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MULTIGRID METHODS FOR INTERFACE PROBLEMS�

LOYCE ADAMSy AND ZHILIN LIz

Abstract. New multigrid methods are developed for the maximum preserving immersed in-

terface method applied to elliptic and parabolic interface problems. For elliptic interface problems,
the multigrid solver developed in this paper works while some other multigrid solvers do not. For

di�usion and reaction equations, we have developed the second order maximum preserving �nite

di�erence scheme in this paper. We use the Crank-Nicolson scheme to deal with the di�usion part,

and an explicit scheme for the reaction part. Numerical examples are also presented.

Key words. interface problems, di�usion and reaction equation, multigrid method, discontin-

uous coeÆcients, quadratic optimization.
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1. Introduction. In [6], the maximum principle preserving scheme is proposed

for elliptic interface problems. The resulting linear system of equations from the �-

nite di�erence scheme has positive or negative de�nite symmetric part but may not

be symmetric. Available multigrid solvers may not work eÆciently to solve the re-

sulting linear system. In this paper, we propose a multigrid method which is designed

particularly for interface problems.

In this paper, we also develop a maximum principle preserving scheme for di�usion

and reaction equations with a �xed and closed smooth interface � in the solution

domain, see Fig. 1 for an illustration. The governing equations are

ut + a(x; t) � ru = r � (�ru) + f; x 2 
 = 
+ [ 
� � �; (1.1)

[u]j� = w(s); [�un]j� = v(s) (1.2)

u(x; 0) = u0(x); u(x; t)j@
 = g(t); (1.3)

where the coeÆcients �(x; t) � �min > 0, a(x; t; u) = (�1; �2), f(x; t) are piecewise

continuous but may have a �nite jump across �, and s is the arc-length parameteri-

zation of the interface �. The jump is de�ned as the di�erence of the limiting values

of two di�erent sides of the interface, for example

[u]jX2� = lim
x!X;X2
+

u(x; t) � lim
x!X;X2
�

u(x; t) = u+ � u�:

For simplicity of the discussion, we assume a Dirichlet boundary condition for the

solution and a rectangular domain 
. The natural jump condition across the interface

� is [u] = 0, and [�un] = 0 as in the example of heat conduction in a composite

material without a source/sink along the interface. However, we make our discussion

more exible by allowing non-homogeneous jump conditions.

The solution to the interface problem is in H1(
) but not in H2(
). For many

applications, for example, piecewise coeÆcients, it is reasonable to assume that the
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Fig. 1.1. (a). A diagram of a rectangular domain 
 = 
+ [ 
� with an immersed interface
�. The coeÆcients such as �(x) etc. may have a jump across the interface. (b). A diagram of the
local coordinates in the normal and tangential directions, where � is the angle between the x-axis
and the normal direction.

solution is piecewise smooth excluding the interface �. Typically, there is a jump in

the normal derivative of the solution.

While a �nite element method with a body-�tted grid can be used to solve the

problem, we propose a numerical method that uses Cartesian grids. We refer the read-

ers to the references in [6] for an incomplete overview of di�erent numerical methods

for elliptic interface problems. The potential advantage of Cartesian grid methods is

to avoid the mesh generation process without sacri�cing accuracy and stability. Our

goal is to develop second order methods in contrast to the �rst order ghost uid sharp

interface method in [7].

2. The maximumprinciple preserving scheme for di�usion and reaction

equations with an interface. The maximum principle preserving scheme for elliptic

interface problems is proposed in [6] and will not be repeated here. We will explain

the algorithm for the di�usion and reaction equation.

We assume the domain is [ a; b ]� [ c; d ], and use a uniform grid

xi = a+ ih; i = 0; 1; � � � ;M ; yj = c+ jh; j = 0; 1; � � � ; N; (2.1)

and denote the time step size by �t.

