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Abstract

Kidneys are the main site of production of the hormone erythropoietin (EPO) that is the
major regulator of erythropoiesis, or red blood cell production. EPO level is normally controlled
by a negative feedback mechanism in the kidneys, but patients with chronic kidney disease (CKD)
do not produce sufficient levels of EPO to maintain appropriate blood hemoglobin concentration.
A mathematical model, including interactions with iron and inflammation, is developed for ery-
thropoiesis in patients with CKD. Numerical solution methodologies and validation of numerical
results are discussed. Simulation results under varying conditions and treatment protocols are
presented.
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1 Introduction

It is estimated that 31 million Americans have chronic kidney disease (CKD). Among those, approx-
imately 330 thousand are classified as being in End-Stage Renal Disease (ESRD) and require dialysis
[17]. Dialysis is the bidirectional exchange of materials across a semipermeable membrane [2]. For
the purposes of this study, we consider only hemodialysis, where a patient’s blood is exposed to a
semipermeable membrane outside of the body.

In addition to regulating blood pressure and filtering waste products from blood, kidneys produce
a hormone called erythropoietin (EPO) that is the major regulator of erythropoiesis, or red blood cell
production. EPO level is normally controlled by a negative feedback mechanism in the kidneys, but
patients in ESRD do not produce sufficient levels of EPO to maintain blood hemoglobin concentra-
tion. Hemoglobin is the protein that gives red blood cells the ability to carry oxygen. Patients with
low hemoglobin concentration may present symptoms of anemia, such as decreased cardiac function,
fatigue, and decreased cognitive function.

In order to prevent anemia, patients typically receive recombinant human EPO (rHuEPO) in-
travenously to stimulate red blood cell production. However, treatment is far from perfect. In 2006,
only half of dialysis patients had a mean monthly hemoglobin greater than 11 grams per deciliter
[17], the desired minimum level set by the National Kidney Foundation [13].

Iron is required to produce hemoglobin, and iron deficiency can be an issue among patients
receiving rHuEPO therapy. Oral iron supplementation is often ineffective, so intravenous iron sup-
plementation has become a mainstay in many patients undergoing rHuEPO therapy [9].

Iron availability is negatively affected by inflammation level in the body. Most patients with
CKD have elevated levels of inflammation due to CKD and the presence of other medical issues (e.g.,
diabetes, hypertension, etc.) [10].

Our goals are (1) the development of a mathematical model for erythropoiesis of patients in ESRD
undergoing hemodialysis, taking into consideration the effects of EPO, iron level, and inflammation
level in the body, which has a reasonable degree of fidelity to the biological system, and (2) the
development of model-based control of the system. This note is a step toward the first of these two
goals.

2 Erythropoiesis

Erythropoiesis is the process by which erythrocytes, or red blood cells (RBCs), are formed. Erythro-
cytes transport oxygen and carbon dioxide between the lungs and all of the tissues of the body and
can be thought of as a container for hemoglobin [15], the protein that carries oxygen.

Erythrocytes are produced primarily from pluripotent stem cells in bone marrow. In the presence
of the cytokine named stem cell factor, hematopoietic stem cells divide asymetrically, producing a
committed colony-forming-unit (CFU) while maintaining the population of stem cells. The erythro-
cyte lineage shares the precursor CFU-GEMM (granulocyte, erythrocyte, macrophage, megakary-
ocyte) with other types of blood cells (white blood cells, platelets, etc.). The exact mechanisms
determining selection of lineage from this nodal point are not known [6].

Erythrocyte lineage continues as described in Figure 1: erythroid burst-forming unit (BFU-
E), erythroid colony-forming-unit (CFU-E), proerythrocyte, basophilic erythrocyte, polychromatic
erythroblast, orthochromatic erythroblast, reticulocyte, and erythrocyte. Cell division ceases with
the formation of the orthochromatic erythroblast. Division rate, death rate, and maturation rate are
influenced by the level of EPO [6]. This is described in more detail later.

Hemoglobin is synthesized beginning in the CFU-E stage, with the majority of synthesis occurring
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Figure 1: Erythropoiesis cell lineage.

in the polychromatic erythroblast stage. When the nucleus is extruded from the cell, the cell is
named a reticulocyte. Little hemoglobin synthesis happens at the reticulocyte stage, and synthesis
is completely absent in mature erythrocytes [6].

Reticulocytes begin to lose the adhesive proteins that hold them in the bone marrow. They de-
crease in size and begin to circulate in the blood. In healthy individuals, the time from proerythrob-
last to mature erythrocyte is approximately 7 days. Normal erythrocyte life span is approximately
120 days, at which time aging erythrocytes are enveloped by macrophages in the spleen.

3 Previous models

The process of erythropoiesis has been modeled in many physiological scenarios. In [14], rHuEPO
therapy is considered in healthy volunteers. This model incorporates the negative feedback to endoge-
nous EPO production. EPO is assumed to be cleared using Michaelis-Menten dynamics. A similar
model was used to fit data in rats [18]. Both of these models use delay instead of age-structured
modeling.

Both [3] and [4] use age-structured models, as does the model described in [11], which assumes
that the oldest mature erythrocytes will be destroyed, yielding a moving boundary condition. In [1],
EPO is assumed to accelerate maturation of cells undergoing erythropoiesis. Additionally, EPO is
assumed to be consumed during the process of erythropoiesis.

The model presented here is a significant departure from these models in that it incorporates the
effects of both iron plasma level and inflammation.
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4 Model Overview

We use an age-structured model with three major classifications of erythroid cells in which the
structure variables µ, ν, and ψ represent maturity levels, as shown in Figure 2.
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Figure 2: Model schematic.

P (t, µ) and M(t, ν) represent the number of progenitor cells and maturing hematopoietic cells,
respectively. O(t, ψ) is a measure of the oxygen carrying capacity of circulating reticulocytes and
erythrocytes. For these cell classes, the second argument (e.g., µ for class P ) is the structure
variable, maturity level in this case. We model EPO level, E, iron level, Fe, and a measure of overall
inflammation in the body, I. Time is measured in days.

