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Abstract

We computationally investigate two approaches for uncertainty quantification
in inverse problems for nonlinear parameter dependent dynamical systems. We
compare the bootstrapping and asymptotic theory approaches for problems involv-
ing data with several noise forms and levels. We consider both constant variance
absolute error data and relative error which produces non-constant variance data
in our parameter estimation formulations. We compare and contrast parameter
estimates, standard errors, confidence intervals, and computational times for both
bootstrapping and asymptotic theory methods.
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1 Introduction

One of the more ubiquitous problems in all of science and engineering is the inverse prob-
lem for estimation of parameters from longitudinal observations of system responses.
This is usually formulated in terms of a parameter dependent dynamical system (or-
dinary, partial, delay differential or integral equation (see [1, 2, 3, 7, 8, 10, 18, 19, 20,
21, 29, 30] and the references therein) for which observations of solutions (or certain
components of the solutions) are to be used to estimate some unknown parameters q.
In particular the general inverse problem for nonlinear parameter dependent ordinary
differential equations is formulated in terms of a system

dx
dt
(t) = ℱ(t, x(t), q)

x(0) = x0,
(1)

with observations
yj = f(tj, µ) = Cx(tj; µ), j = 1, . . . , n, (2)

where the solutions x(t; µ) in general depend on unknowns q and the (possibly unknown)
initial conditions x0 so that µ = (q, x0). In addition to computing estimates µ̂ for the
unknown parameters using observations {yj}, it is widely accepted that quantifying
the uncertainty in these parameter estimates is equally important. A standard method
[3, 4, 6, 8, 14, 16, 25] to do this involves computation of standard errors (SE) to be used
in confidence intervals (CI) for the parameter estimates. Discussions of the fundamental
ideas and methods that are accessible to non-statisticians can be found in [3, 8].
In this note we investigate computationally and compare the bootstrapping approach
and the asymptotic theory approach to computing parameter standard errors corre-
sponding to data with various noise levels Nl. We consider both absolute error (with
constant variance) measurement data and relative error (and hence non-constant vari-
ance) measurement data sets in obtaining parameter estimates. Both types of errors are
found widely in measurement procedures used in science and engineering investigations.
We compare and contrast parameter estimates, standard errors, confidence intervals,
and computational times for both bootstrapping and asymptotic theory approaches.
Our goal is to investigate and illustrate some possible advantages/disadvantages of each
approach in treating problems for nonlinear dynamical systems. We discuss these in
the context of a simple example for which an analytical solution is available to provide
readily obvious distinct qualitative behaviors. We chose this example because its solu-
tions have many features found in those of much more complicated models: regions of
rapid change as well as a region near an equilibrium with very little change and different
regions of relative insensitivity of solutions to different parameters.
The model we use to carry out this demonstration analysis is the well known [8, 22]
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logistic model (also called the Verhulst-Pearl growth model) given by

dx(t)

dt
= rx(t)

(
1− x(t)

K

)
, x(0) = x0.

Here K is the carrying capacity as well as the asymptote value for solutions (as t → ∞)

0 5 10 15 20 25
0

2

4

6

8

10

12

14

16

18

Time

T
ru

e 
M

od
el

True Solution vs. Time

Figure 1: Logistic curve with K = 17.5, r = .7 and x0 = .1.

and r is the intrinsic growth rate.
The solution is given for µ = (K, r, x0) by

x(t) = f(t, µ) =
K

1 + (K
x0

− 1)e−rt
,

and is plotted in Figure 1 for K = 17.5, r = .7 and x0 = 1 and 0 ≤ t ≤ 25.
There is a substantial statistical literature (see [12, 15, 16, 23] and their references) on
the use of the bootstrap in nonlinear regression problems while Chapter 12 of [25] con-
tains a readable presentation for the corresponding use of asymptotic theory estimates
in regression. As will be discussed in illustrative examples below, for quantifying uncer-
tainty in parameter estimates the asymptotic theory is always faster computationally
than bootstrapping. This unfortunately is the only definitive comparison that can be
made. One of the two methods may be favored over the other dependent on the type
of observational data set used. For constant variance data there appears to be little
advantage for either method. Bootstrapping may be more reasonable for estimating the
standard error in the cases of nonlinear systems so complex as to prohibit computation
of the sensitivities needed for asymptotic theory errors. However, if computation time is
already a concern and sensitivities can be computed, then asymptotic theory may prove
advantageous.
As we shall see, when the relative error statistical model is correct (i.e., one has non-
constant variance data), the parameters are most efficiently estimated using generalized
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least squares; in this case the asymptotic theory error estimates and the bootstrapping
error estimates may be comparable. In some situations (when local variation in the
data is high), the standard errors for bootstrapping are likely to be larger (due to a
positive additive corrective term) but also more accurate than those of the asymptotic
theory,. Otherwise as we shall illustrate, there will be insignificant correction in the
bootstrap’s estimate of standard error over that of the asymptotic theory. Hence, the
choice between bootstrapping and asymptotic theory approaches depends on the local
variation in data in regions of influence in the estimation of a specific parameter. These
heuristic conclusions (it is difficult to give rigorous proofs in this area) will be supported
by examples in subsequent sections of this paper.

2 Bootstrapping Algorithm for Computing Standard

Error: Ordinary Least Squares (OLS) and Con-

stant Variance Data

Assume we are given experimental data (y1, t1), . . . , (yn, tn) from the following underlying
observation process

Yj = f(tj, µ0) + ℰj, (3)

where j = 1, . . . , n and the ℰj are independent identically distributed (iid) from a
distribution F with mean zero (E(ℰj) = 0) and constant variance ¾2

0, and µ0 is the
“true value” parameter value hypothesized to exist in statistical treatments of data.
Associated corresponding realizations of Yj are given by

yj = f(tj, µ0) + ²j.