2.1. The time discretization. The �nite di�erence scheme is based on the

prediction-correction Crank-Nicolson discretization

un+1 � un

�t
+ (a � rhu)

n+ 1
2 =

1

2

�
(rh � �rhu)

n
+ (rh � �rhu)

n+1
�
+ fn+

1
2 ;

(2.2)

where

(a � rhu)
n+ 1

2 =
3

2
(a � rhu)

n � 1

2
(a � rhu)

n�1
; (2.3)

rh is the discrete gradient, and tn+
1
2 = tn+�t=2. This discretization is second order

accurate in time. The di�usion term is discretized implicitly so that we can take

large time steps, while the reaction term is discretized explicitly so that second order

accuracy can be achieved without a�ecting stability.
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2.2. The spatial discretization. At a regular grid point (xi; yj) where all the

points in the centered �ve-point stencil are on the same side of the interface, the

discreization is the standard one

rhUij =

�
Ui+1;j � Ui�1;j

2h
;
Ui;j+1 � Ui;j�1

2h

�
; (2.4)

(rh � �rh)Uij =
1

h

�
�i+1=2;j

(Ui+1;j � Uij)

h
� �i�1=2;j

(Ui;j � Ui�1;j)

h

�
(2.5)

+
1

h

�
�i;j+1=2

(Ui;j+1 � Ui;j)

h
� �i;j�1=2

(Ui;j � Ui;j�1)

h

�
;

where we have omitted the time index for simplicity.

At an irregular grid point where the centered �ve-point stencil consists of grid

points from di�erent sides of the interface �, the discretization is done using a method

of determined coeÆcients. We let

(a � rhUij) =

ns2X
k=1

�kUi+ik;j+jk �Qij ; (2.6)

(rh � �rh)Uij =

ns1X
k=1

kUi+ik;j+jk � Cij ; (2.7)

where ns1 and ns2 are the number of grid points in the �nite di�erence stencil, and

Uij is the approximation to the solution u(x; y) in (1.1)-(1.3) at (xi; yj). The sum

over k involves a �nite number of points neighboring (xi; yj). So each ik; jk will take

values in the set f0;�1;�2 � � � g. The coeÆcients k and the indices ik; jk will depend

on (i; j), so these should really be labeled ijk ; etc., but for simplicity of notation we

will concentrate on a single grid point (xi; yj) and drop these indices.

Our criteria is to choose the coeÆcients to minimize the truncation error and

maintain the stability. The procedure to set the system of equations for the un-

determined coeÆcients is discussed in the following subsections.

2.2.1. The local coordinates and interface relations. It is reasonable to

assume that the solution is piecewise smooth. The discontinuities in the solution

or/and the derivatives occur along the interface �.

In order to determine the �nite di�erence coeÆcients k, and �k at an irregular

grid point (xi; yj), we choose the orthogonal projection (x�i ; y
�

j ) of (xi; yj) on the

interface �, or any point (x�i ; y
�

j ) 2 � that is close to (xi; yj). The local coordinates

in the normal and the tangential directions are

� = (x� x�i ) cos � + (y � y�j ) sin �;

� = �(x� x�i ) sin � + (y � y�j ) cos �:
(2.8)

In a neighborhood of the point (x�i ; y
�

j ), the interface � can be parameterized as

� = �(�); with �(0) = 0; �0(0) = 0: (2.9)

The curvature of the interface at (x�i ; y
�
j ) is �

00(0).

Assume that the irregular grid point (xi; yj) 2 
�. In our method, the discrete

form of (2.2)-(2.3) is the approximation to the original di�erential equation at (x�i ; y
�

j )
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instead of (xi; yj). For example, f
n+ 1

2 is

ff�gn+ 1
2 = lim

(x;y)!(x�i ;y
�

j );(x;y)2

�

f(x; y; tn +�t=2):

By di�erentiating the jump conditions (1.2) along the interface with respect to

the arc-length s, which is � in the local coordinates, together with (2.9), we have the

following jump relations (see [4] for the derivation),

u+ = u� + w;

u+� = � u�� +
v

�+
;

u+� = u�� + ws; (2.10)

u+� � = u�� � + (1� �)�00 u�� �
�00

�+
v + wss;

u+� � = � u�� � +
��
� � ��

+�

�+
u�� + (1� �)�00 u�� �

��
+

(�+)2
v + �00 ws +

vs

�+
;

where � = ��=�+, ws and wss are the �rst and second order derivatives of w with

respect to the arc-length s along the interface. Likewise, vs is the �rst derivative of v

with respect to the arc length parameter s. With the local coordinates, the original

di�erential equation can be written as

ut + ~�1u� + ~�2u� = �(u�� + u��) + ��u� + ��u� + f; (2.11)

where

~�1 = �1 cos � + �2 sin �; ~�2 = ��1 sin � + �2 cos �; (2.12)

and u� and u� are the directional derivative of u in the normal and tangential direc-

tions. Therefore

[ut + ~�1u� + ~�2u�] = [�(u�� + u��) + ��u� + ��u� + f ] : (2.13)

