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The Néel-Brown theory for superparamagnetic relaxation rates is generalized to ferromagnetic
particles with mixed cubic and uniaxial anisotropy. In this article the uniaxial axis is in a 〈001〉
crystallographic direction, while in part II it is in a 〈111〉 direction. The calculations are for high
energy barriers, so transitions between states (stable equilibria) are rare. The approach of Kramers
and Brown is used. A master equation is derived assuming that transitions only occur between
a given pair of states if the states are directly connected by flux paths across saddle points. The
master equation is solved for the probability distribution and the effect on the magnetic moment
is calculated. Some relaxation modes have no effect on the moment. There are as many as five
distinct relaxation rates for the probability distribution, but at most two for the moment. One rate
is for the component parallel to the uniaxial axis while the other is for the perpendicular component.
These rates are functions of the cubic anisotropy parameter K′

1 and the uniaxial parameter Ku. The
double relaxation rate can give rise to phenomena such as partial superparamagnetism and rotation
of the moment.

PACS numbers: 76.20+q,75.20.-g

I. INTRODUCTION

The theory of Néel1, in its original form or the more
rigorous theory by Brown2, has been the main tool for
understanding a great variety of thermal relaxation phe-
nomena in ferromagnets. Examples include thermorema-
nent magnetization (TRM), anhysteretic remanent mag-
netization (ARM), complex susceptibility and Mössbauer
spectra3–5. The theory assumes uniaxial anisotropy,
which corresponds to full rotational symmetry about a
single crystal axis. Uniaxial anisotropy is comparatively
easy to work with because the energy depends on only
one coordinate. However, no crystal has such a high
symmetry, and the expression for the relaxation rate has
an anomalous temperature dependence6. This drawback
is shared by some recent extensions of the Néel-Brown
theory7–10.

Exact expressions for the relaxation rate have also been
obtained for pure cubic anisotropy in zero field11. How-
ever, cubic anisotropy (which is magnetocrystalline) is
weak. In general the anisotropy in a real crystal will also
have a significant component due to stress or the magne-
tostatic effect of the shape of the particle. So far, the only
attempts to predict the effect of mixed anisotropy have
used a quasi-uniaxial approximation3,12. This approach
is particularly doubtful when the uniaxial anisotropy is
small, since it is known that there are multiple relaxation
rates for pure cubic anisotropy13.

In this article and a companion I will calculate zero-
field relaxation rates for a mixture of cubic and uniaxial
anisotropy. In part I the uniaxial easy axis is in a 〈001〉
crystallographic directions, while in part II14 it is in a
〈111〉 direction.

I will use the high energy barrier approximation13,
which assumes that transitions from one magnetic state
to another are rare. I will assume intermediate-to-high
(IHD) damping. Experimental estimates of the damping
parameter have so far been low15,16. So why do the IHD
case? First, it is too soon to say that all ferromagnets
have low damping. Second, the calculations are simpler
for the IHD problem, so they provide an opportunity to
introduce some of the methods and terminology and to
draw some conclusions that are true more generally.

I will explicitly calculate the time dependence of the
magnetic moment. Previous authors have often calcu-
lated only the time dependence of the probability distri-
bution for the remanent states, implicitly assuming that
the moment has the same time dependence. However,
this is not generally true. For example, I will show that
in the case of pure cubic anisotropy, only one of the three
relaxation rates actually affects the moment. More gen-
erally, there are separate rates for components parallel to
and perpendicular to the uniaxial axis.

II. RELAXATION THEORY

In the high energy barrier approximation13 energy bar-
riers are high enough that the magnetic state is very likely
to be near an energy minimum, so it is meaningful to
speak of the probability of being in one of a few discrete
states. There can still be enough transitions between
states to change the average moment over the time scale
of interest. The calculation of relaxation rates can be
separated into two parts: calculation of the attempt fre-
quencies between neighboring minima and insertion of all
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the frequencies into a master equation.
As in all micromagnetic problems17, the magnetization

has a fixed magnitude equal to the saturation magneti-
zation Ms, and the magnetization vector can be written
M = Msm, where m = (α, β, γ) is a unit vector.

