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Abstract
Benzene is a highly flammable, colorless liquid, and ubiquitous exposures result

from its presence in gasoline vapors, cigarette smoke, and industrial processes. After
uptake into the body, benzene undergoes a series of metabolic transformations resulting
in multiple metabolites that exert toxic effects on the bone marrow. We developed a
physiologically based pharmacokinetic model for the uptake and elimination of benzene
in mice to relate the concentration of inhaled and orally administered benzene to the
tissue doses of benzene and its key metabolites. This model takes into account the
zonal distribution of enzymes and metabolisms in the liver, rather than treating the
liver as one homogeneous compartment, and considers metabolism in tissues other than
the liver. Analysis was done to examine the existence and uniqueness of solutions of the
system. We then formulated an inverse problem to obtain estimates for the unknown
parameters; data from multiple laboratories and experiments were used. Despite the
sources of variability, the model simulations matched the data reasonably well in most
cases, showing that the multicompartment metabolism model does improve predictions
over the previous model [6] and that in vitro metabolic constants can be successfully
extrapolated to predict in vivo data for benzene metabolism and dosimetry.

1 Introduction and Problem Motivation

Benzene is an ubiquitous environmental pollutant and is a component of both cigarette
smoke and automobile emissions [37, 38]. It has also been a widely used solvent and a
precursor for many synthetic materials [14]. Benzene causes leukemia in humans when they
are exposed to high doses for extended periods; however, leukemia risks in humans at low
exposures are uncertain. Chronic exposures to benzene result in a variety of blood and bone
marrow disorders in both humans and laboratory animals [9, 18]. Increased incidence of acute
myelogenous leukemia in humans resulted from high-level benzene exposures. Although
the leukemogenicity of benzene has not been proven in rats or mice, benzene has been
demonstrated to induce solid tumors in those species [20, 21].
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Most metabolism of benzene occurs in the liver; enzymes capable of metabolizing benzene
are also present in the lungs and kidneys of rodents and in the bone marrow of some rodent
species [2, 5]. The initial metabolite of benzene is benzene oxide. Benzene oxide rearranges
spontaneously to form phenol. Phenol is subsequently hydroxylated to form hydroquinone
and catechol as well as 1,2,4-benzenetriol [16, 38].

Much research has been done through the years on benzene dosimetry in rodents. Physio-
logically based pharmacokinetic (PBPK) modeling seeks to incorporate known physiological
parameters such as body weight, organ volumes, and blood flow rates in particular tissues,
as well as known partition coefficients that have been obtained through experimentation.
The model described here extends a previous model that predicted tissue concentrations of
certain metabolites in vivo in mice as a function of exposure using metabolic parameters
obtained in vitro. In this paper, we consider metabolism in tissues other than the liver and
additionally look at the zonal distribution of enzymes and metabolism in the liver, rather
than assuming the liver to be one homogeneous compartment. Certain enzymes are found
only in certain zones of the liver; we know that enzyme-mediated metabolism can occur only
in the zones where the associated enzymes are present. Thus, to be physiologically correct
the liver can not be considered as a single homogeneous compartment. The objective of this
study was to improve and further develop a PBPK model that predicts tissue concentrations
of certain metabolites in mice based on exposure using metabolic parameters obtained in
vitro. Since in vitro metabolic parameters are also available for humans, the model could
then be extrapolated to humans for risk assessment.

The organization of the paper is as follows. We begin in Section 2 with the development
of the model from mass balance techniques and incorporate specific metabolic equations
for benzene. Section 3 examines the existence and uniqueness of solutions of the system.
Section 4 deals with parameter estimation through an inverse problem formulation using a
modified maximum likelihood function. Numerical results are discussed in Section 5. Section
6 contains concluding remarks.

2 Model Development

The structure of the PBPK model used in this study is depicted in Figure 1. To the extent
possible, metabolic parameters have been estimated from previously published in vitro work.
The basic structure of the model is the same as presented by Cole et al. [6]; for the remainder
of this article, the previous model will be referred to as the Single Compartment Liver (SCL)
model. Parameters have been scaled by the protein concentrations in liver and kidney to
model in vivo metabolism. Physiological parameters, specifically tissue volumes and blood
flows, were also taken from the open literature. In addition, a list of abbreviations and
symbols used in the model can be found in Appendix A.

2.1 Model Structure and Assumptions

The model tracks systemic and tissue levels of benzene, benzene oxide, phenol, and hy-
droquinone, as well as the total amounts of muconic acid, phenylmercapturic acid, phenol
conjugates, hydroquinone conjugates, and total catechol and trihydroxy benzene (plus conju-
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gates) produced. For benzene, benzene oxide, phenol, and hydroquinone, the body is divided
into the following compartments: blood (except for benzene); kidney; liver; fat; rapidly per-
fused tissues, which consist of brain, heart, spleen, intestines, and bone marrow; and slowly
perfused tissues, which contain muscle and skin. The liver is further subdivided into three
compartments of equal volume which represent the three zones of the liver (see discussion
later in this section). This is the same basic compartment structure as the SCL model except
that the liver has been divided into multiple compartments and a separate kidney compart-
ment has been added. Previously, the kidney had been considered to be part of the rapidly
perfused tissue compartment. Additionally, nonenzymatic metabolism is assumed to occur
in all tissues.

A stomach lumen compartment and alveolar gas-exchange region were also included for
benzene to describe oral and inhalation exposures, respectively, as was done in the SCL
model. For benzene oxide, phenol, and hydroquinone, separate differential equations were
used for the blood compartment, rather than the usual pseudo-steady-state assumption. All
metabolites that are represented individually as a single compartment are assumed to be
the amount of the metabolite in the urine, that is, a single equation is used to represent
the amount of the metabolite excreted in the urine. All compartments are assumed to be
well-mixed.

As before, the venous-equilibrium model was used for each tissue compartment; that is,
the concentration in the venous blood leaving the compartment was assumed to be at equi-
librium with the concentration in the compartment, with P i

j being the equilibrium partition
coefficient for chemical i in tissue j:

CV i
j =

Ci
j

P i
j

.