We note that the assumption that the observation errors are uncorrelated across j (i.e.,
time) may be a reasonable one when the observations are taken with sufficient intermit-
tency or when the primary source of error is measurement error. If we define

µOLS(Y⃗ ) = µnOLS(Y⃗ ) = arg min
µ∈Θad

n∑
j=1

[Yj − f(tj, µ)]
2, (4)

where Θad ⊂ Rp is the admissible parameter set, then µOLS can be viewed as minimizing
the distance between the data and model where all observations are treated as of equal
importance. We note that minimizing in (4) corresponds to solving for µ in

n∑
j=1

[Yj − f(tj, µ)]∇f(tj, µ) = 0. (5)
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We point out that µOLS is a random variable (ℰj = Yj − f(tj, µ) is a random variable);
hence if {yj}nj=1 is a realization of the random process {Yj}nj=1 then solving

µ̂OLS = µ̂nOLS = arg min
µ∈Θad

n∑
j=1

[yj − f(tj, µ)]
2 (6)

provides a realization for µOLS. (A remark on notation: for a random variable or estimator
µ we will always denote a corresponding realization or estimate with an over hat, e.g., µ̂
is an estimate for µ.)
Noting that

¾2
0 =

1

n
E[

n∑
j=1

[Yj − f(tj, µ0)]
2] (7)

suggests that once we have solved for µOLS in (4), we may obtain an estimate ¾̂2
OLS for ¾

2
0.

The following algorithm [12, 13, 15, p. 285–287] can be used to compute the bootstrapping
estimate µ̂boot of µ0 and its empirical distribution.

1. First estimate µ̂0 = (K̂0, r̂0, x̂0
0) from the entire sample, using OLS.

2. Using this estimate define the standardized residuals:

r̄j =

√
n

(n− p)

(
yj − f(tj, µ̂

0)
)

for j = 1, . . . , n. Then {r̄1,. . . ,r̄n} are realizations of iid random variables R̄j from
the empirical distribution Fn, and p = 3 for the number of parameters. Observe
that

E(r̄j∣Fn) = n−1

n∑
j=1

r̄j = 0, var(r̄j∣Fn) = n−1

n∑
j=1

r̄2j = ¾̂2.

Set m = 0.

3. Create a bootstrap sample of size n using random sampling with replacement from
the data (realizations) {r̄1,. . . ,r̄n} to form a bootstrap sample {rm1 , . . . , rmn }.

4. Create bootstrap sample points

ymj = f(tj, µ̂
0) + rmj ,

where j = 1,. . . ,n.

5. Obtain a new estimate µ̂m+1 = (K̂m+1, r̂m+1, x̂m+1
0 ) from the bootstrap sample

{ymj } using OLS. Add µ̂m+1 into the vector Θ.
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6. Set m = m+ 1 and repeat steps 3–5.

7. Carry out the above iterative process M times where M is large (e.g., M=1000),
resulting in a vector Θ of length M.

8. We then calculate the mean, standard error, and confidence intervals from the
vector Θ using the formulae

µ̂boot =
1
M

∑M
m=1 µ̂

m,

Cov(µ̂boot) =
1

M−1

∑M
m=1(µ̂

m − µ̂boot)
T (µ̂m − µ̂boot), (8)

SEk(µ̂boot) =

√
Cov(µ̂boot)kk.

3 Asymptotic Theory for Computing Standard Er-

ror for Constant Variance Data

Given the statistical model and realizations described above, we compute estimates and
standard errors using asymptotic theory. The algorithm [3, 8] to obtain these estimates
is given below.

1. First obtain the estimate, µ̂ = (K̂, r̂, x̂0) using OLS.

2. Compute the sensitivity matrix Â = ∂f
∂µ
, and variance estimate ¾̂2 as follows.

The logistic model can be described in term of the differential equation:

dx(t)

dt
= g(x(t, µ); µ) = rx(t)

(
1− x(t)

K

)
.

The sensitivity equations are obtained by taking a partial derivative with respect
to µ on both sides:

∂

∂µ

dx(t)

dt
=

∂

∂µ
g(x(t, µ); µ),

d

dt

∂x

∂µ
=

∂g

∂x

∂x

∂µ
+

∂g

∂µ
.

The solution to this ordinary differential equation gives the sensitivity matrix:

Âj,k =
∂x(tj)

∂µk
=

∂f(tj, µ)

∂µk
, for j = 1, . . . , n, k = 1, . . . , p.

Note that Â = Ân is an n× p matrix. An estimate of the constant variance can be
obtained by

¾2
0 ≈ ¾̂2

OLS =
1

n− p

n∑
j=1

∣f(tj; µ̂)− yj∣2
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3. Estimate the covariance matrix.
The approximate true covariance matrix,

Σn
0 = ¾2

0[Â
T (µ0)Â(µ0)]

−1,

is unknown since the true parameters µ0 and variance ¾2
0 are unknown. It can be

shown [25, p. 570] that under certain conditions, the estimate of µ is asymptotically
normal:

µ̂n ∼ Np(µ0, ¾
2
0[Â

T (µ0)Â(µ0)]
−1).

We estimate the covariance matrix using µ̂ and ¾̂2
OLS by

Σn
0 ≈ Σ̂n(µ̂) = ¾̂2

OLS[Â
T (µ̂)Â(µ̂)]−1

4. Compute the standard error using Σ̂n(µ̂) as

SEk(µ̂) =

√
Σ̂n

kk(µ̂).

4 Bootstrapping Algorithm for Computing Standard

Error: Generalized Least Squares (GLS) and Non-

constant Variance Data

We suppose now that we are given experimental data (y1, t1), . . . , (yn, tn) from the fol-
lowing underlying observation process

Yj = f(tj, µ0)(1 + ℰj) (9)

where j = 1, . . . , n and the ℰj are iid from a distribution F with mean zero and non-
constant variance. Note that E(Yj) = f(tj, µ0) and var(Yj) = ¾2

0f
2(tj, µ0), with associ-

ated corresponding realizations of Yj given by

yj = f(tj, µ0)(1 + ²j).