Our state variables are

P = P (t, µ), M = M(t, ν), O = O(t, ψ), E = E(t), and Fe = Fe(t).

Rate of exogenous EPO treatments, Ėex, and rate of exogenous iron treatments, Ḟeex, are input
functions, and hemoglobin concentration, Hb(t), is the output of the model.

We will make use of sigmoid functions throughout the model. An increasing sigmoid function
will be of the form

F (x) =
(
Fmin − Fmax

)
· ck

ck + xk
+ Fmax.

Note that when x is small, F (x) is close to Fmin, and when x is large, F (x) is close to Fmax. The
typical graph of such a function is depicted in Figure 3a. The values of c and k affect the slope of
the curve and the location of the area of increase.

Similarly, a typical decreasing sigmoid function is depicted in Figure 3b and has the form

G(x) =
(
Gmax −Gmin

)
· ck

ck + xk
+Gmin.
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Figure 3: Sigmoid function examples.

5 Iron

Iron is required to make hemoglobin, the protein that gives erythrocytes the ability to carry oxygen.
It is also the protein that gives erythrocytes their characteristic red color. If iron is not available
during erythropoiesis, the result is lighter-colored (hypochromic) erythrocytes with reduced capacity
to carry oxygen.

Control of iron in the body is a strictly regulated process, in part because there is no pathway
for the excretion of excess iron (Figure 4).
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Figure 4: Iron cycle in healthy individuals.

5



When red blood cells age, they become enveloped by macrophages in the spleen. The iron from
their hemoglobin is then recaptured and sent to the bone marrow for use in making hemoglobin
for new erythrocytes. This recycling process is very efficient and is the main source of iron to
erythropoiesis [15]. In much smaller quantities, iron is absorbed from diet in the duodenum and can
be stored in the liver. The only losses to the system are from sweating, cells being shed, blood losses,
etc.

Iron is stored in the compound ferritin when it is within a cell, and in the compound transferrin
when it is in the blood plasma. The protein ferroportin is required to transport iron out of a cell and
into the plasma. The major regulator of this transport is the hormone hepcidin, which is produced
in the liver. Hepcidin binds to ferroportin and causes the complex to be absorbed into the cell,
effectively interrupting the transport of iron into the blood plasma, as depicted in Figure 5.

Hepcidin production is increased in the presence of certain cytokines which are released due to
inflammation in the body. It is thought that this might be a defense mechanism against foreign
organisms which may need iron to reproduce.

Since patients in ESRD commonly have other health problems (such as diabetes and hyperten-
sion), they often have higher than normal levels of inflammation. Thus, they may produce higher
than normal levels of hepcidin. As a result, even if there is enough iron in the body, it may not be
available for erythropoiesis because it cannot leave the cells and enter the plasma.

Current research suggests that EPO affects the interaction between cytokines and hepcidin. When
EPO level is sufficiently high, the effects of inflammation cannot be seen.

We model the amount, Fe, of iron in the blood plasma, in milligrams. We formulate a mass
balance involving the iron compartment (see Figure 6) as follows.

The main source of incoming iron to the compartment is recycled iron from the hemoglobin of
senescent erythrocytes that are enveloped by macrophages. We will develop class O so that each
member in the class is assumed to contain exactly the same amount of iron. That is, the rate of iron
being recycled from class O is kFe

∫ ψf

0 δO(ψ)O(t, ψ)∂ψ, where kFe is some proportionality constant
and δO(ψ) is the death rate of the cells in class O, explained in more detail later.

(iron stored 
in ferritin) 

(iron stored 
in transferrin) 

ferroportin 

Fe 

Fe 

Fe 

(a) Ferroportin is required for the transport of
iron out of cells.

ferroportin hepcidin 

Fe 

Fe 

Fe 

(b) Hepcidin is the major regulator of iron trans-
port out of cells.

Figure 5: Iron regulation at a cellular level.
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Figure 6: Iron compartment.

The other main source of iron to the compartment is exogenous iron supplied as part of treatment.
We denote the rate of exogenous iron treatment by Ḟeex(t)

A small amount of iron enters the system through absorption from diet and from storage in
the liver, and there are also iron losses (due to sweating, blood losses during blood draws and
hemodialysis, etc.). As described earlier, patients undergoing hemodialysis require iron supplements
intravenously. Therefore we assume that when we sum the iron losses and the iron entering the
system from diet and storage in the liver we obtain a net loss. Further, we will assume for an initial
model that the loss occurs at constant rate unless the current level of iron is small, in which case a
fraction of the iron is lost. That is, that rate of iron loss, ρFe,loss(Fe), is given by

ρFe,loss(Fe) =

{
ρFe,const, Fe ≥ Feth
ρFe,frac · Fe, Fe < Feth.

This assumption will be revisited in future models, perhaps with greater losses when dialysis and
blood draws occur.

Next we need to account for iron leaving the compartment during erythropoiesis. For our first
model, we begin by making the assumption that iron enters red blood cells at the moment that a cell
matures from class M to class O, which is the time that a cell leaves the bone marrow and begins
circulating. Red blood cells actually collect iron over the time period that they are in class M, but
the biochemistry of this process is not clearly understood. The assumption that all of the iron is
collected into a cell at one moment will certainly have to be revisited in future improvements of the
model.

In determining the amount of iron used during erythropoiesis, we first compute the amount of
iron that would be used if every cell leaving class M were to contain the appropriate amount of
hemoglobin so as to be at full oxygen-carrying capacity, i.e.,

Feneeded = kFeM(t, νf ). (1)

In the presence of inflammation, even if there is enough iron in the plasma, it may not be available
to be used in erythropoiesis. For our initial model, we assume that there is an EPO threshold, EPOth.
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We assume that if EPO is above the threshold, the effects of inflammation can not be seen. That is,
we assume

Feavail = kFe,efff(E, I)Fe, (2)

where

f(E, I) =


(cFe,av)

kFe,av

(cFe,av)
kFe,av+ IkFe,av

, E < EPOth

1, E ≥ EPOth.