The total cardiac flow is modeled as the sum of flows to each tissue compartment:

QCard = QF + QS + QR + QL + QK .

The concentration of benzene in the mixed venous blood is given by:

CV BZ =
CV BZ

F QF + CV BZ
S QS + CV BZ

R QR + CV BZ
L QL + CV BZ

K QK

QCard

.

Since the blood:air partition coefficient for benzene is relatively low (PBZ
Bl:Air = 18) [23], a

standard pseudo-steady-state gas-exchange equation is used to describe benzene concentra-
tion in arterial blood:

CABZ =
QAvV CBZ

I + QCardCV BZ

QAvV

PBl:Air
+ QCard

.

(For high partition coefficient values (≥ 100), this relation is not correct because the concen-
tration reaching the gas exchange region is significantly less than the inhaled concentration.)

We assumed that the uptake of orally administered benzene in the body is from the
stomach to the liver, where it can be metabolized or distributed to the rest of the body. We
also assumed that this is a one-way exchange; once benzene is taken up by the liver it does
not return to the stomach lumen. This uptake is represented by a linear equation:

k8AMStom.
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This model considers metabolism in tissue other than the liver and incorporates informa-
tion about the particular zone of the liver in which metabolism occurs (see Figure 2). Multiple
studies have been done to confirm the heterogeneous nature of the liver [1, 8, 12, 24, 25].
It is noted that the zones of the liver differ in their enzyme composition. The oxygen and
nutrient contents are also thought to be of varying quality in each zone, which correspond
in rank to the zone numbering [12].

According to Medinsky et al. [25], P450 2E1 (CYP2E1) is found primarily in the peri-
central hepatocytes, or zone 3, of the liver. Therefore, when the liver was subdivided,
metabolism mediated by CYP2E1 was only considered to occur in zone 3 of the liver. Rate
equations taken from Lovern et al. [17] for the oxidation of benzene to benzene oxide, phenol
to hydroquinone and catechol, and hydroquinone to trihydroxy benzene have been modified
to show the metabolism confined to the third zone:

RMBZ
BO,L3 = k1

V2E1C
BZ
L3

DL

CMP TL

3

RMPH
HQ,L3 = k5

V2E1C
PH
L3

DL

CMP TL

3

RMPH
Cat,L3 = k6

V2E1C
PH
L3

DL

CMP TL

3

RMHQ
THB,L3 = k7

V2E1C
HQ
L3

DL

CMP TL

3
,

where V2E1 is the activity of CYP2E1 per milligram of cytosolic protein from whole liver
homogenates as determined by the oxidation of p-nitrophenol to p-nitrocatechol, CMP is the
amount of microsomal protein per gram of liver, and

DL = 1 + ABZCBZ
L3 + APHCPH

L3 + AHQCHQ
L3 .

Unlike in the previous SCL model where CMP was estimated, the value of CMP found by
Medinsky et al. [26] was used. The kidney contains approximately 10% of the concentration
of CYP2E1 found in the liver [7]. So, it is assumed that relative to the metabolism in the
liver, 10% of the metabolism mediated by CYP2E1 is in the kidney. The V2E1 is scaled by
10% to give us the rate equations for the metabolisms using CYP2E1 in the kidney:

RMBZ
BO,K = k1

V2E1

10

CBZ
K

DK

CMP TK

RMPH
HQ,K = k5

V2E1

10

CPH
K

DK

CMP TK

RMPH
Cat,K = k6

V2E1

10

CPH
K

DK

CMP TK

RMHQ
THB,K = k7

V2E1

10

CHQ
K

DK

CMP TK

where
DK = 1 + ABZCBZ

K + APHCPH
K + AHQCHQ

K .
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ABZ was found by taking the inverse of the average of the Km found by Nedelcheva et al.
[27]; other rate parameters were taken from Lovern et al. [17]. TL is the total mass of the
liver and TK is the total mass of the kidney. We assumed that tissue has the same density
as water; thus,

Tj = Vj ∗ 103 g

1 L

where j could be the liver (L) or the kidney (K).
Since the metabolism of benzene oxide to phenol is nonenzymatic, it is assumed that this

metabolism occurs in all compartments and is represented by the first-order equation:

RMBO
PH,j = k2C

BO
j Vj

where j is the compartment index.
Glutathione S-transferase is required for the metabolism of benzene oxide to phenylmer-

capturic acid. It is found in tissue such as the liver, kidney, muscle, and heart [13]. Within
the liver, glutathione S-transferase is found primarily in the plate limiting hepatocytes of the
central vein [19]. Thus, we consider first-order metabolism to occur in the slowly and rapidly
perfused tissues, the fat, the kidney, the blood, and the third zone of the liver, represented
by the equation:

RMBO
PMA,j = k3C

BO
j Vj

where j is the compartment index.
The rate of metabolism of benzene oxide to muconic acid is assumed to be first-order, as

in the previous model. Epoxide hydrolase, which mediates this metabolism, is found in the
centrilobular region (zone 3) of the liver [29]. Thus, the rate equation becomes

RMBO
MA,L3 = k4C

BO
L3

VL

3
.

The parameter k2 was obtained from work by Lovern et al. [17]; k3 and k4 were not
available from the literature and were estimated in this study.

As in the SCL model, the assumption on the grouping of sulfation and glucuronidation
is applied in this model as well. Since sulfation takes place primarily in zone 1 of the liver,
the rate equation for the conjugation of phenol from Seaton et al. [35] was used with the
metabolism only occurring in zone 1:

RMPH
Conj,L1 =

(
VPH1C

PH
L1

KPH
m,1 + CPH

L1

+
VPH2C

PH
L1

KPH
m,2 + CPH

L1

)
CCP TL

3
.

The KPH
m,1 and KPH

m,2 found by Seaton et al. [35] in their in intro studies were used. The
value of CCP obtained by Medinsky et al. [26] was used.

The metabolism of hydroquinone to its conjugates is assumed occur in zone 3 since the
glucuronidation capacity is greater in this region [25]. This metabolism is represented by
the equation for glucuronidation from Seaton et al. [35]:

RMHQ
Conj,L3 =

VHQCHQ
L3

KHQ
m + CHQ

L3

CMP TL

3
.
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Again, the value for KHQ
m was taken from the in vitro work of Seaton et al. [35].

