transforms of the model solution. In this paper we outline the theoretical foundations for general frequency domain parameter estimation techniques for second order systems described in terms of sesquilinear forms and operators in a Hilbert space. To illustrate the ideas and techniques, we apply them to the problem of estimating

�Research supported in part by the Air Force Office of Scientific Research under grant AFOSR– 90–0091.

damping parameters in Timoshenko beams.

2 The Abstract Problem

Let V and H be complex Hilbert spaces satisfying V → H = H^∗ → V^∗ (see [16] for the construction of this so-called Gelfand triple), where we denote their topological duals by V^∗ and H^∗, respectively. Let Q be the admissible parameter metric space with metric d. We consider the parameter dependent second order abstract inhomogeneous initial value problem in V^∗ ü(t) + B(q)u̇(t) + A(q)u(t) = f(t) u(0) = u_0 u̇(0) = u_1,

(2.1)

where A(q) and B(q) are parameter dependent differential operators and q ∈ Q. The corresponding variational formulation is given by

< ü(t), ψ >_V �_{,V} +σ_1(u(t), ψ) + σ_2(u̇(t), ψ) =< f(t), ψ >_V �_{,V} for ψ ∈ V u(0) = u_0 u̇(0) = u_1,

(2.2)

with < ·, · >_V �_{,V} denoting the duality product [16]. We assume that the sesquilinear forms σ_1(q) and σ_2(q), where σ_i(q) : V ×V → Cl , satisfy the following conditions:

(A1) Boundedness. There exist c_i > 0, i = 1, 2 such that for q ∈ Q |σ_i(q)(ϕ, ψ)| ≤ c_i|ϕ|_V · |ψ|_V for ϕ, ψ ∈ V ; (A2) V-Coercivity. There exist k_i > 0 and λ_i > 0, i = 1, 2 such that for q ∈ Q Re σ_i(q)(ϕ, ϕ) ≥ k_i|ϕ|^2_V − λ_i|ϕ|^2_H , ϕ ∈ V ; (A3) Continuity. For q, q̃ ∈ Q and i = 1, 2 | σ_i(q)(ϕ, ψ) − σ_i(q̃)(ϕ, ψ) | ≤ d_i(q, q̃)|ϕ|_V |ψ|_V , ϕ, ψ ∈ V, where d_i(q, q̃) → 0 as d(q, q̃) → 0.

If (A1) holds, then σ_1, σ_2 define operators A(q), B(q) ∈ L(V, V^∗) by σ_1(q)(ϕ, ψ) = < A(q) ϕ, ψ >_V �_{,V} σ_2(q)(ϕ, ψ) = < B(q) ϕ, ψ >_V �_{,V} for ϕ, ψ ∈ V .

In this manner, we have the equivalence of (2.2) and (2.1). The conditions (A1)-(A3) are sufficient to establish well posedness and continuous dependence results for (2.1) and (2.2).

Theorem 1 If the sesquilinear forms σ_1 and σ_2 satisfy conditions (A1)-(A3) with σ_1 symmetric and f ∈ L_2((0, T ), V^∗), then, for each w_0 = (u_0, u_1) ∈ H = V × H, the initial value problem (2.2) has a unique solution w(t) = (u(t), u̇(t)) ∈ L_2((0, T ), V × V ). Moreover, this solution depends continuously on f and w_0 in the sense that the mapping {w_0, f} → w = (u, u̇) is continuous from H×L_2((0, T ), V^∗) to L_2((0, T ), V × V ).

