Homogenizatio n mo dels for 2-D grid structures

H.T. Banks

Departmen t of Mathematics

North Carolina State Univ ersit y

Raleigh NC 27695

D. Cioranescu

Lab oratoire d’Analyse Num ´ erique

Univ ersit ´ e Pierre et Marie Curie, P aris

D.A. Rebnord

Departmen t of Mathematics

Syracuse Univ ersit y

Syracuse NY 13224

Ma y 2, 1997

1 In tro duction

In the past several years we have pursued efforts related to the development

of accurate mo dels for the dynamics of flexible structures made of comp osite

materials. Most of these efforts have fo cused on structures with very simple

geometry such as b eams with tip masses, and not on the more complex struc-

tures typically used in engineering applications. One example of these more

complex structures is grids (essentially thin plates with holes). A character-

istic feature of grids is that they are comp osed of mem b ers that are quite

thin and have a highly p erio dic structure. Unfortunately these characteris-

tics, coupled with the difficulties related to the unknown material prop erties

such as stiffness and internal damping, make application of traditional com-

putational metho ds to find approximate solutions to the vibrational problem

challenging.

In this pap er, rather than viewing p erio dicity and sparseness as obstacles

to b e overcome, we exploit them to our adv antage. W e consider a v ariational

problem on a domain that has large, p erio dically distributed holes. Using

homogenization techniques we show that the solution to this problem is in

some top ology ‘close’ to the solution of a similar problem that holds on a

much simpler domain. In Section 2 we study the b ehavior of the solution of

the v ariational problem as the holes increase in numb er, but decrease in size

in such a way that the total amount of material remains constant. The result

will b e an equation that is in general more complex, but with a domain that

is simply connected rather than p erforated. In Section 3 we study the limit

of the solution as the amount of material go es to zero. This second limit will,

in most cases, retrieve much of the simplicity that was lost in the first limit

without sacrificing the simplicit y of the domain. Finally in Section 4 we show

that these results can b e applied to the case of a vibrating Love-Kirchhoff

plate with Kelvin-V oigt damping.

W e rely heavily on earlier results of [Du], [CS] for the static, undamp ed

Love-Kirchhoff equation. Our efforts here result in a mo dification of those

results to include b oth time dep endence and Kelvin-V oigt damping.

2

⋃

−

∗

∗

∗

− × −

→

→

∈ { }

×

{ ∈

}

2

1 2

1 2

1 2

1

2

1

2

1

2

1

2

1 2

2 2 2

2

2 The Homogenization Pro cess

2.1 Problem Statemen t and Notation

ϵμ

ϵμ ϵμ

μ μ

x

ϵ ϵμ

μ ϵμ

n

ϵμ μ μ

μ x

ϵ

μ

μ μ

ϵμ μ

μ

ϵμ ϵμ ϵμ

b ϵμ ϵμ

∂ ψ

∂ x ϵl ϵl ϵ

ϵ l μ ϵ l μ

ϵ

μ

ϵ Y Y l l

y

Y

ϵ

ϵ

x x

ϵl

ϵl ϵμ

T

Y

Y

l l

y y

μ/

y

x ϵy

Y , l , l

Y T

Y Y

H L V H ψ ψ H , ψ

x

Let Ω b e a b ounded, op en subset of I

R . Let Ω denote that part of Ω that

is covered by material (see the left half of Figure 1). A natural subset of

Ω is enclosed in the dashed b ox. W e shall call this subset a “cell” of Ω .

As depicted in the figure the size of each cell is by , where is some

“small” (small in comparison to the other lengths in the problem) parameter.

Each cell contains a hole of dimension ( ) ( ). Our goal is to

study the b ehavior of the solution of a v ariational problem first as 0

and then as 0. In order to avoid difficulties with shifting domains we

intro duce the fixed (relative to ) cell where has length by . By

applying the transformation = we can go from a cell in Ω to the fixed

cell . W e assume that the holes of Ω do not meet the b oundary; this

assumption restricts b oth the geometry of Ω and the p ermissible v alues of

(e.g., 2 )

Ω

2

=

=

= [0 ] [0 ]

=

Figure 1: Structure of Ω, Ω , , and .

Define = (Ω ) and = (Ω ) = : (Ω ) =

= 0 on = 0 . None of what follows dep ends on this particular choice of

b oundary conditions which are those for a grid clamp ed along the b oundary

∞

∫

∫

1 2 ϵμ

n

2

0 0

Ω

2 2

2

2 2

2

2

1

=1

1 2

∀ ∈

∈ ∈

≥

| | ∈

M

M

| |

∈

D ≥

| |

≤ ≤

| |

→

≡ ≡ ϵμ

tt ϵ,μ ϵμ

ϵμ

ϵμ ϵμ

ϵμ ϵμ

t ϵμ

ϵμ

ϵμ ϵμ

ij k h

k h i j

ϵμ

ij k h

ϵμ

ij k h ij k h ij ij ij ij j i

ϵμ

ϵμ

E

E

E

E

ϵμ

n j

n

j j k

j k k

j

α α α α

n

ϵμ

ϵ ϵμ

ϵ ϵμ ϵ ϵμ x

ψ

ψ

< γ u , ψ > σ u , ψ < f , ψ > ψ V

u u V u v H

γ

σ φ, ψ a x

∂ φ

∂ x ∂ x

∂ ψ

∂ x ∂ x dx

a Y L

a ξ ξ Aξ ξ , A > , ξ ξ , ξ ξ .

f f L , T L

E

E E E g

L E g E g

g

E g y dy

g L g

ϵ C

α α , . . . , α α

α α D ∂ /∂ x k

j n

D D D . . . D

α

u ϵ μ

u u V V

= 0. W e assume it only for the sake of sp ecificity

. The arguments b elow

are v alid for any b oundary conditions in which and the normal deriv ative

of v anish on an op en interv al of the outer b oundary

. Using this notation

we consider the following problem

+ ( ) = (1)

(0) = (0) = (2)

where is a p ositive constant and

( ) = ( )

and where in writing the ab ove equations we have adopted the summation

convention (i.e., we sum on rep eated indices). W e assume that each of the co-

efficients is -p erio dic and an element of (I

R ) and that the following

ellipticity condition holds

0 for all = ( ) with = (3)

If the forcing function = is in (0 ; (Ω )) then there is a unique

weak solution to (1). (See e.g., [LM], or [W], p. 434–442 ).

W e adopt the following notation. F or any measurable set , 1 denotes

the characteristic function of and denotes the measure of . If

( ), we will denote the mean v alue of on by ( ):

( ) =

1

( )

F or any function (Ω ) we will denote by ~ the extension by zero to

all of Ω. W e will denote many different constants which are indep endent of

by the one symb ol . The set of test functions on Ω (i.e., the set of all

b ounded, infinitely differentiable functions on Ω with compact supp ort) will

b e denoted by (Ω). The symb ol = ( ), 0 will denote a

multi-index, with = Σ . Similarly

, = for scalar and for

1 , and so

=

denotes a differential op erator of order . Lastly

, to simplify notation while

we study the limit of as 0, we will temp orarily suppress the index

(i.e., , Ω Ω , = , etc.).

2 2

∗

∗

∗

∗

∗ ϵμ

ϵμ

ϵμ

( )

∫

( )

∑ ∑

∞ ∞

∪

∗

∪

∗

∗

∗

| | | |

∗

Lemma 2.1

Lemma 2.2

2.2 Prelimin ary Lemmas

2

2

2

2

Ω

Ω

2

2

Ω

2

2

2 2

=2

( )

=2

( )

2 ϵ x

ϵ

ϵ

Y

Y

ϵ Y

Y

Y x

ϵ

Y Y

Y Y

ϵ

ϵ

ϵ

ϵ ϵ ϵ

ϵ

α α

L Y

α α

L Y

∈

∈ →

→

| |

M

∈ → → M

→ M

| |

| |

M

∈ →

→

∈ ⊂

∈ L

| | ≤ | |

∈ g L Y Y

g x g , x ϵ

g

Y g y dy g L

g L Y ϵ g g L

Y x

Y

Y

L .

θ

g L g θ g L u

ϵ

u V H u

u

Y

Q H Y , H Y

D Qφ C D φ ,

φ H Y C φ

Supp ose that is -p erio dic and is extende d p erio di-

c al ly to al l of . If we define , then as ,

in we akly.

Mor e over, if then as , in we ak-*.

Pr o of:

Assume has the uniform c one pr op erty, then ther e exists an

extension op er ator such that

for any , wher e is a c onstant indep endent of .

Pr o of:

W e will have o ccasion to use the following lemma frequently .