As in the SCL model, it is assumed that part of the administered benzene binds to tissue
macromoles, which is why Parke and Williams [28] observed that part of the administered
benzene was still found in the tissues of rabbits two days after dosing and only 80-90% of
the administered dose was found in the excreta. Therefore a binding term was considered
for phenol and hydroquinone.

All parameter values taken from the literature are listed in Table 1.

2.2 Partition Coefficients

The only partition coefficients between various tissues and blood that were available from the
literature were for benzene. This model requires partition coefficients between various tissues
and blood for benzene oxide, phenol, and hydroquinone as well. The partition coefficients for
benzene were used for benzene oxide. The partition coefficients for phenol and hydroquinone
were obtained by using an algorithm introduced by Poulin and Krishnan [30]. The method
and the assumptions made in applying this algorithm are the same as in the SCL model.
For more details of the algorithm, see Poulin and Krishnan [30, 31]. In addition to using the
liver:blood partition coefficient as the richly perfused:blood partition coefficient for phenol
and hydroquinone, the liver:blood partition coefficient was used as the kidney:blood partition
coefficient for benzene, benzene oxide, phenol, and hydroquinone. The values of the partition
coefficients used for benzene can be found in Table 1; those for phenol and hydroquinone are
presented in Table 2.

3 Existence and Uniqueness of Solutions

For systems such as this one, we want to guarantee that we can find a solution and that the
solution will be unique. Consider the autonomous system of nonlinear differential equations

~̇x = ~f(~x)

with ~x(t0) = ~x0. Here,
~f(~x) : U → <n,

where U is an open subset of <n, ~x0 ∈ <n, and t0 ∈ <. We will examine whether ~f is locally
Lipschitz, which is achieved by examining each component fi, i = 1, 2, ..., n.

In this model for i = 1, 2, ...n, with n = 38, each fi has the following form

fi(~x) = Ai +
n∑

j=1

BijxjH(xj) +
n∑

k=1

Dik

xk,1H(xk,1)

Kk + xk,1H(xk,1)

+
n∑

l=1

Eil

xl,1H(xl,1)

1 + alxl,1H(xl,1) + blxl,2H(xl,2) + clxl,3H(xl,3)

where Ai, Bij , Dij , Eij , Kk, al, bl, and cl are nonnegative constants, xj is the concentration
in the jth tissue compartment and is the jth component of ~x, xp,q is the qth component
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involved in the metabolism of the pth tissue compartment where q = j, k, l and p = 1, 2, 3,
and H is the Heaviside function given by

H(xj) =

{
1 xj ≥ 0
0 xj < 0

.

We use the Heaviside function so as to guarantee that each component of ~x is nonnegative
since the components represent amounts or concentrations and negative quantities would not
be physically plausible. In our particular model the nonnegatively assumptions on Kk, aj,
bk, and cl are true because Kk is a concentration at half saturation and al, bl, cl are affinities.

We will first show that each fi is locally Lipschitz, and thus ~f is locally Lipschitz. Let

Nε(~x0) = {~x ∈ <n
∣∣∣‖~x − ~x0‖ < ε}

where ε > 0 and the norm ‖ · ‖ is any equivalent norm in <n. Let ~φ and ~ψ be vectors in

Nε(~x0). We begin by looking at the absolute value of the difference in fi evaluated at ~φ and
~ψ.

|fi(~φ) − fi(~ψ)| =

∣∣∣∣∣
{

Ai +
n∑

j=1

BijφjH(φj) +
n∑

k=1

Dik

φk,1H(φk,1)

Kk + φk,1H(φk,1)

+
n∑

l=1

Eij

φl,1H(φl,1)

1 + alφl,1H(φl,1) + blφl,2H(φl,2) + clφl,3H(φl,3)

}

−
{

Ai +
n∑

j=1

BijψjH(ψj) +
n∑

k=1

Dik

ψk,1H(ψk,1)

Kk + ψk,1H(ψk,1)

+
n∑

l=1

Eil

ψl,1H(ψl,1)

1 + alψl,1H(ψl,1) + blψl,2H(ψl,2) + clψl,3H(ψl,3)

}∣∣∣∣∣
=

∣∣∣∣∣
n∑

j=1

BijφjH(φj) +
n∑

k=1

Dik

φk,1H(φk,1)

Kk + φk,1H(φk,1)

+
n∑

l=1

Eil

φl,1H(φl,1)

1 + alφl,1H(φl,1) + blφl,2H(φl,2) + clφl,3H(φl,3)

−
n∑

j=1

BijψjH(ψj) −
n∑

k=1

Dik

ψk,1H(ψk,1)

Kk + ψk,1H(ψk,1)

−
n∑

l=1

Eil

ψl,1H(ψl,1)

1 + alψl,1H(ψl,1) + blψl,2H(ψl,2) + clψl,3H(ψl,3)

∣∣∣∣∣
≤

n∑
j=1

∣∣∣∣∣Bij

[
φjH(φj) − ψjH(ψj)

]∣∣∣∣∣
+

n∑
k=1

∣∣∣∣∣Dik

[
φk,1H(φk,1)

Kk + φk,1H(φk,1)
− ψk,1H(ψk,1)

Kk + ψk,1H(ψk,1)

]∣∣∣∣∣
+

n∑
l=1

∣∣∣∣∣Eil

[
φl,1H(φl,1)

1 + alφl,1H(φl,1) + blφl,2H(φl,2) + clφl,3H(φl,3)

− ψl,1H(ψl,1)

1 + alψl,1H(ψl,1) + blψl,2H(ψl,2) + clψl,3H(ψl,3)

]∣∣∣∣∣
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≤
n∑

j=1

∣∣∣∣∣Bij

[
φjH(φj) − ψjH(ψj)

]∣∣∣∣∣
+

n∑
k=1

Dik

∣∣∣∣∣
{

Kkφk,1H(φk,1) + φk,1H(φk,1)ψk,1H(ψk,1)