Observe that in this model when EPO is greater than the threshold level, inflammation level
does not impact iron availability. However, when EPO level is lower than the threshold, the amount
of available iron depends on inflammation level–as f(E, I) is close to one when inflammation is low
and close to zero when inflammation is high. The constant kFe,eff , with 0 ≤ kFe,eff ≤ 1, is an efficacy
constant that accounts for the fact that only a fraction of the iron in the plasma will actually be
available at the site of erythropoiesis at any given time.

The amount of iron actually used in erythropoiesis is therefore given by

Feused = min {Feneeded, Feavail} ,
= min {kFeM(t, νf ), kFe,efff(E, I)Fe} . (3)

We assume that the rate of iron leaving the iron compartment and entering class O is proportional
to this quantity, Feused. That is,

ρFe→O = kρ,FeFeused.

Thus, the mass balance in the iron compartment is given by

Ḟe(t) = (rate in from class O) + (rate in intravenously)

− (rate out to class O)− (rate of iron losses)

= kFe

∫ ψf

0
δO(ψ)O(t, ψ)dψ + Ḟeex(t)− ρFe→O − ρFe,loss(Fe). (4)

6 EPO

EPO is the primary regulator of erythropoiesis. It stimulates red blood cell production, differentiation
and maturation, and prevents apoptosis [6]. In healthy individuals, the majority of EPO production
occurs in the kidney. Sensors in the kidney monitor blood oxygen level. EPO production is increased
in response to low oxygen level and is decreased when oxygen level is high.

Patients in ESRD, whose kidneys have only minimal function, produce only a small basal level of
EPO in the kidney and liver [7]. Without intervention, patients can develop anemia; therefore, pa-
tients undergoing dialysis are commonly treated with intravenous rHuEPO. Two common rHuEPOs,
epoetin alfa and epoetin beta, share structural homology with endogenous EPO. Darbepoietin alfa,
the other major erythropoietic agent, is designed so that it has a longer half-life in-vivo. In this
model, we assume that darbepoietin is not the erythropoietic agent, and therefore we will not dis-
tinguish between rHuEPO and endogenous EPO with respect to their action. We assume that their
effects on erythropoiesis are identical.
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EPO is measured in units of EPO. We assume the rate of endogenous EPO production in the
liver and kidney to be constant, and will denote it ρEPO,basal.

We will assume that EPO clearance is proportional to the amount present, although we could
consider Michaelis-Menten dynamics in future models. Finally, we also account for the rate of EPO
given via IV, denoted Ėex(t). So we have

Ė(t) = ρEPO,basal + Ėex(t)− 1

t1/2
ln 2·E(t),

where t1/2 is the half-life of EPO.

7 Inflammation

Inflammation affects two aspects of erythropoiesis, as depicted in Figure 2.
Even in patients without CKD, chronic inflammation can cause anemia, termed the anemia of

chronic disease. While the exact chemical pathways are not necessarily known, it is known that the
presence of inflammation can suppress erythropoiesis and may inhibit the action of EPO [16]. Since
EPO affects the birth and death rate of progenitors, we incorporate inflammation in the death rate
term associated with the progenitor cell class, P.

Inflammation level also impacts iron availability for erythropoiesis, as described previously. In-
flammation may cause an increase in ferritin production, which would cause iron to be retained within
cells, inhibiting the use of iron to make hemoglobin. Inflammation may also impair the ability of the
body to absorb dietary iron [16].

It is almost certain that inflammation affects these two aspects of erythropoiesis via completely
different chemical pathways. We assume that both aspects can be sufficiently described with some
overall measure of inflammation in the body. There are markers of inflammation, such as albumin
and C-reactive protein, which are often measured in patients undergoing dialysis. In future work, we
will investigate whether inflammation can be described as some combination of the levels of these
markers.

8 Class P (t, µ)

We group the progenitor cells (CFU-GEMM, BFU-E and CFU-E) in one class, P (t, µ). These cells
are affected by EPO level and inflammation level.

We make the following assumptions:

(i) There is a smallest maturity level, µ0 = 0, and a largest maturity level, µf ; i.e., 0 ≤ µ ≤ µf .

(ii) The maturity rate depends on the EPO concentration and the maturity level [6]. For simplifi-
cation in our initial model, we assume that the maturity rate is constant:

dµ

dt
= ρP .

(iii) The birth rate depends on EPO concentration [6] and the maturity level.

Regulation of erythropoiesis by EPO is focused on the progenitor class, and probably most
importantly the CFU-E. A rise in EPO level results in proliferation of CFU-E [6]. We will
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Figure 7: The progenitor cells, P (t, µ).

assume EPO affects all cells in class P equally, independent of maturity level. We will model
the birth rate as an increasing sigmoid function,

βP (E) =
(
βminP − βmaxP

) (cβ,P )kβ,P

(cβ,P )kβ,P + Ekβ,P
+ βmaxP .

(iv) The number of stem cells being recruited into the precursor cell population is directly propor-
tional to EPO level:

P (t, 0) = RPE(t).

It is reasonable to assume that recruitment is related to EPO level, as it is one of the hormones
that affects whether a stem cell will become an erythrocyte. Other hormones are certainly
involved as well, but the chemical pathway governing the differentiation of stem cells is still
largely unknown [6].

(v) The death rate depends on the concentration of EPO, the inflammation level, and the maturity
level, µ. We will simplify this for our first model to assume that death rate is not dependent
on maturity level.

EPO prevents apoptosis, or programmed cell death, of progenitor cells [6]. We use a decreasing
sigmoid function to describe this behavior.

Certain interferons, present under inflammatory conditions, can also cause death of progenitor
cells, specifically CFU-E [12]. We assume that the death rate of progenitor cells depends on
inflammation level, which is modeled by some increasing sigmoid function.