We see that the variance generated in this fashion is model dependent and hence generally
is longitudinally non-constant variance. The appropriate method to use to estimate µ0
and ¾2

0 is a particular form of the Generalized Least Squares (GLS) method [3, 16].
To define the random variable µGLS the following equation must be solved for the esti-
mator µGLS:

n∑
j=1

wj[Yj − f(tj, µGLS)]∇f(tj, µGLS) = 0, (10)
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where Yj obeys (9) and wj = f−2(tj, µGLS). We note these are the normal equations
(obtained by equating to zero the gradient of the weighted least squares criterion in the
case where the weights wj are not dependent on µ). The quantity µGLS is a random
variable, hence if {yj}nj=1 is a realization of the random process Yj then solving

n∑
j=1

f−2(tj, µ̂)[yj − f(tj, µ̂)]∇f(tj, µ̂) = 0, (11)

for µ̂ we obtain an estimate µ̂GLS for µGLS.
An estimate µ̂GLS can be solved for iteratively. The iterative procedure as described in
[16] is summarized as follows:

1. Estimate µ̂GLS by µ̂(0) using the OLS equation (4). Set k = 0.

2. Form the weights ŵj = f−2(tj, µ̂
(k)).

3. Re-estimate µ̂ by solving

µ̂(k+1) = arg min
µ∈Θad

n∑
j=1

ŵj

(
yj − f

(
tj, µ

))2

to obtain the k + 1 estimate µ̂(k+1) for µ̂GLS.

4. Set k = k + 1 and return to 2. Terminate the process when two of the successive
estimates for µ̂GLS are sufficiently close.

The following algorithm [12, 13, 15, p. 287–290] can be used to compute the bootstrapping
estimate µ̂boot of µ0 and its empirical distribution.

1. First obtain the estimate µ̂0 = (K̂0, r̂0, x̂0
0) from the entire sample, using GLS.

2. For the case where f(tj, µ0) is a linear function of the parameters µ0:
(a) Using this estimate define the standardized residuals:

r̄j =

√
n

(n− p)

(
yj − f(tj, µ̂

0)
)

f(tj, µ̂0)

for j = 1, . . . , n. Then {r̄1,. . . ,r̄n} are realizations of iid random variables R̄j, and
p = 3 for the number of parameters.
(b) Define r̄avg = n−1

∑n
j=1 r̄j.

(c) Define ¾̂2
boot = n−1

∑n
j=1 r̄

2
j .

(d) Define the non-constant variance standardized residuals:

s̄j =

(
1− r̄2avg

¾̂2
boot

)−1/2

(r̄j − r̄avg).
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Then {s̄1 . . . s̄n} are iid from the empirical distribution Fn. We modify the stan-
dardized residuals from what we had in the constant variance case, so that the
following conditions would continue to hold:

E(s̄j∣Fn) = 0, var(s̄j∣Fn) = ¾̂2.

Set m = 0.
For the case where f(tj, µ0) is a non-linear function of the parameters
µ0:
Define the non-constant variance standardized residuals

s̄j =
(
yj − f(tj, µ̂

0)
)
/f(tj, µ̂

0).

Then {s̄1 . . . s̄n} are iid from the empirical distribution Fn. Again the standardized
residuals have been modified from the linear model case so that the following
conditions only approximately hold:

E(s̄j∣Fn) ≈ 0, var(s̄j∣Fn) ≈ ¾̂2.

Set m = 0.

3. Create a bootstrap sample of size n using random sampling with replacement from
the data (realizations) {s̄1,. . . ,s̄n} to form a bootstrap sample {sm1 , . . . , smn }.

4. Create bootstrap sample points

ymj = f(tj, µ̂
0) + f(tj, µ̂

0)smj ,

where j = 1,. . . ,n.

5. Obtain a new estimate µ̂m+1 = (K̂m+1, r̂m+1, x̂m+1
0 ) from the bootstrap sample

{ymj } using GLS. Add µ̂m+1 into the vector Θ.

6. Set m = m+ 1 and repeat steps 3–5.

7. Carry out the above iterative process M times where M is large (e.g., M=1000),
resulting in a vector Θ of length M.

8. We then calculate the mean, standard error, and confidence intervals from the
vector Θ using the same formulae (8) as before.

If bootstrapping samples {ym1 , ..., ymn } resemble the data {y1, ..., yn} in terms of the em-
pirical error distribution, Fn, then the parameter estimates are expected to be consistent.
The modification of the standardized residuals allows each of the bootstrapping sam-
ples to have an empirical distribution with the same mean and variance as the original
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Fn. We used both definitions for the standardized residuals (for linear and non-linear
models) when doing our analysis. Although the definition of the standardized residual
for the non-linear model gives an approximation to the conditions needed to hold, it
performs comparably to the standardized residual as defined for the linear model. As
a result, we chose the nonlinear standardized residuals for our simulation comparison
studies.

5 Asymptotic Theory for Computing Standard Er-

ror for Non-constant Variance Data

Assume we are given experimental data (y1, t1), . . . , (yn, tn) from the following underlying
observation process

Yj = f(tj, µ0)(1 + ℰj),
where j = 1, . . . , n and the ℰj are iid with non-constant variance. Note that E(Yj) =
f(tj, µ0) and var(Yj) = ¾2

0f
2(tj, µ0), with associated corresponding realizations of Yj

given by
yj = f(tj, µ0)(1 + ²j).

When using asymptotic theory [3, 8], we obtain the estimate µ̂ using the GLS algorithm.
Then ¾2

0 is approximated by

¾2
0 ≈ ¾̂2

GLS =
1

n− p

n∑
j=1

1

f 2(tj, µ̂)
∣f(tj; µ̂)− yj∣2.