[Kk + φk,1H(φk,1)][Kk + ψk,1H(ψk,1)]

−Kkψk,1H(ψk,1) + ψk,1H(ψk,1)φk,1H(φk,1)

[Kk + φk,1H(φk,1)][Kk + ψk,1H(ψk,1)]

}∣∣∣∣∣
+

n∑
l=1

Eil

[
φl,1H(φl,1) + φl,1H(φl,1)alψl,1H(ψl,1)

+φl,1H(φl,1)blψl,2H(ψl,2) + φl,1H(φl,1)cjψl,3H(ψl,3)

−ψl,1H(ψl,1) − ψl,1H(ψl,1)alφl,1H(φl,1)

−ψl,1H(ψl,1)blφl,2H(φl,2) − ψl,1H(ψl,1)clφl,3H(φl,3)
]
×{[

1 + alφl,1H(φl,1) + blφl,2H(φl,2) + clφl,3H(φl,3)
]

[
1 + alψl,1H(ψl,1) + blψl,2H(ψl,2) + clψl,3H(ψl,3)

]}−1∣∣∣∣∣
≤

n∑
j=1

∣∣∣∣∣Bij

[
φjH(φj) − ψjH(ψj)

]∣∣∣∣∣
+

n∑
k=1

∣∣∣∣∣Dik

[
Kkφk,1H(φk,1) + φk,1H(φk,1)ψk,1H(ψk,1)

K2
k

−Kkψk,1H(ψk,1) + ψk,1H(ψk,1)φk,1H(φk,1)

K2
k

]∣∣∣∣∣
+

n∑
l=1

∣∣∣∣∣Eil

[
φl,1H(φl,1) + φl,1H(φl,1)alψl,1H(ψl,1)

+φl,1H(φl,1)blψl,2H(ψl,2) + φl,1H(φl,1)clψl,3H(ψl,3)

−ψl,1H(ψl,1) − ψl,1H(ψl,1)alφl,1H(φl,1)

−ψl,1H(ψl,1)blφl,2H(φl,2) − ψl,1H(ψl,1)clφl,3H(φl,3)

]∣∣∣∣∣
≤

n∑
j=1

∣∣∣∣∣Bij

[
φjH(φj) − ψjH(ψj)

]∣∣∣∣∣
+

n∑
k=1

∣∣∣∣∣Dik

[
Kkφk,1H(φk,1) − Kkψk,1H(ψk,1)

K2
k

]∣∣∣∣∣
+

n∑
l=1

∣∣∣∣∣Eil

[
φl,1H(φl,1) + φl,1H(φl,1)blψl,2H(ψl,2)

+φl,1H(φl,1)clψl,3H(ψl,3) − ψl,1H(ψl,1)

−ψl,1H(ψl,1)blφl,2H(φl,2) − ψl,1H(ψl,1)clφl,3H(φl,3)

]∣∣∣∣∣
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=
n∑

j=1

∣∣∣∣∣Bij

[
φjH(φj) − ψjH(ψj)

]∣∣∣∣∣
+

n∑
k=1

∣∣∣∣∣Dik

[
φk,1H(φk,1) − ψk,1H(ψk,1)

Kk

]∣∣∣∣∣
+

n∑
l=1

∣∣∣∣∣Eil

{
φl,1H(φl,1) − ψl,1H(ψl,1)

+bl

[
φl,1H(φl,1)ψl,2H(ψl,2) − ψl,1H(ψl,1)φl,2H(φl,2)

]

+cl

[
φl,1H(φl,1)ψl,3H(ψl,3) − ψl,1H(ψl,1)φl,3H(φl,3)

]}∣∣∣∣∣
≤

n∑
j=1

∣∣∣Bij

∣∣∣
∣∣∣∣∣φjH(φj) − ψjH(ψj)

∣∣∣∣∣
+

n∑
k=1

∣∣∣∣∣Dik

Kk

∣∣∣∣∣
∣∣∣∣φk,1H(φk,1) − ψk,1H(ψk,1)

∣∣∣∣
+

n∑
l=1

[∣∣∣∣Eil

∥∥∥∥φl,1H(φl,1) − ψl,1H(ψl,1)
∣∣∣∣

+
∣∣∣Eilbl

∣∣∣∣∣∣∣φl,1H(φl,1)ψl,2H(ψl,2) − ψl,1H(ψl,1)φl,2H(φl,2)
∣∣∣∣

+
∣∣∣Eilcl

∣∣∣∣∣∣∣φl,1H(φl,1)ψl,3H(ψl,3)

−ψl,1H(ψl,1)φl,3H(φl,3)
∣∣∣∣
]

(1)

We now examine various cases:

1. If φj, ψj ≥ 0, then

|φjH(φj) − ψjH(ψj)| = |φj − ψj|
≤ ‖φ − ψ‖.

2. If φj, ψj < 0, then

|φjH(φj) − ψjH(ψj)| = 0

≤ ‖φ − ψ‖.
3. If φj ≥ 0 and ψj < 0, then we use this information coupled with the definition of

absolute value to obtain the following:

|φjH(φj) − ψjH(ψj)| = |φj|
<

∣∣∣∣|φj| + |ψj|
∣∣∣∣

= |φj − ψj|
≤ ‖φ − ψ‖.

The same is true if φj < 0 and ψj ≥ 0.
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Thus, for any φj and any ψj,

|φjH(φj) − ψjH(ψj)| ≤ ‖φ − ψ‖.

We note that these same argument could be used with φk,1 and ψk,1 to obtain the local
Lipschitz condition:

|φk,1H(φk,1) − ψk,1H(ψk,1)| ≤ ‖φ − ψ‖.

Let us now look at several of the other terms in equation (1). By the previous argument,
we know that ∣∣∣∣φl,1H(φl,1) − ψl,1H(ψl,1)

∣∣∣∣ ≤ ‖φ − ψ‖.
For the expression

∣∣∣∣φl,1H(φl,1)ψl,2H(ψl,2) − ψl,1H(ψl,1)φl,2H(φl,2)
∣∣∣∣,

we again examine several cases. We note that these arguments apply to the term

∣∣∣∣φl,1H(φl,1)ψl,3H(ψl,3) − ψl,1H(ψl,1)φl,3H(φl,3)
∣∣∣∣

as well.