( )

I R ( ) = Ω 0

1

( ) = ( ) (Ω)

( ) 0 ( ) (Ω)

See Chapter 5, Lemma 4.1 of [SP].

Hence if we let 1 denote the extension by p erio dicity of the characteristic

function of to all of I

R , then 1 ( ) = 1 and so by the previous

lemm a

1 (1 ) = in (Ω) weakly

The quantity (1 ) will app ear frequently in what follows, and therefore

we will simply denote it by . It follows from the ab ove lemma that if

(Ω), then 1 weakly in (Ω). In order to study the limit

as 0, we need to extend it from the p erforated domain Ω to the domain

Ω. Since (Ω ) we cannot simply extend by zero into the

holes and preserve the smo othness of . A more sophisticated extension is

required, the existence of which is guaranteed by the following two lemm as.

( ( ) ( ))

( )

See Lemma 1 of [Du].

∞ ∞

∑ ∑

∑ ∑

∑ ∑ ϵ

ϵ

ϵ

ϵ

n n

2 2

2 2

2 2

Lemma 2.3

Lemma 2.4

∞ ∞

| | | |

∞

| | | |

∞

| | | |

∞ ∞

∈ L

×

| | ≤ | |

∈

∈ L

| | ≤ | | ∈

· ∈

{ · } ·

∈

| | ≤ | |

∈ L

{ } ∈ | | ≤

→ →

2 2

=2

(0 ; (Ω))

=2

(0 ; (Ω ))

2

2 2

=2

(Ω)

=2

(Ω )

2

2

=2

(Ω)

=2

(Ω )

2

2 2

2

2 ϵ

ϵ

ϵ

ϵ

t ϵ

t

α α ϵ

L ,T L

α α

L ,T L

ϵ

ϵ

ϵ

α α ϵ

L

α α

L ϵ

ϵ

ϵ ϵ

ϵ

ϵ

ϵ ϵ ϵ

t ϵ

t

α α ϵ

L

α α

L

ϵ

ϵ

b ϵ

ϵ

b ϵ

b

ϵ ϵ ϵ V

ϵ ϵ n

P L , T H , L , T H

P φ P φ , T

D P φ C D φ ,

φ L , T H C φ

ϵ

Q H H

D Q ψ C D ψ ψ H

C ψ ϵ

P

P φ t, x Q φ t, x φ L , T H .

Q

∂

∂ t

P φ t, x

∂

∂ t

Q φ t, x Q φ t, x P φ t, x .

t , T

D Q φ t C D φ t .

, T

Q

P H

P L , T H , L , T H

ϕ V ϕ C C ϵ

ϕ ϕ ϕ L ϵ

ϕ H

Assume has the uniform c one pr op erty, then ther e exists

an extension op er ator such that

in , and

for any , wher e is a c onstant indep endent of and

.

Pr o of:

Supp ose , , indep endent of ; then ther e

exists a subse quenc e , such that in we akly as .

Mor e over, the pr evious lemma ensur es that is actual ly in .

Ω

( (0 ; (Ω )) (0 ; (Ω)))

= ( ) (0 ) Ω

(0 ; (Ω ))

Lemma 2 of [Du] yields the existence of an extension op-

erator ( (Ω ), (Ω)) with the prop erty

for all (Ω )

(4)

where is a constant indep endent of and . W e define the

op erator by

( ) = [ ( )]( ) for (0 ; (Ω )) (5)

Then from the construction of in [Du] it follows that

[ ( )] = ( ) ( ) = [ ( )] ( ) = ( ) ( )

Now from (4) we have for each (0 ),

( ) ( )

So taking the essential supremum over (0 ) of the right side of

the inequality ab ove, and then of the lefthand side we obtain the

desired result.

W e remark that the construction of the extension op erator and hence

that of is such that the b oundary conditions of (Ω ) are preserved; i.e.,

( (0 ; (Ω )) (0 ; (Ω))).

~

(Ω) 0

(Ω)

∼ a priori

ϵμ

ϵμ

ϵμ ϵμ

ϵμ ϵμ

2.3 A Priori Estimates

∈

∈ ∈

→

∈

L

≡

≡

→

≡ | ≡ |

∈ →

∈ →

| | | | →

∈ | | | | ϵμ ϵμ

ϵ μ

ϵμ

b ϵμ ϵ μ

ϵμ

ϵμ ϵ μ ϵμ

ϵμ

ϵμ

ϵμ ϵμ

ϵ μ

ϵμ

ϵ μ

b ϵμ

b

ϵμ

ϵμ

b ϵμ

b

ϵμ ϵμ

ϵμ

b

ϵμ ϵμ

ϵμ ϵμ

ϵμ ϵμ ϵμ

ϵμ

ϵμ

b ϵμ

ϵμ

V ϵμ

H

ϵ ϵμ

ϵμ ϵμ ϵμ

V ϵμ

H

0 0

¯¯

0

¯ ¯

0

2

¯¯ ¯¯

0

¯ ¯

0

2

¯¯ ¯¯

¯ ¯ 2

¯¯

¯¯

0 0

¯¯

0

¯¯

0

¯ ¯

¯¯

¯ ¯ 2

0

0

2 2

2 2

0

¯¯

¯ ¯

0

0

¯¯

0

2 2

0

¯¯

¯¯

0

Ω

0

¯ ¯

0

Ω

0 0

2

0

Ω 0 0

2

0

2

0

Ω 0 0

2

0 0

2 2

0 0 0 0 f , u , v

ϵ μ u u H V

v v L H f L

ϵ, μ

u , v f

u , v , f

f f L u

u

H H

P

Q H , H

t u Q u

v v H L

ϵ, μ f

u Q u v v ϵ μ

ϵ < ϵ μ < μ u v L u u θ u

L u H v v θ v L

u , v ϵ μ

μ > u u

f L , T L u v u v

ϵ, μ

μ

Before turning to estimates needed in the subsequent theoretical

considerations, we discuss briefly how the approximation results develop ed

here may b e used in practice. Of particular interest is how one treats forcing

functions and initial data ( in (1)-(2)). In the typical application,

one will have a given fixed structure corresp onding to a domain Ω for fixed

v alues of and . F or this structure initial data = (Ω ) = ,

= (Ω ) = as well as a forcing function (Ω ) will

b e av ailable. One wishes to use a homogenized mo del or limiting mo del of

(1)-(2) as 0 as an approximation to the fixed grid with domain Ω .

This mo del will b e defined on Ω (this is the whole p oint of our efforts) and

one must somehow construct data and forcing function (each with

domain Ω) to b e used in this approximation system. One can use the data

for the actual structure to construct data for the approximation

system.

F or the forcing function it is reasonable to use the “zero outside Ω ”

extension, i.e. = (Ω). F or the initial data the extension is not

reasonable (nor will it provide needed smo othness for ). However, Lemma

2.3 allows one to extend functions in (Ω ) to (Ω), thus maintaining

smo othness and exterior b oundary conditions. The extension op erators

guaranteed by this lemm a reduce to in ( (Ω ) (Ω)) on elements

that are constant functions in . One can then define initial data ^

and ^ ~ in (Ω) and (Ω), resp ectively

, that are natural to use in

the limit equation on Ω. In the sequence of approximate systems (1)-(2) as

0, one might then use the forcing function and the restrictions (to

Ω ) of the initial data i.e., , ~ for each , with

¯ , ¯ . Note that since ^ , ^ (Ω) we have ~ = 1 ^ ^

in (Ω) weakly with ^ (Ω) and ~ = 1 ^ ^ weakly in (Ω).

Also observe that are uniformly b ounded as , 0.

W e let 0 b e fixed and consider solutions = of (1)-(2) corresp onding

to (0 ; (Ω)) and initial data , such that and

are uniformly b ounded (in ). W e remind the reader that in our notation

b elow we will only temp orarily suppress the dep endence on the fixed v alue

of ). Then we have

→ 0 ϵ ϵ

P u ϵ

Theorem 2.1

∞ ∞

∞

∞

∞ ∞

∞

∞

∞

∞

(

∫

)

( )

∫ ∫ ∫ ∫ ∫ ∫

2.4 Limit of as

∈ L

→

→

→

| | | | ≤ | | | | | |

→ →

→

− n n

n n n n

ϵ ϵ ϵ ϵ ϵ

n n

n n n n

n n

ϵ ϵ

2

2

2

2

0

2

0

2

0

2

2

2

2

2

2 2

0 Ω

2

0 Ω

Ω

0 Ω

Ω ϵ

ϵ

ϵ

b

μ

n

ϵ ϵ

b

ϵ ϵ

t ϵ ϵ

t t

ϵ

t H ϵ

V ϵ

V ϵ

H

T

H

ϵ ϵ

t

ϵ ϵ

ϵ

ϵ ϵ ϵ ϵ

t b

ϵ ϵ

ϵ ϵ

t n ϵ ϵ

b

ϵ ϵ

t t

ϵ ϵ

ϵ

ij ϵ

ij k h ϵ

k h ij k h ϵ

k h

T

ϵ

ij

i j

T T

ϵ ϵ

tt

Ther e exists an extension op er ator

and a function such that for some se quenc e we have

in we ak-*

in we ak-*

Pr o of:

P

P L , T V , L , T H

u u ϵ

P u u L , T H ,

P u P u u L , T L .

u t u t C u v f t dt

t , T C

ϵ

u u

L , T V L , T H

P

P u P u L , T H

L , T L P u

P u ϵ P u u L , T H

P u u L , T L

u

P u u

ζ a x

∂ u

∂ x ∂ x a x

ϵ

∂ u

∂ x ∂ x

.