A. Attempt Frequencies Over Barriers

Suppose there are n identical, non-interacting particles
with ni in state i. In the high energy approximation the
frequency νij of a jump from state i to state j is only
nonzero if states i and j are directly connected by a path
over a saddle point. In that case, the probability per unit
time of a jump from i to j is

νij = ν0
ij exp [−(gs − gi)v/kT ] , (1)

where v is the volume of the particle, ν0
ij is a frequency

of the order of the ferromagnetic resonance freqency, gs

is the free energy density at the saddle point and gi is
the energy density of state i.

In the simplest version of the Néel model1, ν0
ij is as-

sumed to have a fixed value ν0 for all the energy barriers.
The equilibrium population in state i is then given by the
Boltzmann distribution:

neq
i ∝ exp(−giv/kT ). (2)

In effect, this approximation treats each state as a dis-
crete state in which the moment is exactly equal to the
moment with energy density gi.

A more accurate approximation13, based on Kramers
theory, treats the magnetization as continuously varying
but with a high probability of being near one of the min-
ima. Let (θ, φ) be the spherical coordinates of the unit
vector m. For a statistical ensemble of identical particles,
suppose that W (θ, φ)dΩ is the probability of m being
within the solid angle dΩ of the direction (θ, φ). In equi-
librium, this probability is given by the Boltzmann dis-
tribution W ∝ exp(−gv/kT ). Choose coordinates such
that the z axis is parallel to the moment at the energy
minimum. Near the minimum,

g ≈ gi + (c(i)
1 α2

1 + c
(i)
2 α2

2)/2, (3)

where the αi are the direction cosines perpendicular to
the z axis, and c

(i)
1 , c

(i)
2 are constants. Near the saddle

point,

g ≈ gs + (c1α
2
1 − c′2α

2
2)/2, (4)

where the coordinates are chosen so c1 and c′2 are both
positive.

For state i to be a minimum, c
(i)
1 and c

(i)
2 must both be

positive. If the probability is sufficiently localized near
the minimum, W ∝ exp(−(c(i)

1 α2
1 + c

(i)
2 α2

2)/2kT ) can be

integrated out to infinity to obtain the equilibrium dis-
tribution:

neq
i ∝ kT

(
c
(i)
1 c

(i)
2

)−1/2

exp(−giv/kT ). (5)

It is assumed that changes in W are determined by a
probability current that is concentrated near the saddle
point. This probability current is determined by the dy-
namics of the individual particles. The time evolution of
the moment in a given particle is given by the Landau-
Lifshitz equation, which in SI units is

dM
dt

= −|γ′
0|µ0M×Heff − |γ′

0|α
Ms

µ0M×(M × Heff) , (6)

where Heff = −µ−1
0 ∂g/∂M is the effective field, γ′

0 is a
gyromagnetic parameter in HzT−1 and α is a dimension-
less damping parameter.

The Kramers theory matches the probability flow out
of the minimum to the flow through the saddle point.
The resulting expression for the frequency prefactor is13

ν0
ij = G

( |γ′
0|α

2πMs

)(
c
(i)
1 c

(i)
2

)1/2
(

c′2
c1

)1/2

, (7)

where

G =
1

2c′2

{
(c′2 − c1) +

[
(c1 + c′2)

2 + 4α−2c1c
′
2

]1/2
}

. (8)

In Section III B I will calculate the eigenvalues of the
Jacobian for use in the above expressions.

B. Master Equation

Given the attempt frequencies νij between each pair
of states i and j, the rate of change of ni is given by the
master equation

ṅi =
∑
i6=j

(νjinj − νijni) , (9)

where the dot denotes time differentiation. For example,
a particle with pure uniaxial anisotropy has two states,
and their evolution is given by

ṅ1 = −ṅ2 = ν21n2 − ν12n1. (10)

In this system the equilibrium distribution (ṅi = −ṅj =
0) is given by n1/n2 = ν21/ν12 = 0. The system de-
cays exponentially towards equilibrium with time con-
stant (ν12 + ν21)−1.

In less symmetric systems the minima are connected
by a network of saddle points. For example, when the
anisotropy is pure cubic with K ′

1 > 0, the minimum-
energy directions for the moment are the 〈001〉 crystal-
lographic directions, while for the saddle points they are
the 〈110〉 directions. Because the probability of crossing
a given barrier is already low, the probability of jumping
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across two barriers at once is ignored. Thus, there is a
zero probability of jumping directly from the [001] state
to the [001̄] state because they are only connected by way
of other 〈001〉 states.