We have in Theorem 1 stated the well posedness of the system (2.2) in a weak variational setting. We can take an alternative (but, as we shall see, equivalent) approach using the theory of semigroups [11], [12]. We can rewrite the second order system (2.1) as a first order system for w(t) = (u(t), u̇(t))^T on a product space. We define the product space V = V × V in addition to H = V × H above and observe that V^∗ = V × V^∗ in the Gelfand triple V → H → V^∗. The first order system can be written as

ẇ(t) = A w(t) + F (t) in V^∗ w(0) = w_0, (2.3)

where F (t) = (0, f(t))^T ∈ V^∗, w_0 = (u_0, u_1)^T ∈ H and A = ( 0 I −A −B ) ∈ L(V, V^∗). (2.4)

With the assumptions on σ_1 and σ_2 given in Theorem 1, the operator A is the infinitesimal generator of an analytic semigroup T (t) on V^∗ (see [4] or [2]). Then, by definition, mild solutions of (2.3) in V^∗ are given by

w(t; q) = T (t) w_0 + ∫ t 0 T (t − s) F (s) ds . (2.5) Theorem 2 Suppose w_0 = (u_0, u_1)^T ∈ H = V ×H, f ∈ L_2((0, T ), V^∗), and sesquilinear forms σ_1 and σ_2 are given as in Theorem 1. Then (2.2) has a unique solution in L_2((0, T ), V × V ) and it is given by the mild solution (2.5).

For the proofs of both Theorem 1 and Theorem 2 see [4].

For computational efforts in control and estimation of these systems, it is an important result to note that the weak formulation and the semigroup formulation yield the same solutions. In actuality, this equivalence can be given under weaker assumptions on σ_2 than (A2). If one relaxes the assumption on σ_2 to H-semiellipticity, one can show that the operator A of (2.4) defines a C_0-semigroup on H which can be extended to a space Y , a proper subset of V^∗ which contains elements of the form (0, v^∗), v^∗ ∈ V^∗. Then (2.5) can still be used to define mild solutions and the equivalence of solutions from Theorem 2.1 with mild solutions can be established (see [4] for details).

3 The Optimization Problem

We formulate the estimation problem as a least squares fit to observations. We seek q̄ ∈ Q which minimizes J(u, z; q) = | | C̃_2 ( C̃_1 {u(t_i, x̃; q)} − {z(t_i)} ) | |^2 . (3.1)

In (3.1), u(t_i; q) is the solution to (2.2) (or the first component of the state vector w(t; q) in (2.5)) evaluated at t_i, z(t_i) are pointwise time and pointwise space measurements. The operator C̃_1 may be in the form of the identity, time differentiation d/dt , or time differentiation twice d^2/dt^2 , each followed by pointwise evaluation in time and space (at x = x̃). The operator C̃_2 may be the identity (corresponding to time domain identification procedures) or the Fourier transform (corresponding to identification in the frequency domain). In this paper we only treat the operator C̃_2 in form of the Fourier transform. If the measurements are taken with fixed sampling time, i.e., Δt = t_i − t_{i−1} = t_{i+1} − t_i for all i and with a total of N̄ samples at the fixed space position x = x̃ (this is often the case in experiments), then the Fourier series coefficients for 0 ≤ i ≤ N̄ are given by

C̃_2 { C̃_1{u(t_i, x̃; q)} } k = U(k; q) = 1 N̄ N̄ −1∑ i=0 C̃_1{u(t_i, x̃; q)} e^{−jk(2π/N̄) i}, (3.2) C̃_2 {z(t_i)}_k = Z(k) = 1 N̄ N̄−1∑ i=0 z(t_i) e^{−jk(2π/N̄ ) i}, (3.3) where t_i = i·Δt and k = 0, 1, . . . , N̄ −1. In (3.2), we use the generic symbol U(k; q) to represent the Fourier coefficients of the transform of C̃_1{u(·, x̃; q)} for all three forms of C̃_1. With Δt as the sampling time, the k^{th} value of the frequency corresponding to the k^{th} coefficient is given by

f_k = 1 Δt·N̄ k (3.4) and the corresponding magnitudes are given by |U(k; q)| and |Z(k)|.