ζ

∂ ψ

∂ x ∂ x v dx dt f ψ v dx dt γ P u ψ v dx dt.

( (0 ; ) (0 ; (Ω)))

= 0

(0 ; (Ω))

( ) = (0 ; (Ω))

The arguments underlying the fundamental existence and

uniqueness results (see [W], p. 439-442 and also [BIW

]) for (1)-(2)

can b e used to show that solutions also satisfy

( ) + ( ) + + ( )

for almost every in (0 ), where the constant is indep endent

of . F rom the uniform b oundedness assumption on the initial

data, we thus conclude that and are uniformly b ounded

in (0 ; ) and (0 ; ), resp ectively . W e can thus use

the extension op erator constructed in Lemma 2.3 to con-

clude that and are b ounded in (0 ; (Ω)) and

(0 ; (Ω)), resp ectively

. Hence there are subsequences ,

, such that as 0 we have in (0 ; (Ω))

weak-*, and in (0 ; (Ω)) weak-*.

Now that we have established the existence of a that is the subsequential

limit of , we need to determine the equation that satisfies. Define

= ( ) =

W e then extend the weak formulation of the plate equation (1) to all of Ω by

writing

~

= 1 1

(6)

2

∞

∞

∗ ϵ

n

n

n

∫ ∫ ∫ ∫ ∫ ∫

∫

( )

′

∞

∗ ∞

∗ ∞

∗

′

∗

∗

∗

∗

∈ ∈ D | |

| | ≤

| | ≤

∈ →

→

→

−

∈

∀ ∈

≡ − P

P

∈

≡

→

→

| |

→ P

2

(Ω)

(0 ; (Ω))

2

2

0 Ω

2

0 Ω 0 Ω

2

2 2

2

1

2

2

2

1

2

2

2

2 b ϵ

V

ϵ

ij k h

ϵ

ij k h

L

ϵ

ij

L ,T L

ij n

ϵ

ij ij

n

T

ij

i j

T T

tt

ij

lm

Y ij k h lm

i j k h

lm lm lm

lm l m

ϵ

lm lm

ϵ

lm ϵ

lm l m

ϵ

lm ϵ

lm

n

ϵ

lm lm

α ϵ

lm α

lm ψ H v , T v v T v T u t

C ϵ t a

L a C ϵ

ζ C

ζ L , T L ϵ

ζ ζ L , T L

ϵ

ζ

∂ ψ

∂ x ∂ x v dx dt θ f ψ v dx dt θ γ u ψ v dx dt.

t v v

T ζ

u w y H Y

a y

∂ w y

∂ y ∂ y

∂ ψ

∂ y ∂ y dy ψ H Y

W y w y y

y y y

W x ϵ QW x

ϵ x ϵY

Q

w x W x x x

W w ϵ H

ϵ

w w H

α α

D w D L for all (Ω), (0 ) with (0) = ( ) = ( ) = 0. Since ( )

can b e b ounded by a constant indep endent of and , and the are in

(Ω) with indep endent of , we have

~

which implies the existence of a

~

(0 ; (Ω)) and a sequence 0

such that

~ ~

in (0 ; (Ω)) weak *. (7)

Hence as 0 we have using Lemma 2.1 and Theorem 2.1,

~

= (8)

W e can obtain the claimed initial conditions by p erforming two integrations

by parts with resp ect to and applying the conditions on and at 0 and

given ab ove. The remaining task then, is to somehow relate the limit

~

to . W e intro duce the function ( ) ( ) which is the solution of

( )

( )

= 0 ( ) (9)

( ) ( ) ( ) Y-p erio dic (10)

where ( ) = . Set

( ) = ( ) for

and extend p erio dically to all of I

R , where is the extension op erator of

Lemma 2.2. Then define ( ) ( ) + . It follows from (9) that

, and hence , can b e b ounded, indep endent of , in (Ω) so that for

some sequence 0,

in (Ω) weakly

, (11)

and for any , = 2,

in (Ω) weakly

. (12)

∗

∞ ∞

∞

∞ n n

n n

( )

∫

~

∫

∫

Theorem 2.2

→

→

| |

≡

∈

→ ∈

→

∈ L

→

→

→

∀ ∈

2

2

Ω

2

2

2

2 2

0 0

0

0

2

0

2

1

0

2

2 2

2

2

2

0 0

Ω

2 2 ϵ

k h ϵ

k hlm

ϵ

k h ϵ

ij k h ϵ

lm

i j

ij k h lm x

ϵ

i j

ϵ

k h

ϵ

k h

k h

ϵ

k h

Y ij k h lm

i j lmk h

ϵ

ϵ ϵ

ϵ ϵ

ϵ

b

ϵ

ϵ

b ϵ

b

n

ϵ ϵ

b

ϵ ϵ

t t

tt

b

t

ij k h

k h i j η η

η a x

∂ w x

∂ x ∂ x

a x

ϵ

∂ w

∂ y ∂ y

η

η

∂ ψ

∂ x ∂ x dx .

ϵ

η

Y a y

∂ w y

∂ y ∂ y dy β L

u f L , T L

u , v V H

u u L u H

u v L

P L , T H , L , T H

ϵ

P u u L , T H

P u u L , T L

u

< θ γ u t , ψ > σ u t , ψ < θ f , ψ > , T , ψ H

u u /θ u v /θ .

σ φ, ψ q

∂ φ

∂ x ∂ x

∂ ψ

∂ x ∂ x dx

W e intro duce = by

= ( )

( )

=

( )

By construction its extension ~ to Ω, satisfies

~ = 0 (13)

F urthermore, using Lemma 2.1 as 0

1

( )

( )

in (Ω) weakly

. (14)

W e are now ready to prove

( ) ( ) (0 ; (Ω))

~ (Ω) (Ω)

~ (Ω)

( (0 ; (Ω )) (0 ; (Ω)))

0

(0 ; (Ω))

(0 ; (Ω))

( ) + ( ( ) ) = (0 ) (Ω) (15)

(0) = (0) =

( ) =

L et b e the solution of 1 - 2 c orr esp onding to

and initial data uniformly b ounde d in , satisfying

in we akly, with

in we akly.

Then ther e exists an extension op er ator

such that for some se quenc e ,

in we ak-*

in we ak-*

wher e is the solution to the homo genize d e quation:

on

The homo genize d sesquiline ar form

∗

∗

∗

∗

ϵ ϵ

ϵ ϵ

| |

−

− P

∀ ∈

P

∈ D

∈ D

∈ D

−

−

− −

− −

−

→

∫

[ ]

∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

2

2 2

2

1

2

0 Ω

2

0 Ω

2

0 Ω

Ω

0 Ω

Ω

0 Ω

2

0 Ω

0 Ω 0 Ω

2

0 Ω

2

0 Ω

0 Ω 0 Ω

2

0 Ω

Ω

0 Ω

Ω is define d by the c onstant c o efficients

wher e the functions ar e the -p erio dic solutions of

p erio dic in

and wher e .

Pr o of:

ij k h

Y ij k h lmk h ij

l m

ij

Y lmk h ij ij

l m k h

ij

i j

ϵ ϵ

ϵ

lm

T

ϵ

ij ϵ

lm

i j

T

ϵ

ij ϵ ϵ

i j

T

ϵ

lm

T

ϵ ϵ

tt ϵ

lm

T

ϵ

ij

i j ϵ

lm

T

ϵ

ij

i ϵ

lm

j

T

ϵ

ij

j ϵ

lm

i

T

ϵ

ij ϵ

lm

i j

T

ϵ

ij

i j ϵ ϵ

T

ϵ

k h

k ϵ ϵ

h

T

ϵ

k h

h ϵ ϵ

k

T

ϵ

k h ϵ ϵ

k h

T

ϵ

lm

T

ϵ ϵ

tt ϵ

lm q

Y a y a y

∂ χ y

∂ y ∂ y dy

χ y Y

a y

∂ χ y y

∂ y ∂ y

∂ ψ

∂ y ∂ y dy ψ H Y

ψ Y

y y y

ψ ϕP u ϕ

v , T T

ψ ϕw ϕ

ζ

∂ ϕw

∂ x ∂ x v dx dt η

∂ ϕP u

∂ x ∂ x v dx dt

f w ϕv dx dt γ P u w ϕv dx dt.

