AN IMPLICIT FILTERING ALGORITHM FOR OPTIMIZATION OF
FUNCTIONS WITH MANY LOCAL MINIMA 
P. GILMOREy AND C. T. KELLEYy

Abstract. In this paper we describe and analyze an algorithm for certain box constrained
optimization problems that may have several local minima. A paradigm for these problems is one in
which the function to be minimized is the sum of a simple function, such as a convex quadratic, and
high frequency, low amplitude terms which cause local minima away from the global minimum of
the simple function. Our method is gradient based and therefore the performance can be improved
by use of quasi-Newton methods.
Key words. ltering, projected gradient algorithm, quasi-Newton method
AMS(MOS) subject classi cations. 65H10, 65K05, 65K10

1. Introduction. In this paper we describe and analyze an algorithm for bound
constrained optimization problems that may have several local minima. The type of
problem we have in mind is one in which the function to be minimized is the sum
of a simple function, such as a convex quadratic, and high frequency, low amplitude
terms which cause the local minima. Of particular interest is the case in which the
amplitude of the high frequency components decays to zero near the local minima
of the simple function. This algorithm, at various stages of its development, has
been applied to such problems by a group in the departments of Mathematics and
Electrical and Computer Engineering at North Carolina State University to a variety
of optimization problems that arise in computer aided design of microwave devices
[17], [16], [19], [20]. The algorithm is an extension of the projected gradient method
[1] and as such is simple to implement and its performance can be improved by
application of quasi-Newton methods. The purpose of this theoretical paper is to
analyze the convergence properties of the method. The algorithm discussed in this
paper was designed for the speci c applications described fully in [17], [16], [19], and
[20]. These papers put the numerical properties of the algorithm in context.
An example of the type of problem we have in mind is plotted in Figure 1.1, taken
from [20], which is a graph of negative of the power added eciency of a simulated
semiconductor device against the real and imaginary parts of the second harmonic
of load impedance, which are constrained to lie in the interval [0; 80]. The small
amplitude, high frequency perturbation which dies o near the optimal point, (0; 0),
is clearly visible.
In this section we begin by discussing in general terms the class of problems we
seek to solve, then mention some other possibilities, and give a brief description of
our approach. We formally describe the basic form of our algorithm in x 2. In x 3
we relate the output of the algorithm to a class of problems like that represented in
Figure 1.1. In x 4 and x 5 we state and prove some convergence results.
We seek to minimize a function f subject to simple bound constraints:
x 2 = fx j li  xi  ui g;
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Fig. 1.1. Power Added Eciency