The time evolution can be expressed in matrix form as
follows18:

ṅ = W · n, (11)

where Wij = νji for i 6= j and Wii = −∑
j νij . For

the equilibrium equation ṅ = 0 to have a solution, the
detailed balance condition19 must be satisfied:

Wijnj = Wjini. (12)

The detailed balance condition is satisfied for constant
prefactor ν0 if the equilibrium probabilities are given by
(2), and for Kramers theory if they are given by (5).

If the detailed balance condition is satisfied, W can be
diagonalized19:

W = V · Λ · V −1, (13)

where Λ is a diagonal matrix such that Λkk is the k-th
eigenvalue of W , and V is the eigenvector matrix such
that column k corresponds to eigenvalue k. The time
evolution of n from an initial state n(0) is given by18

n(t) = V · diag (exp(Λkkt)) · V −1 · n(0), (14)

where diag (exp(Λkkt)) is a diagonal matrix with diagonal
entries Λkkt.

Usually the time dependence of the moment has more
physical interest than the probability for each state. This
is given by

m(t) =
∑

i

ni(t)mi, (15)

where mi is the moment of state i. This is often simpler
than the expressions for n(t) because many components
are eliminated by the symmetry.

III. RESULTS

The calculations are organized as follows. In section
IIIA the equilibrium solution are calculated as functions
of the ratio Ku/K ′

1. In section III B the eigenvalues of the
Jacobian are calculated for each solution are calculated
to determine its stability. The eigenvalues are also used
to calculate the prefactor for the attempt frequency over
each saddle point in section III C. The master equations
are constructed in section IIID and solved for the time
dependence of the probability of each state. Finally, the
solutions are used to determine the time dependence of
the magnetic moment.

A. Equilibrium Solutions

The first step in calculating the relaxation rates is to
identify the stable equilibrium states and determine their
energies. Assuming a superposition of cubic anisotopy
and uniaxial with rotational axis in the [001] direction,
the free energy density is

g = Ku(1 − γ2) + K ′
1(α

2β2 + β2γ2 + γ2α2), (16)

where Ku is the uniaxial parameter and K ′
1 is the stress-

free cubic magnetocrystalline parameter20.
The uniaxial anisotropy is the sum of contributions

from shape anisotropy and inverse magnetostriction. If
the particle is rotationally symmetric about some axis
and has aspect ratio q, then Ku = N(q)/2, where N(q)
is the demagnetizing factor21. A prolate spheroid has
positive Ku and the axis of rotational symmetry is an
easy axis for the moment. An oblate spheroid has nega-
tive Ku and the rotational axis is a hard axis. If there is a
uniaxial stress σ, Ku depends on the crystallographic ori-
entation of the stress and the magnetoelastic parameters
λ100 and λ111. A uniaxial stress σ in a 〈001〉 direction
produces a uniaxial easy or hard axis in the same direc-
tion with Ku = (3/2)λ100σ. Here, and in the rest of the
paper, I use the notation 〈hkl〉 to indicate all the states
that are equivalent by cubic symmetry to [hkl].

In the expansion for cubic anisotropy I have left out
the second order term K2α

2β2γ2. This is generally small,
and it is unlikely that K ′

1 and Ku will both be so small
that K2 matters. A larger source of potential error is the
assumption that the non-magnetocrystalline anisotropy
is uniaxial. In general it will be triaxial, but that would
add greatly to the difficulty of the calculation. The
anisotropy is often nearly uniaxial, and the anomalous
temperature dependence mentioned in the introduction
disappears because the cubic anisotropy breaks the rota-
tional symmetry. For the calculations in this article the
physical origin of the parameter Ku is not important,
and I will simply take Ku as given. For completeness, I
will calculate relaxation rates for both prolate (Ku < 0)
and oblate (Ku > 0) uniaxial anisotropy.