ζ

∂ ϕ

∂ x ∂ x w v dx dt ζ

∂ ϕ

∂ x

∂ w

∂ x v dx dt

ζ

∂ ϕ

∂ x

∂ w

∂ x v dx dt ζ ϕ

∂ w

∂ x ∂ x v dx dt

η

∂ ϕ

∂ x ∂ x

P u v dx dt η

∂ ϕ

∂ x

∂ P u

∂ x v dx dt

η

∂ ϕ

∂ x

∂ P u

∂ x v dx dt η ϕ

∂ P u

∂ x ∂ x v dx dt

f w ϕv dx dt γ P u w ϕv dx dt.

ϵ

=

1

( ) ( )

( )

(16)

( )

( )

( ( ) ( ))

= 0 ( ) (17)

( ) =

In (13) cho ose = , where (Ω) and then

multiply by (0 ) and integrate from 0 to . Now in

(6) cho ose = , where (Ω) and subtract the two

equations to obtain

~

( )

~

( )

= 1 1

If we apply the pro duct rule for the differentiations we have

~

+

~

+

~

+

~

~ ~

( )

~

( )

~

( )

= 1 1

Examining the ab ove integrals one by one, we discover that all

but two of them have limits as 0. The two troublesome terms ϵ

ϵ

·

−

− −

−

−

−

−

∗ ∗ ∗

∗

∗

∗ ∗

∗

∗

∗

∗

∗ ∗

∗

∗

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

0 Ω

2

0 Ω

2

0 Ω

2

0 Ω

2 2

0 Ω

2

0 Ω

2 2

0 Ω

2

0 Ω

0 Ω 0 Ω

2

0 Ω 0 Ω

0 Ω 0 Ω

0 Ω

2

0 Ω

2

0 Ω

2

0 Ω

2

0 Ω 0 Ω

0 Ω

2

0 Ω

2

T

ϵ

ij ϵ

lm

i j

T

ϵ

k h ϵ ϵ

k h

ϵ

T

ϵ

ij ϵ

lm

i j

T

ϵ

ij k h ϵ

k h ϵ

lm

i j

T

ϵ

k h ϵ ϵ

k h

T

ϵ

ij k h ϵ

lm

i j ϵ

k h

T

ij

i j lm

T

ij

i lm

j

T

ij

j lm

i

T

lmk h

k h

T

lmk h

k h

T

lmk h

h k

T

lm

T

tt

lm

T

ij lm

i j

T

ij lm

i j

T

lmk h

k h

T

lmk h

k h

T

lm

T

tt

lm

T

ij lm

i j

T

lmk h

k h are

~

and ~

( )

Now since ~ denotes the extension from Ω by 0 to all of Ω we

have

~

=

and

~

( )

=

But here is where the adjoint system contributes to our analysis,

yielding that the two terms are in fact equal. So now using the

convergences (7), (11), and (14) we have

~

+

~

+

~

=

W e can rewrite this as

~

( )

~

( )

+

=

Then using (8) and (13) we have

~

= ζ ϕ

∂ w

∂ x ∂ x v dx dt η ϕ

∂ P u

∂ x ∂ x v dx dt.

ζ ϕ

∂ w

∂ x ∂ x v dx dt a

∂ u

∂ x ∂ x ϕ

∂ w

∂ x ∂ x v dx dt

η ϕ

∂ P u

∂ x ∂ x v dx dt a

∂ w

∂ x ∂ x ϕ

∂ u

∂ x ∂ x v dx dt.

ζ

∂ ϕ

∂ x ∂ x w v dx dt ζ

∂ ϕ

∂ x

∂ w

∂ x v dx dt

ζ

∂ ϕ

∂ x

∂ w

∂ x v dx dt β

∂ ϕ

∂ x ∂ x uv dx dt

β

∂ ϕ

∂ x

∂ u

∂ x v dx dt β

∂ ϕ

∂ x

∂ u

∂ x v dx dt

θ f w ϕv dx dt γ θ u w ϕv dx dt.

ζ

∂ ϕw

∂ x ∂ x v dx dt ζ ϕ

∂ w

∂ x ∂ x v dx dt

β

∂ ϕu

∂ x ∂ x v dx dt β ϕ

∂ u

∂ x ∂ x v dx dt

θ f ϕw v dx dt θ γ u w ϕv dx dt.

ζ ϕ

∂ w

∂ x ∂ x v dx dt β ϕ

∂ u

∂ x ∂ x v dx dt

∗

∗

∫

( )

∫

∫

∫

2

2

2

2 2

2 2

2

∗

∗

∗

∗

∗

∗

∗

∗

∗

∗

∗

P −

| |

−

−

| |

− P

| |

− P −P

| |

− P −P

− P ∀ ∈

− P

| |

− P − P ζ β

∂ u

∂ x ∂ x

.

χ y y w y β

q q

q

q

Y a a

∂ χ y

∂ y ∂ y dy

Y a

∂ χ y

∂ y ∂ y dy

Y a

∂ χ y

∂ y ∂ y

∂

∂ y ∂ y dy .

σ ϕ, ψ

σ ϕ, ψ a

∂ ϕ

∂ y ∂ y

∂ ψ

∂ y ∂ y dy .

q

Y σ χ , .

χ Y

σ χ , ψ ψ H Y , ψ .

ψ χ

σ χ , χ .

q

Y σ χ , χ .

a σ

q lm lmk h

k h

lm lm

lm lmk h

lmk h lmk h

ij k h

ij k h

Y ij k h lmk h ij

l m

Y lmk h ij ij

l m

Y lmno ij ij

l m k h

n o

Y

Y

Y lmno

l m n o

ij k h Y ij ij k h

ij

Y ij ij

k h

Y ij ij k h

ij k h Y ij ij k h k h

ϵ

ij k h

Y

ij k h and finally using (12), we obtain

~

=

Now let ( ) = ( ) ( ); it is easy to verify that =

where the are as given in equation (16). Now making

this substitution into (8) we have the homogenized equation (15).

Finally we show that the satisfy an ellipticity condition. Recall that

=

1 ( )

=

1 ( ( ) )

=

1 ( ( ) ) ( )

W e define the sesquilinear form ( ) by

( ) =

Therefore

=

1

( ) (18)

Now observe that can b e characterized as the -p erio dic solution of

( ) = 0 ( ) Y-p erio dic

In particular if we cho ose = we have

( ) = 0 (19)

So now combining (18) and (19)

=

1

( )

Since the satisfy an ellipticity condition it is easy to show that is a

co ercive sesquilinear form, which in turn makes it easy to demonstrate that

the satisfy an ellipticity condition.

∗

ϵ

ϵ ϵ ϵ

P u

∫

∫

∫

Remark 2.1

∈

≥ ∀

∀ ∈

∈ ∈ ≡

{ ∈ }

( )

2 2

1 2

0 0

2

1

Ω

2 2

2

Ω

2 2

2

2

2

2.5 Limit of for the Case with Damping ij k h

ij k h

ij k h

ij k h

ij k h ij k h ij ij ij ij j i

λ

ϵ

Y ij k h

k h i j

ϵ

tt ϵ ϵ ϵ ϵ

t ϵ

ϵ ϵ

ϵ ϵ

t ϵ

ϵ ϵμ

ϵ ϵ

ij k h

k h i j

ϵ ϵ

ij k h

k h i j

ϵ ϵμ a

c λ, y λ

c λ, y Y

λ c λ, y

c λ, y ξ ξ C ξ ξ , C > , ξ ξ ξ ξ .

σ ϕ, ψ c λ, y

∂ ϕ

∂ y ∂ y

∂ ψ

∂ y ∂ y dy

λ

< γ u , ψ > σ u , ψ σ u , ψ < f , ψ > ψ V

u u V u v H L

σ ϕ, ψ a x

∂ ϕ

∂ x ∂ x

∂ ψ

∂ x ∂ x dx ,

σ ϕ, ψ b x

∂ ϕ

∂ x ∂ x

∂ ψ

∂ x ∂ x dx ,

V ψ ψ H , ψ

∂ ψ

x x

Note that the homo genize d c o efficients (se e (16)) ar e the av-

er age of the plus a c orr e ctor term. F urthermor e note that the homo g-

enization pr o c ess takes us fr om having to solve our pr oblem on a p erfor ate d

domain to solving a pr oblem on a c ontinuous domain.