We assume that there are a finite and distinct number (< N̄ ) of “spikes” among the Z(k). Since each spike can be described by its frequency (corresponding to its index), magnitude and width of the spike, we will make some modifications to the cost function (3.1) when C̃_2 is the Fourier transform. Let N̄_M be the number of spikes among the Z(k). We shall assume

(A4) The number of spikes of the solution U(k; q) is the same as N̄_M . After reindexing coefficients of spikes among the Z(k) and U(k; q) and denoting the indices by k^z_ℓ , k^u_ℓ for ℓ = 1, . . . , N̄_M with 0 ≤ k^z_ℓ , k^u_ℓ ≤ N̄ − 1, the frequency domain cost function can be more appropriately expressed by

Ĵ(q) = Ĵ(u, z; q) (3.5) = N̄M∑ ℓ=1 ( ϵ_1 | | f_ku_ℓ (q) − f_kz_ℓ | |^2 + ϵ_2 N_ℓ∑ j=−n_ℓ | |U(k^u_ℓ + j; q)| − |Z(k^z_ℓ + j)| |^2 ) , where ϵ_1, ϵ_2 are weight constants, and n_ℓ, N_ℓ are certain lower and upper limits associated with the width (or the support) of the ℓ^{th} spike. The first part of the cost function (3.5) is related to the frequencies and the second part is related to the magnitude and the width of each spike. The limits n_ℓ and N_ℓ depend on the ℓ^{th} spike and are chosen so that n_ℓ and N_ℓ are the last i and last j respectively, for which the following conditions are satisfied: |Z(k^k_ℓ − i)| ≥ 20%|Z(k^z_ℓ )| for i = 1, 2, . . . , n_ℓ, and |Z(k^z_ℓ + j)| ≥ 20%|Z(k^z_ℓ )| for j = 1, 2, . . . , N_ℓ. The motivation behind our choice related to the width of the spike is that in traditional modal analysis, the width at approximately 30% of the peak value of the spike is used to estimate the damping ratio for the ℓ^{th} mode. Hence taking a conservative approach and using the width at 20% of the peak value should guarantee the inclusion of substantial damping information in the Fourier coefficients.

If the parameter q̄ minimizes (3.5), then we shall take q̄ as the estimate of the parameter which best describes the system in the frequency domain, i.e. the least squares fit of the model to data in the frequency domain sense. Hereafter, we interpret (3.1) as (3.5) whenever C̃_2 is the Fourier transform.

4 Approximation Technique

The minimization in our parameter estimation problem involves an infinite dimensional state space governed by (2.1). For computational purpose, finite dimensional approximations are necessary. To make these approximations, we first select a sequence of finite dimensional spaces H^N which are subspaces of H. We define orthogonal projections P^N_H : H → H^N , P^N_V : V → H^N , and choose the finite dimensional spaces H^N = H^N × H^N . We denote the orthogonal projections of H = V × H onto H^N by P^N_H . For convenience, we will hereafter restrict our consideration to the case where f ∈ C^1([0, T ]; V ). Then the approximating estimation problems with finite dimensional state spaces can be stated as finding q ∈ Q which minimizes

J^N (u^N , z; q) = | | C̃_2 ( C̃_1{u^N (t_i, x̃; q)} − {z(t_i)} ) | |^2 , (4.1) or Ĵ(q) = Ĵ^N (u^N , z; q) (4.2) = N̄M∑ ℓ=1 ( ϵ_1 | | f_{ku}N_ℓ (q) − f_kz_ℓ | |^2 + ϵ_2 N_ℓ∑ j=−n_ℓ | | |U^N (k^{uN}_ℓ + j; q)| − |Z(k^z_ℓ + j)| | |^2 ) . In (4.1) and (4.2), u^N is an approximate solution which satisfies a readily-solved finite dimensional system approximating (2.1) given by

ü^N (t) + B^N (q) u̇^N (t) + A^N (q) u^N (t) = P^N_H f(t) u^N (0) = P^N_V u_0 u̇^N (0) = P^N_H u_1,

(4.3)

or equivalently the first coordinate of the state vector

w^N (t; q) = T^N (t) P^N_H w_0 + ∫ t 0 T^N (t − s) P^N_H F (s) ds . (4.4)