Equilibrium solutions for this problem are stationary
points of the free energy with the constraint m · m = 1.
Using this constraint, we can make the substitution
γ2 = 1 − α2 − β2 in (16). Then g depends only on α
and β. Taking the derivatives with respect to these vari-
ables, and assuming K ′

1 6= 0, we obtain the equilibrium
equations

2α
[
κ + 1 − 2α2 − β2

]
= 0 (17a)

2β
[
κ + 1 − α2 − 2β2

]
= 0, (17b)

where κ = Ku/K ′
1. The solutions to these equations are

then substituted into γ = ±(1 − α2 − β2)1/2 to get m.
Not all the equilibrium solutions are obtained from the
above equations, but the remaining solutions can be ob-
tained either by invoking the symmetry or by successive
substitutions for α and β in g. The solutions are given
in Table I.
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TABLE I: General solutions for uniaxial axis in the [001] di-
rection. The left column gives the name I will use to refer
to each solution. The components are for the unit vector in
the direction of the moment. The eigenvalues are for the Ja-
cobian of the energy in coordinates such that the z axis is in
the direction of the moment.

Name Components g/K′
1 Ji/K′

1

u (0, 0,±1) 0 2(1 + κ) (double)
100 (±1, 0, 0), (0,±1, 0) κ 2, 2(1 − κ)

110 2−1/2(±1,±1, 0) κ + 1
4

1 − 2κ, −2
0ab (±a, 0,±b), (0,±a,±b)a 1

4
(1 + κ)2 1 + κ, 2(κ2 − 1)

ccd (±c,±c,±d)b 1
3
(1 + κ)2 4

3
(1 + κ)(−1 + 2κ),

− 4
3
(1 + κ)

aWhere a =
√

(1 + κ)/2 and b =
√

(1 − κ)/2.
bWhere c =

√
(1 + κ)/3 and d =

√
(1 − 2κ)/3.

B. Stability

The solutions to (17) include all the minima, maxima
and saddle points. In this section I will determine their
stability by calculating the eigenvalues of a Jacobian of
the energy, taking into account the constraint m ·m = 1.
This is best done in coordinates perpendicular to the
magnetization vector because the eigenvalues can also be
used in the Kramers theory (section IIA). If m⊥

i are the
coordinates in a suitably rotated reference frame, then
m = R⊥ · m⊥. Substituting for m in (16) and substi-
tuting γ⊥ =

√
1 − (α⊥)2 − (β⊥)2 results in a free energy

in terms of the perpendicular coordinates α⊥ and β⊥.
The Jacobian is obtained by calculating the derivatives
in terms of α⊥ and β⊥ and substituting α⊥ = β⊥ = 0.

For the u state R is just the identity. For other states,
one can use the matrix

R⊥
ij =


ac/

√
a2 + b2 −b/

√
a2 + b2 a

bc/
√

a2 + b2 a/
√

a2 + b2 b

−√
a2 + b2 0 c


 . (18)

The eigenvalues of the Jacobian are given in Table I.
Each solution is a minimum if both eigenvalues are posi-
tive, a maximum if both are negative, and a saddle point
if one is positive and one negative. In addition, the 0ab
solutions are only real if |κ| < 1, while the ccd solutions
are only real if −1 < κ < 1/2.

C. Single-Barrier Attempt Frequencies

The attempt frequencies that will be needed in the
master equations are listed in Table II. They are defined
by the starting point (an energy minimum) and the bar-
rier (a saddle point) over which the jump occurs. These
frequencies are also labeled in Figs. 2-5. The coefficients
that are needed in equations 7 and 8 are listed in Table II.

In addition, values of γ′
0 and α are needed. We can

express γ′
0 in terms of γ0 = gµB/2~ (where µB is the Bohr

magneton and g ≈ 2 the gyromagnetic factor) as follows.
The parameter γ0 appears in the Gilbert equation

dM
dt

= −|γ0|µ0M ×
(
Heff − η

dM
dt

)
, (19)

where η is a dissipation parameter. This equation is
equivalent to the Landau-Lifshitz equation13 with |γ′

0| =
|γ0|/(1 + γ2

0η2µ2
0M

2
s ) and α = |γ0|ηµ0Ms. Thus,

|γ′
0| = |γ0|/(1 + α2). (20)

In the high damping limit (α À 1),

ν0 ≈
( |γ0|

2πMsα

)(
c
(i)
1 c

(i)
2

)1/2
(

c′2
c1

)1/2

. (21)

The c parameters depend on K ′
1 and Ku.