Finally, we assume that overall death rate is the sum of these two effects:

δP (E, I) =
(
δmaxP,E − δminP,E

) (cδ,P,E)kδ,P,E

(cδ,P,E)kδ,P,E + Ekδ,P,E
+ δminP,E

+
(
δminP,I − δmaxP,I

) (cδ,P,I)
kδ,P,I

(cδ,P,I)
kδ,P,I + Ikδ,P,I

+ δmaxP,I .
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Now we consider the rate of change in population from maturity level µ to maturity level µ+ ∆µ.

rate of change in population on the interval (µ, µ+ ∆µ) =

(rate of cells entering the interval)− (rate of cells leaving the interval)

+ (birth rate term)− (death rate term)

∂

∂t

∫ µ+∆µ

µ
P (t, ξ)dξ = ρPP (t, µ)− ρPP (t, µ+ ∆µ)

+

∫ µ+∆µ

µ
βP (E)P (t, ξ)dξ −

∫ µ+∆µ

µ
δP (E, I)P (t, ξ)dξ

∂

∂t

∫ µ+∆µ

µ
P (t, ξ)dξ = − ρP [P (t, µ+ ∆µ)− P (t, µ)]

+ [βP (E)− δP (E, I)]

∫ µ+∆µ

µ
P (t, ξ)dξ

Dividing by ∆µ and then letting ∆µ→ 0, we obtain

∂

∂t
P (t, µ) = −ρP

∂

∂µ
P (t, µ) + [βP (E)− δP (E, I)]P (t, µ),

and we have the boundary condition

P (t, 0) = RPE(t).

9 Class M(t, ν)

Class M(t, ν) consists of immature hematopoietic cells: proerythroblasts, basophilic erythroblasts,
polychromatic erythroblasts, orthochromatic erythroblasts, and non-circulating reticulocytes (i.e.
those that still reside in the bone marrow). Cells are recruited from class P and, upon maturation,
feed into class O. Their development is influenced by EPO concentration.

We make the following assumptions:

(i) There is a smallest maturity level, ν0 = 0, and a largest maturity level, νf . That is, 0 ≤ ν ≤ νf .

(ii) The maturation rate depends on the level of erythropoietin and the maturity level. However,
for our initial model, we assume that maturation rate does not depend on the maturity level.

EPO stimulates maturation [6], so we use an increasing sigmoid function for maturation rate,
ρM (E) .

ρM (E) =
(
ρminM − ρmaxM

) (cρ,M )kρ,M

(cρ,M )kρ,M + Ekρ,M
+ ρmaxM .
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(iii) The birth rate depends on the maturity level, but for our first model, we assume birth rate is
a constant, β̃M .

(iv) The number of cells at maturity level ν = 0 is equal to the number of cells leaving the previous
stage:

M(t, 0) = P (t, µF ).

(v) The death rate depends on the maturity level, ν and on the iron level. To simplify, we assume
the death rate is a constant, δM .

As in the progenitor class, we can consider the rate of change in population from maturity level ν to
maturity level ν + ∆ν, then divide by ∆ν and let ∆ν → 0 to obtain

d

dt
M(t, ν) = −ρM (E)

∂

∂ν
M(t, ν) +

[
β̃M − δM

]
M(t, ν).

Since we have made the assumption that the birth and death rates are both constant, it is clear
that they will not both be identifiable. We replace the difference β̃M−δM by the constant βM , which
then represents the net birth rate.

Hence, we have
∂

∂t
M(t, ν) = −ρM (E)

∂

∂ν
M(t, ν) + βMM(t, ν),

with the boundary condition
M(t, 0) = P (t, µF ).

It is worth noting again that as this is our first model of the system, we have made the assumption
that iron level does not impact cell development until cells mature out of class M into class O.
Specifically, we do not account for iron entering red blood cells throughout class M and we ignore
any impact this would have on death rate in class M. Future versions of the model will need to
account for these interactions with the iron compartment.
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10 Class O

Unlike the classes P and M, class O does not represent the number of circulating reticulocytes
and mature erythrocytes, because knowledge of the number of cells alone does not give us enough
information to determine whether the cells contain the necessary amount of hemoglobin to carry
oxygen at full capacity.

Erythrocytes begin hemoglobinization at the polychromatic erythroblast stage (in class M).
They continue to acquire more hemoglobin throughout the orthochromatic erythroblast stage and
into the reticulocyte stage, until the reticulocyte leaves the bone marrow, at which time it ceases
hemoglobinization [15]. Hence, the oxygen carrying ability of a mature erythrocyte is determined by
how much hemoglobin is available during the time interval when that cell is in class M.

In order to initially simplify computations, we assume that a cell’s oxygen-carrying ability is
based solely on the availability of iron at the time that the cell matures out of class M and begins
circulating in the blood. As previously noted, the biology does not support this formulation of the
problem, and this assumption will be reconsidered in future models.

Let us consider an example in order to elucidate this idea. Suppose we know that kFe = 0.2
mg/billion cells and that at some given time t, Feavail = 8 mg. Suppose also that at time t there are
100 billion cells maturing out of class M ; that is, M(t, νf ) = 100. Then

Feavail < Feneeded = kFeM(t, νf ) = 20 mg.

Then, per equation (3), Feused = Feavail = 8 mg, which is only 40% of the 20 mg that would be
needed for each cell maturing into class O to have full oxygen-carrying capacity. Then the 100 billion
cells maturing into class O would have, on average, only 40% oxygen-carrying ability. It would be
difficult to track both the number of circulating erythroid cells and the oxygen carrying capacity of
each. Instead, we think of the 100 billion cells with 40% oxygen-carrying ability as 40 billion cells
with 100% oxygen-carrying capacity. Hence, every “cell” in class O is assumed to have full-oxygen
carrying capacity.

Now we present the assumptions we make about class O.

(i) We assume that there is a smallest maturity level, ψ0 = 0, and a largest maturity level, ψf .
That is, 0 ≤ ψ ≤ ψf . In the future, we may wish to allow ψf to vary.

(ii) The maturation rate of cells in this class is a function of the maturity level. We will further
assume, for simplification in this initial model, that the maturity rate is constant:

dψ

dt
= ρO

(iii) The birth rate is zero. Cells at this stage mature but do not proliferate [6].