-PAE(%)
0
-20
-40
-60

0

20

40
Im{Zl(2)}

60

80
60
40
20
Re{Zl(2)}
0

where xi denotes the ith component of the vector x 2 RN , but that we can only
observe f^ = f +, where  is small in magnitude relative to f but has high frequency
oscillations that cause local minima. We do not require that  be smooth or even
continuous.
One way to avoid such local minima is to lter the high frequency components
from some expansion of f,^ by means of a discrete Fourier transform, for example.
In this way one might expect that the ltered form of f^ is a good approximation to
f and does not have as many local minima as f^ does. By applying a conventional
minimization algorithm to the ltered form of f,^ one might nd the minimizer of f up
to the accuracy allowed by the noise in the observation. By changing the lter as an
iteration progresses, to admit higher frequencies near the minimizer, or by restarting
the iteration with a lter that admits higher frequencies after convergence, one might
hope to even avoid local minima in f itself. Another advantage of re ning the lter
as the iteration progresses is to deal with problems, such as the one represented in
Figure 1.1, for which the perturbation  is much smaller near the minimizer of f than
elsewhere. Such problems were encountered in [17], [16], [19], and [20] in which noise
from model errors was reduced near the solution of the optimization problem.
The disadvantage of applying a lter to f^ is that one must sample the entire
variable space in order to use the lter. An example of such an algorithm has been
reported recently in [12]. An advantage from the point of view of this paper, but not
from that of [12], of such an algorithm is that large amplitude high frequency terms
may be eliminated and therefore the iterates may avoid steep valleys. In the work
reported in [17], [16], [19], and [20], steep valleys in the objective could be attributed
to errors. Filtering algorithms might not be appropriate in situations where steep
valleys are signi cant.
Another approach is stochastic smoothing [13] where f is replace by an average
and the averages are changed as the iteration progresses. Almost sure convergence
to the global minimum is proved in [13]. We do not prove such a strong result
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for the algorithm we propose. The advantages our algorithm o ers are simplicity and
eciency of implementation in that there is no preprocessing of the objective function
and the analysis is completely deterministic. The price paid for this eciency and
simplicity is that some features of the objective, such as steep valleys, may be missed.
This is re ected in the convergence results, which, in broad terms, assert that a local
minimum of the unperturbed function will be identi ed up to the accuracy permitted
by the perturbation . However, for the types of problems considered in [17], [16], [19],
and [20], the decay of  near the minimum allowed for high accuracy. We quantify
this in Theorem 3.1.
We should also mention the multidirectional search algorithm for unconstrained
problems proposed in [18]. This algorithm is based on the Nelder-Mead simplex algorithm. The multidirectional search algorithm uses a simplex that is rotated expanded
and contracted as the algorithm proceeds. The size of this simplex corresponds to the
length of the scales used in the implicit ltering algorithm. At the beginning of the
optimization process the initial simplex is taken to be relatively large. This could, in
principal, allow the multidirectional search algorithm to avoid local minima caused
by the low amplitude high frequency term, although this was not the purpose of its
design and is not covered by its analysis. As the algorithm proceeds the size of the
simplex will decrease allowing the structure of the merit function to be resolved to a
ner level of resolution. Torczon proved convergence of this algorithm to local minima
for continuous functions in [18]. The cost of application of the algorithm in [18] is
roughly the same as ours if centered di erences are used to approximate gradients.
In [9] Dennis and Torczon showed how the multidirectional search algorithm could be
eciently implemented on parallel processor computers.
Rather than sample the variable space as a true ltering algorithm would, we
propose use of a nite-di erence gradient based method, for example the projected
gradient method [1], with the step size in the di erence chosen as it would be if 
were
oating point roundo . For example, in the case of forward di erences h 
p
kk1. Since kk1 is not known, we apply the nite-di erence gradient based
method, decrease h after convergence, and apply the nite-di erence gradient based
method again. We could terminate this outer iteration after a predetermined smallest
value of h is reached or if we determine that no further progress is being made. We
refer to the algorithm as implicit ltering because we use the di erencing to \step over"
the noise  at varying levels of resolution, hence implicitly ltering the objective. This
algorithm is, therefore, deterministic in both its implementation and its analysis.
A signi cant di erence from the alternative approaches listed above is that the
performance in the terminal phase of the iteration can be accelerated by a quasiNewton method. This was very important from the point of view of the applications
discussed in [17], [16], [19], and [20]. In those papers the SR1 update was found to
be very useful and roughly 10% more ecient than the BFGS update. In x 4 we
present some simple examples using the secant update for one dimensional problems
that illustrate this point.
2. Speci cation of the Algorithm. As a basic algorithm we use the projectedgradient-Armijo algorithm from [1]. The form we use employs nite di erence gradients. We let rh be some nite di erence gradient, using, for example, forward
or centered di erences, computed with step h. The algorithm takes as its input the
function to be minimized, an initial iterate x, which is overwritten with an approximation to the minimizer, a stepsize h for the nite di erence, a function (h) used
for termination, a minimum step size  for the line search, and a (small) parameter
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 used to measure sucient decrease. In the speci cation of Algorithm projgrad we
will use the notation
(2.1)
x( ; h; f) = P (x ? rh f);
where P denotes the projection onto the feasible set
8 i i
< u x > ui
i
P (x) = : xi li  xi  ui
l i xi < l i :
In the description of the algorithms that follow and in the discussion in x 5 the
Euclidean norm will be denoted by k  k and the `1 norm k  k1 with a subscript.
Algorithm 2.1. Algorithm projgrad(f; x; h; ;  ; )
1. k = 0
2. Compute rh f .
(a) If kx ? x(1; h; f)k  (h) terminate successfully.
3. Set = 1.
4. (a) If <  terminate unsuccessfully.
(b) Compute f(x( ; h; f)).
(c) If

2
f(x) ? f(x( ; h; f))  kx ? x( ; h; f)k

set x = x( ; h; f); k = k + 1 and go to step 2.