1. If φl,1, φl,2, ψl,1, ψl,2 ≥ 0,

∣∣∣φl,1H(φl,1)ψl,2H(ψl,2) − ψl,1H(ψl,1)φl,2H(φl,2)
∣∣∣

=
∣∣∣φl,1ψl,2 − ψl,1φl,2

∣∣∣
=

∣∣∣φl,1ψl,2 − ψl,1φl,2 + φl,1φl,2 − φl,1φl,2

∣∣∣
=

∣∣∣φl,1 (ψl,2 − φl,2) + φl,2 (φl,1 − ψl,1)
∣∣∣

≤
∣∣∣φl,1

∣∣∣∣∣∣ψl,2 − φl,2

∣∣∣ +
∣∣∣φl,2

∣∣∣∣∣∣φl,1 − ψl,1

∣∣∣
≤

(∣∣∣φl,1

∣∣∣ +
∣∣∣φl,2

∣∣∣)‖φ − ψ‖.

Thus, since φl,1 and φl,2 are finite components of ~φ, we know these components are
bounded.

2. If any of the following pairs are negative:

• φl,1, ψl,1 < 0

• φl,1, φl,2 < 0

• φl,2, ψl,2 < 0

• ψl,1, ψl,2 < 0
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then ∣∣∣∣φl,1H(φl,1)ψl,2H(ψl,2) − ψl,1H(ψl,1)φl,2H(φl,2)
∣∣∣∣ = 0

≤ ‖φ − ψ‖.

3. If φl,1, ψl,2 ≥ 0 and ψl,1 < 0, then

∣∣∣φl,1H(φl,1)ψl,2H(ψl,2) − ψl,1H(ψl,1)φl,2H(φl,2)
∣∣∣ =

∣∣∣φl,1ψl,2

∣∣∣
≤

∣∣∣|φl,1ψl,2| + |ψl,1ψl,2|
∣∣∣

=
∣∣∣φl,1ψl,2 − ψl,1ψl,2

∣∣∣
≤ |ψl,2|

∣∣∣φl,1 − ψl,1

∣∣∣
≤ |ψl,2|‖φ−ψ‖.

Since ψl,2 is bounded, this term is locally Lipschitz. This argument also holds for the
following combinations:

• φl,1, ψl,2 ≥ 0 and φl,2 < 0

• φl,2, ψl,1 ≥ 0 and φl,1 < 0

• φl,2, ψl,1 ≥ 0 and ψl,2 < 0

Thus, we have shown that each term in equation (1) is locally Lipschitz; therefore, the fi

are locally Lipschitz.
Therefore, the existence and uniqueness of a solution to our system ~̇x = ~f(~x) with

~x(t0) = ~x0 is guaranteed by the following theorem.
Theorem 1 : Existence and Uniqueness of Solutions of Ordinary Differential

Equations. Let U ⊂ <n be an open set, and let ~f : U → <n be a (local) Lipschitz function.

Let ~x0 ∈ U and t0 ∈ <. There there exists an α > 0 and a solution, ~x(t), of ~̇x = ~f(~x) defined
for t0 − α < t < t0 + α such that ~x(t0) = ~x0. Moreover, if ~y(t) is another solution with
~y(t0) = ~x0, then ~x(t) = ~y(t) on their common interval of definition about t0. [32]

4 The Inverse Problem

In order for models to be useful, we must have values for all parameters in the model; often,
some of these are unknown. Through the optimization of a cost function, we can find values
for these parameters by varying the parameters to fit the solutions found from simulations
to the experimental data.

Although we can find a set of parameters that is an optimal set, we emphasize that
this is not an unique set of parameters. This problem of parameter identifiability has been
discussed extensively by Banks and Kunisch [4]; we direct the reader there for more details.

Optimizations were performed using a combination of Nelder-Mead and Hooke-Jeeves
methods. Both of these algorithms are simplex methods. Nelder-Mead maintains a simplex
S relative to an optimal point; this simplex is updated after each iteration. Hooke-Jeeves is
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evaluated on a stencil and computes function values which are used to find possible search
directions. For a further description of these methods, we refer the interested reader to
Iterative Methods of Optimization [10]. All of our computations are done in MATLAB (The
Math Works, Inc., Natick, Massachusetts).

The model consists of 38 nonlinear ordinary differential equations, which are listed in
Appendix B. These equations incorporate the various rates of metabolism discussed previ-
ously.

For our PBPK model, there are five unknown parameters: k3, the rate constant for the
metabolism of benzene oxide to muconic acid; k4, the rate constant for the metabolism of
benzene oxide to phenylmercapturic acid; k8, the rate constant for the uptake from the
stomach to the liver; k9, the binding constant for phenol to tissue; and k10, the binding
constant for hydroquinone to tissue. These five parameters were estimated, just as they were
for the SCL model. But, unlike with the SCL model, we used the previously published values
for CCP and CMP . Instead, we estimated the maximum rates of metabolism V2E1, VPH,1,
VPH,2, and VHQ, although these rates had been reported previously. The hepatic metabolism
is disrupted when microsomal samples are used; thus the maximum rates of metabolisms
may not have been measured accurately. The previously measured rates given by Seaton et
al. [35] were 0.0221 µmol/mg protein/hr, 0.295 µmol/mg protein/hr, and 1.0456µmol/mg
protein/hr for VPH1, VPH2, and VHQ, repsectively. The result of 141 nmol/mg/hr for V2E1

was an unpublished result.
To estimate these parameters, we used a modified maximum likelihood estimator similar

to the one used by the program SIMUSOLV [36]. A derivation of the modified maximum
likelihood function can be found in Cole et al. [6]. The modified maximum likelihood
function is given by

J(θ) = −1

2

r∑
i=1


ni[log(2π) + 1] + γi

ni∑
j=1

log fi,j + ni log


 1

ni

ni∑
j=1

(zi,j − fi,j)
2

fγi
i,j







where

• J is the cost given θ.