(iv) The number of members of class O at maturity level ψ = 0 is equal to the number of cells
leaving the previous stage multiplied by the ratio of Feused and Feneeded:

O(t, 0) =
Feused
Feneeded

·M(t, νf ),

=
Feused

kFeM(t, νf )
·M(t, νf ),

=
1

kFe
Feused. (5)

As stated above, this assumption guarantees that each member of class O has full oxygen-
carrying ability.
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(v) The death rate of cells in the class O(t, ψ), depends on the maturity level. We expect this to
be an increasing function, because macrophages envelop mainly aging adult erythrocytes [15].
Therefore, we will use the increasing sigmoid function

δO(ψ) =
(
δminO − δmaxO

) (cδ,O)kδ,O

(cδ,O)kδ,O + ψkδ,O
+ δmaxO .

As in classes P and M, we can generate the partial differential equation

∂

∂t
O(t, ψ) = −ρO

∂

∂ψ
O(t, ψ)− δO(ψ)O(t, ψ)

with boundary condition (5).

11 Hemoglobin Concentration

We have already assumed that hemoglobin exists only in erythrocytes in class O. We compute the
total number of members in class O at a given time t by∫ ψf

0
O(t, ψ)dψ. (6)

We previously made the assumption that each member of class O has exactly the same amount
of iron. Specifically, if we multiply the quantity (6) by kFe, we have the amount of iron (in mg)
circulating in erythrocytes at time t. We then multiply by a conversion factor to find the amount
of hemoglobin circulating. Then we need only divide by blood volume, BV (t), to determine the
hemoglobin concentration.

Blood volume is difficult to determine and varies greatly in patients undergoing dialysis. Patients
in ESRD are unable to clear fluids from their bodies. Fluids, for the most part, build up in the
patient’s body between dialysis treatments. Therefore, we assume that blood volume increases
linearly between dialysis treatments and decreases linearly during a dialysis treatment. Initially we
simulate patients undergoing dialysis (1) three times per week (i.e. Monday-Wednesday-Friday, or
MWF), or (2) every third day (ETD), as in Figure 9.
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Figure 9: Blood volume over various treatment protocols.
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Hence, hemoglobin concentration is a nonlinear function of the amount of iron circulating,

Hb(t) =
kFe
∫ ψf

0 O(t, ψ)dψ

BV (t)
.

12 Modification to the Model

We now discuss how we produce a smooth approximation to the piecewise-defined function

f(E, I) =

{
fE<EPOth

, E < EPOth
1, E ≥ EPOth

where

fE<EPOth
=

(cFe,av)
kFe,av

(cFe,av)
kFe,av + IkFe,av

.

For our initial simulations, we assume that inflammation remains constant. Hence, for a given
inflammation level, f is a step function that oscillates between 1 and the constant 0 ≤ fE<EPOth

≤ 1.
Rather than choose the constants cFe,av and kFe,av, we choose two parameters 0 < f1, f0.5 < 1

such that when E < EPOth,

f(E, 1) = f1 and f(E, 0.5) = f0.5.

Thus,

(cFe,av)
kFe,av

(cFe,av)
kFe,av + 1kFe,av

= f1 (7)

and
(cFe,av)

kFe,av

(cFe,av)
kFe,av + (0.5)kFe,av

= f0.5. (8)

Then we solve (7) and (8) for the constants cFe,av and kFe,av:

kFe,av =
ln f0.5 + ln (1− f1)− ln f1 − ln (f0.5)

ln 2

and

cFe,av =

(
1

1− f1

) ln 2
ln f0.5+ln (1−f1)−ln f1−ln (f0.5)

.

We solve the EPO differential equation for a given treatment protocol. Then we use the solution
to determine times ti = ti(E) where EPO moves from above EPOth to below EPOth and vice versa,
as in Figure 10.

We approximate f with

fs(E, I, t) = hshift +
∑
i

h(i, I)Hs
ti(t),
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Figure 10: Determining the times ti where E(t) = EPOth.

a linear combination of smoothed “heaviside” functions of the form

Hs
ti(t) =

1

2
+

1

2
tanh (kheavy(t− ti))

=
1

1 + e−2kheavy(t−ti)
.

Choice of the parameter kheavy determines the steepness of the approximation to each jump dis-
continuity. The coefficients h(i, E) depend on (i) whether EPO level is passing from above EPOth
to below or vice versa, and (ii) the value of the quantity fE<EPOth

, which depends on the level of
inflammation.

Figure 11 shows an example of a function f (EPO three times per week, inflammation =0.5) with
two smooth approximations, kheavy = 15 and kheavy = 5.

This formulation yields a function fs that is smooth, approximates f, and has a smooth derivative.
We replace f with f s throughout the model and therefore we use the parameters f1, f0.5 and kheavy
in place of cFe,av and kFe,av.
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Figure 11: A smooth approximation of the function f(E, I).
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13 Model Summary

In summary, we have the system

∂

∂t
P (t, µ) = −ρP

∂

∂µ
P (t, µ) + [βP (E)− δP (E, I)]P (t, µ), (9)

∂

∂t
M(t, ν) = −ρM (E)

∂

∂ν
M(t, ν) + βMM(t, ν), (10)

∂

∂t
O(t, ψ) = −ρO

∂

∂ψ
O(t, ψ)− δO(ψ)O(t, ψ), (11)

Ḟe(t) = kFe

∫ ψf

0
δO(ψ)O(t, ψ)dψ + Ḟeex(t)− ρFe→O − ρFe,loss (12)

Ė(t) = ρEPO,basal + Ėex(t)− 1

t1/2
ln 2·E(t), (13)

with boundary conditions

P (t, 0) = RPE(t), (14)

M(t, 0) = P (t, µF ), (15)

O(t, 0) =
1

kFe
Feused, (16)

and initial conditions

P (0, µ) = P0(µ), (17)

M(0, ν) = M0(ν), (18)

O(0, ψ) = O0(ψ), (19)

Fe(0) = Fe0, (20)

E(0) = E0. (21)

Hemoglobin concentration is a nonlinear function of the amount of iron circulating,

Hb(t) =
kFe
∫ ψf

0 O(t, ψ)dψ

BV (t)
. (22)

Hence, we have a nonlinear coupled system of ordinary and partial differential equations with
nontrivial boundary coupling with the following auxiliary equations.
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βP (E) =
(
βminP − βmaxP

) (cβ,P )kβ,P

(cβ,P )kβ,P + Ekβ,P
+ βmaxP (23)