=
The roles of the parameters  and are the same as in standard discussions of
the Armijo rule [1], [8], [14]. The role of  is that of a safeguard to keep from reducing
the step size too often when ?rh f is not a descent direction and to determine when
no further reduction in h should be done. We have used  = 10 in the application
work reported in [17], [16], [19], and [20]. The analysis in x 5 can be directly extended
to more general line search rules, such as the polynomial models in [8]. The cubic
model was used in [17], [16], [19], and [20]. Extension to a trust region approach such
as that in [5] or [15] should also be possible.
The basic form of the algorithm we propose in this paper requires a decreasing,
nite, sequence of di erence steps fhigmi=1 , called scales and consists of the repeated
application of Algorithm projgrad to f.^
^ x; fhig; ; ; )
Algorithm 2.2. Algorithm imfilter(f;
 for i = 1; . . .m
call projgrad(f;^ x; hi; ; ; )
Passing through the decreasing sequence of scales is intended to have the e ect
of changing the lter as the iteration progresses to admit higher frequencies in f.^
However, this is only a heuristic, as we do no actual ltering. Our strategy for
selection of the sequence fhi g is also a heuristic. We make some more remarks on
that later in this section. Note that hi, like the temperature in an annealing algorithm,
the simplex size in multidirectional search, or the time step in the algorithm in [12]
in a sense measures the resolution of the optimizer. The important di erence in
Algorithm imfilter from these algorithms is that it is gradient based. Therefore
it has the simultaneous advantages that it does not require sampling of the variable
space, can be analyzed with Taylor series methods, is simple to implement, and can
be accelerated by quasi-Newton methods.
(d)
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At this point we make a few remarks on the goals and properties of Algorithm imfilter. As is the case with other ltering algorithms, such as that given in
[12], our algorithm may miss global minima caused by large amplitude \spikes" in .
We view this as desirable and do not think of our algorithm as a global optimization
method, but rather as a method for dealing with a particular class of noisy functions.
In the work reported in [17], [16], [19], and [20], spikes represented error and were
best avoided.
A proper criterion for determining if Algorithm imfilter has succeeded is also
a question. Even if each call to projgrad terminates successfully with a solution x,
there is no guarantee that a second call to imfilter would leave x invariant since
 could change the output from the early calls to projgrad. Therefore it might be
necessary to restart imfilter. We show in x 3 that such restarts are not necessary
if  decays suciently rapidly near a global minimum of f. We set as our goal the
computation of x such that x is a minimum at every scale.
Definition 2.1. x is a minimum at all scales if projgrad leaves x invariant for
all h = h1; . . .; hm .
We compute a minimum at all scales by Algorithm imfilter and restarting, if
necessary, until each call to projgrad leaves x invariant.
Algorithm 2.3. Algorithm allscale(f; x; h; ;  ; )
 Until each call to projgrad leaves x invariant:
call imfilter(f;^ x; fhig; ;  ; )
The central theoretical contributions of this paper are to show how a minimum at
all scales is related to a global minimumfor functions of the type plotted in Figure 1.1,
where the perturbation decays near a minimumof f, and to give conditions on f, , ,
and  under which Algorithm allscale terminates in nitely many steps and returns
a minimum at all scales. We do these things in x 3, x 4, and x 5.

3. Minima at All Scales: Examples and Characterization. The idea, rst
advocated in [17], [16], [19], and [20], that a minimum at all scales, and not a global
minimum or a minimum of an explicitly ltered function, should be the goal of the
iteration is central to the algorithm and re ects the motivating problems where the
amplitude of  decays near the minimum. We begin with a theorem that illustrates
the relationship between a minimum at all scales and a global minimum. We follow
that with two examples to illustrate the ideas. A feature of these theorems and their
proofs is the variety of subtle relations between the size of the perturbation and the
curvature of f and the parameters fhig, ,  in the speci cation of the algorithm.
These relationships are further explored in x 4 and x 5.
In the following theorem, as in [17], [16], [19], and [20], we use (h) = h, for some
 > 0 and hk = k h0 for some  2 (0; 1). We will assume that rh is computed in
is a way that is at least rst order accurate. We must make precise our assumptions
on f and the way that  decays near the global minimum of f.
Assumption 3.1. Assume that f^ = f + , that f has a global minimum in at

x , rf is Lipschitz continuous in with Lipschitz constant L. Assume that
= fx j li  xi  uig  RN ;
diameter D = max(ui ? li ) < 1. Assume that rh is computed with forward,
backward, or centered di erences. Finally assume that there are c0, c1 , e? , and M >
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0 such that for all x 2

kx ? P (x ? rf(x))k  c0 kx ? x k;
krh f ? rf(x)k  c1 h;

(3.1)

j(x)j  M maxfkx ? x k2; e2? g:
Theorem 3.1. Assume that Assumption 3.1 holds. Then if M is suciently
small there are C1 , C2 and K , such that if

h0  c2C?1MC D
M ;

(3.2)