We estimate the covariance matrix using µ̂ and ¾̂2
GLS by

Σn
0 ≈ Σ̂n(µ̂) = ¾̂2

GLS[Â
T (µ̂)W (µ̂)Â(µ̂)]−1,

where W−1(µ) = diag(f 2(t1, µ), . . . , f
2(tn, µ)). We compute the standard error using

Σ̂n(µ̂) and

SEk(µ̂) =

√
Σ̂n

kk(µ̂).

6 Results of Numerical Simulations

6.1 Simulated Noisy Data Sets

We created noisy data sets using model simulations and a time vector of length n = 50,
t = (0, . . . , 25). The underlying model with the true parameter values µ0 = (17.5, 0.7, 0.1)
was solved for f(tj, µ0) using MATLAB’s function ode45. A noise vector ² of length n
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with noise level Nl, was taken from a random number generator for N (0, Nl2). The
constant variance data sets were obtained from the equation

yj = f(tj, µ0) + ²j.

Similarly, for non-constant variance data sets we used

yj = f(tj, µ0)(1 + ²j).

Constant variance and non-constant variance data sets were created for 1%, 5%, and
10% noise, i.e., Nl = .01, .05, and .1.

6.2 Constant Variance Data with OLS

We used the constant variance data with OLS to carry out the parameter estimation
calculations. The bootstrap estimates were computed with M = 1000 and of course,
µ0 = (17.5, 0.7, 0.1). The standard errors SEk and corresponding confidence intervals
[µ̂k − 1.96SEk, µ̂k + 1.96SEk] are listed in Tables 1, 2 and 3. In Figure 2 we plot the
empirical distributions for the case Nl = .05 corresponding to the results in Table 2;
plots in the other two cases are quite similar.
The parameter estimates and standard errors are comparable between the asymptotic
theory and the bootstrapping theory for this case of constant variance. However, the
computational times (given in Table 4) are two to three orders of magnitude greater
for the bootstrapping method as compared to those for the asymptotic theory. For this
reason, the asymptotic approach would appear (as expected from the theory) to be the
more advantageous method.

Table 1: Asymptotic and Bootstrap OLS Estimates for Constant Variance Data, w/
Nl = 0.01

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.498576 0.002021 (17.494615, 17.502537)
r̂asy 0.700186 0.000553 (0.699103, 0.701270)

(x̂0)asy 0.100044 0.000407 (0.099247, 0.100841)

K̂boot 17.498464 0.001973 (17.494597, 17.502331)
r̂boot 0.700193 0.000548 (0.699118, 0.701268)

(x̂0)boot 0.100034 0.000399 (0.099252, 0.100815)
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Table 2: Asymptotic and Bootstrap OLS Estimates for Constant Variance Data, w/
Nl = 0.05

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.486571 0.010269 (17.466444, 17.506699)
r̂asy 0.702352 0.002825 (0.696815, 0.707889)

(x̂0)asy 0.098757 0.002050 (0.0947386, 0.102775)

K̂boot 17.489658 0.010247 (17.469574, 17.509742)
r̂boot 0.702098 0.002938 (0.696339, 0.707857)

(x̂0)boot 0.0990520 0.002152 (0.094834, 0.103270)

Table 3: Asymptotic and Bootstrap OLS Estimates for Constant Variance Data, w/
Nl = 0.1

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.528701 0.019091 (17.491283, 17.566120)
r̂asy 0.699335 0.005201 (0.689140, 0.709529)

(x̂0)asy 0.100650 0.003851 (0.093103, 0.108198)

K̂boot 17.523374 0.019155 (17.485829, 17.560918)
r̂boot 0.699803 0.005092 (0.689824, 0.709783)

(x̂0)boot 0.100317 0.003800 (0.092869 0.107764)

Table 4: Computation Times (sec) for Asymptotic Theory vs. Bootstrapping

Noise Level Asymptotic Theory Bootstrapping
1% 0.017320 4.285640
5% 0.009386 4.625428
10% 0.008806 4.914146
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Figure 2: Bootstrap Parameter Distributions Corresponding to 5% Noise

13



6.3 Non-constant Variance Data with GLS

We carried out a similar set of computations for the case of non-constant variance data
using a GLS formulation (in these calculations we used 1 GLS iteration). The bootstrap
estimates were again computed with M = 1000. Standard errors and corresponding
confidence intervals are listed in Tables 5, 6 and 7. In Figure 3 we plot the empirical
distributions for the case Nl = .05 corresponding to the results in Table 6; again, plots
in the other two cases are quite similar.
We observe that the standard errors computed from the bootstrapping method are very
similar to the standard errors computed using asymptotic theory. In each of these cases
the standard errors for the parameter K are one to two orders of magnitudes greater
than the standard errors for r and x0. The computational time is also slower for the
bootstrapping method, thus asymptotic theory may again be the method of choice.

Table 5: Asymptotic and Bootstrap GLS Estimates for Non-Constant Variance Data,
w/ Nl = 0.01

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.514706 0.028334 (17.459171, 17.570240)
r̂asy 0.70220 0.001156 (0.699934, 0.704465)

(x̂0)asy 0.099145 0.000435 (0.098292,0.099999)

K̂boot 17.515773 0.027923 (17.461045, 17.570502)
r̂boot 0.702136 0.001110 (0.699960, 0.704311)

(x̂0)boot 0.099160 0.000416 (0.098344, 0.099976)

Table 6: Asymptotic and Bootstrap GLS Estimates for Non-Constant Variance Data,
w/ Nl = 0.05

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.322554 0.148891 (17.030728,17.614380)
r̂asy 0.699744 0.006126 (0.687736, 0.711752)

(x̂0)asy 0.099256 0.002313 (0.094723, 0.103790)

K̂boot 17.329282 0.146030 (17.043064,17.615500)
r̂boot 0.700060 0.006003 (0.688294,0.711825)

(x̂0)boot 0.099210 0.002329 (0.094645,0.103775)
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Table 7: Asymptotic and Bootstrap GLS Estimates for Non-Constant Variance Data,
w/ Nl = 0.1