Using the jump relations in (2.10) and after some manipulations, we get

u+� � = �u�� � + (�� 1)u�� � +

 
(�� 1)�00 +

��� � ��+� + �~�+1 � ~��1

�+

!
u��

+
[~�2 � ��]

�+
u�� +

~�+2 � �+�

�+
ws � wss (2.14)

+
1

�+
wt +

�
�00

�+
+

~�+1 � ��
+

(�+)2

�
v � [f ]

�+
:

Thus we have expressed all the quantities of the solution u up to second order deriva-

tives from + side in terms of those from the � side of the interface �.

2.2.2. Determining the discretization of the di�usion term using the

maximum principle preserving scheme. As we stated earlier in this paper, if

the irregular grid point (xi; yj) 2 
�, we approximate the di�erential equation at
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(x�i ; y
�

j ) instead of (xi; yj). The truncation error of the �nite di�erence approximation

(2.7) to the di�usion term in (1.1) is

Tij =

ns1X
k=1

k u(xi+ik ; yj+jk ; t)� Cij � (r � (�ru))� : (2.15)

The truncation error is evaluated at (x�i ; y
�

j ). The grid points involved are from

outside, 
+, and inside, 
�, of the closed interface �. Using the Taylor expansion at

(x�i ; y
�

j ), we can write

u(xi+ik ; yj+jk ; t) = u(�k; �k; t) = u� + �ku
�

� + �ku
�

� +
1

2
�2ku

�

��

+ �k�ku
�

�� +
1

2
�2ku

�

�� +O(h3);

where the + or � sign is chosen depending on whether (�k ; �k) lies on the + or � side

of �. Therefore the truncation error can be written as

Tij = a1 u
� + a2 u

+ + a3 u
�

� + a4 u
+
� + a5 u

�

� + a6u
+
� + a7 u

�

� � + a8 u
+
� �

+ a9 u
�

� � + a10 u
+
� � + a11 u

�

� � + a12 u
+
� � � Cij + � � � �

�
r � (�ru)

��
:

The quantities u�, u�� , � � � , are the limiting values of the functions at (x�i ; y
�

j ) from

+ side or � side of the interface. The coeÆcients aj depend only on the position of

the stencil relative to the interface. They are independent of the functions u and f .

If we de�ne the index sets K+ and K� by

K� = fk : (�k ; �k) is on the � side of �g;

then the aj are given by

a1 =
X

k2K�

k; a2 =
X
k2K+

k; a3 =
X

k2K�

�kk;

a4 =
X
k2K+

�kk; a5 =
X

k2K�

�kk; a6 =
X
k2K+

�kk;

a7 =
1

2

X
k2K�

�2kk; a8 =
1

2

X
k2K+

�2kk; a9 =
1

2

X
k2K�

�2kk;

a10 =
1

2

X
k2K+

�2kk; a11 =
X

k2K�

�k�kk; a12 =
X
k2K+

�k�kk:

(2.16)

Using the interface relations (2.10) and (2.14), we eliminate the quantities from one

side, say, the + side using the quantities from the other side, say, the � side, collect
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terms to get an expression of the form

Tij = (a1 + a2)u
� +

(
a3 + �a4 + a8

 
(�� 1)�00 +

��� � ��+� + �~�+1 � ~��1

�+

!

+ a10 (1� �)�00 + a12
��
� � ��

+�

�+
� ���

�
u��

+

�
a5 + a6 + a8

[~�2 � ��]

�+
+ a12(1� �)�00 � ��

�

�
u��

+
�
a7 + a8�� ��

	
u�� � +

�
a9 + a10 + a8 (�� 1)� ��

	
u�� �

+ fa11 + a12�g u�� � + (T̂ij � Cij) + � � � ;
(2.17)

where

T̂ij = a2 w +

�
a6 + a8

~�+2 � ��
+

�+

�
ws + (a10 � a8)wss +

a8

�+
wt

+
1

�+

�
a4 + a8

�
�00 +

~�+1 � ��
+

�+

�
� a10�

00 � a12
��

+

�+

�
v (2.18)

+ a12
1

�+
vs � a8

[f ]

�+
:

To minimize the magnitude of the truncation error, we should set

a1 + a2 = 0

a3 + �a4 + a8

 
(�� 1)�00 +

��� � ��+� + �~�+1 � ~��1

�+

!