W e now extend our previous results to include a damping term. In prov-

ing this extension we will use Laplace transforms and the following idea of

homogenization with parameter taken from [BLP].

Supp ose we have the co efficient ( ), where is a parameter b elong-

ing to some top ological set Λ. Assume that the ( ) are -p erio dic for

any Λ and that the ( ) satisfy the following ellipticity condition

( ) 0 = ( ) with = (20)

Then the sesquilinear form

( ) = ( )

is homogenized by the formulas derived in the previous section, with b eing

carried along as a parameter. This pro cess is called “ homogenization with

parameter”.

W e now consider the problem

+ ( ) + ( ) = (21)

(0) = = (Ω ) (22)

where

( ) = ( )

( ) = ( )

and

= : (Ω ) = = 0 on = 0 n n

n n

∞

∞ ∞

∞

∞

∞

∞

−

^

∫

^ ^

^ ^

^

∫

^

Theorem 2.3

∈

∈

∈ L

∈ →

→

→

∀ ∈

∀ ∈

2

2

0 0

2

2

2

2

2

0

2

1 2

2

Ω

2 2 ϵ

ij k h

ϵ ϵμ

ϵ ϵ

ϵ

ϵ

ϵ

b

b n

ϵ ϵ

b

ϵ ϵ

t t

ϵ

ϵ

ϵ

ϵ st ϵ

ϵ ϵ ϵ ϵ ϵ

ϵ

ϵ ϵ ϵ

ϵ

ϵ ϵ ϵ

ij k h ϵ

ij k h ϵ

k h i j

Y

b L

u u f L , T L

u v

P

P L , T V , L , T H

u L , T H ϵ

P u u L , T H

P u u L , T L .

σ V

u

u s e u t dt

< γ s u s , ψ > σ u s , ψ sσ u s , ψ < f s , ψ > ψ V

s

< γ s u s , ψ > σ s u s , ψ < f s , ψ > ψ V

σ s u s , ψ a x sb x

∂ u s

∂ x ∂ x

∂ ψ

∂ x ∂ x dx.

L et b e the solution to 21 - 22 with

and initial data , as in The or em 2.1. Then ther e exists an extension

op er ator

and such that for some se quenc e

in we ak-*

and

in we ak-*

Pr o of:

This is the same problem we have b een considering but with an additional

term that corresp onds to damping. The -p erio dic damping co efficients

(I R ) are assumed to satisfy an ellipticity condition like that of

(3). Just as in the previous case we can find an extension of the solution

satisfying a priori b ounds.

= ( ) ( ) (0 ; (Ω))

( (0 ; )) (0 ; (Ω)))

(0 ; (Ω)) 0

(0 ; (Ω))

(0 ; (Ω))

Since the ellipticit y assumption yields that is co er-

cive, we may use an estimate (given in [BIW]) exactly like that

in the pro of of Theorem 2.1. The arguments are then the same

as those for the undamp ed case.

W e now take the Laplace transform of which is given by

( ) = ( )

T aking the Laplace transform of (21) we have

( ) + ( ( ) ) + ( ^ ( ) ) =

^

( )

(23)

which holds for all with p ositive real part. W e can rewrite this as

( ) + ( )( ( ) ) =

^

( ) (24)

where

( )( ( ) ) = ( ( ) + ( ))

( )

∗

∗

∗ ∗

∗

∞

∞ n n

n n

n n

n n

∀ ∈

| |

−

P

∀ ∈

P

→

→

→

→

→

2 2

Ω

2 2

2

2 2

2

1

2

2

2

2

2

^ ^

^

∫

^

^

^

^

∫

( )

∫

^

^

^

^

^

^ ^ b

ij k h

k h i j

ij k h

ij k h

Y ij k h ij k h lmk h lmk h ij

l m

ij

Y lmk h lmk h ij ij

l m k h

ij

i j

ϵ ϵ

b

ϵ ϵ

t t

n

ϵ ϵ

b

ϵ ϵ

t t v s

< θ γ s v s , ψ > σ s v s , ψ < θ f s , ψ > ψ H

σ s v s , ψ q s

∂ v s

∂ x ∂ x

∂ ψ

∂ x ∂ x dy

q s

q s

Y a y sb y a y sb y

∂ χ s, y

∂ y ∂ y dy

χ Y

a y sb y

∂ χ s, y y

∂ y ∂ y

∂ ψ

∂ y ∂ y dy Y ψ H Y

ψ Y

y y y

v s s

P u u L , T H

P u u L , T L

ϵ s

P u s u s H

P u s u s L

u s

s u s v s s

s

u v

Now let us consider the homogenized problem for (24). Let ^( ) denote the

solution to

( ) + ( )( ( ) ) =

^

( ) (Ω) (25)

where

( )( ( ) ) = ( )

( )

and where the ( ) are defined by

( ) =

1

( ) + ( ) ( ( ) + ( ))

( )

and the functions are the -p erio dic solutions of

( ( )+ ( ))

( ( ) + ( ))

= 0 in ( )

p erio dic in

with ( ) = . The arguments in Chapter 6, Section 4 of [SP] can b e

used without essential mo dification to show existence and uniqueness of a

solution ^( ) of (25) for with p ositive real part. Since by Theorem 2.3

in (0 ; (Ω)) weak-*

and

in (0 ; (Ω)) weak-*

as 0, we have, taking Laplace transforms, that for real p ositive

( ) ( ) in (Ω) weakly

and

( ) ( ) in (Ω) weakly .

But by homogenization with parameter ( ) also satisfies (25) for real p ositive

. By the uniqueness of solutions of (25), ( ) = ( ) for real p ositive and

by analytic continuation for any with p ositive real part. Finally by the

uniqueness of the inverse Laplace transform we have = . W e have thus

shown that

∗

∗ n n

n n

∫ ∫

^

∫

( )

∫

∞ ∞

∞

∞

−

∗ ∗

∗

Theorem 2.4 ∈

→ ∈

→

∈ L

→

→

→

· ∀ ∈

· −

L

≡

| |

−

− P

∀ ∈

P

2 2

0 0

0

0

2

0

2

1

0

2

2

2

2

2

0 0

Ω 0

2 2

1

2

2 2

2

1

2 ϵ

ϵ ϵ

ϵ

b

ϵ

ϵ

ϵ

b

n

ϵ ϵ

b

ϵ ϵ

t t

tt

b

t

ij k h

k h i j

ij k h ij k h

ij k h

Y ij k h ij k h lmk h lmk h ij

l m

ij

Y lmk h lmk h ij ij

l m k h

ij

i j

( ) ( )

(0 ; (Ω))

~ (Ω) (Ω)

~ (Ω)

( (0 ; ) (0 ; (Ω)))

0

(0 ; (Ω))

(0 ; (Ω))

( ) + ( )( ( ) ) = (0 ) (Ω)

(0) = ˙ (0) =

( )( ( ) ) = ( )

( )

( ) = [ ^ ( )]

( )

1

( ) + ( ) ( ( ) + ( ))

( )

( )

( ( )+ ( ))

( ( ) ( ))

= 0 ( )

( ) = u f

L , T L u v

u u L u H

u v L

P L , T V , L , T H

ϵ

P u u L , T H

P u u L , T L

u

< θ γ u t , ψ > σ t u , ψ < θ f , ψ > , T ψ H

u u /θ u v /θ ,

σ t u , ψ q t τ

∂ u τ , x

∂ x ∂ x

∂ ψ

∂ x ∂ x dτ dx.

q t q s

q s

Y a y sb y a y sb y

∂ χ s, y

∂ y ∂ y dy

χ s, y Y

a y sb y

∂ χ s, y y

∂ y ∂ y

∂ ψ

∂ y ∂ y dy Y ψ H Y

ψ Y

y y y

L et b e the solution of 21 - 22 , c orr esp onding to

and initial data , as in The or em 2.2 satisfying

in we akly, with

in we akly.

Then ther e exists an extension op er ator

such that for some se quenc e ,

in we ak-*

in we ak-*

wher e is the solution to the homo genize d e quation:

on

c orr esp onding to the homo genize d hyster esis sesquiline ar form

The c o efficients ar e the inverse L aplac e tr ansforms of

the functions

and the functions ar e the -p erio dic solutions of

in

p erio dic in

wher e .