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.233751 0.294422 (16.656683,17.810818)
r̂asy 0.676748 0.011875 (0.653473, 0.700024)

(x̂0)asy 0.109710 0.005015 (0.099880, 0.119540)

K̂boot 17.241977 0.275328 (16.702335, 17.781619)
r̂boot 0.676694 0.011845 (0.653479, 0.699909)

(x̂0)boot 0.109960 0.005031 (0.100098, 0.119821)
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Figure 3: Bootstrap Parameter Distributions for 5% Noise
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Table 8: Computation Times (sec) for Asymptotic Theory vs. Bootstrapping

Noise Level Asymptotic Theory Bootstrapping
1% 0.030065 16.869108
5% 0.032161 21.549255
10% 0.037183 24.530157

7 Using the Incorrect Assumptions on Errors

In practice, one rarely knows the form of the statistical error with any degree of certainty,
so that the assumed models (3) and (9) may well be incorrect for a given data set. To
obtain some information on the effect, if any, of incorrect error model assumptions on
comparisons between bootstrapping and use of asymptotic theory in computing standard
errors we carried out further computations.
In this section, we repeat the comparisons above for asymptotic theory and bootstrap-
ping generated standard errors, but with incorrect assumptions about the error (constant
or non-constant variance). Using the same data sets as created previously, we computed
parameter estimates and standard errors for the constant variance data for asymptotic
theory and bootstrapping using a GLS formulation, which usually is employed if non-
constant variance data is suspected. Similarly, we estimated parameters and standard
errors for both approaches in an OLS formulation with the non-constant variance data.
In summary, we demonstrate below that if incorrect assumptions are made about the
statistical model for error contained within the data, one cannot ascertain whether the
correct assumption about the error has been made simply from examining the estimated
standard errors. The residual plots must be examined to determine if the error model
for constant or non-constant variance is reasonable. This is discussed more fully in [3]
and [8, Chapter 3].

7.1 Constant Variance Data, Using GLS

The bootstrap estimates were computed with M = 1000 and 1 GLS iteration, with the
findings reported in the tables below in a format similar to those in the previous sections.
No empirical distribution plots are given here because we found they added little in the
way of notable new information.
As can be summarized from the results obtained, when the data has constant variance,
but the incorrect assumption is made about the error, the asymptotic theory error
estimates are again comparable to the bootstrapping error estimates. Also, K has large
standard error as Nl increases, specifically it goes from approximately .043 to .5 for
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noise levels 1% to 10%, respectively. The r and x0 standard errors also increase as the
noise levels increase. These incorrectly obtained standard error estimates are larger in
comparison to those obtained using an OLS formulation with the correct assumption
about the error.

Table 9: Asymptotic and Bootstrap GLS Estimates for Constant Variance Data, w/
Nl = 0.01

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.473446 0.043866 (17.387468, 17.559424)
r̂asy 0.706720 0.001802 (0.703188, 0.710252)

(x̂0)asy 0.096926 0.000662 (0.095628, 0.098224)

K̂boot 17.471946 0.041954 (17.389716, 17.554176)
r̂boot 0.706738 0.001766 (0.703277, 0.710199)

(x̂0)boot 0.096932 0.000655 (0.095649, 0.098215)

Table 10: Asymptotic and Bootstrap GLS Estimates for Constant Variance Data, w/
Nl = 0.05

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.486405 0.169916 (17.153369, 17.819441)
r̂asy 0.696663 0.006939 (0.683063, 0.710263)

(x̂0)asy 0.103291 0.002722 (0.097956, 0.108625)

K̂boot 17.477246 0.165693 (17.152487, 17.802004)
r̂boot 0.696828 0.006770 (0.683558, 0.710098)

(x̂0)boot 0.103210 0.002548 (0.098215, 0.108205)
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Table 11: Asymptotic and Bootstrap GLS Estimates for Constant Variance Data, w/
Nl = 0.1

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.648739 0.504870 (16.659193, 18.638285)
r̂asy 0.680706 0.019755 (0.641985, 0.719427)

(x̂0)asy 0.106576 0.008143 (0.090616, 0.122537)

K̂boot 17.668510 0.490496 (16.707137, 18.629882)
r̂boot 0.681164 0.018922 (0.644077, 0.718251)

(x̂0)boot 0.106784 0.007835 (0.091427, 0.122140)

Table 12: Computation Times (sec) for Asymptotic Theory vs. Bootstrapping

Noise Level Asymptotic Theory Bootstrapping
1% 0.021631 17.416247
5% 0.019438 21.073697
10% 0.044052 27.152972
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7.2 Non-constant Variance Data, Using OLS

The bootstrap estimates were again computed withM = 1000. When the error estimates
for data sets with non-constant variance are estimated using OLS, the estimates are
comparable for the asymptotic theory and bootstrapping methods. In comparing these
estimates to the error estimates obtained under accurate assumptions, we observe that
under the incorrect error model assumption, the standard error for K is always smaller
(though comparable) regardless of the noise level, while the corresponding r and x0

standard errors are always larger. For x0, the standard error under OLS is an order of
magnitude larger as compared to the GLS case (non-constant variance).