By contrast, the prefactor for uniaxial anisotropy is13

ν0 =
α

1 + α2

2|γ0|K3/2
u v1/2

Ms(πkT )1/2
. (22)

It depends on particle volume and has an explicit depen-
dence on temperature. Thus, the expression for mixed
cubic and uniaxial anisotropy does not approach (22)
as Ku increases. This is to be expected as the cubic
anisotropy does not disappear. However, it also does
not approach (22) as K ′

1 goes to zero. This mismatch oc-
curs because the assumptions behind the Kramers theory
break down. The saddle point is nearly flat perpendicu-
lar to the direction of flow, so probability flow is not re-
stricted to the neighborhood of a saddle point. Because
of the high symmetry of the uniaxial case, an asymptotic
expansion would be needed to bridge the gap.

The prefactors, normalized by 2πMs/|γ0K
′
1|, are plot-

ted in Fig. 1 for iron and nickel. The normalized prefactor
is dimensionless and depends only on α, κ and the sign
of K ′

1. Near the values κ = −1, 0.5 and 1, the prefac-
tors generally diverge. Again, this is an indication that
the assumptions behind the Kramers model are breaking
down. The model depends on the assumption that there
is quasi-equilibrium in a small region around each mini-
mum and saddle point. Brown13 suggests the condition
that the second order term exp(−(c1α

2
1 + c2α

2
2)v/2kT )

must become negligibly small while α1 and α2 are still
small. This condition fails near the critical values of κ
because one or more of the c coefficients goes to zero as
states appear or disappear (Table II).

D. Master Equations

The form of the master equation is determined by
the topology of the network connecting energy minima
across saddle points. In this section the master equa-
tions are formulated and solved for each topology. Using
the single-barrier attempt frequencies νi as input vari-
ables, I solve the master equation analytically following
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TABLE II: Single-barrier attempt frequencies νi. Each frequency is defined by the starting minimum and the saddle point that
is crossed. The table lists energy barriers and coefficients in the expansions (3 and 4) of the energy near the minimum and
saddle point. These coefficients are the eigenvalues from section III B, except that the negative eigenvalue for the saddle point
is made positive to get c′2. All parameters are normalized by |K′

1|.
ν min saddle c

(1)
1 c

(2)
1 c1 c′2 (gs − gi)

ν1 100 110 2 2 − 2κ 1 − 2κ 2 1
4

ν2 u 110 −2 − 2κ −2 − 2κ 2 1 − 2κ −κ − 1
4

ν3 u 0ab 2 + 2κ 2 + 2κ 1 + κ 2 − 2κ2 1
4

(1 + κ)2

ν4 100 0ab 2 2 − 2κ 1 + κ 2 − 2κ2 1
4

(1 − κ)2

ν5 ccd 0ab 4
3
(1 + κ)(1 − 2κ) 4

3
(1 + κ) 2 − 2κ2 1 + κ 1

12
(1 + κ)2

ν6 ccd 110 4
3
(1 + κ)(1 − 2κ) 4

3
(1 + κ) 2 1 − 2κ 1

12
(2κ − 1)2

ν7 110 0ab 2κ − 1 2 2 − 2κ2 1 + κ − 1
4
κ (κ − 2)

ν8 u 100 2 + 2κ 2 + 2κ 2 2κ − 2 κ
ν9 110 100 2κ − 1 2 2κ − 2 2 1

4
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FIG. 1: Prefactors for the single-barrier relaxation rates νi.
(a) K′

1 > 0. (b) K′
1 < 0. The damping parameter α is set to

0.1 and the prefactors are normalized by 2πMs/|γ0K
′
1|.

the method of Section II B. The values for the νi can be
substituted in the solution to obtain the relaxation rate.

The number of each type of solution (minimum, sad-
dle point or maximum) must satisfy the topological
constraint22

#max − #saddle + #min = 2, (23)

as long as all of the solutions are isolated (it does not
apply to pure uniaxial anisotropy because the maximum
is a great circle rather than a point). This criterion is re-
lated to the more familiar Euler’s theorem for polyhedra:
V − E + F = 2, where V is the number of vertices, E of
edges and F of faces. For convenience, I will use V,E, F
to represent the number of minima, saddle points and
maxima.

I organize this section by the value of κ because that
determines the equilibrium solutions. There are then two
networks of stable states, depending on the sign of K ′

1.

If κ is kept fixed and the sign of K ′
1 is changed, the

eigenvalues of the Jacobian change sign. This converts
maxima into minima and vice versa while leaving saddle
points as saddle points. These changes leave V − E + F
unchanged.