+ a10 (1� �)�00 + a12
��
� � ��

+�

�+
= ��

�

a5 + a6 + a8
[~�2 � ��]

�+
+ a12(1� �)�00 = ��

�

a7 + a8 � = ��

a9 + a10 + a8 (�� 1) = ��

a11 + a12 � = 0:

(2.19)

If we can �nd fkg such that the linear system of equations is satis�ed, we have a

consistent discretization for the di�usion term but we can not guarantee the stabil-

ity. The stability condition can be guaranteed, however, by enforcing the discrete

maximum principle

k � 0 if (ik; jk) 6= (0; 0); k < 0 if (ik; jk) = (0; 0): (2.20)

In order to solve (2.19)-(2.20), we set-up the following quadratic optimization

problem to determine the discretization for the di�usion term

min


�
1

2
k � gk22

�
; s:t: (2.21)

A = b; k � 0; if (ik; jk) 6= (0; 0) k < 0; if (ik; jk) = (0; 0); (2.22)
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where g 2 Rns1 , and A = b is the system of linear equations (2.19). Naturally we

want to choose k in a such a way that they become the coeÆcients of the standard

�ve-point central di�erence scheme if �+ = �� is a constant. This can be done by

selecting the vector g as

gk =
�i+ik;j+jk

h2
; if (ik; jk) 2 f(�1; 0); (1; 0); (0;�1); (0; 1) g ;

gk = �4�i;j

h2
; if (ik; jk) = (0; 0); gk = 0; otherwise:

(2.23)

We choose ns1 = 9 which seems to work very well. In [6], we numerically demonstrated

that the solution to the optimization problem has a solution if h is suÆciently small.

We use the QL code developed by K. Schittkowski [8] to solve the optimization

problem.

Once we know the coeÆcients fkg, the correction term then is Cij = T̂ij , where

T̂ij depends on fkg and the jump conditions.

2.2.3. Determine the discretization for the reaction term. Borrowing an

idea from the projection method for the Navier-Stokes equations, see [3] for example,

we use an explicit discretization for the reaction term since it involves only �rst order

derivatives of the solution. The truncation error of the �nite di�erence approximation

(2.6) to the reaction term at (x�i ; y
�
j ) is

T r
ij =

ns2X
k=1

�k u(xi+ik ; yj+jk ; t)�Qij � (a � ru)� : (2.24)

As we mentioned in [4, 6], we can require the truncation error to be O(h) at irregular

grid points without a�ecting second order accuracy. Therefore we use the standard

centered �ve-point stencil (ns2 = 5) and the linear system of equations is

a1 + a2 = 0

a3 + �a4 = ~��1

a5 + a6 = ~��2

(2.25)

where we have neglected higher order terms of h. Note that the ak's are literally

de�ned in (2.16) with k being substituted with �k and ns1 being substituted with

ns2 . The solution to the linear system of equations is also di�erent. The system is

an under-determined system and the solution is de�ned as the least squares solution

with the least square 2-norm. The correction term then is

Qij = a2 w + a6 ws +
a4

�+
v; (2.26)

where we have ignored higher order terms of h.

2.2.4. The CFL restriction. Since the reaction term is discretized using an

explicit scheme and the maximum distance from (x�i ; y
�

j ) to (xi; yj) is
p
2h, the CFL

restriction for the time step size is

�t � hp
2 kak2

: (2.27)
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From the construction process of the method, we know that the scheme described

in this section is consistent. The local truncation errors are of O(h2) at regular grid

points, and of O(h) at irregular grid points, or along the interface. We expect the

global accuracy is of O(h2) since we can allow one order lower approximation along a

boundary without a�ecting global accuracy. The stability of the scheme is guaranteed

by the sign constraints of the scheme.

3. Multigrid method. In this section, we describe a multigrid method that

is appropriate for solving the linear systems that arise from problems with internal

interfaces that have been discretized using the methods described in Section 2 for

parabolic problems from time tn to tn+1, and in [6] for elliptic interface problems

using the maximum principle preserving schemes.

We denote the linear system to be solved on the �nest grid as Ahuh = fh where

the left hand side of this equation at each grid point can be pictorially represented by

the 9-point stencil with the numbering scheme given below:

8 5 9

o o o

1 2 3

o o o

6 4 7

o o o

The equation for the unknown at the center of the stencil is then given by

1u1 + 2u2 + 3u3 + 4u4 + 5u5 + 6u6 + 7u7 + 8u8 + 9u9 = f2 (3.1)

where the 's are the coeÆcients in the row of Ah corresponding to the unknown at

the center of the stencil.