Table 13: Asymptotic and Bootstrap OLS Estimates for Non-Constant Variance Data,
w/ Nl = 0.01

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.509101 0.024315 (17.461445, 17.556757)
r̂asy 0.706845 0.006750 (0.693615, 0.720076)

(x̂0)asy 0.095928 0.004757 (0.086605, 0.105252)

K̂boot 17.511800 0.023465 (17.465808, 17.557791)
r̂boot 0.706690 0.006891 (0.693184, 0.720195)

(x̂0)boot 0.096219 0.004871 (0.086671, 0.105767)

Table 14: Asymptotic and Bootstrap OLS Estimates for Non-Constant Variance Data,
w/ Nl = 0.05

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.301393 0.122316 (17.061653, 17.541133)
r̂asy 0.694052 0.033396 (0.628596, 0.759508)

(x̂0)asy 0.105893 0.025879 (0.055171, 0.156615)

K̂boot 17.291459 0.118615 (17.058973, 17.523945)
r̂boot 0.697367 0.034670 (0.629413, 0.765320)

(x̂0)boot 0.106239 0.026765 (0.053780, 0.158697)
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Table 15: Asymptotic and Bootstrap OLS Estimates for Non-Constant Variance Data,
w/ Nl = 0.1

µ µ̂ SE(µ̂) 95% CI

K̂asy 17.081926 0.262907 (16.566629, 17.597223)
r̂asy 0.727602 0.078513 (0.573717, 0.881487)

(x̂0)asy 0.082935 0.047591 (-0.010343, 0.176213)

K̂boot 17.095648 0.250940 (16.603807, 17.587490)
r̂boot 0.733657 0.081852 (0.573228, 0.894087)

(x̂0)boot 0.094020 0.054849 (-0.013484, 0.201524)

Table 16: Computation Times (sec) for Asymptotic Theory vs. Bootstrapping

Noise Level Asymptotic Theory Bootstrapping
1% 0.008697 5.075417
5% 0.009440 6.002897
10% 0.013305 6.903042
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8 The Corrective Nature of Bootstrapping Covari-

ance Estimates

When estimating µ using GLS, there may be more error in the estimated covariance
matrix, Σ̂n(µ̂), due to the estimation of weights. Recalling Theorem 4 from Carroll, Wu,
and Ruppert [13, p. 1048], originally given in [24, p. 815], we can write the bootstrap
estimate of the covariance matrix as

Cov(µ̂boot) = Σ̂n(µ̂) + n−1¾2
0Λ(F ) +Op(n

−3/2),

where Λ(F ) is an unknown positive-definite matrix. As a result the bootstrapping
covariance matrix is generally thought to be more accurate than the asymptotic theory
estimate due to the corrective term n−1¾2

0Λ(F ). The corrective term is discussed for
the linear model in [13, p. 1050], and for the nonlinear model in [12, p. 28] where the
standardized residuals are defined by

²i =
(yi − f(xi, µ))

¾g(f(xi, µ), xi, µ)
.

Although in our results there are minimal differences between the two estimates ob-
tained via bootstrapping and asymptotic theory, Carroll, Wu, and Ruppert report boot-
strapping to be more favorable when estimating weights that have a large effect on the
parameter estimates [13]. This corrective term does not arise with the OLS method
where no weights are being estimated. Therefore, as might be expected, there seems to
be no advantages in implementing the bootstrapping method over asymptotic theory for
estimation of parameters and standard errors from constant variance data [15, p. 287].
To examine the effects of this second order correction, we re-ran our analysis for n = 10
data points for non-constant variance (10% noise) using GLS. The results were simi-
lar comparing asymptotic theory to bootstrapping, however the standard errors from
bootstrapping were slightly smaller (less conservative) than the standard errors from
asymptotic theory for all parameters, which is unexpected due to the correction term
described above. We note that in repeated simulations different parameters resulted in
smaller (less conservative) SE or in larger (more conservative) SE for bootstrapping than
for the corresponding asymptotically computed SE. However, the bootstrapping stan-
dard errors were never all larger (more conservative) than asymptotic theory standard
errors. (We note that in general one desires small standard errors in assessing uncer-
tainty in estimates but only if they are accurate; in some cases–essentially when they
are more accurate– more conservative (larger) SE are desirable.) For fewer than n = 10
data points, the inverse problem using bootstrapping did not converge in a reasonable
time period, though it did for asymptotic theory. This may be due to the resampling
with replacement of the residuals causing the bootstrap samples to sometimes have a
large estimate of K, which in turn makes the estimated GLS weights very small.
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In simulations reported in previous sections, we found that our results did not necessarily
meet expectations consistent with the theory presented by Carroll, Wu, and Ruppert
[13]. After further examination of the theory, we find that the theory is presented and
discussed in detail for a linear model. To further explore this, we linearized our original
model (f(t, µ)) about µ = µ∗, and re-ran our simulations. As a result of the linearization
we have the following new model

y = F0(t, µ
∗) + F1(t, µ∗)(K −K∗) + F2(t, µ

∗)(r − r∗) + F3(t, µ
∗)(x0 − x∗

0), (12)

where F0 = f(t, µ), F1 = ∂f(t,µ)
∂k

, F2 = ∂f(t,µ)
∂r

, and F3 = ∂f(t,µ)
∂x0

. Note that µ0 =
{K∗, r∗, x∗

0} = {17.5, 0.7, 0.1}. We considered this new model and performed the same
computational analysis as described earlier. At each simulation while the values for the
bootstrapping standard errors are similar, their specific values would vary in comparison
to the asymptotic theory standard errors, which are the same for repeated simulations.
For example, during the first run all bootstrapping computed standard errors for K, r, x0

would be larger in comparison to the asymptotic theory estimates, while on the next
run only K, r would have corresponding larger estimates. We performed a Monte Carlo
analysis, for 1000 trials using M=250, to find the average behavior of the bootstrapping
standard errors. We performed these Monte Carlo simulations on the same time inter-
val T ∈ [0, 20], at 10% noise, where n = 20, 25, 30, 35 and 40. When comparing this
average bootstrapping standard error with the asymptotic standard error for K, r, x0

at n = 20, 25, 30, 35 and 40, we observe that the bootstrapping estimates are larger (as
expected) for parameters K, r, but slightly smaller (not expected) for the parameter x0.
We would expect that the theory presented in [13] would be observed at lower values of
n due to the correction term n−1¾2