Here A^N and B^N are Galerkin approximations to A and B, respectively, and T^N (t) is the obvious corresponding approximation to T (t), the semigroup of (2.5) generated by the operators of (2.4). Moreover, U^N (k; q), for k = 0, 1, . . . , N̄ − 1, in (4.2) is given by U^N (k; q) = 1 N̄ N̄−1∑ i=0 C̃_1{u^N (t_i, x̃; q)} e^{−jk(2π/N̄) i}, (4.5) and f_{ku}N_ℓ is defined in the same manner as f_ku_ℓ .

In (4.2), we have assumed that the number of “spikes” present in the approximate solution is the same as N̄_M , the number of “spikes” in the data z. If one chooses

N such that N ≥ 2N̄_M , then this assumption, which is (A4) for the approximation problems, is guaranteed.

Solving the estimation problems with finite dimensional state spaces, we obtain a sequence of estimates {q̄^N }. To obtain parameter estimate convergence and continuous dependence (with respect to the observations {z(t_i)}) results, when C̃_2 is the Fourier transform operator, it has been shown in [1], [5] that it suffices, under the assumption that Q is a compact set, to argue: for arbitrary {q^N } ⊂ Q with q^N → q, we have C̃_2 C̃_1 u^N (t; q^N) → C̃_2 C̃_1 u(t; q)

for each t.

We first observe that the “solutions” U^N (k; q^N) corresponding to the approximating systems provide approximate solutions to the original system “solutions” U(k; q). Theorem 3 Suppose {q^N } ⊂ Q is an arbitrary sequence with q^N → q̄ as N → ∞. Let U^N (k; q^N ) denote the Fourier series coefficients for C̃_1{u^N (t; q^N )} where u^N is the solution to the initial value problem (4.3) corresponding to q^N and let U(k; q̄) denote the Fourier series coefficients for C̃_1{u(t; q̄)} where u is the solution to the initial value problem (2.1) corresponding to q̄. If C̃_1{u^N (t; q^N )} → C̃_1{u(t; q̄)} in V norm, and pointwise evaluation is continuous in the V norm, then N̄M∑ ℓ=1 ( ϵ_1 | | f_{ku}N_ℓ (q^N ) − f_ku_ℓ (q̄) | |^2 + ϵ_2 N_ℓ∑ j=−n_ℓ | | |U^N (k^{uN}_ℓ + j; q^N )| − |U(k^u_ℓ + j; q̄)| | |^2 ) → 0 as N → ∞. Now we are ready to state the main theorem for parameter estimation in the frequency domain formulation.

Theorem 4 Assume that the parameter space Q is a compact subset of Euclidean space. Then each of the approximating estimation problems for (4.2) has a solution q̄^N . Moreover, the sequence {q̄^N } ⊂ Q admits a convergent subsequence {q̄^{Nj} } with q̄^{Nj} → q̄ ∈ Q as j → ∞. If for each q ∈ Q , U(k; q) is defined as in Theorem 3, then q̄ is a solution to the original optimization problem for (3.5).

For the proof of both these theorems, see [7].

Continuous dependence of parameter estimates on observations (an analogue of the “method stability” of [1], [5]) can be established for frequency domain estimation problems using the ideas above with the arguments given in [1], [5] and [7].

Next we consider conditions under which C̃_1{u^N (t; q^N)} would converge to C̃_1{u(t; q)} in V -norm. For the following theorems, some assumptions on the finite dimensional spaces H^N are required. We assume

(A5) H^N ⊂ V ⊂ H.

(A6) For each z ∈ V , there exists ẑ ∈ H^N such that |z − ẑ^N |_V → 0 as N → ∞.