The components of the multigrid method are the smoother, the choice of coarse

grid equations, the interpolation operator, and the restriction operator. We discuss

each in turn below.

3.1. The Smoother. A simple point Gauss-Seidel smoother is used. On each

grid level, the coarse grid points are smoothed �rst, the vertical edge �ne grid points

are smoothed second, the horizontal edge �ne grid points are smoothed third, and the

�ne grid points in the center of a cell are smoothed last. The code has the option to

continue smoothing (both pre- and post- smoothing) until stalling occurs or to smooth

with a �xed number of pre- and a �xed number (can be a di�erent number) of post-

steps. For the problems we report in this paper, we used 2 pre- and 2 post-smooths.

We found the post-smooths to be crucial to the success of the method.

3.2. The Coarse Grid Problem. Let ~uh be the approximation to uh after

pre-smoothing the problem Ahuh = fh. Then the error equation is Aheh = rh,

where the residual rh = fh � Ah~uh must be approximated on a grid of size 2h. The

corresponding coarse grid equation is A2he2h = r2h where the coarse grid operator is

given by the usual Galerkin choice,

A2h = RAhIh2h (3.2)
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where R is the restriction operator, and Ih2h is the interpolation operator. Likewise,

the right hand side of the coarse grid equation is given by restricting the �ne grid

residual to the coarse grid by

r2h = Rrh: (3.3)

3.3. The Interpolation Operator. We use two di�erent interpolation schemes.

One is for the regular grid points and one for the irregular points. Recall a grid point

is termed irregular if its nine point stencil represents connections to grid points on

di�erent sides of the internal interface.

3.3.1. Interpolation at Regular Points. Many authors, (see for example

Dendy, [2], and Briggs, et.al. [1] and the references therein), have developed an

operator induced interpolation scheme. For two dimensional problems, given the val-

ues of the error e2h at coarse grid points, we need to interpolate Ih2he
2h to �nd an

approximation to eh at all �ne grid points. For coarse grid points (the corners of grid

cells), the value of e2h is simply copied to be the value of eh. For �ne grid points

that are on a vertical cell edge, the operator induced scheme would start with the

error-residual equation associated with (3.1),

1e1 + 2e2 + 3e3 + 4e4 + 5e5 + 6e6 + 7e7 + 8e8 + 9e9 = r2 � 0; (3.4)

where the residual, r2, for this purpose is assumed small relative to the errors in the

equation. This is a valid assumption for smooth error after the pre-relaxation step.

An equation for e2 in terms of e4 and e5 is desired if we are interpolating to e2 by

using the coarse grid error values at e4 and e5. Now, equation (3.4) could give such

an approximation if all the errors on the left hand side could be estimated in terms

of e4 and e5. At a regular point, all these neighbor grid points are on the same side

of the internal interface, so it makes sense to use Taylor approximations to express e1
and e3 in terms of e2, to express e6 and e7 in terms of e4, and to express e8 and e9 in

terms of e5. This leads to the following equation for e2 in terms of e4 and e5:

e2 = c4e4 + c5e5 (3.5)

where

c4 = �(6 + 4 + 7)=(1 + 2 + 3) (3.6)

and

c5 = �(8 + 5 + 9)=(1 + 2 + 3): (3.7)

The same strategy leads to an interpolation formula for the error at the center of

a horizontal edge in terms of the coarse grid points on either side. We use

e2 = c1e1 + c3e3 (3.8)

where

c1 = �(6 + 1 + 8)=(4 + 2 + 5) (3.9)
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Fig. 3.1. (a). The discrete error after pre-relax in V-cycle 1. (b). The discrete error after
pre-relaxation in V-cycle 2. The PDE is given in Section 4.1 with b = :1 and C = 0. Notice the
jump in the normal derivative of the error at the interface.

and

c3 = �(7 + 3 + 9)=(4 + 2 + 5): (3.10)

Now, with the values determined at the coarse grid points (via copy) and the

centers of vertical and horizontal edges by the formulas given above, the errors at the

centers of each cell can be found by simply solving equation (3.4) for e2 in terms of

the other interpolated values. This can be written like an interpolation formula by

casting the result for e2 in terms of the four coarse grid error values at the corners of

the cell.