0Λ(F ); however, the inverse problem is very unstable
at this sample size because it appeared that at least 9 data points are needed for each
parameter that is being estimated in this problem. (We remark that in general the
correlation between the number of data points required per parameter estimated is not
easy to compute and is very much problem dependent–this is only one of a number of
difficulties arising in such problems–see [9, p. 87] for discussions. Indeed this problem is
one of active research interest in the areas of sensitivity functions [4, 5, 6, 28] and design
of experiments.) We expected to observe theory-consistent SE at the higher values of n,
because we have three parameters estimates. Although we observe the desired theoret-
ical behavior for 2 out of 3 of the parameters, the lack of data for the inverse problem
could be the reason we do not observe this corrective theory for all parameters.
To better understand the fluctuations in bootstrapping standard errors among the three
parameters, we ran the Monte Carlo simulations for the estimation of just one param-
eter. When only the parameter r was estimated, the bootstrapping standard errors
were larger than those of asymptotic theory for every case, using n = 10, 15, 20 and 25
time points. These simulations supported the theory of the corrective nature of boot-
strapping. We also examined the standard errors when only estimating x0, again for
n = 10, 15, 20 and 25. For x0, the standard errors were consistently smaller by an order
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of magnitude for the bootstrapping method, as compared to asymptotic theory. This
example provides some evidence that the corrective nature of the bootstrap may only
be realized in certain situations.

Carroll and Ruppert [12, p. 15–16] describe the following result for the behavior of GLS
with a particular non-constant variance model. If the data points have higher variance
in a neighborhood of importance for estimating a specific parameter (for our example
the region of rapidly increasing slope is important for estimating r), then the weights in
GLS heavily influence the estimate and the standard error. Based on our computational
findings, we are inclined to think that this local variance also influences whether or not
the bootstrapping estimate will be “corrective”. If the GLS weights are not as important,
then the bootstrap error estimate will not exhibit the corrective term of the covariance
properly.
We ran some simulations for both the linearized and nonlinear models to test this hy-
pothesis. For our example, in the solution to the logistic equation there are three regions
each of importance for estimating one of the parameters. Region I is important for esti-
mation of x0 and is the region where x(t) is near x0, located near the initial time points
before the slope begins to increase significantly. Region II data influences heavily the
estimation of r and is located in the area of the increasing slope. Region III is located
where the solution approaches the steady state x(∞) = K. Due to the manner in which
our simulated non-constant variance data was modeled, Region I had little variation
in comparison to Regions II and III. This low variation in Region I led us to believe
that increasing the variance in this region would demonstrate the corrective nature of
the bootstrapping estimate. We subsequently created data sets (linear and nonlinear)
where variance was only increased in Region I and remained the same in Regions II
and III. For these new data sets all of the bootstrapping standard errors were larger
than the asymptotic standard errors and hence exhibited the theoretically predicted
corrective nature of bootstrapping generated standard errors. We also created data sets
where there was less variance around the asymptote x = K (region III), and for those
data sets the bootstrapping generated standard error was smaller when compared to the
asymptotic theory standard error. This leads us to believe that local variance strongly
influences the presence or not of the corrective nature of the bootstrapping estimate.

9 Summary of Literature on the Asymptotic Nature

of the Bootstrapping Estimate

For the sake of completeness, we include here a brief review of some of the theoretical
underpinnings for bootstrapping similar to the convergence properties in the asymptotic
theory for standard errors as given in [25, Chapter 12]. Bickel and Freedman [11] discuss
an early result for the asymptotic theory of the specific case the parameters are estimated
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directly from the sample (ex: mean, and variance). In this situation, there is no model
for the data therefore no inverse problem is needed to estimate the parameters. The
results that follow are of interest for the general bootstrapping method, but are not
directly applicable for parameter estimation for a nonlinear model using bootstrapping.
Bickel and Freedman [11] give insight to asymptotic theory for the general bootstrapping
method in a population Y1, ..., Yn, where Yi = ti + ²i and iid with empirical distribution
Fn. It is assumed that Fn has finite mean, ¹n, and finite positive variance ¾2

n where the
standard deviation is

s2n =
1

n

n∑
i=1

(Yi − ¹n)
2.

Then a conditionally independent bootstrapping sample of size nb sampled from the pop-
ulation {Y1, ..., Yn} is defined as {Y ∗

1 , ..., Y
∗
nb
}, where s∗nb

= 1
nb

∑nb

i=1(Y
∗
i −¹∗

nb
)2, and ¹∗

nb
=

1
nb

∑nb

i=1 Y
∗
i is an estimate for ¹n. From here a pivotal quantity Qn =

√
n(¹n − ¹)/sn

can be estimated from Q∗
nb

=
√
nb(¹

∗
nb

− ¹n)/s
∗
nb
. Note that n is the number of data

points in the population while nb is the bootstrapping sample size which does not have
to equal n, and Qn converges weakly to N (0, 1), given ¹ is known, by the Central Limit
Theorem. Bickel and Freedman report the asymptotic properties of Q∗

nb
and find its

asymptotic convergence to be in accordance with the convergence of Qn. The following
theorems are as a result of the previously discussed findings.

Theorem 2.1 [11, p. 1197] Suppose Y1, Y2, ... are iid and have finite positive variance
¾2. Along almost all sample sequences Y1, Y2, ..., given (Y1, .., Yn), as n and nb tend to
∞ we have:
(a)The conditional distribution of

√
nb(¹

∗
nb

− ¹n) converges weakly to N (0, ¾2) and
(b) s∗nb

converges to ¾ in conditional probability.

Theorem 2.2 [11, p. 1197] Let Y1, Y2, ..., be independent with a common distribution
in Rd. Suppose E{∣∣Y1∣∣2} < ∞. Let Fn be the empirical distribution of Y1, ..., Yn, and
let Y ∗

1 , .., Y
∗
nb

be conditionally independent, with common distribution Fn. Then along
almost all sample sequences, as nb and n tend to infinity:

(a) The conditional distribution of
√
nb

(
1
nb

∑nb

i=1 Y
∗
i − 1

n

∑n
j=1 Yj

)

converges weakly to the d-dimensional normal distribution with mean 0, and variance-
covariance matrix equal to the theoretical variance covariance matrix Y1

(b) The empirical variance-covariance matrix of Y ∗
1 , .., Y

∗
nb

converges in conditional prob-
ability to the theoretical variance-covariance matrix of Y1.