μ

2

2

2 μ μ

μ μ

μ

μ

∗ ∗

∗

∗

∗

∗

∫ ∫

∑ ∑

∑

∫

( )

∗

| | | |

∗

| |

∗

1 2

2 2 2

=2

2

( )

=2

( )

1 2

=2

( )

1 2 1 2

2

→

| | | | − −

→

≡ ≡ ≡

| | ≤ | | | |

| | ≤ | | ≤

| |

−

3 The Dep endence of the Homogenized Co-

efficien ts on

3.1 In tro duction

3.2 A Priori Estimates and the Limiti ng Equation for

the Case without Damping μ

a b

l l Y Y μ μ θ μ μ

u

μ μ μ

q q χ χ u u

ψ χ y

a y

∂ χ y

∂ y ∂ y

∂ χ y

∂ y ∂ y dy a y

∂ χ y

∂ y ∂ y

a

A D χ C D χ Y .

D χ C Y C μ ,

C

μ χ

q

q

Y a y a y

∂ χ y

∂ y ∂ y dy ϵ

ij k h ϵ

ij k h

μ

ij k h ij k h ij

μ ij μ

ij

μ

Y lmk h ij

μ

l m ij

μ

k h

Y ij k h ij

μ

k h

ij k h

α α ij

μ L Y

α α ij

μ

L Y

μ

/

α α ij

μ

L Y

μ

/ /

ij

μ

μ

ij k h

μ

ij k h

Y ij k h lmk h ij

μ

l m

In this section we consider the limit b ehavior of the homogenized co efficients

as the thickness of the mem b ers 0. F or the sake of simplicity we will

assume that the the original co efficients and are constants and that

= = 1. Hence = 1, = (2 ) and = (2 ). Since we want

to study the dep endence of (the solution of the homogenized equation) on

the thickness of the material as 0 we now reintro duce the sup erscript

(e.g. , , etc.).

W e again prove some a priori estimates to show the existence of convergent

subsequences. W e b egin by cho osing = ( ) in equation (17) yielding .

( )

( ) ( )

= ( )

( )

Then from the ellipticit y of the and an application of H¨ older’s inequality

(26)

Thus

(27)

where, as explained earlier, we use to denote a generic constant indep en-

dent of throughout. W e can then use this b ound on the to b ound the

. Recall that

=

1

( ) ( )

( )

(28)

∗

q

∗ 2

μ

n

ij k h

∑

3.3 Calculation of the .

1 1 1 2

=2

( )

1

2

2

4

0 0

1 2

1 2

1 2

− − ∗

| |

− ∗

∗

∗ ∞

∗

∗ ∗

∗

∗ ∗

∗ ∗

∗

∗

∗

∗

∗

∗

≤ − | | | | ≤

→

→

→

→

∈

→

Y − −

Y

{| | ≤ | | ≤ } Y

{| | ≤ | | ≤ } Y

{| | ≤ | | ≤ } Y μ

ij k h μ

/

α α ij

μ

L Y

n n

n μ

ij k h ij k h

ij k h

μ

b

b

tt ij k h

i j k h

μ μ

ij k h

ij

μ

μ

ij

μ

μ

μ

μ

μ

μ

μ

μ μ q C μ μ Y D χ C .

μ μ

μ q q .

q

μ

u u L , T H

u H

γ u q

∂ u

x x x x f

u u / u v / .

μ

Y Y

Y a

Y χ

Y

χ

/ , / Y

H y / , y μ/

V y μ/ , y /

K y μ/ , y μ/ .

and using the estimate (27) we obtain

(2 ) +

Thus there is a sequence such that as 0,

(29)

Examining the homogenized equation (15) we see that if the give rise

to a co ercive sesquilinear form, then as 0

in (0 ; (Ω)) weak-*

where (Ω) is the weak solution to

2 + = 2 in Ω

(0) = 2 and ˙ (0) = 2

W e wish to investigate the limit of equation (28) as 0. But (28) dep ends

on integrals over so it will b e necessary to map to some fixed region.

Moreover note that the integrands over contain only constants and

the -p erio dic functions . Thus we may take integrals over any affine

transformation of and still preserve the v alues of the integrals and our a

priori b ounds on the . In particular we will find it convenient to consider

the translated cell = ( 1 2 1 2) + depicted in the figure b elow. W e

will find it useful to decomp ose into horizontal, vertical and central parts

by

= 1 2 2 the horizontal part of

= 2 1 2 the vertical part of

= 2 2 the central square of μ μ

μ μ

μ

μ

1

2

1

2

1

2

1

2

2

2

−

−

∗

−

∗ ∗

∗

− − ∗ − −

−

Y

Y

Y

Y Y

Y

|Y | − −

→

Y

≤

∫ ∫

∫

∫

( ) ( ) ( ) ( )

2

1

2

1

1 1 1

2

1

2

1

2

1 2

1 2 1 2

1 2 1 2

1 2 1 2

2

2

1

2

2

1 2

2

2

2 1

2

2

2

2

2 μ

μ μ

μ

ij k h

μ

μ

ij k h μ ij k h

H lmk h ij

μ

l m

V lmk h ij

μ

l m

K lmk h ij

μ

l m

μ μ μ

μ

H

μ μ

V

K

H ij

μ ij

μ ij

μ ij

μ y

y

Y y

y

Y Y

q

μ q μ a μ a

∂ χ

∂ y ∂ y dy μ a

∂ χ

∂ y ∂ y dy

μ a

∂ χ

∂ y ∂ y dy .

μ

μ

K H V

ϕ y , y H

ϕ y , y /μ ϕ y , y .

V K

ϕ y /μ, y ϕ y , y

ϕ y /μ, y /μ ϕ y , y .

∂ χ

∂ y

∂ χ

∂ y ∂ y

∂ χ

∂ y ∂ y

∂ χ

∂ y dy C μ.

Figure 2: Structure of , , , and .

Now using the definition of the in (28) and the ab ove decomp osition of

we have

=

+ (30)

As noted ab ove, b ecause the domains in the ab ove integrals dep end on

and since we are interested in the limit of these integrals as 0 we will

find it convenient to map , , and onto the fixed domain . F or any

function ( ) defined on we define

( ) = ( )

Similarly for and resp ectively

( ) = ( )

and

( ) = ( )

Using the a priori b ound (27) we have that

+ + +

≤

→ Y

→ Y

→ Y

→ Y

→ Y

→ Y

→ Y

→ Y

→ Y

→ Y

∫

Y

− − −

−

−

−

′ ′

−

′

−

′ ′

−

′ ′

′

′′ ′′

−

′′

−

′′ ′′ ij

μ,H ij

μ,H ij

μ,H ij

μ,H

ij

μ,H ij

ij

μ,H ij

ij

μ,H ij

ij

μ,H ij

μ

ij

μ,V ij

ij

μ,V ij

ij

μ,V ij

ij

μ,V ij

μ

/ ij

μ,K ij

/ ij

μ,K ij

1 1 2 2

2

2

1

2

1

2

1 2

2

1

2

2 1

2

2

2

2

2

2

2

2

1

11

2

1

2

2 1

21

2

1

2

1 2

12

2

2

2

2

2

22

2

1

1

2

2

2

2

2

1

11

2

1

2

1 2

12

2

1

2

1 2

21

2

2

2

2

22

2

1

1

2

2

3 2

2

2

1

11

2

3 2

2

1 2

12

2 z y z y /μ

∂ χ

∂ z μ

∂ χ

∂ z ∂ z μ

∂ χ

∂ z ∂ z μ

∂ χ

∂ z μ dz C μ

∂ χ

∂ z h L

μ

∂ χ

∂ z ∂ z h L

μ

∂ χ

∂ z ∂ z h L

μ

∂ χ

∂ z h L

V z y /μ z y

μ

∂ χ

∂ z v L

μ

∂ χ

∂ z ∂ z v L

μ

∂ χ

∂ z ∂ z v L

∂ χ

∂ z v L

K z y /μ z y /μ

μ

∂ χ

∂ z k L

μ

∂ χ

∂ z ∂ z k L

If we then intro duce the v ariables = , = we see that the ab ove

b ound can b e rewritten as

+ + +

thus

in ( ) weakly (31)

in ( ) weakly (32)

in ( ) weakly (33)

in ( ) weakly

. (34)

Similarly for we have = , = and

in ( ) weakly (35)

in ( ) weakly (36)

in ( ) weakly (37)

in ( ) weakly (38)

and lastly for ( = , = ) we have

in ( ) weakly (39)

in ( ) weakly (40)