3.3.2. Interpolation at Irregular Points. At irregular grid points, the inter-

polation formulas given in (3.5) and (3.8) are no longer valid since the error after

the pre-relaxation step can also have a large jump in its normal derivative, and the

approximations that were made in going from (3.4) to these formulas are not suÆ-

cient. This has been veri�ed in practice for the test problems used in Section 4.1

where we know the exact solutions. In Figures 3.1 and 3.2, we plot the discrete error

right after the pre-relax smoothing step is completed in the �rst, second, and tenth

V-cycles. The original error has been smoothed but a large jump still remains at the

interface and this continues throughout the computation. In Figure 3.2, we also plot

the negative of the �nal discrete solution uh which also has a jump in the normal

derivative at the interface, a jump in � at the interface, but no jump in the value of

�un.

The strategy we employ is to develop an interpolation formula for the midpoints

of vertical and horizontal edges by using information about the interface and making

the following assumptions about the discrete error.

1. The jump in the discrete error at the internal interface after pre-relaxation

is 0. That is [eh] = 0. This is reasonable since the relaxation will smooth

enough for this to be true. This gives the relationship e+ = e�.

2. [�ehn] = 0 at the internal interface. In the problems we are solving, the value

of [�un] is given, and this information is built into the equations for uh, so as

the iteration proceeds the discrete solution will be an order h2 approximation

to u and will approximate this jump as well. This gives the relationship

e+� = ��

�+
e�� .
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Fig. 3.2. (a). The discrete error after pre-relax in V-cycle 10. (b). The value of � ~uh after
V-cycle 10. The PDE is given in Section 4.1 with b = :1 and C = 0. Notice the jump in the normal
derivative of the error at the interface and the jump in the solution at the interface.

3. [eh� ] = 0. This is also observed in practice, and the corresponding jump in the

solution of the PDE, [u�] is also 0.

4. We can not assume that ehn will be smooth across the interface.

We now derive the interpolation formula for the midpoint of a vertical edge that

cuts through the interface. We look for a formula for e2 of the form (3.5). We �rst

expand each side of (3.5) about a point (x�; y�) on the interface, taking care to use

the values on the appropriate side of the interface. We center the coordinate system

at this expansion point, and use the normal and tangential coordinates � and � given

by (2.8). This leads to

e� + �2�2e
�

� + �2e
�

� = c4(e
� + �4�4e

�

� + �4e
�

� ) + c5(e
� + �5�5e

�

� + �5e
�

� ) (3.11)

to O(h2), where �i = 1 if the grid point is inside or on the interface and �i =
��

�+
if the

grid point is outside the interface. A similar equation holds for horizontal midpoints

with the subscripts 4 and 5 replaced by 1 and 3. Since the jump conditions have been

applied, we now convert back to x and y coordinates using (2.8) and the relationships

e�� = e�x cos(�) + e�y sin(�) (3.12)

and

e�� = �e�x sin(�) + e�y cos(�): (3.13)

After doing this, we would like to be able to set the coeÆcients of e�, e�x , and e
�
y

to zero. This would give 3 equations but we only have the 2 unknowns ( c4 and c5 for

vertical midpoints, or c1 and c3 for horizontal midpoints). Before going further, we

write down these three equations.

e� : c4 + c5 = 1

e�x : c4(�4�4c� �4s) + c5(�5�5c� �5s) = (�2�2c� �2s)

e�y : c4(�4�4s+ �4c) + c5(�5�5s+ �5c) = (�2�2s+ �2c) (3.14)

11



In the equations above, c and s stand for sin(�) and cos(�), respectively.

For midpoints of vertical edges, we use the �rst and third equations; thereby

forcing the coeÆcients of e� and e�y to vanish. Note that we are hoping for the

second equation to be nearly satis�ed without its enforcement. This is de�nitely the

case when no interface is present (all �i = 1). This gives the following values for c4
and c5:

c5 =
(�4s

2 + c2)(y� � y4) + (�2s
2 + c2)(y2 � y�)

(�4s2 + c2)(y� � y4) + (�5s2 + c2)(y5 � y�)
(3.15)

and c4 = 1� c5. The values s
2 and c2 are sin2(�) and cos2(�), respectively.