• θ is the set of parameter values.

• r is the number of response (dependent) variables.

• ni is the number of measurements of the ith response.

• n is the total number of measurements, i.e., n =
∑r

i=1 ni.

• zi,j is the observed value of the ith response at the jth data point.

• fi,j is the predicted value of the ith response at the jth data point.

For each variable for which we have data, there is a heteroscedasticity parameter, γj;
each γj is bound between 0 and 2. The closer γj is to 0, the closer the objective function
is to being an absolute error; when γj is close to 2, the closer the objective function is to
measuring a relative error. The γj, j = 1, . . . , 10 in this study, were estimated as well as
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the unknown model parameters described above. Since simplex methods can stagnate, the
optimizations were restarted multiple times until no improvement in the cost function was
obtained.

5 Results

The heteroscedasticity, γj, associated with the amount of phenylmercapturic acid, phenol
conjugates, hydroquinone conjugates, and benzene exhaled as well as the concentration of
phenol in the liver were all 2. The γj was 1.83 for the amount of muconic acid and 0.23
for the concentration of benzene in the liver. For phenol in the blood, γj was 1.52. For
the phenol and hydroquinone in the liver, the γj were 1.25 and 1.09 respectively. Thus, the
objective function was closer to a relative error than an absolute error for most parameters
since many of the γj were close to or equal to 2.

Optimal metabolic parameters that were obtained are given in Table 3.
Using the optimal parameters, this PBPK model, denoted as the MCL model in the

tables and figures, predicted the data reasonably well (see Figures 3 and 4 and Tables 4 and
5) and improved the fit over the SCL model. As in the SCL model, the muconic acid and
phenylmercapturic acid data were very accurately predicted. The model gave qualitatively
accurate predictions of the time course data for the amount of benzene exhaled (see Figure 3).
The predictions of the amount of benzene exhaled improved, giving very accurate estimates
when considering multiple dose levels (see Figure 4). Additionally, we see much improvement
in the fit of the tissue concentration data; we believe that extrahepatic metabolism as well
as the zonal distribution of metabolism in the liver is significant and thus incorporating
these into the model accounts for much of the improvement. The predictions for the phenol
and hydroquinone conjugates still exhibit the behavior that the smallest and largest dose
levels, which come from the studies of Mathews et al. [22], are overpredicted while the
intermediate dose levels, taken from the work of Kenyon et al. [11], are underpredicted. The
overpredictions and underpredictions do not have a linear correspondence to the dose levels
but rather are laboratory dependent.

6 Discussion

The PBPK model described here takes into account various forms of benzene metabolism,
including those mediated by CYP2E1, as well as uptake after both oral and inhalation
exposure. Multiple tissue compartments were used for the key metabolites of benzene, while
single urinary compartments were used for the metabolites and conjugates of benzene oxide,
phenol, and hydroquinone. Nonenzymatic metabolism in all tissues and CYP2E1-mediated
metabolism in the kidney as well as the zonal distribution of enzymes in the liver were
included.

There are also several sources of variability in the data. First, the data sets that were
from multiple, independent laboratories, so the analytic techniques varied. Second, for each
of these simulations we used published average body weights, blood flows, and organ volumes
since the specific measurements for the mice in the individual experiments were unavailable.
Third, these data sets represented both inhalation and gavage administration of benzene.
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Given these unavoidable variations, the model did a sufficient job predicting the tissue doses
as well as the amount of metabolites in the urine and exhaled air. It would also be helpful
if there were more data available in which oral administration experiments measured tissue
concentrations or inhalation exposure experiments measured urinary metabolites.

In the future, we hope to use the parameters that were obtained and extrapolate the
model from rodents to humans for use in risk assessment. We also hope to use the tissue
concentration levels as input to a model for benzene’s effects on hematopoiesis. We are
currently implementing a model for erythropoiesis to this end. It is known that erythrocytes
are the most sensitive of the cellular elements to benzene toxicity in the blood. A modified
age-structured model for the regulation of erythropoiesis that includes a death rate term
for cell losses due benzene exposure is being developed. Since leukemia is a major concern
following benzene exposure, the erythropoiesis model, in conjunction with the PBPK model
described here, could allow us to predict what levels of exposure would invoke potential
hazard to the blood cell production.
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7 Appendices

7.1 Appendix A: Symbols

The following symbols and abbreviations are used throughout the article. Units of the
symbols are given in parentheses.

7.1.1 Chemical Abbreviations

BZ Benzene
BO Benzene Oxide
PH Phenol
HQ Hydroquinone
MA Muconic Acid
PMA Phenylmercapturic Acid
PH − Conj Phenol Conjugates
HQ − Conj Hydroquinone Conjugates
Cat Catechol
THB Trihydroxy benzene

7.1.2 Compartment Abbreviations

F Fat
S Slowly or Poorly Perfused Tissue
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R Rapidly or Richly Perfused Tissue
K Kidney
L1 Zone 1 of the Liver
L2 Zone 2 of the Liver
L3 Zone 3 of the Liver
Bl Blood
Stom Stomach
I Inhaled air
E Exhaled air

7.1.3 Primary Symbols

Ci
j Concentration of chemical i in tissue j (µmol/L)

CABZ Concentration of BZ in the arterial blood (µmol/L)
CV BZ Concentration of BZ in venous blood (µmol/L)
CV i

j Concentration of chemical i in venous blood from
tissue j (µmol/L)

CBZ
I Concentration of BZ in inhaled air (µmol/L)

CBZ
E Concentration of BZ in exhaled air (µmol/L)