δP (E, I) =
(
δmaxP,E − δminP,E

) (cδ,P,E)kδ,P,E

(cδ,P,E)kδ,P,E + Ekδ,P,E
+ δminP,E

+
(
δminP,I − δmaxP,I

) (cδ,P,I)
kδ,P,I

(cδ,P,I)
kδ,P,I + Ikδ,P,I

+ δmaxP,I (24)

ρM (E) =
(
ρminM − ρmaxM

) (cρ,M )kρ,M

(cρ,M )kρ,M + Ekρ,M
+ ρmaxM (25)

δO(ψ) =
(
δminO − δmaxO

) (cδ,O)kδ,O

(cδ,O)kδ,O + ψkδ,O
+ δmaxO (26)

fs(E, I, t) = hshift +
∑
i

h(i, I)Hs
ti(t) (27)

Hs
ti(t) =

1

1 + e−2kheavy(t−ti)
(28)

ρFe,loss(Fe) =

{
ρFe,const, Fe ≥ Feth
ρFe,frac · Fe, Fe < Feth

(29)

ρFe→O = kρ,FeFeused (30)

Feneeded = kFeM(t, νf ). (31)

Feavail = kFe,efff(E, I)Fe, (32)

Feused = min {Feneeded, Feavail} (33)

14 Parameter Value Considerations

• Treatment Protocol:
We perform simulations for two different “typical” treatment protocols: (1) a patient who goes
in for dialysis every third day (ETD) and (2) a patient on a Monday, Wednesday, and Friday
(MWF) treatment schedule. In both cases, dialysis is assumed to occur over a four-hour period
during which time 5000 units of EPO are assumed to be administered at a constant rate. For
those on the ETD schedule, iron is administered every ninth day; those on the the MWF
schedule receive iron every Monday. We assume a standard preparation of 62.5 mg iron per
administration.

• EPO:
The half-life t1/2 of EPO is estimated to be 25 hours [15]. We assume the rate of EPO produced
by the body, ρEPO,basal, is 100 units of EPO per day, chosen to be small relative to the amount
provided intravenously.

• Iron: For this set of simulations, we assumed that the net amount of exogenous iron entering
the system is equal to the net amount of iron losses in the system. For example, for a patient
on MWF treatment schedule, exogenous iron treatment is 62.5 mg of iron every seventh day;
therefore we assume that the rate of iron losses to be 62.5/7 mg iron per day.
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• Blood volume:
Typical adult blood volume is between 4.5 and 5 liters. We assume that blood volume reaches
its minimum, 4.5 liters, at the end of the four hours of dialysis. For a patient undergoing ETD
treatment, we assume blood volume increases linearly to its maximum, 5 liters, just before they
start a dialysis treatment. This is also true for a patient on MWF treatment, except that we
assume the blood volume increases further, to 5.3 liters, over the weekend.

• Maturity Levels: Based on the literature [6], we assume µf = 3 and νf = 2. In healthy
individuals, red blood cells have an average life span of approximately 120 days. In patients in
ESRD, the life span of red blood cells is significantly shorter, so we assume that the maximum
maturity level in class O is ψf = 120.

• kFe : In a healthy individual, each red blood cell (RBC) contains approximately 270 million
hemoglobin molecules (CITE). We use basic stoichiometry to determine kFe as follows:

kFe =
270× 106 Hg molecules

1 RBC
· 109 RBCs

1 billion RBCs
· 4 iron atoms

1 Hg molecule

· 1 mol iron

6.022× 1023 iron atoms
· 55.845 grams iron

1 mol iron
· 103 mg iron

1 gram iron

= 0.10015 mg iron / billion RBCs

• Other parameters: The remaining parameters were given nominal values that produced ex-
pected numbers of cells in classes P and M, and appropriate Hb concentrations. These param-
eters could be expected to vary among individuals. The remaining nominal parameter values
we use appear in Table 2 in Appendix A.

15 Numerical Solution Methodologies

We solve our system in a sequential manner, beginning with (13). We then solve (9) numerically, us-
ing the solution of (13) in the boundary condition, (14). Similarly, use this solution in the boundary
condition (15) to solve (10), and we use the solution of (10) when we solve (11) and (12) simultane-
ously. We solve using Matlab’s ode23t solver.

For equations (9), (10) and (11), we use a Galerkin finite element method. We outline this
procedure here for class P only, but the same procedure is used for classes M and O.

Let
0 = µ1 < µ2 < · · · < µNP

= µf

be a uniform partition of NP − 1 subintervals, each of length hP =
µf

NP−1 . We define NP piecewise
linear continuous functions

φj , j = 1, 2, . . . , NP ,

which we will call trial solution functions, by

φj(µ) =


µ− µj−1

hP
, µj−1 ≤ µ ≤ µj ,

µj+1 − µ
hP

, µj ≤ µ ≤ µj+1,

0, µ < µj−1 or µ > µj+1.

We will also use a set of test functions φ̃j . Typically, the test functions are identically the same
as the trial solution functions, but choice of these test functions is discussed later.
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We make a weak formulation of (9) by multiplying by the jth test function and integrating over
all maturity levels:∫ µf

0

∂

∂t
P (t, µ)φ̃j(µ)dµ = − ρP

∫ µf

0

∂

∂µ
P (t, µ)φ̃j(µ)dµ+

∫ µf

0
[βP(E)− δP (E, I)]P (t, µ)φ̃j(µ)dµ.

We assume that the solution P (t, µ) has the form

P (t, µ) =

NP∑
i=1

ai(t)φi(µ), (34)

and then manipulate the resulting equation to obtain

NP∑
i=1

a′i(t)

∫ µf

0
φi(µ)φ̃j(µ)dµ = − ρPaNP

(t)φj(µf ) + ρPO(t, 0)φj(0)

+

NP∑
i=1

ai(t)

[
ρP

∫ µf

0
φi(µ)φ̃j

′
(µ)dµ

+ [βP(E)− δP (E, I)]

∫ µf

0
φAi (µ)φ̃j(µ)dµ

]
. (35)

We can let j range from 1 to NP to yield a system of NP ordinary differential equations for the
coefficients ai(t). We solve this system, and reconstitute our solution using (34).