For midpoints of horizontal edges, we use the �rst and second equations; thereby

forcing the coeÆcients of e� and e�x to vanish. Note that we are hoping for the third

equation to be nearly satis�ed without its enforcement. This is de�nitely the case

when no interface is present. The values obtained for c1 and c3 are:

c1 =
(�3c

2 + s2)(x� � x3) + (�2c
2 + s2)(x2 � x�)

(�3c2 + s2)(x� � x3) + (�1c2 + s2)(x1 � x�)
(3.16)

and c3 = 1� c1. The values s
2 and c2 are sin2(�) and cos2(�), respectively.

This interpolation scheme allows the error to have jumps in the direction normal

to the interface. The error is not assumed to vary strictly with y (for vertical interpo-

lation) or strictly with x (for horizontal interpolation). The jump conditions relative

to � and � are imposed.

The only remaining issue is how to interpolate the centers of the cells. Since we

now have a formula for the cell corners (copy the coarse value) and the vertical and

horizontal midpoints, we can solve (3.4) to �nd the value of e2 for cell centers. This is

the same strategy adopted for cell centers for regular points. Hence the overall scheme

takes advantage of the interface information as well as that of the PDE operator.

3.4. The Restriction Operator. By discretizing the PDEs as described in

Section 2, we guarantee that the problem Ah on the �nest grid is diagonally dominant.

This does not however, guarantee that A2h is diagonally dominant. For problems

with large jumps at the internal interface, the choice of R = (Ih2h)
T will not lead to a

diagonally dominant problem or to a problem that is solved quickly with multigrid.

What is true, however, is that simple injection will led to a diagonally dominant A2h

matrix. The proof is very simple and will not be presented here. We have found this

choice for R, combined with our interpolation scheme to be very e�ective for these

interface problems.

4. Numerical results. We have performed a number of numerical experiments.

The computations are done using either a Sun's Ultra-1 or a Dec Alpha workstation.

The linear system of equations is solved using the multigrid method. The interface is

a closed curve in the solution domain and is expressed in terms of the periodic cubic

spline interpolation developed in [5]. The implementation of the methods is sequential

and not optimized. In this section, the following notations are used: m = n is the

number of grid lines in the x- and y- directions; n1 is the number of control points

used in the spline interpolation to represent the interface �; ncoarse and nfinest are

12



the number of the coarsest and �nest grid lines respectively when the multigrid solver

is used; nl is the number of levels used for the multigrid method.

4.1. Numerical results for elliptic problems. First we present our multigrid

results for elliptic interface problems. We consider the elliptic equation

r � (�(x; y)ru(x; y) ) = f(x; y): (4.1)

In this example, the interface is the circle x2 + y2 = 1
4
within the computation

domain �1 � x; y � 1. The value of � is

�(x; y) =

(
x2 + y2 + 1; if x2 + y2 � 1

4
,

b; if x2 + y2 > 1
4
.

(4.2)

The source term is

f(x; y) = 8(x2 + y2) + 4: (4.3)

The true solution is

u(x; y) =

(
r2; if r � 1

2
,

(1� 1
8 b

� 1
b
)=4 + (r

4

2 + r2)=b+ C log(2r)=b; if r > 1
2
:

(4.4)

In this example, we have variable and discontinuous coeÆcients. The jump conditions

are

[u] = 0; [�un] = 2C; [�] = 5=4� b; [f ] = 0: (4.5)

The diÆculty of the problem can be controlled by decreasing the value of b since the

jump in the normal derivative of the solution is given by

[un] = (2C + 5=4)=b� 1: (4.6)

We use Dirichlet boundary conditions.

Tables 4.1, 4.2, and 4.3 show the results of the multigrid solver for various levels

nl and values of b. Note that in Table 4.2 where b = 0:1, both the solution and the

ux are continuous, but � has a �nite jump. The maximum error over all grid points,

k En k1 = max
i;j

j u(xi; yj)� Uij j;

is presented. The order of convergence is computed from

order =

���� log (k En1 k1=k En2 k1)

log(n1=n2)

���� ;
which is the solution of the equation

k En k1 = C horder

with two di�erent n's. The fourth column in the Tables gives the number of V-

cycles to reach the convergence criteria, and the �fth column gives the average rate

of multigrid convergence calculated as

rate(k) = e
log(jjrk jj2=jjr0jj2)

k : (4.7)
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Table 4.1

Multigrid results. The parameters are ncoarse = 8, C = 0:0, b = 1:25. The discrete system
was solved to a 2-norm residual tolerance of 10�6. Constant number of iterations with grid size is
con�rmed.