0

2 

hk = k h0 , for some  2 (0; 1) and
^ k  hk
kx ? x(1; hk; f)^ k = kx ? P (x ? rhk f(x))
for k = 1; . . .m, then

kx ? x k  Kh? ;

where h? = max(e? ; hm ).
Conversely, there is 0 such that if   0 and hm  e?  kx ? xk then x is a
minimum at all scales.
Proof. We note that Assumption 3.1 implies that there are C1 and C2 such that

if  = C1M and  = C2M then either kx ? x k < e? or
(3.3)
krh (x)k  kx ? x k2 =h +  max(e; h):
In fact, for forward or backward di erences we have
p
krh(x)k  2M N(e + h)2 =h;
p
p
leading to C1 = 2 N and C2  6 N. Using second order centered di erences would
reduce C1 and C2 by factors of two but not eliminate  entirely. Perhaps because of
this reduction of  and , centered di erences were found to reduce the sensitivity of
the algorithm on the size of  in [17], We have, for M suciently small, that
  c0 4?  and 0 <  < c0:
(3.4)
We let e = kx ? xk. Our assumptions imply that either e  e? or for each
k = 0; . . .; m
^ k
hk  kx ? P (x ? rh f(x))

 kx ? P (x ? rh f(x))k ? krh (x)k
 kx ? P (x ? rf(x)k ? krf(x) ? rh f(x)k ? krh (x)k
 kx ? P (x ? rf(x))k ? c1hk ? ( hek2 +  max(e; hk ))
 c0e ? c1 hk ? ( ehk2 +  max(e; hk )):
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Therefore, either e  e? or for each k = 0; . . .; m
(3.5)

2
c0 e  kx ? P (x ? rhk f(x))k  ( + c1)hk + he +  max(e; hk ):
k

Setting k = 0 and using (3.2) implies that either e  h0 or
(c0 ? )e  ( + c1 )hk + (c0 ?2 )e
and hence
(3.6)
e  h0 = ?1 h1;
where
 = 2 c +?c1 :
0

We now assume that M is small enough so that
 max(?1 ; 2)  1=2
(3.7)
c0 ? 
which is usually stronger (3.4).
We use (3.6) to induct on k and show that either e  e? , or e  max(; 1)hk .
Assume that e  hk?1  ?1 hk , which we have veri ed above for k = 1. The goal
of the induction step is to show that either e  e? , e  hk , or e  hk . Assume that
e > e? and e > hk , then we may apply (3.5) and (3.7) to conclude
2
 ?1
e  hk =2 + (c ?e)h  hk =2 + c ?  e  hk =2 + e=2:
0
k
0
Hence, either e  e? , e  hk , or e  hk and the induction is complete. This
completes the proof of the forward part of the result with K = max(; 1).
To prove the converse, we note that if h  e?  e then
kx ? x( ; h; f)^ k  Le? + c1 h + e? + h  h
if   0 = L + c1 +  + .
It is important in the proof of Theorem 3.1 that h0 be large enough to begin the
induction. Heuristically, an initial scale that is too small could lead to entrapment
in a local minimum and that possibility is eliminated by (3.2). The same failure
could be caused by selection of a value of  that is too small. The perturbation itself
must be small, which is the role of assumption (3.7). Left unresolved is the issue of
whether the outer iteration or the line search in projgrad will terminate. A deeper
examination of the relation of the termination criteria, i. e. , and the line search, i.
e. the parameter , to the size of  will be done in x 4 and x 5.
The parameter 0 is so large that many scales will be rejected, that is Algorithm projgrad will terminate on entry, before the iteration begins to make progress.
The search for a good heuristic for the choice of  is an open problem.
Note that the accuracy of the nite di erence plays no direct role in the ultimate
accuracy of the iteration because of the presence of the  max(e; h) term in (3.3). To
see how this term arises, assume that there is C such that
(x)  C kk1kx ? xk2 :
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Fig. 3.1. f^ = f + ; e? = 0
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For forward di erences we have
p
krh (x)k  2C N kk1(e + h)2=h
leading to the estimates
p
p
  2C N kk1 and   6C N kk1 :
Using second order centered di erences would reduce the estimates of  and  by
factors of two but not eliminate  entirely. Perhaps because of this reduction of 
and , centered di erences were found to reduce the sensitivity of the algorithm on
the size of  in [17], [16], [19], and [20].
As an example of the type of function we consider we take f = x2 and  =
2
x cos(80x) on the interval [?2; 2]. Here e? = 0. We take  = 2,  = 1=2, and apply
forward di erencing. Using the notation in the proof we see that
c0 = 2; c1 = 1;  = 2; and  = 6:
Hence  = 6=(2 ? 6) Hence (3.7) holds if
24=(2 ? 6)2  1=2
which holds for any   1=20. As D = 4, setting  = 1=20 and h0 = 2 will satisfy
the assumptions of Theorem 3.1. A plot of f^ with  = 1=20 is in gure 3.1.
In the applications it was rare that e? = 0. Typically the noise in f^ decayed near
the minimum, but not to zero. In this case the minimum could only be resolved to a
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Fig. 3.2. f^2 = f + 2 ; e? = 0
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level of size proportional to the square root of the minimum noise. As an example of
such a function consider f^2 = x2(x) + 2(x) where = [?2; 2] and
2 (x) = :75x2cos(80x)=20 + :25  cos(100x)2=20:
f^2 satis es the assumptions of Theorem 3.1 with e? = :25=20. We plot e? in gure 3.2.
The perturbations in these examples appear small, but clearly result in substantial
local minima.
The proof of Theorem 3.1 also provides insight into how Algorithm 2.2 is intended
to function. For functions satisfying the hypothesis of Theorem 3.1, application of
^ x; hi; ;  ) return xi with kxi ? x k  K max(e? ; hi). This should reduce
projgrad(f;
the size of  for the next iterate and allows for the reduction of h.
4. Convergence Results. In this section we apply a technical result proved in
x 5 to give conditions under which Algorithm imfilter will converge to a minimum
at all scales for objectives that satisfy Assumption 3.1. We then give some simple
examples to illustrate the behavior of the algorithm and show how quasi-Newton
methods can improve the performance of the algorithm.
In x 5 we prove the following result.
Theorem 4.1. Let Assumption 3.1 hold and assume that M  1. Let  1=2
and  2 (0; 1=4) be given. Let (h) = h. Then there are 1 and  > 0 so
that if   1 , M1=3= 2 < , kx ? x k  e? , and h  M1=3kx ? x k, then Algorithm projgrad(f;^ x; h; ; ; ) will terminate successfully and return x such that
kx ? x(1; h; f)^ k  h. Moreover, either x is unchanged or f^ is reduced by at least
2h2 .
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From the technical result Theorem 4.1 we can directly obtain conditions that
insure that Algorithm imfilter will terminate successfully with a minimum at all
scales. We consider sequences of scales of the form hk = k h0 with  2 (0; 1).
Theorem 4.2. Assume that Assumption 3.1 holds, that M  1, that M1=3= 2 <
, and that  > 0 . Let  2 (0; 1) be such that M1=3K  . Then if h0  D =2,
hk = k h0 , and hm  e? , then Algorithm imfilter, will terminate and return a
minimum at all scales.
Proof. Either kx ? x k  e? and we terminate with a minimum at all scales by