The calculations in this section were implemented us-
ing the MATLAB Symbolic Toolbox. I have provided
the script in the electronic supplement.

1. κ < −1

For κ < −1 and K ′
1 > 0, there are four 100 minima,

four 110 saddle points and two u maxima (Fig. 2). Thus,
the topological constraint V −E+F = 2 is satisfied. Each
100 minimum is connected to two nearest neighbors by a
110 saddle point. Therefore,

νij =




0 0 ν1 0

ν1 0 ν1 0

0 ν1 0 ν1

ν1 0 ν1 0


 , (24)

where ν1 is labeled in Fig. 2 and defined in Table II. The
eigenvalues of Wij are

λi = (−4 ν1,−2 ν1,−2 ν1, 0) (25)

and the corresponding eigenvector matrix is

Vij =



−1 −1 0 1

1 0 −1 1

−1 1 0 1

1 0 1 1


 . (26)

The last column corresponds to the zero eigenvector. Its
components are therefore proportional to the number of
particles in each state in equilibrium.

Not all transitions affect the moment. Let us label
the states so the +x direction is state 1. Then the first
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u 

ν
2
 

110

ν
1
 

100

FIG. 2: Equilibrium states and their connections for K′
1 > 0,

κ = −3/2 and easy axis in the [001] direction. The viewpoint
is close to the [111] direction. The streamlines of the energy
gradient through the saddle points are shown as solid lines if
they connect with minima and dashed lines if they connect
with maxima. Rates across the energy barriers are indicated
with labels and arrows. If K′

1 < 0 dashed and solid lines are
exchanged, maxima are exchanged with minima and saddle
points remain the same.

eigenvector corresponds to transitions from the x to the
y axis. Along a given axis, the populations in both di-
rections change equally, so the moment is unaffected. By
contrast, the second and third eigenvectors correspond to
transitions from one end of the x or y axis to the other,
so they do affect the moment. Both of these eigenvectors
have eigenvalue −2ν1.

Assume all the particles are initially in state 1. Then
n(0) = (1, 0, 0, 0)T . The time evolution of the moment
can be determined using (14-15) with Λii = λi. The
result is that the moment remains in the +x direction
and decays with rate 2ν1. Thus, the component m⊥
perpendicular to the uniaxial axis has time dependence

m⊥(t) = m⊥(0) exp(−2ν1t), (27)

while the parallel component m‖ is identically zero.
Equivalently, the perpendicular relaxation rate is (ν⊥ =
2ν1) while the parallel rate (ν‖) is undefined.

If K ′
1 < 0 the two u states are minima connected by

four 110 saddle points. The moment is therefore always
in the u direction and

m‖(t) = m‖(0) exp(−8ν2t). (28)

The perpendicular component is identically zero. Thus,
ν‖ = 8ν2 and ν⊥ is undefined.

u
ν

3
 

0ab
ccd 

ν
5
 

ν
4
 

ν
6
 

ν
1
 

100

110

FIG. 3: Equilibrium states and their connections for K′
1 > 0,

κ = −1/2 and easy axis in the [001] direction. The conven-
tions are the same as for Fig. 2.

2. −1 < κ < 1/2

When κ crosses −1 the u state bifurcates (Fig. 3).
Newly formed 0ab and ccd states start near the z axis
for κ = −1 and travel towards the x and y axes as κ
increases. The 100 and 110 states remain the same. For
K ′

1 > 0 the u and 100 states are minima, the ccd states
are maxima and the 0ab and 110 states are saddle points.
Thus, V −E +F = 6−12+8 = 2. The nearest-neighbor
connections form an octahedron with each vertex corre-
sponding to a minimum and each edge to a saddle point.
Number the minima so that the first is (0, 0, 1), the next
four are the 100 states, and the last is (0, 0,−1). Then

νij =




0 ν3 ν3 ν3 ν3 0

ν4 0 ν1 0 ν1 ν4

ν4 ν1 0 ν1 0 ν4

ν4 0 ν1 0 ν1 ν4

ν4 ν1 0 ν1 0 ν4

0 ν3 ν3 ν3 ν3 0




. (29)

The eigenvalues of W are

λi = (−4 ν3 − 2 ν4,−4 ν3,−2 ν4 − 4 ν1,

− 2 ν4 − 2 ν1,−2 ν4 − 2 ν1, 0).
(30)