In order to validate our code, we implement a forcing function strategy. For class P, for example,
we solve a modified version of (9):

∂

∂t
P̃ (t, µ) = −ρP

∂

∂µ
P̃ (t, µ) + [βP (E)− δP (E, I)] P̃ (t, µ) + F (t, µ). (36)

We choose a function such as P̃ ∗(t, µ) = 10e−t/2 + 15e−µ/3, which is smooth and decreases to
zero with increasing time and maturity level, then determine the forcing function F that guarantees
that P̃ ∗ is the exact solution of (36). We solve (36) numerically and compare our solution with the
known exact solution.

It is well known that the solution to (9) will propagate along its characteristic curves, which we
can think of as a “wave front.” When we use standard linear splines φj as both the trial solution
functions and the test functions, we introduce error at this wave front, which is propagated in time.
In Figure 12a, we see that the error can become large and that standard linear splines are insufficient
to resolve the solution, as described in [8]. (We will discuss the error that is similar in both Figures
12a and 12b later.)

In order to alleviate this problem, we use a Petrov-Galerkin finite element method, also known
as upwinding. We continue using linear spline elements φj for the trial solution functions, but for
the test functions we use second-order functions of the form φj + ωχj , where

χj(µ) =


(µ− µj−1)(µj − µ)

h2
, µj−1 ≤ µ ≤ µj ,

− (µ− µj)(µj+1 − µ)

h2
, µj ≤ µ ≤ µj+1,

0, µ < µj−1 or µ > µj+1.

Figure 13 provides an example of standard test elements with varying levels of the upwinding pa-
rameter ω. Note that ω = 0 corresponds to no upwinding, or standard linear spline elements.
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(a)

(b)

Figure 12: Error with and without upwinding. Exact solution is of the order 102.

When we solve (36) numerically using nonzero values of ω, and compare our solution with the
exact solution, we see significant improvement, as in Figure 12b.

We note that the small error seen in both Figure 12a and Figure 12b (that propagates along a
linear characteristic from t = 0 to approximately t = 3) is due to a high order discontinuity between
the boundary condition and initial condition at (t, µ) = (0, 0). This error diminishes with use of a
finer mesh on the structure variable.

In order to determine an appropriate value for the parameter ω, we fix the number of elements
and solve (36). Figure 14 shows the error using several values for the upwinding parameter.

0

1
Test Elements φ

j
 + ωχ

j

ω = 0
ω = 0.5
ω = 1

μj μj+1μj-1 h

Figure 13: Test basis elements, with varying values of the upwinding parameter ω.
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Figure 14: Effect of varying ωP on error between numerical and exact solution at t = 15 for N = 256
spatial elements. Exact solution is of the order 102.

We note that the error is of the same order for several values of the parameter and we choose to
continue our simulations with ωP = 2.5 as the upwinding parameter for class P.

As one final validation of our code, we sequentially increase the number of splines elements by a
factor of two to confirm that the numerical solution converges to the exact solution and to observe
the rate of convergence, which is essentially quadratic. The results appear in Table 1.

We repeat this process of validating the code for classes M and O. The results appear in Appen-
dices B and C.

Table 1: Convergence of Solution–Maximum Error at t = 15 with ωP = 2.5 for an increasing number
of splines. Exact solution is of the order 102.

NP Maximum error (Max Error for NP )/(Max Error for 2NP )

4 0.1298 5.2451

8 0.0247 4.5190

16 0.0055 4.2395

32 0.0013 4.1153

64 3.1384e-04 4.0566

128 7.7365e-05 4.0280

256 1.9207e-05 4.0140

512 4.7850e-06 1.7820

1024 2.6851e-06
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16 Numerical Results and Discussion

An example of our numerical results is shown next for a patient undergoing treatment on the ETD
schedule with inflammation level 0.5. As expected, in Figure 15 we see the patient’s EPO level
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Figure 15: EPO level over time for a patient with inflammation = 0.5 undergoing ETD treatment.

increases every third day when exogenous EPO is provided, and decays between treatments.
In Figure 16, we observe that the boundary condition at µ = 0 for class P mimics the shape of

the EPO plot because the recruitment rate is directly proportional to the EPO level.

Figure 16: Number of cells in class P for a patient with inflammation = 0.5 undergoing ETD
treatment.

Cells in class P mature and divide at a rate of approximately one division per day. Cells in class
P mature into class M, which is pictured in Figure 17.

Comparing Figure 16 and 17, we see that, as expected, P (t, µf ) = M(t, 0) for all t. Cells in class
M divide at a rate of approximately one division per day before they mature into class O.
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Figure 17: Number of cells in class M for a patient with inflammation = 0.5 undergoing ETD
treatment.

As we consider Figure 18, it is worth noting that there has been a change in the time scale. This
plot actually closely resembles the plots for classes P and M, but appears much different because
results are shown over a time period of 120 days as opposed to just two or three days; this is not an
example of the “noise” we discussed previously. The boundary condition, O(t, 0), is not identical to
M(t, νf ) in Figure 17 because the number of cells maturing in to class O is also dependent on how
much iron is available. Note also that cells in class O no longer divide; they simply mature and die.

Figure 18: Number of cells in class O for a patient with inflammation = 0.5 undergoing ETD
treatment.
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Figure 19: Iron level for a patient with inflammation = 0.5 undergoing ETD treatment.

The amount of iron (other than that being carried in RBCs), in Figure 19, is seen to increase
greatly when exogenous iron is introduced (on days 0 and 9). Small increases are due to iron being
recycled from RBCs that have died.

Finally, Figure 20 shows the resulting hemoglobin concentration. The desired range, 11 to 13
g/dL, is also shown.
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Figure 20: Hemoglobin concentration for a patient with inflammation = 0.5 undergoing ETD treat-
ment.
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Figure 21 shows similar results for a patient at inflammation level 0.5 undergoing MWF treatment.
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Figure 22: Hemoglobin concentration and iron with varying inflammation, ETD treatment.
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Figure 23: Hemoglobin concentration and iron with varying inflammation, MWF treatment.