Theorem 3.1 or by Theorem 4.1, Algorithm projgrad(f;^ x; h0; ; ; ) will terminate
^ k  h0. We may then conclude from Theorem 3.1 that
with kx ? x(1; h0; f)
e = kx ? x k  Kh0 :
If we require that M1=3K   then either e < e? or
h0  M 1=3Kh0  M1=3e;
and we may apply Algorithm projgrad(f;^ x; h; ; ; ) with h = h0.
We may continue this, replacing h by h as the iteration progresses. Eventually
the iteration will terminate at a minimum at all scales since the reduction in h implies
a reduction in the bound for e, and any x such that e  e? is a minimum at all scales.
Note that the restart feature of Algorithm allscale was not used in Theorem 4.2.
It was not needed in the work reported in [17], [16], [19], and [20] either. A corollary
of Theorem 4.2 is that if projgrad fails, as it can if there are too many step size
reductions, then e  e? . Hence monitoring the Armijo rule is a way to detect the
limit for the scales.

Corollary 4.3. Let the assumption of Theorem 4.2 hold. If Algorithm imfilter
is initiated as in the statement of that result and hm is the rst scale for which
Algorithm projgrad fails, then Khm  e? .

While Corollary 4.3 does not guarantee that Khm  e?  Khm , we have used
it with success in the applications to determine when to terminate the iteration when
no a priori knowledge of the size of  was available.
We applied algorithm imfilter to the function
^ = 2x2 + x2 cos(80x)=6
f(x)