The relaxation depends on whether the initial state is u
or 100. If it is u, the parallel relaxation rate is ν‖ = 4ν3

and the perpendicular rate is undefined. If the initial
state is 100, ν‖ is undefined and ν⊥ = 2(ν1 + ν4). As in
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the previous section, not all relaxation modes affect the
moment. For example, it is clear from Fig. 3 that from
a 100 state jumps are equally likely to the [001] and [001̄]
states, so ν4 cannot appear in ν‖. However, jumps can
occur between 100 states by way of either u state, so ν4

does appear in ν⊥.
If K ′

1 < 0 the ccd states are minima connected by
110 and 0ab saddle points. The geometry is that of a
cube, with the eight vertices being ccd states. Number
the states so the first four are in the +z hemisphere and
state i + 4 is in the opposite direction to state i. Then

νij =




0 ν5 0 ν5 0 0 ν6 0

ν5 0 ν5 0 0 0 0 ν6

0 ν5 0 ν5 ν6 0 0 0

ν5 0 ν5 0 0 ν6 0 0

0 0 ν6 0 0 ν5 0 ν5

0 0 0 ν6 ν5 0 ν5 0

ν6 0 0 0 0 ν5 0 ν5

0 ν6 0 0 ν5 0 ν5 0




. (31)

The matrix W has five distinct eigenvalues.
All of the remanent states are the same type (ccd),

so we can determine the time evolution of the moment
by looking at any one remanent state. The relaxation
rates are ν‖ = 2ν6 (with initial component m‖(0) =
d =

√
(1 − 2κ)/3) and ν⊥ = 2ν5 (with initial component

m⊥(0) = c =
√

(1 + κ)/3).

3. 1/2 < κ < 1

As κ approaches 1/2 from below, two ccd states con-
verge on each 110 state and are annihilated, changing
the stability of the 110 state (Fig. 4). For K ′

1 > 0 there
are six minima (the 100 and u states), eight 0ab sad-
dle points and four 110 maxima. The minima are still
numbered as for −1 < κ < 1/2, but now there are no
connections between the 100 states. The relaxation rates
are therefore obtained by setting ν1 equal to zero. The
rates are ν‖ = 4ν3 and ν⊥ = 2ν4.

If K ′
1 < 0 the 110 states are minima, each connected

to each of two neighbors by two 0ab saddle points. Thus,
the moment is restricted to the (001) plane. The time
dependence of the moment is obtained as for κ < −1 and
K ′

1 > 0, replacing ν1 by 2ν7. Thus, ν⊥ = 4ν7 and ν‖ is
undefined.

4. κ ≥ 1

When κ crosses 1 the 0ab states merge with the 100
states (Fig. 5). The geometry is that of Fig. 2 rotated by
an angle of π/4 about the z axis, so the same derivations

u 

ν
3
 

ν
7
 

0ab

ν
4
 

100

110

FIG. 4: Equilibrium states and their connections for K′
1 > 0,

κ = 3/4 and easy axis in the [001] direction. The conventions
are the same as for Fig. 2.

TABLE III: Relaxation rates in terms of the single-barrier
rates νi.

κ K′
1 > 0 K′

1 < 0
ν‖ ν⊥ ν‖ ν⊥

(−∞,−1) — 2ν1 8ν2 —
(−1, 1/2) 4ν3

a 2(ν1 + ν4)
b 2ν6

c 2ν5
d

(1/2, 1) 4ν3
a 2ν4

b — 4ν7

(1,∞) 2ν8 — — 2ν9

aInitial state is u and ν⊥ is undefined.
bInitial state is 100 and ν‖ is undefined.
cInitial component is d =

√
(1 − 2κ)/3.

dInitial component is c =
√

(1 + κ)/3.

can be used for the relaxation rates. Thus, for K ′
1 > 0

we get ν‖ = 2ν8 and ν⊥ is undefined. For K ′
1 < 0, ν‖ is

undefined and ν⊥ = 2ν9.

IV. DISCUSSION

I showed in section IIID that in general there are two
relaxation rates, one parallel (ν‖) and one perpendicu-
lar (ν⊥) to the uniaxial axis. The rates are compiled in
Table III.