Theorem 5 Suppose both σ_1(q) and σ_2(q) in (2.2) satisfy the conditions (A1)-(A3) and that conditions (A5)-(A6) hold. Let q^N be arbitrary such that q^N → q in Q. Then T^N (t; q^N)P^N_H ξ → T (t; q)ξ, ξ ∈ H, t > 0 and A^N (q^N ) T^N (t; q^N )P^N_H ξ → A(q) T (t; q)ξ, ξ ∈ H, t > 0 in V norm, with the convergence being uniform in t on compact subintervals. Here T^N (t; q) and T (t; q) are the analytic semigroups generated by A^N (q) and A(q), respectively.

For a proof of this theorem, see [3], [6].

Corollary 1 Let A^N (q) and A(q) be the infinitesimal generators of the analytic semigroups T^N (t; q) and T (t; q), respectively, and f ∈ C^1([0, T ]; V ). Then for C̃_1 in one of the forms: identity, d/dt or d^2/dt^2 we have

C̃_1{u^N (t; q^N )} → C̃_1{u(t; q)}

in V -norm, where u^N (t; q^N ) and u(t; q) are the first coordinate of (4.4) and (2.5) respectively.

This corollary follows from Theorem 5. For the detailed proof when C̃_1 = d^2/dt^2 see [6].

Before concluding this section, some comments on the assumption (A4) are appropriate. All our parameter estimation investigations have shown (and simple analysis of 2^{nd} order damped scalar systems suggest) that the frequencies of the vibration of a beam are primarily determined by parameters representing stiffness, mass density of the beam and mass of the tip body, whereas the magnitude of each excited mode is determined by the damping parameters (as well as the excitation force, of course). Stiffness and mass can be measured and calculated quite accurately through the experiments and these values can be used in the process of parameter identification (ID). That is, those measured quantities can be used as initial values to begin optimization. Using (4.2) as a cost function, we have carried out our parameter ID using the following three steps to ensure that (A4) was satisfied. First, we fix damping parameters with values from our knowledge of previous experience with experimental configurations similar to the one being studied. We use the measured stiffness and mass as initial values and optimize on those parameters. Then we fix the stiffness and mass parameters at the optimal values resulting from the first step and optimize on the damping parameters. Finally, we proceed to carry out an optimization on all parameters using the optimal values of the parameters from the previous steps as an initial guess. Our numerical efforts with such a procedure here (and in previously reported findings) have proved most satisfactory.

The basic mathematical model that we have considered in connection with the efforts discussed in this paper is the Timoshenko equations for a cantilevered beam with tip body. We shall describe the model in some detail in the next section.

5 Example

As an example, we apply the techniques outlined above to the flexural vibrations of elastic beams represented by models that include the effects of rotary inertia and shear deformation. We consider a cantilevered beam with tip body, internal or material damping, and an applied transverse force. The partial differential equation together with boundary conditions based on the Timoshenko theory in terms of the bending moment M(t, x) and the shear force S(t, x) are given by (see [8], [9], [13], [14] and [15]) ρ ∂^2u ∂t^2 (t, x) − ∂S ∂x (t, x) + γ ∂u ∂t (t, x) = f̃(t, x), ρr^2 ∂^2α ∂t^2 (t, x) − ∂M ∂x (t, x) − S(t, x) = 0, 0 < x < ℓ, t > 0 , mc ∂^2u ∂t^2 (t, ℓ) + (J_o + mc^2)

∂^2α ∂t^2 (t, ℓ) + M(t, ℓ) = 0, t > 0 , m ∂^2u ∂t^2 (t, ℓ) + mc ∂^2α ∂t^2 (t, ℓ) + S(t, ℓ) = 0, t > 0 , u(t, 0) = α(t, 0) = 0, t > 0 .