nfinest n1 nl V's Rate k En k1 Order

32 40 3 4 .02 6:0420 10�3

64 80 4 5 .02 1:4554 10�3 2:0536

128 160 5 5 .02 3:5598 10�4 2:0315

256 320 6 5 .02 8:7707 10�5 2:0210

512 640 7 5 .02 2:2204 10�5 1:9819

Table 4.2

Multigrid results. The parameters are ncoarse = 8, C = 0:0, b = 0:10. The discrete system
was solved to a 2-norm residual tolerance of 10�6. Constant number of iterations with grid size is
con�rmed.

nfinest n1 nl V's Rate k En k1 Order

64 80 4 12 .21 2:5960 10�2

128 160 5 12 .21 6:3981 10�3 2:0206

256 320 6 13 .21 1:6322 10�3 1:9708

512 640 7 14 .21 4:2681 10�4 1:9352

Table 4.3

Multigrid results. The parameters are ncoarse = 16, C = 0:0, b = :005. The discrete system
was solved to a 2-norm residual tolerance of 10�6. Constant number of iterations with grid size is
con�rmed.

nfinest n1 nl V's Rate k En k1 Order

64 80 3 17 .29 6:063 10�1

128 160 4 21 .36 1:449 10�1 2:065

256 320 5 32 .47 3:619 10�2 2:002

512 640 6 42 .54 9:148 10�3 1:983
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We also solved the problem in Table 4.3 with an algebraic multigrid solver that

used an incomplete Cholesky smoother. The number of iterations required to solve the

problem was around 275 for all the levels, much worse than the results we obtained.

Also, our multigrid solver was able to solve the problem when b = 10�6 in 32 iterations

with a rate of :43 on a grid of size 256 � 256 and in 36 iterations on a grid of size

256 � 256; whereas, the algebraic multigrid solver failed for this value of b. For a

given value of �(x; y), the V-cycle rates are constant as the problem size increases.

Our experiments show the number of V-cycles is not quite constant as the ratio ��=�+

increases, but tends to vary linearly with the logarithm of the ratio. That is, V-cycles

= c1 log10(�
�=�+) + c2.

4.2. Numerical results for di�usion and reaction equations. In this ex-

ample, the interface is again the circle x2 + y2 = 1
4
within the computation domain

�1 � x; y � 1. The heat conductivity � is the same as (4.2). Let g(x; y) be the

piecewise function de�ned in (4.4) and

f(x; y) = h(t)

�
�1

@g

@x
+ �2

@g

@y
� 8 (x2 + y2) � 4

�
+ h0(t) g; (4.8)

where h(t) is a function of our choice. The jump conditions are

[u] = 0; [�un] = h(t) 2C: (4.9)

The solution to the di�usion and reaction equations (1.1)-(1.3) is

u(x; y) = h(t)g(x; y): (4.10)

We use Dirichlet boundary conditions and the initial condition from the exact solution.

Table 4.4 shows the results of the grid re�nement analysis of our method for di�erent

grid sizes. The linear system at each time step was solved using both the multigrid

method described in Section 3 and an algebraic multigrid method that uses incom-

plete Cholesky smoothing. Both multigrid methods solved the systems equally well

(requiring between 3 and 5 V-cycles). These systems were more diagonally dominant

that the elliptic problems reported in Section 4.1.

Table 4.4

The grid re�nement analysis. The parameters are h(t) = cos t, �1 = 100, �2 = 1, ncoarse = 9,
C = 0:1, b = 10, the �nal time is t = 1:0. Second order convergence is con�rmed.

nfinest n1 nl k En k1 order

32 40 3 7:5602 10�4

64 80 4 1:3792 10�4 5:48216

128 160 5 2:8496 10�5 2:2750

256 320 6 6:5788 10�6 2:1147

A remark. The method here is recommended for modest convection coeÆcient

kak since this term was treated explicitly. If kak is very large, then the time step

is small. In this case, some may prefer to use a upwind scheme to deal with the

convection term. But then the upwind method only has �rst order accuracy.
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5. Conclusions. In this paper, we have developed a second order method that

preserves the discrete maximum principle for a di�usion and reaction equation involv-

ing a �xed interface and presented a multigrid method for solving the discrete system

of equations obtained from the maximum principle preserving scheme both for elliptic

and parabolic partial di�erential equations.
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