AM i Amount of chemical i in urine (µmol)
AMStom Amount of BZ in the stomach (µmol)
RM i

j Rate of metabolism of chemical i to chemical j (µmol/hr)
Qj Flow in tissue j (L/hr)
QAvV Alveolar ventilation (L/hr)
QCard Cardiac blood output (L/hr)
P i

j Tissue j/blood partition coefficient for chemical i
PBZ

Bl:Air Blood/air partition coefficient for BZ
BW Body weight (kg)
Vj Volume of tissue j (L)
TL Total mass of the liver (g)
CMP Concentration of microsomal protein per gram of tissue

in the liver (mg/g)
CCP Concentration of cytosolic protein per gram of tissue

in the liver (mg/g)
V2E1 CYP2E1 specific activity as determined by the oxidation

of p-nitrophenol to p-nitrocatechol (nmol/mg/hr)
Ai Affinity parameter for CYP2E1 for substrate i (L/µmol)
k1, k5 − k7 Efficiencies of CYP2E1 for specific oxidations relative

to V2E1 (L/nmol)
k2 − k4 First-order rates of metabolism (1/hr)
k8 Rate of uptake from the stomach to the liver (1/hr)
k9, k10 Binding coefficients (1/hr)
VPH1, VPH2 Maximum rates of metabolism of PH by two

sulfate transferases (µmol/mg/hr)
KPH

m,1 , K
PH
m,2 Concentrations at half-saturation of PH by two
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sulfate transferases (µmol/L)
VHQ Maximum rate of metabolism for HQ (µmol/mg/hr)
KHQ

m Concentration at half-saturation for HQ (µmol/L)

7.2 Appendix B: Differential Equations

The following differential equations were derived using basic mass balance principles and
incorporate the metabolism rate equations discussed previously. Equations are grouped by
chemical.

Benzene

Fat: VF
dCBZ

F

dt
= QF (CABZ − CV BZ

F ) (2)

Slowly: VS
dCBZ

S

dt
= QS(CABZ − CV BZ

S ) (3)

Rapidly: VR
dCBZ

R

dt
= QR(CABZ − CV BZ

R ) (4)

Kidney: VK
dCBZ

K

dt
= QK(CABZ − CV BZ

K ) − RMBZ
BO,K (5)

Liver (Zone 1):
VL

3

dCBZ
L1

dt
= QL(CABZ − CBZ

L1 ) + k8AMStom (6)

Liver (Zone 2):
VL

3

dCBZ
L2

dt
= QL(CBZ

L1 − CBZ
L2 ) (7)

Liver (Zone 3):
VL

3

dCBZ
L3

dt
= QL(CBZ

L2 − CV BZ
L3 ) − RMBZ

BO,L3 (8)

Stomach:
dAMStom

dt
= −k8AMStom (9)

Exhaled:
dAMBZ

E

dt
= QCard(CV BZ − CABZ) + QAvV ∗ CBZ

I (10)

Benzene Oxide

Blood: VBl
dCBO

Bl

dt
= QF CV BO

F + QSCV BO
S + QRCV BO

R

+QKCV BO
K + QLCV BO

L3 − QCardC
BO
Bl

−RMBO
PMA,Bl − RMBO

PH,Bl (11)

Fat: VF
dCBO

F

dt
= QF (CBO

Bl − CV B0
F ) − RMBO

PMA,F − RMBO
PH,F (12)

Slowly: VS
dCBO

S

dt
= QS(CBO

Bl − CV BO
S ) − RMBO

PMA,S − RMBO
PH,S (13)

Rapidly: VR
dCBO

R

dt
= QR(CBO

Bl − CV BO
R ) − RMBO

PMA,R − RMBO
PH,R (14)

Kidney: VK
dCBO

K

dt
= QK(CBO

Bl − CV BO
K ) + RMBZ

BO,K
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−RMBO
PH,K − RMBO

PMA,K (15)

Liver (Zone 1):
VL

3

dCBO
L1

dt
= QL(CBO

Bl − CBO
L1 ) − RMBO

PH,L1 (16)

Liver (Zone 2):
VL

3

dCBO
L2

dt
= QL(CBO

L1 − CBO
L2 ) − RMBO

PH,L2 (17)

Liver (Zone 3):
VL

3

dCBO
L3

dt
= QL(CBO

L2 − CV BO
L3 ) + RMBZ

BO,L3

−RMBO
PH,L3 − RMBO

MA,L3 − RMBO
PMA,L3 (18)

Muconic Acid

dAMMA

dt
= RMBO

MA,L3 (19)

Phenylmercapturic Acid

dAMPMA

dt
= RMBO

PMA,Bl + RMBO
PMA,F + RMBO

PMA,S

+RMBO
PMA,R + RMBO

PMA,K + RMBO
PMA,L3 (20)

Phenol

Blood: VBl
dCPH

Bl

dt
= QF CV PH

F + QSCV PH
S + QRCV PH

R

+QKCV PH
K + QLCV PH

L3 − QCardC
PH
Bl

+RMBO
PH,Bl − k9C

PH
Bl VBl (21)

Fat: VF
dCPH

F

dt
= QF (CPH

Bl − CV PH
F ) + RMBO

PH,F − k9C
PH
F VF (22)

Slowly: VS
dCPH

S

dt
= QS(CPH

Bl − CV PH
S ) + RMBO

PH,S − k9C
PH
S VS (23)

Rapidly: VR
dCPH

R

dt
= QR(CPH

Bl − CV PH
R ) + RMBO

PH,R − k9C
PH
R VR (24)

Kidney: VK
dCPH

K

dt
= QK(CPH

Bl − CV PH
K ) + RMBO

PH,K

−RMPH
HQ,K − RMPH

Cat,K − k9C
PH
K VK (25)

Liver (Zone 1):
VL

3

dCPH
L1

dt
= QL(CPH

Bl − CPH
L1 ) + RMBO

PH,L1

−RMPH
Conj,L1 − k9C

PH
L1

VL

3
(26)

Liver (Zone 2):
VL

3

dCPH
L2

dt
= QL(CPH

L1 − CPH
L2 ) + RMBO

PH,L2 − k9C
PH
L2

VL

3
(27)

Liver (Zone 3):
VL

3

dCPH
L3

dt
= QL(CPH

L2 − CV PH
L3 ) + RMBO

PH,L3

−RMPH
HQ,L3 − RMPH

Cat,L3 − k9C
PH
L3

VL

3
(28)
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Phenol Conjugates

dAMPH−Conj

dt
= RMPH

Conj,L1 (29)