∗ ∗

∗ μ

μ μ

μ μ

→ Y

→ Y

→

| | ≤

− −

Y

Y

→

∫ ∫ ∫

∫ ∫ ∫

∫

∫ ∫

∫ ∫

∫ ∫

∫ ∫

∫

[

∫

]

−

′′ ′′

−

′′

Y Y Y

Y Y Y

∗

−

∗

Y Y

Y Y

−

Y

−

Y

∗

→

−

Y

→

−

→

−

−

−

3 2

2

1 2

21

2

3 2

2

2

2

22

2

11 12 21

12 22 22

1

2

1 2

11

11

22

22

11 22

1

1

22

2

2

2

2

1

22

2

2

2

0

1

22

2

2

2

0

1

22

2

2

2

0

22

1 2

1 2

1

1

2

2

2

2

2

2

22

2

2

2

/ ij

μ,K ij

/ ij

μ,K ij

ij

μ

ij ij ij

ij ij ij

ij k h

K lmk h ij

μ

l m

/

ij k h ij k h k h ij

k h ij

ij ij

lm ij

μ

l m ij

μ μ μ μ

μ

μ

μ ij

μ

H ij

μ ij

/

/ μ/

μ/

ij μ

∂ χ

∂ z ∂ z k L

μ

∂ χ

∂ z k L

χ

h dy h dy h dy .

v dy v dy v dy .

q

μ

μ a

∂ χ

∂ y ∂ y dy C μ .

q a a v dy a h dy .

v dy h dy .

ϕ

y ψ ϕ

μ a

∂ χ

∂ y ∂ y

∂ ϕ

∂ y dy μ a

∂ ϕ

∂ y dy .

H V K

V

ϕ μ K

μ a

∂ ϕ

∂ y dy μ a

∂ ϕ

∂ y dy

a dy μ

∂ ϕ

∂ y dy

a

∂ ϕ

∂ y

.

in ( ) weakly (41)

in ( ) weakly

. (42)

Now observe that b ecause of the p erio dicity of we have

= = = 0

Similarly ,

= = = 0

W e are now ready to b egin the ev aluation of the using (30). W e first

note that (27) implies that the last term of (30) go es to 0 as 0 since

So now applying the convergencies (31)-(38) to (29) we have

= 2 (43)

Our remaining task then is to ev aluate the integral terms

and

T o that end let b e a smo oth function, p erio dic in and indep endent

of . Cho ose = in (17) then

= (44)

As b efore we decomp ose the integrals on into integrals on , , and .

F or the right side observe that the contribution from the term is 0 since

is p erio dic and that as 0 the integrals on go to zero. Therefore

lim = lim

= lim

= (0) (45)

∗

μ

μ μ

μ

μ

μ

Y

−

− −

− −

→

| | ≤

∫

∫ ∫

∫

∫ ∫

∫ ∫

∫ ∫

∫ ∫

∫ ∫

∫ ∫

∫

∫ ∫

∗

−

Y

− −

−

−

Y

− −

Y

− −

−

Y

− − −

Y

− −

−

Y

′

−

′

′ −

Y

−

′ ′

−

′

′

−

Y

−

′ ′

−

′

′ −

Y

−

′

−

′

′

−

Y

−

′′

−

′′

′′ −

Y

−

′′ ′′

−

′′

′′

−

Y

−

′′ ′′

−

′′

′′ −

Y

−

′′

−

′′

′′

−

→

−

−

Y

− − μ

lm ij

μ

l m

H lm ij

μ

l m

V lm ij

μ

l m

K lm ij

μ

l m

ij

μ,H H ij

μ,H H

ij

μ,H H ij

μ,H H

ij

μ,V V ij

μ,V V

ij

μ,V V ij

μ,V V

ij

μ,K K ij

μ,K K

ij

μ,K K ij

μ,K K

V H K

H μ

μ

K lmk h ij

μ

l m

/

ij

μ,H H

H ij

μ

W e now deal with the left side terms using the same decomp osition of as

b efore

= +

= +

+ +

+ +

+ +

Since is indep endent of , = and = . F urthermore

( ) = ( ) (0) (46)

The integrals over converge to 0 by the estimate

Then observe that

=

1

22

2 2

2

2

1

22

2 2

2

2

1

22

2 2

2

2

1

22

2 2

2

2

1

1122

2

2

1

2

2

2

2

1

1222

1

2

1 2

2

2

2

2

1

2122

1

2

2 1

2

2

2

2

1

2222

2

2

2

2

2

2

2

2

1

2222

2

2

2

2

2

2

2

1

2122

1

2

2 1

2

2

2

2

1

1222

1

2

1 2

2

2

2

2

1

1122

2

2

2

1

2

2

2

2

1

1122

2

2

2

1

2

2

2

2

2 1

1222

2

2

1 2

2

2

2

2

2

1

2122

2

2

2 1

2

2

2

2

2 1

2222

2

2

2

2

2

2

2

2

2

1

2

2

2

2

2

2

2

2

2

0

2

2

2

1

2

1 2

1

1122

2

2

1

2

2

2

2

1

1122

2

2

1

2

2

2 μ a

∂ χ

∂ y ∂ y

∂ ϕ

∂ y dy

μ a

∂ χ

∂ y ∂ y

∂ ϕ

∂ y dy μ a

∂ χ

∂ y ∂ y

∂ ϕ

∂ y dy

μ a

∂ χ

∂ y ∂ y

∂ ϕ

∂ y dy

μ a

∂ χ

∂ z μ

∂ ϕ

∂ z μ dz μ a μ

∂ χ

∂ z ∂ z μ

∂ ϕ

∂ z μ dz

μ a μ

∂ χ

∂ z ∂ z μ

∂ ϕ

∂ z μ dz μ a μ

∂ χ

∂ z μ

∂ ϕ

∂ z μ dz

μ a

∂ χ

∂ z μ

∂ ϕ

∂ z μ dz μ a μ

∂ χ

∂ z ∂ z μ

∂ ϕ

∂ z μ dz

μ a μ

∂ χ

∂ z ∂ z μ

∂ ϕ

∂ z μ dz μ a μ

∂ χ

∂ z μ

∂ ϕ

∂ z μ dz

μ a μ

∂ χ

∂ z μ

∂ ϕ

∂ z μ dz μ a μ

∂ χ

∂ z ∂ z μ

∂ ϕ

∂ z μ dz

μ a μ

∂ χ

∂ z ∂ z μ

∂ ϕ

∂ z μ dz μ a μ

∂ χ

∂ z μ

∂ ϕ

∂ z μ dz

ϕ y ϕ ϕ ϕ ϕ

μ

∂ ϕ

∂ z z

∂ ϕ

∂ y μy

∂ ϕ

∂ y

.

K

μ a

∂ χ

∂ y ∂ y dy C μ .

μ a

∂ χ

∂ z μ

∂ ϕ

∂ z μ dz μ a

∂ χ

∂ y

∂ ϕ

∂ y dy μ

∗

−

−

−

Lemma 3.1

∫

[

∫

]

∫

∫

∫ ∫ ∫

∫ [ ∫ ]

∫

∫

−

− −

−

Y

− −

−

Y

− −

−

Y Y

′

′

′

Y

Y

′

′

′

Y

−

− μ/

μ/

/

/ ij

μ

ij

μ

ij

μ,H H

ij

μ,H H

lm ij

μ

l m lm ij

lm ij

lm ij

lm ij

ij

/

/

/

/

1

1122

2

2

2

2

2

1 2

1 2

2

2

1

1 2

1

1222

1

2

1 2

2

2

2

2

1

2122

1

2

2 1

2

2

2

2

1

22

2 2

2

2

22

2

2

2

2222

2

2

2

22

22

2

2

2

2

2

2

2222 22

22

2 1

2

1

2

1 2

1 2

1

2

1

2

1 2

1 2

L et b e a function in , p erio dic and let b e a r e al

c onstant. If

holds for any smo oth function p erio dic on and such that

then

and

Pr o of:

μ a

∂ ϕ

∂ y

∂ χ

∂ y dy dy

χ

μ a μ

∂ χ

∂ z ∂ z μ

∂ ϕ

∂ z μ dz

μ a μ

∂ χ

∂ z ∂ z μ

∂ ϕ

∂ z μ dz .

μ a

∂ χ

∂ y ∂ y

∂ ϕ

∂ y dy a v z

∂ ϕ

∂ z dz a

∂ ϕ

∂ y h z dz .

a v z

∂ ϕ

∂ z dz

∂ ϕ

∂ y a h z dz a .

w L , a

a w x x dx

x dx ,

a w constant.