on the interval [?2; 2]. We used x0 = ?1:75, h0 = 2, and hi = 2?i h0 for i =
1; . . .12. We used  = 2. In Table 4.1 we tabulate h, the iteration counter ip for
Algorithm projgrad for that h, the number of stepsize reductions iA at that iteration,
^ j, and f(x).
^ The last entry for each value of h corresponds
x, (x) = jx ?P (x ?rhf(x))
to the terminal iterate for Algorithm projgrad. After evaluation of f at the initial
iterate, the cost in function evaluations is like that for the projected gradient method.
For each value of h and ip one function evaluation is performed to compute rh f,^
f(x) being provided by the termination at the previous value of h or ip iA counts
the number of additional function evaluations for each value of ip required to obtain
sucient decrease in the Armijo rule. For Table 4.1 a total of 39 function evaluations
are performed. An interesting feature of the table is how the iterates can remain
unchanged as the scale is reduced. It is normal behavior of algorithm imfilter to
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pass through more than one scale with the termination criterion satis ed on entry
before nally taking a step and changing the iterate. The iteration terminated at
a minimum at all scales and hence a full application of Algorithm allscale would
terminate as well.
We also applied Algorithm imfilter to
^ = 2x2 + :75x2 cos(80x)=6 + :25 cos(100x)=6:
f(x)
On the interval [?2; 2], x0 = ?1:75, h0 = 2, and hi = 2?i h0 for i = 1; . . .12, and
 = 2. Here e?  :25=6. Since e? 6= 0 we might expect Algorithm projgrad, and
hence Algorithm imfilter, to fail when e < e? . This happens as we can see from
the large number of stepsize reductions in the latter phases of the iteration reported
in Table 4.2. The version of Algorithm imfilter used in the applications would have
terminated the iteration at when h = :5 and ip = 2 (since  = 2?10), nding a
minimum at all scales for the scales fhig6i=0 .
The example in Table 4.2 illustrates the heuristic we use to estimate e? , i. e.
the point where further reductions in h give no advantage. When the Armijo rule in
Algorithm projgrad fails, we conclude that the nature of the problem has changed
and that a minimum scale has been found. While this heuristic is certainly far from
a theorem, and examples can easily be constructed for which it fails, we found it to
be very useful in the applications reported in [17], [16], [19], and [20].
We close this section with remarks on enhancements that improve the performance
of Algorithm allscale in practice. First of all, for the work reported in [17], [16], [19],
and [20] experience showed that it was not necessary to call imfilter more than once,
hence the loop in Algorithm allscale that tests the invariance of imfilter, which is
necessary for the theoretical results, was not used in the practical results reported in
[17]. [16], [19], and [20]. Convergence in the nal phases of the iteration was improved
by using a projected SR1 [3] iteration such as that proposed in [6]. The SR1 update
performed somewhat better than the BFGS update in the preliminary experiments
for our work in [17], [16], [19], and [20]. This is consistent with other reports [7],
[11], [10], and we used it in the computations reported in [17], [16], [19], and [20].
We point out that for problems of moderate size, a projected Newton formulation [2]
would be equally desirable if the Hessian could be computed accurately and cheaply,
but that was certainly not the case for the problems considered in [17], [16], [19], and
[20] where function evaluations were quite expensive making Hessian evaluation too
expensive.
To illustrate the bene ts of incorporation of a quasi-Newton update into Algorithm projgrad apply a secant update to the examples tabulated in Table 4.1 and
Table 4.2. 28 function evaluations were required for this computation, an improvement over the 29 for the results in Table 4.1.
One could also use a di erent forward di erence step for each component of rh f.
Our implementation in [17], [16], [19], and [20] did this by scaling the feasible set to
the unit cube in RN . We let the largest scale h0 = :5 be half the diameter of the
cube and let hi = :5hi?1. Selection of the smallest scale is problem dependent and
was determined in [17], [16], [19], and [20] by physical estimates of the error in the
objective function.
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Table 4.1

One sweep of implicit ltering. e? = 0.

h
2
1
1
1
5.000e-1
5.000e-1
5.000e-1
2.500e-1
1.250e-1
6.250e-2
6.250e-2
6.250e-2
3.125e-2
1.562e-2
7.812e-3
3.906e-3
1.953e-3
1.953e-3
1.953e-3
9.766e-4
9.766e-4
9.766e-4