We also present some results of varying the inflammation level for both ETD (Figure 22) and
MWF treatment (Figure 23).

It should be noted here that the solutions are dependent on the initial conditions, and therefore
careful choice of initial conditions must be made in order to produce results that biologically rea-
sonable. For example, if one starts with an an initial condition O(t, 0) that is large, then the iron
being carried in those cells eventually ends up in the iron compartment, which in turn affects the
recruitment rate into class O. As a result, it is possible, for example, to produce a set of simulations
such that the hemoglobin concentration for a patient with inflammation level 0.5 is actually higher
than for a patient with a lower inflammation level.

For each treatment protocol, we also compare iron needed, Feneeded and iron available, Feavail,
over time at various levels of inflammation so that we might understand the dynamics of iron in
determining the number of cells maturing in to class O (see Figures 24 and 25). It is worth noting
again that the solutions (in particular iron available) are dependent on the initial conditions.
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Figure 24: Feneeded and Feavail with varying inflammation, ETD treatment.

17 Summary

The model presented is capable of describing patients over a broad range of conditions, including
various inflammation levels and treatment protocols. Parameter values were prescribed per the
literature, when available, and numerical testing validates the use of our code in solving the model.
Some numerical results are presented, making note that the results are highly dependent on the
initial conditions, which are estimated.

This model makes significant simplifications with regard to how iron is assimilated into red blood
cells. As such, the next step will be to revisit the model to determine a more biologically reasonable
way to incorporate iron, perhaps through the use of another structure variable which will account
for the amount of iron in a cell.

This paper did not attempt to address the concept of iron homeostasis, but it is also becoming
more and more evident that understanding iron homeostasis will play a role in this model’s ability
to predict the outcomes of treatment protocols. It appears that hepcidin production is regulated,
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Figure 25: Feneeded and Feavail with varying inflammation, MWF treatment.

at least in part, by the rate of erythropoiesis [5], but hepcidin has only recently been discovered as
the major regulator of iron homeostasis, and therefore its action is only partially understood as the
body of literature on hepcidin is relatively small.

This model does address, for the first time, the roles inflammation and iron play in red blood cell
dynamics, which are known to have a significant impact on red blood cell dynamics in patients with
CKD.
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Appendices

A Model Parameter Values

Table 2: Model Parameters and Units

Parameter Units Parameter value

ρP day−1 1

βmaxP day−1 0.2

βminP day−1 0.1

cβ,P unitless 5250

kβ,P unitless 5

δmaxP,E day−1 0.03

δminP,E day−1 0

cδ,P,E unitless 1800

kδ,P,E unitless 6

δmaxP,I day−1 0.05

δminP,I day−1 0

cδ,P,I unitless 0.75

kδ,P,I unitless 7

RP billions of cells/unit EPO 0.018

ρmaxM day−1 1.2

ρminM day−1 1

cρ,M unitless 5500

kρ,M unitless 10

βM day−1 0.25

ρO day−1 1

δmaxO day−1 0.13

δminO day−1 0

cδ,O unitless 80

kδ,O unitless 7

kFe,eff unitless 0.65

f1 unitless 0.3

f0.5 unitless 0.6

kheavy unitless 5

EPOth units of EPO 3000

kρ,Fe day−1 0.993

ρFe,frac day−1 0.3

Feth mg 15
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B Code validation for class M

As in class P, we note that if we don’t use upwinding, the error can propagate in time and overwhelm
the solution, as demonstrated by comparing the numerical solutions for class M (using the forcing
procedure described perviously) with and without upwinding, as in Figures 26a and 26b.

(a) (b)

Figure 26: Error with and without upwinding. Exact solution is of the order 102.

In order to determine an appropriate value for the parameter ωM , we fix the number of elements
and compare the error using several values for the upwinding parameter.
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Figure 27: Effect of varying ωM on error between numerical and exact solution at t = 15 for N = 256
spatial elements. Exact solution is of the order 102.

We note that the error is of the same order for several values of the parameter and we choose to
continue our simulations with ωM = 2 as the upwinding parameter for class M.

As before, we sequentially increase the number of splines elements by a factor of two to confirm
that the numerical solution converges to the exact solution. The results appear in Table 3.
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Table 3: Convergence of Solution–Maximum Error at t = 15 with ωM = 2 for an increasing number
of splines. Exact solution is of the order 102.

NM Maximum error (Max Error for NM )/(Max Error for 2NM )

4 0.0614 5.4641

8 0.0112 4.5726

16 0.0025 4.2623

32 5.7693e-04 4.1259

64 1.3983e-04 4.0617

128 3.4427e-05 1.0000

256 3.4427e-05 16.1836

512 2.1273e-06 2.4047

1024 8.8464e-07

C Code validation for class O

Unlike classes P and M , at time t = 15 days, in Figure 28 we are not able to see the error over-
whelming the solution without the use of upwinding.

(a) (b)

Figure 28: Error with and without upwinding. Exact solution is of the order 102.

It appears there may not be an advantage to using upwinding in this case. We continue in-
vestigating by fixing the number of elements and comparing the error using several values of the
upwinding parameter ωO.

We note that the error is of the same order for several values of the parameter, including for no
upwinding. We choose to continue our simulations with upwinding (for consistency with the other
classes), using ωO = 3.5 as the upwinding parameter for class O.

As before, we sequentially increase the number of splines elements by a factor of two to confirm
that the numerical solution converges to the exact solution. The results appear in Table 4.
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Figure 29: Effect of varying ωO on error between numerical and exact solution at t = 15 for N = 1201
spatial elements. Exact solution is of the order 102.

Table 4: Convergence of Solution–Maximum Error at t = 15 with ωO = 3.5 for an increasing number
of splines. Exact solution is of the order 102.

NM Maximum error (Max Error for NO)/(Max Error for 2NO)
8 4.6086 2.6825

16 1.7180 3.1906

32 0.5385 3.5164

64 0.1531 3.7385

128 0.0410 3.8632

256 0.0106 3.9299

512 0.0027 3.9645

1024 6.8052e-04 3.9821

2048 1.7089e-04 3.9911

4096 4.2819e-05
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