(5.1)

Here ρ is the linear mass density, u(t, x) is the transverse displacement, α(t, x) is the rotation of the beam cross section, f̃(t, x) is the external applied transverse forces, r^2 = I/A where I is the moment of inertia of the cross sectional area A and ℓ is the length of the beam. In (5.1), viscous (air) damping has been taken into account with γ as damping coefficient. We have assumed that the tip body has mass m and moment of inertia J_o about its center of mass which is assumed to be located at a distance c from the tip of the beam along the beam’s axis or centerline. The bending moment and shear force with Kelvin-Voigt damping are given by M(t, x) = EI ∂α ∂x (t, x) + c_DI ∂^2α ∂t∂x (t, x) , (5.2) S(t, x) = κAG β(t, x) + κAc_s ∂β ∂t (t, x) , (5.3)

where G is the shear modulus, κ is a correction factor, the shear distortion β(t, x) is defined by ∂u(t, x)/∂x − α(t, x), c_DI is the bending damping coefficient, and c_s represents resistance related to shear strain rate. The possible parameters of the system to be considered are q = (ρ, A, G, EI, m, c, J_o, γ, c_DI, c_s) ∈ Q ⊂ lR^{10}. In view of the physical meaning of each parameter, the admissible parameter set will be taken to be a compact subset of lR^{10} with c, γ ≥ 0 and each of ρ, A, G, EI, m, J_o, c_DI, c_s bounded below by some positive constants.

The Hilbert spaces H and V are defined by H = lR^2 × H^0(0, ℓ) × H^0(0, ℓ) with inner product for Φ = (ν_1, ν_2, ϕ_1, ϕ_2), Ψ = (ξ_1, ξ_2, ψ_1, ψ_2) ∈ H

< Φ , Ψ >_H = < Λ(ν_1, ν_2) , (ξ_1, ξ_2) >_{lR}2 + < ρϕ_1 , ψ_1 > + < ρr^2ϕ_2 , ψ_2 > (5.4)

where Λ is given by Λ = ( m mc mc mc^2 + J_o ) , (5.5)

and V = {(ν_1, ν_2, ϕ_1, ϕ_2) ∈ H | ϕ_i ∈ H^1_L(0, ℓ), ν_i = ϕ_i(ℓ), i = 1, 2} with inner product for Φ, Ψ ∈ V

< Φ , Ψ >_V = < (Dϕ_1 − ϕ_2) , (Dψ_1 − ψ_2) > + < Dϕ_2 , Dψ_2 > . (5.6)

Here we use the notation D = ∂/∂x and H^1_L(0, ℓ) = {ϕ ∈ H^1(0, ℓ)|ϕ(0) = 0}. A normalized variational form of (5.1) has the same form as (2.2)

< z̈(t) , Φ >_V �_{,V} + σ_1(q)(z(t), Φ) + σ_2(q)(ż(t), Φ) = < f(t) , Φ >_H ∀Φ ∈ V z(0) = 0 ż(0) = 0, with z(t) = (u(t, 1), α(t, 1), u(t, ·), α(t, ·)) Φ = (ϕ_1(1), ϕ_2(1), ϕ_1, ϕ_2) f(t) = (0, 0, ρ^{−1}f̃(t, ·), 0), and σ_1(q)(z(t), Φ) = < κAG (Du − α) , (Dϕ_1 − ϕ_2) > + < EI Dα , Dϕ_2 > , (5.7) σ_2(q)(ż(t), Φ) = < κAc_s (Du̇ − α̇) , (Dϕ_1 − ϕ_2) > +< c_DI Dα̇ , Dϕ_2 > + < γu̇ , ϕ_1 >. (5.8) The first order abstract form of (5.1) for w(t) = (z(t), ż(t))^T is ẇ(t) = A(q)w(t) + F (t), where A(q) = ( 0 I −A(q) −B(q) )

with A(q)z(t) = ( Λ^{−1}(−κAG(α(1) − Du(1)), EI Dα(1)), (5.9) ρ^{−1}D(κAG(α − Du)), (ρr^2)^{−1}(D(EI Dα) − κAG(α − Du)) ) , B(q)ż(t) = ( Λ^{−1}(−κAc_s(α̇(1) − Du̇(1)), c_DI Dα̇(1)), (5.10) ρ^{−1}D(κAc_s(α̇ − Du̇)) + ρ^{−1}γu̇, (ρr^2)^{−1}(D(c_DI Dα̇) − κAc_s(α̇ − Du)) ) . The domain of A(q) is defined by dom(A(q)) = {χ = (Φ, Ψ) ∈ V × H | Ψ ∈ V, EI Dϕ_2 + c_DIDψ_2 ∈ H^1(0, 1), κAG(ϕ_2 − Dϕ_1) + κAc_s(ψ_2 − Dψ_1) ∈ H^1(0, 1)}.