Hydroquinone

Blood: VBl
dCHQ

Bl

dt
= QF CV HQ

F + QSCV HQ
S + QRCV HQ

R

+QKCV HQ
K + QLCV HQ

L

−QCardC
HQ
Bl − k10C

HQ
Bl VBl (30)

Fat: VF
dCHQ

F

dt
= QF (CHQ

Bl − CV HQ
F ) − k10C

HQ
F VF (31)

Slowly: VS
dCHQ

S

dt
= QS(CHQ

Bl − CV HQ
S ) − k10C

HQ
S VS (32)

Rapidly: VR
dCHQ

R

dt
= QR(CHQ

Bl − CV HQ
R ) − k10C

HQ
R VR (33)

Kidney: VK
dCHQ

K

dt
= QK(CHQ

Bl − CV HQ
K ) + RMPH

HQ,K

−RMHQ
THB,K − k10C

HQ
K VK (34)

Liver (Zone 1):
VL

3

dCHQ
L1

dt
= QL(CHQ

Bl − CHQ
L1 ) − k10C

HQ
L1

VL

3
(35)

Liver (Zone 2):
VL

3

dCHQ
L2

dt
= QL(CHQ

L1 − CHQ
L2 ) − k10C

HQ
L2

VL

3
(36)

Liver (Zone 3):
VL

3

dCHQ
L3

dt
= QL(CHQ

L2 − CV HQ
L3 ) + RMPH

HQ,L3 (37)

−RMHQ
THB,L3 − RMHQ

Conj,L3 − k10C
HQ
L3

VL

3

Hydroquinone Conjugates

dAMHQ−Conj

dt
= RMHQ

Conj,L3 (38)

Catechol and Trihydroxy benzene

dAMCat/THB

dt
= RMPH

Cat,L3 + RMPH
Cat,K + RMHQ

THB,L3 + RMHQ
THB,K (39)
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Table 1: Parameter Values from Literature

Parameter Value Unit Source

BW 0.030 kg [23]
PBZ

Bl:Air 18 [23]
PBZ

F 28 [23]
PBZ

L 1 [23]
PBZ

S 0.6 [23]
PBZ

R 1 [23]
QAvV 41 BW L/hr [26]
QCard QAvV L/hr [26]
QL 0.25 QCard L/hr [26]
QF 0.09 QCard L/hr [26]
QK 0.146 QCard L/hr [3]
QS 0.15 QCard L/hr [26]
QR 0.51 QCard-QK L/hr [26]
VL 0.0624 BW L [26]
VF 0.1 BW L [26]
VK 0.015 BW L [3]
VS 0.70 BW L [26]
VR 0.0226 BW-VK L [26]
VBl 0.05 BW L [15]
CCP 82.8 mg/g liver [26]
CMP 35 mg/g liver [26]
KPH

m,1 1.4 µmol/L [35]
KPH

m,2 220 µmol/L [35]
KHQ

m 746 µmol/L [35]
ABZ 0.0397 L/µmol [27]
APH 1.30×10−2 L/µmol [17]
AHQ 10−7 L/µmol [17]
k1 4.20×10−5 L/nmol [17]
k2 32.16 1/hr [17]
k5 4.00×10−5 L/nmol [17]
k6 2.13×10−6 L/nmol [17]
k7 2.03×10−7 L/nmol [17]
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Table 2: Partition Coefficients∗

Parameter Value

P PH
F 27.63

P PH
L 2.17

P PH
S 1.22

P PH
R 2.17

PHQ
F 4.06

PHQ
L 1.04

PHQ
S 0.94

PHQ
R 1.04

∗ Estimated by method of Poulin and Krishnan [30].

Table 3: Estimated Parameters

Parameter Model Results

k3 (1/hr) 24.2934
k4 (1/hr) 1.1756
k8 (1/hr) 7.2920
k9 (1/hr) 6.7955
k10 (1/hr) 6.4496
V2E1 (nmol/mg/hr) 1150
VPH1 (µmol/mg protein/hr) 1.5111
VPH2 (µmol/mg protein/hr) 0.0404
VHQ (µmol/mg protein/hr) 0.5186
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Table 4: Oral Dose (mg/kg-BW)

SCL MCL
Model Model

Oral Experimental Results Results
Dose Amount Data (µmol) (µmol) (µmol)

0.1 MA (t=24 hrs) 0.0328 ± 0.0041∗ 0.0221 0.0274
PMA (t=24 hrs) 0.0123 ± 0.0034∗ 0.0092 0.0112
PH Conj (t=24 hrs) 0.0574 ± 0.0015∗ 0.1008 0.0811
HQ Conj (t=24 hrs) 0.0746 ± 0.0035∗ 0.1125 0.0363

1 PH Conj (t=48 hrs) 1.1598 ± 0.0230† 0.9180 0.8052
HQ Conj (t=48 hrs) 1.6514 ± 0.0307† 1.1617 0.3626

10 PH Conj (t=48 hrs) 14.5557 ± 0.4225† 6.7854 6.6635
HQ Conj (t=48 hrs) 13.8260± 0.1536† 10.2232 2.7385

100 MA (t=24 hrs) 11.1718 ± 1.5919∗ 11.2602 12.6762
PMA (t=24 hrs) 4.6803 ± 1.5919∗ 4.6801 5.2551
PH Conj (t=24 hrs) 37.7096 ± 1.6586∗ 32.9423 38.4504
HQ Conj (t=24 hrs) 27.4339 ± 1.9732∗ 56.4435 12.6435

∗[22]
†[11]

Table 5: 6-hour 50 ppm Inhalation Exposure

Experimental SCL MCL
Concentration Data [33] Model Results Model Results
at t = 6 hours (µmol/L) (µmol/L) (µmol/L)

BZ in Liver 4.5 ± 0.9 0.4900 4.4999
PH in Liver 0.3 ± 0.1 0.3000 0.1958
HQ in Liver 2.1 ± 0.3 0.5834 1.3206
PH in Blood 1.3± 1.1 0.0657 1.3000
HQ in Blood 4.3 ± 4.0 0.1207 1.2693
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Figure 1: Schematic Representation of the Compartmental Model
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