=

= 0

by the p erio dicity of the . By similar arguments we can show that

= 0

and

= 0

Then using the weak convergencies (34), (35)-(38) and the strong convergence

(46) we obtain

= ( ) + (0) ( )

At long last recalling (44), (45) and the equation ab ove we have

( ) + (0) ( ) = 0 (47)

W e now use the following lemm a from [CS].

( )

Υ(0) + ( )Υ( ) = 0

Υ [ ]

Υ( ) = 0

= 0 =

See [CS].

−

−

−

∫

∫

∫

∫

∑

∑

Y

′

−

′ ′ ′

Y

Y

∗

∗

∗

3.4 Extension to the Case with Damping

4 Consequences for the Lo v e-Kirc hhoff Plate

2222

22

22

2

2

2

2

22

1 2

1 2

1 2 1

22

22

2222

2

11

11

1111

2

=1

2

=1 a a h z dz a

∂ ϕ

∂ y

w z a v z , z dz

h z dz a

a

.

ϕ y

v z dz a

a

.

q a a a

a

.

a

a sb

q s a sb a sb a sb

a sb

a b

q s

γ ρh ρ ij

ij

lm

/

/ ij

lm

ij ij

ij ij

ij k h ij k h

l ij ll llk h

llll

ij k h

ij k h ij k h

ij k h ij k h ij k h

l ij ll ij ll llk h llk h

llll llll

ij k h ij k h

ij k h

If we now apply this lemma to (47) with

= ( ) Υ =

and

( ) = ( )

it follows that

( ) =

Now if we were to rep eat all the ab ove calculations with a smo oth function

that was indep endent of we would see that

( ) =

Inserting these v alues into (43) we have

= 2

The extension of the ab ove results to include the case of damping is straight-

forward. W e again use Laplace transforms and homogenization with param-

eter and instead of doing the ab ove calculations for we do them for

+ to obtain the homogenized co efficients

( ) = 2( + )

( + )( + )

+

(48)

Under the usual assumptions on the and it is not hard to see that

the ( ) satisfy an ellipticit y condition.

The ab ove results can b e sp ecialized to the case of a Love-Kirchhoff plate

with Kelvin-V oigt damping. In (21)-(22) we let = , where is the volume

{ } { }

{ } { }

−

−

−

−

− −

− − ϵμ

ij k h ϵμ

ij k h

ϵμ ϵμ

ϵμ ϵμ

ϵμ ϵμ ϵμ ϵμ

ϵμ

ij k h

ϵμ ϵμ D

ϵμ ϵμ D

ϵμ ϵμ ϵμ ϵμ D

ϵμ

ij k h

D

ϵμ

ϵμ ϵμ

D ϵμ ϵμ

ϵμ ϵμ

D ϵμ ϵμ

ϵμ

D ϵμ

1111 2222

2

1122 2211

2

1212 2121 1221 2112

1111 2222

2

1122 2211

2

1212 2121 1221 2112

2

2

2 1

2

1

2 12

1 2

2 2

2

2

1

2

2

2

1

2

2

2

2

3

2

1

3

2

2

2

2

2

2

2

2

2

1

2

3

2

2

3

2

1

12

2

1 2

3

1 2 h γ

a b

a a

E I

ν

a a ν

E I

ν

a a a a

E I

ν

a

b b c I

ν

b b ν c I

ν

b b b b c I

ν

b ν E I c I

ρh

∂ u

∂ t

∂ M

∂ x

∂ M

∂ x ∂ x

∂ M

∂ x f t >

M

E I

ν

∂ u

∂ x ν

∂ u

∂ x c I

ν

∂ u

∂ x ∂ t ν

∂ u

∂ x ∂ t

M

E I

ν

∂ u

∂ x ν

∂ u

∂ x c I

ν

∂ u

∂ x ∂ t ν

∂ u

∂ x ∂ t

M

E I

ν

∂ u

∂ x ∂ x c I

ν

∂ u

∂ x ∂ x ∂ t mass density and the thickness of plate (i.e., is the area mass density)

and we set the co efficients , as follows

= =

1

= =

1

= = = =

2(1 + )

and all other zero, and

= =

1

= =

1

= = = =

2(1 + )

and all other zero where is Poisson’s ratio and and are the

usual stiffness and Kelvin-V oigt damping. Then we obtain the weak form of

the Love-Kirchhoff plate equation with Kelvin-V oigt damping.T o clarify the

exp osition of the implications of the results of sections 2 and 3 we now put

the resulting equation in strong form.

+ + 2 + = 0

where

=

1

+ +

1

+

=

1

+ +

1

+

=

1 +

+

1 +

→ → ϵμ

ϵμ

ϵ ϵμ

b

t

D

D

D

∞ ∗

∗

∗ ∗ ∗

∗ ∗

∗

∗ ∗

∗

∗ ∗

∗

∗ ∗

∗

∗ ∗ ∗

2

2

1

1

1

12

2

2

2

2

2

12

1

1

2

2

2

2 1

2

1

2 12

1 2

2 2

2

2

0 0

1

2

2

1

3

2

1

2

2

2

2

3

2

2

12

2

1 2

3

1 2

2

1 2 12

V

u

∂ u

∂ x x .

M ,

∂ M

∂ x

∂ M

∂ x

x

M ,

∂ M

∂ x

∂ M

∂ x

x

P u

L , T H ϵ μ u

ρh

∂ u

∂ t

∂ M

∂ x

∂ M

∂ x ∂ x

∂ M

∂ x f t >

u u / , u v /

M

E I ∂ u

∂ x c I ∂ u

∂ x ∂ t

M

E I ∂ u

∂ x c I ∂ u

∂ x ∂ t

M

E I

ν

∂ u

∂ x ∂ x c I

ν

∂ u

∂ x ∂ x ∂ t

.

u

x M M M

The space sp ecifies the essential b oundary condition

= = 0 for = 0

The conditions on the rest of the b oundary are natural ones and corresp ond

to zero moment and zero shear. That is,

= 0 + 2 = 0 (49)

on edges parallel to the axis, and

= 0 + 2 = 0 (50)

on edges parallel to the axis. The results of sections 2 and 3 then imply

that there exists an extension of the solution to this problem that

converges in (0 ; (Ω)) as 0 and then 0 to , the unique

solution to

+ + 2 + = 0

(0) = 2 (0) = 2

where

=

2

+

2

=

2

+

2

=

1 +

+

1 +

Of course must also satisfy the clamp ed b oundary condition on the edge

= 0 and the momen ts , , must satisfy the zero momen t, zero

shear sp ecified in (49) and (49).

Finally we remark that we have made initial numerical investigations

into the question of the v alidity and utility of this approximate mo del by

comparing exp erimentally observed mo dal prop erties of a metal plate cut into

the shap e of a rectangular grid with the mo dal prop erties of the corresp onding

homogenized equation. A summary of those results is contained in [B].

References

Homo genization te chniques and Estimation of Material Par ameters in

Distribute d Structur es Computation and Contr ol II

Wel l-p ose dness and appr oximation

for damp e d se c ond or der systems with unb ounde d input op er ators

Asymptotic Analysis for Perio dic Structur es

Asymptotic Analysis of

Elastic Wir eworks

Exact Internal Contr ol lability in Per-

for ate d Domains

Comp ortement Macr osc opique D’une Plaque Perfor e e Pe-

rio diquement

Line ar Differ ential Equations in Banach Sp ac e

Nonhomo gene ous Boundary V alue Pr ob-

lems, V ol. I

Non-Homo gene ous Me dia and Vibr ation The-

ory

Partial Differ ential Equations

[B] Banks, H.T., D. Cioranescu, A. Das, R. Miller, and D.A. Rebnord,

, in (K. Bowers &

J. Lund, eds), Birkhauser, (1991), pp. 13-30 .

[BIW] Banks, H.T., K. Ito, and Y. W ang,

, to

app ear.

[BLP] Bensoussan, A. et al., ,

North-Holland, Amsterdam (1978).

[CS] Cioranescu, D. and Saint Jean Paulin, J.,

, preprint.

[CD] Cioranescu, D. and Donato, P .,

, preprint.

[Du] Duv aut, G.,

, in Singular Perturbations and Boundary Layer Theory .,

Ed. Brauner et. al., Lecture Notes in Mathematics No. 594, Springer-

V erlag, (1978), pp. 131-145 .

[K] Krein, S.G., , American

Mathematical So ciety

, Providence, R.I. (1971).

[LM] Lions, J.L., and Magenes, E.,

, Springer-V erlag, New Y ork (1972).

[SP] Sanchez-Palencia, E.,

, Lecture Notes in Physics No. 127, Springer-V erlag, New

Y ork, (1980).

[W] Wlok a, J., , Cambridge University Press

(1987).

28