When κ = 0 (pure cubic anisotropy) and K ′
1 > 0 then

ν1 = ν3 = ν4 ≡ ν, where

ν = G

(
|γ′

0|α
√

2
πMs

)
K ′

1 exp
(
−K ′

1v

4kT

)
(32)

and G = 1/4 + (1/4)(9 + 8α−2)1/2. The relaxation rates
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u 

ν
8
 

100 

110 

ν
9
 

FIG. 5: Equilibrium states and their connections for K′
1 > 0,

κ = 5/4 and easy axis in the [001] direction. The conventions
are the same as for Fig. 2.

for the probability distribution are 4ν and 6ν. This
agrees with previous theory13. However, ν‖ = ν⊥ = 4ν,
so only one relaxation rate affects the magnetic moment.

When κ = 0 and K ′
1 < 0 then ν5 = ν6 ≡ ν, where

ν = G

(
|γ′

0|α
√

2
πMs

)
|K ′

1| exp
(
−|K ′

1|v
12kT

)
(33)

and G = 1/2 + (1/2)(9 + 8α−2)1/2. The relaxation rates
for the probability distribution are 2ν, 4ν and 6ν, again in
agreement with previous theory13. However, ν‖ = ν⊥ =
2ν, so only one of the three relaxation rates affects the
moment.

For K ′
1 > 0 and −1 < κ < 1, the rate ν‖ = 4ν3 (corre-

sponding to jumps over 0ab barriers from u states) has
the same energy barrier as Dormann et al.3 used in their
quasi-uniaxial approximation. We now see that the ap-
proximation is valid for |κ| < 1, but only for relaxation
parallel to the uniaxial axis. Since many of the states
have a large perpendicular moment, perpendicular relax-
ation can have as great or greater effect on the moment.

Relaxation rates for iron and nickel are shown in Fig.
6 for two values of v/kT . A function for calculating the
rates is included in the electronic supplement. The value
of |γ0| is23 1.8 × 1011 HzT−1. Measurements for α are
between about 0.005 and 0.0515,16. Since this may lie in
the low-dissipation regime, I have chosen a larger value
of 0.1 for α.

The divergences in prefactor, discussed in Section
III C, are apparent in Fig. 6. Although they indicate a
breakdown in the assumptions behind the Kramers the-
ory, the problem appears to be restricted to very near
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(b) 

FIG. 6: Relaxation rates for (a) Fe (Ms = 1.72 × 106 kA/m,
K′

1 = 4.8 × 104 Jm−3) and (b) Ni (Ms = 4.85 × 105 kA/m,
K′

1 = −5× 103 Jm−3). Solid lines are ν‖ and dashed lines are
ν⊥. Two values of β|K′

1| are shown, where β = v/kT . The
damping parameter α is set to 0.1.

the three critical values of κ. All the rates approach zero
at the ends of the curves. This is reasonable because
some state is disappearing, and near the end its Boltz-
mann probability will approach zero. The discontinuities
in the middle of the curves are probably not real. The
true probabilities and probability currents should change
smoothly with Ku and K ′

1. Thus, the correct curve can
be estimated by smoothing the curves across the discon-
tinuities.

The existence of two relaxation rates is a qualitative
departure from the Néel-Brown theory with implications
for many of the applications such as thermoremanent
magnetization. Because the rates can differ by several or-
ders of magnitude, many measurements will only detect
one rate, while others will see no relaxation at all. The
vast difference in time scales will present a very difficult
resolution problem for numerical models of stochastic dy-
namics.

A less obvious implication is that a particle may be
partly superparamagnetic. On time scales between the
two rates, equilibrium exists within certain clusters of
states but not between clusters. For example, in Fig. 3
with K ′

1 < 0, states with a positive z component would
be in equilibrium with each other. Such a cluster has a
nonzero average moment, so it can carry a remanence,
but the remanence will be reduced by thermal fluctua-
tions. The two relaxation rates are for different direc-
tions in a particle, so in an oriented sample the partial
remanence will also be rotated.

The particles modeled in this article are single-domain.
The number of available states tends to increase with
particle size. Even in an elongated particle with no mag-
netocrystalline or magnetoelastic anisotropy, new states
with moments perpendicular to the long axis appear as
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the size increases24. Thus, multiply connected states,
and multiple relaxation times, are probably the rule in
larger particles.
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