Later asymptotic theory results are for the same bootstrapping on the residuals method
that we described above, but are restricted to a model that is linear in the parameters.
Shao and Tu [26] discuss the asymptotic theory of the bootstrapping on the residuals
method for a linear model: yi = (t(i))′µ + ²i for i = 1, . . . , n, where t(i) is a p-vector
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of explanatory variables associated with the data (for example t(i) = (1, ti, t
2
i , . . . t

p−1
i )′),

and µ is a p-vector of unknown parameters. Let T ′ = (t(1), . . . , t(n)), ℎi = t(i)
′
(T ′T )−1t(i),

and ℎmax = maxi≤nℎi. Let vboot be the variance estimator of µ̂boot, the bootstrapping

estimate of µ. The OLS estimate of µ is denoted by µ̂OLS.
In addition, we define the Mallows’ distance (as shown on pg 73 [26]) on ℱr,s = {G ∈
ℱℝs: :

∫ ∥t∥rdG(t) < ∞}. The two distributions H and G in ℱr,s have Mallows’ distance,

½̃r(H,G) = inf
TX,Y

(E∥X − Y ∥r)1/r,

where TX,Y is the collection of all possible joint distributions of (X, Y ), if X and Y have
marginal distributions H and G, respectively.
Shao and Tu give us the following two theorems that prove the bootstrapping estimator
of variance of the parameter is consistent, as is the bootstrapping distribution estimator
[26].

Theorem 7.3.i [26, p. 317]: Consistency of vboot.
If T ′T → ∞, ℎmax → 0, and we have constant variance (¾2

i = ¾2 for all i), then
vboot/var(c

′µ̂OLS) →p 1, where c is a vector of arbitrary constants. Additionally, we

have that bias(vboot)/var(c
′µ̂OLS) = O(n−1) and var(vboot)/[var(c

′µ̂OLS)]
2 = O(n−1), if

E(²4i < ∞).

Theorem 7.6 [26, p. 320]: Consistency of the distribution estimator based on bootstrap-
ping the residuals.
Assume T ′T → ∞, ℎmax → 0, and the ²i are i.i.d.. Then

½̃2(Hboot, Hn) →a.s. 0,

where Hn is the distribution of (T ′T )1/2(µ̂OLS−µ) and Hboot is the bootstrap distribution
of (T ′T )1/2(µ̂boot − µ̂OLS).

Shao and Tu state that these consistency results can be generalized for nonlinear models
in [26, p. 331, 335–337], though no rigorous proof is given.

9.1 Iterative Bootstrap Asymptotics

Earlier we discussed asymptotics for bootstrapping methods in reference to sample size,
n, now we will highlight some discussion on the asymptotics in reference to M the
number of bootstrapping samples. Efron and Tibrishani state the bootstrap method is

asymptotically efficient in [17, p. 395] , meaning that as M −→ ∞, ŜE
(M)

(µ̂boot) −→
ŜE

∞
(µ̂boot), the ideal bootstrap estimate of standard error in [17, p. 50]. In addition,

for a sufficiently large number M of bootstrap samples, bootstrapping will give accurate
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parameter estimates [17, p. 395]. For a general bootstrap method, M = 50 is sufficient
to estimate µ, M = 200 is sufficient to estimate the standard error, and M = 1000 is
sufficient to estimate confidence intervals for µ as reported in [17, p. 52, 164].

9.2 Determining Iterative Size for the Bootstrapping Estimate

Let Hboot(x) represent the distribution of µ̂boot conditional to the empirical distribution
F . Let HM

boot(x) be the approximation of Hboot(x) at the M tℎ iterate. The following
result holds

sup
x

∣HM
boot(x)−Hboot(x)∣ = ²n +

√
M−1log logM

and
sup
0<t<1

∣(HM
boot)

−1(t)− (Hboot)
−1(t)∣ = O(²n +

√
M−1log logM),

where ²n = supx ∣HM
boot(x)−Hboot(x)∣, established by Shi, Wu and Chen [27] as shown in

Shao and Tu [26, p. 210]. In addition M is determined using the following relationship:
M−1log logM = o(²2n).

10 Summary

Based on our computational experience with a known example we make the follow-
ing summary remarks/conclusions. Asymptotic theory and bootstrapping are distinct
methods for quantifying uncertainty in parameter estimates. Asymptotic theory is al-
ways faster computationally than bootstrapping; however, this is the only definitive
comparison that can be made. Depending on the type of data set, one method may
be more favorable than the other. For constant variance data using OLS there is no
clear advantage in using bootstrapping over asymptotic theory. However, for a complex
system it may be too complicated to compute the sensitivities needed for asymptotic
theory; then bootstrapping may be more reasonable for estimating the standard er-
ror. If computation time is already a concern, but sensitivities can be computed, then
asymptotic theory may be advantageous.
Given that the statistical model correctly assumes non-constant variance, the parameters
are estimated using GLS, and the asymptotic theory error estimates and the bootstrap-
ping error estimates are comparable. If local variation in the data points is large in a
region of importance for estimation of a parameter, then the bootstrapping covariance
estimate may contain a corrective term of significance. In that situation, the standard
errors for bootstrapping will be larger than those of asymptotic theory, and hence more
conservative and also more accurate. If the local variation in the data is low in a region
of importance for the estimation of a parameter, then there will be insignificant correc-
tion in the bootstrap’s estimate of standard error over that of the asymptotic theory.
Thus for non-constant variance data, the choice between bootstrapping and asymptotic
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theory depends on local variation in the data in regions of importance for the estimation
of the parameters.
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