With the chosen parameter space, both σ_1(q) and σ_2(q) satisfy (A1)-(A3) hence A(q) generates an analytic semigroup.

A Galerkin method can be applied in developing an approximation scheme (see [3], [15] for details) with cubic splines chosen to generate a set of basis elements

(e.g. see [5]). It can be shown that this choice results in a finite dimensional space H^N which satisfies both (A5) and (A6).

A sample numerical result is depicted in Figure 5.1. The solid line is the experimental data and the dashed line is the response for the model with the optimal parameters. For detailed descriptions of the experiments and parameter identification procedures used, see [15] and [7]. The significant difference in magnitude between the experimental data and model response in the 6^{th} mode is caused by the type of damping, Kelvin-Voigt, we have chosen. A main characteristic of Kelvin-Voigt type damping is the tendency for overdamping of the high frequency modes.

Figure 5.1: KVKV model response in frequency domain.

Here we depict only one example. We have successfully applied the frequency domain ID techniques outlined in this paper to many other problems involving systems such as Euler-Bernoulli beams, beams with piezoceramic patches as sensors and actuators, etc.. These ideas can also be applied to parameter identification problems involving plate vibrations and a number of other problems, as long as the system eigenvalues are distinct.

References

[1] H.T. BANKS, “On a Variational Approach to Some Parameter Estimation Problems,” in Vol. 75 (1985), pp. 1-23.

[2] H.T. BANKS and J.A. BURNS, “Introduction to Control of Distributed Parameter Systems,” 1993.

[3] H.T. BANKS, and K. ITO, “A Unified Framework for Approximation in Inverse Problems for Distributed Parameter Systems,” 4 (1988), pp. 73-90.

[4] H.T. BANKS, K. ITO and Y. WANG, “Well-posedness for Damped Second Order Systems with Unbounded Input Operators,” to appear.

[5] H.T. BANKS and K. KUNISCH, “Estimation Techniques for Distributed Parameter Systems,” 1989.

[6] H.T. BANKS and D.A. REBNORD, “Analytic Semigroups: Applications to Inverse Problems for Flexible Structures,” January, 1990; in 1991, pp. 21-35.

[7] H.T. BANKS, Y. WANG and D.J. INMAN, “Bending and Shear Damping in Beams: Frequency Domain Estimation Techniques,” Journal of Vibration and Acoustics, to appear.

[8] R. DAVIS, R.D. HENSHELL and G.B. WARBURTON, “A Timoshenko Beam Element,” 22 (4) (1972), pp. 475-487.

[9] T.C. HUANG, “The Effect of Rotatory Inertia and of Shear Deformation on the Frequency and Normal Mode Equations of Uniform Beams with Simple End Conditions,” , Vol. 28, Dec. 1961, pp. 579-583.

[10] D.A. REBNORD, “Parameter Estimation for Two-Dimensional Grid Structures,” 1989.

[11] R.E. SHOWALTER, “Hilbert Space Methods for Partial Differential Equations,” 1977.

[12] H. TANABE, “Equations of Evolution,” 1979. [13] S. TIMOSHENKO, “Theory of Elasticity,” 1934. [14] S. TIMOSHENKO, D.H. YOUNG and W. WEAVER, “Vibration Problems in Engineering,” 4th ed., 1974.

[15] Y. WANG, “Damping Modeling and Parameter Estimation in Timoshenko Beams,” 1990.

[16] J. WLOKA, “Partial Differential Equations,” 1987.