ip iA
x
(x)
f(x)
0 0 -1.750e+0 2.947e+0 6.024e+0
0 1 -1.750e+0 3.750e+0 6.024e+0
1 2 7.442e-1 2.744e+0 1.016e+0
2 0 -5.564e-1 2.895e-1 6.637e-1
0 1 -5.564e-1 1.315e+0 6.637e-1
1 3 1.011e-1 1.336e+0 2.004e-2
2 0 -6.595e-2 6.735e-1 9.087e-3
0 0 -6.595e-2 2.221e-1 9.087e-3
0 0 -6.595e-2 1.685e-2 9.087e-3
0 1 -6.595e-2 1.450e-1 9.087e-3
1 4 6.536e-3 1.603e-1 9.161e-5
2 0 -3.480e-3 1.111e-1 2.616e-5
0 0 -3.480e-3 4.603e-2 2.616e-5
0 0 -3.480e-3 1.809e-2 2.616e-5
0 0 -3.480e-3 1.834e-3 2.616e-5
0 0 -3.480e-3 6.596e-3 2.616e-5
0 1 -3.480e-3 1.081e-2 2.616e-5
1 2 1.925e-3 1.252e-2 8.020e-6
2 0 -1.204e-3 9.849e-4 3.140e-6
0 1 -1.204e-3 3.100e-3 3.140e-6
1 3 3.461e-4 3.614e-3 2.595e-7
2 0 -1.056e-4 1.658e-3 2.418e-8

Table 4.2

One sweep of implicit ltering. e? = 0.
6

h
2
1
1
1
5.000e-1
5.000e-1
5.000e-1
5.000e-1

ip iA
0 0
0 1
1 2
2 0
0 1
1 13
2 17
3 0

x
-1.750e+0
-1.750e+0
7.354e-1
-5.934e-1
-5.934e-1
4.701e-2
4.686e-2
4.686e-2

(x)
2.948e+0
3.750e+0
2.735e+0
3.195e-1
1.281e+0
1.268e+0
1.267e+0
1.267e+0

f(x)
6.064e+0
6.064e+0
1.041e+0
6.996e-1
6.996e-1
4.200e-3
4.195e-3
4.195e-3
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Table 4.3

One sweep of secant method implicit ltering. e? = 0.

h
2
1
1
1
5.000e-1
5.000e-1
5.000e-1
2.500e-1
1.250e-1
6.250e-2
3.125e-2
1.562e-2
7.812e-3
7.812e-3
7.812e-3
3.906e-3
1.953e-3
9.766e-4
9.766e-4
9.766e-4

ip iA
x
(x)
f(x)
0 0 -1.750e+0 2.947e+0 6.024e+0
0 1 -1.750e+0 3.750e+0 6.024e+0
1 0 7.442e-1 2.744e+0 1.016e+0
2 0 -5.291e-1 7.538e-2 5.559e-1
0 1 -5.291e-1 1.109e+0 5.559e-1
1 3 2.520e-2 1.065e+0 1.224e-3
2 0 -8.757e-3 9.626e-1 1.631e-4
0 0 -8.757e-3 4.999e-1 1.631e-4
0 0 -8.757e-3 1.970e-1 1.631e-4
0 0 -8.757e-3 8.672e-2 1.631e-4
0 0 -8.757e-3 2.655e-2 1.631e-4
0 0 -8.757e-3 3.974e-3 1.631e-4
0 1 -8.757e-3 2.063e-2 1.631e-4
1 1 1.560e-3 2.319e-2 5.272e-6
2 0 -1.169e-3 1.173e-2 2.961e-6
0 0 -1.169e-3 3.390e-3 2.961e-6
0 0 -1.169e-3 8.344e-4 2.961e-6
0 1 -1.169e-3 2.950e-3 2.961e-6
1 1 3.056e-4 3.439e-3 2.024e-7
2 0 -9.131e-5 1.720e-3 1.806e-8

Table 4.4

One sweep of secant method implicit ltering. e? = 0.
6

h
2
1
1
1
5.000e-1
5.000e-1
5.000e-1
2.500e-1

ip iA
x
(x)
f(x)
0 0 -1.750e+0 2.948e+0 6.064e+0
0 1 -1.750e+0 3.750e+0 6.064e+0
1 0 7.354e-1 2.735e+0 1.041e+0
2 0 -5.489e-1 2.269e-1 6.405e-1
0 1 -5.489e-1 1.269e+0 6.405e-1
1 1 8.569e-2 1.238e+0 3.338e-2
2 0 -7.101e-2 6.495e-1 3.008e-2
0 0 -7.101e-2 1.893e-1 3.008e-2
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5. Proof of Theorem 4.1. Throughout this section we till assume that the
^ represent a forward, backassumptions of Theorem 4.1 hold. As in section 1 rh f(x)
ward, or centered di erence approximation to rf(x). In this section, since the context
^ by x( ).
will be clear, we abbreviate x( ; h; f)
We will require several lemmas.
Lemma 5.1. Let Assumption 3.1 hold. Let h  M1=3kx ? xk. Then there is M1

such that

(5.1)

krh k  M1 M1=3h:

Proof. As in the proof of Theorem 3.1,

p
krh (x)k  2M N(e + h)2=h

and hence, for forward di erences,

p
krh (x)k  2M1=3 N(M1=3 + 1)2 h:
p
This completes the proof with M1 = 8 N.
Lemma 5.2. Let Assumption 3.1 hold. Let h  M1=3kx ? xk. Then there is M2

such that

(5.2)

^ ? rf(x)k  M2h:
krhf(x)

Proof. Equation (5.2) is a direct consequence of Lemma 5.1 and Assumption 3.1
with M2 = c1 + (c0 + M1)M1=3 .
The next lemma, which we give without proof, is a direct consequence of the
projection theorem, [4].
^ . Then
Lemma 5.3. Let x 2 , 0 <  1, and x( ) = x( ; h; f)
^
1. kx ? x( )k  krh f(x)k .
^ .
^ then xi ( ) = xi ? rh f(x)
2. for any i 2 f1; . . .ng, if xi(1) = xi ? rh f(x)
3. If kx ? x(1)k  h then kx ? x( )k  h.
^ T (x ? x( ))  kx ? x( )k2 :
4. rh f(x)
Next we will prove a lemma that speci es an interval for the step size for which
the criteria for sucient decrease given in the description of Algorithm projgrad is
always satis ed.
Lemma 5.4. Let Assumption 3.1 hold and assume that M  1. Let  1=2,
  1=(2L + 8), and  2 (0; 1=4) be given. Let (h) = h. Then there are  > 0 so
that if M1=3= 2 < , kx ? xk  e? , and h  M1=3kx ? x k, then if kx ? x(1)k  h
then the generalized Armijo step size rule
2
^ ? f(x(
^ ))   kxk ? xk ( )k
f(x)
(5.3)
is satis ed for all with

3
1
2L + 8M   2L + 8M :
Hence there is m such that (5.3) is satis ed with = m .
(5.4)
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Proof. Let ( ) = x ? x( ) and assume that   0 , so that the converse part of
Theorem 3.1 holds. Therefore e > e? .
^ and the fundamental theorem of calculus we obtain,
Using the de nition of f(x),
^ ? f(x(
^ )) = f(x) ? f(x( )) + (x) ? (x( ))
f(x)
R
= ( )T 01 rf(x ? t( )) dt + (x) ? (x( ))



R
= ( )T rf(x) + 01(rf(x ? t( )) ? rf(x)) dt
+(x) ? (x( ))

(5.5)

 ( )T rf(x) ? Lk(x?2x( ))k + (x) ? (x( ))
Now assume that kx ? x(1)k  h, and hence e  e? . We estimate the parts of
2

the right hand side of (5.5) in turn. First, by Lemma 5.2 and Lemma 5.3,
2
2
2
( )T rf(x)  k( )k ? M2 k( )k  (1 ? M2 ) k( )k :
We set 1 = max(0 ; 4M2) and require   1 to obtain
2
( )T rf(x)  3k(4 )k
(5.6)
Using Assumption 3.1 we have, as we assume e  e? ,
j(x( ))j  M kx( ) ? x k2  2M (k( )k2 + e2 ):
By the estimates
M1=3e  h  k( )k=( )
and Lemma 5.3 we have
j(x( ))j  2M (k( )k2 + M?2=3h2 )


Since

2 M 1=3
j(x)j  M e2  M1=3h2  k( )k 2

We have, since  1,
(5.7)



k( )k2 2 M + 2M1=3 :

2

!

2
3M 1=3
j(x) ? (x( ))j  k( )k 2M + 2 :

Using (5.6) and (5.7) in (5.5) yields
2
^ ? f(x(
^ ))  k( )k (3=4 ? D0 = ? D2 )
f(x)
(5.8)
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where

3M 1=3
D0 = 2 and D2 = 2M + L=2
If M1=3= 2 is small enough so that
(5.9)
D0 D2  1=64
then
?D2 2 + =2 ? D0  0;
for all 2 [1=(4D0); 3=(4D0)]. Hence 3=4 ? D0 = ? D2   holds for all  2 (0; 1=4)
and all 2 [1=(4D0); 3=(4D0)]. This completes the proof.
To complete the proof of Theorem 4.1 we note that Lemma 5.4 implies that if
kx ? x(1)k > h, then the line search in Algorithm projgrad(f; x; h; ;  ; ) will return
x( ) and, using Lemma 5.3,
2
2 2 2
^ ? f(x(
^ ))   kx ? x( )k    h  2 h2:
f(x)
Boundedness of and continuity of f then imply that Algorithm projgrad must
terminate successfully.
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