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Abstract

This paper summarizes techniques for modeling geometric properties of THUNDER actuators which arise in the
fabrication process. These actuators are high performance composites comprised of layers of piezoceramics in com-
bination with aluminum, stainless steel, brass or titanium bonded with hot-melt adhesive. During the construction
process, the assembly is heated under pressure to high temperatures, cooled and repoled to restore the actuator
capabilities. This process provides the actuators with the robustness necessary to withstand the high voltages re-
quired for large displacement and force outputs. The process also provides the actuators with their characteristic
curved shape. In this paper, relations between the thermal and electrostatic properties of the material and the �nal
geometric con�guration are quanti�ed. This provides an initial model that can be employed in control applications
which employ THUNDER actuators.
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1. Introduction

In this paper, we address the modeling of certain static properties of THUNDER actuators which result from
the fabrication process. These actuators are typically constructed from layers of piezoceramic wafers, aluminum,
stainless steel, brass or aluminum bonded with hot-melt adhesive. To construct the actuators, the assembly is heated
under pressure to high temperature and then cooled to room temperature. During cooling, the adhesive solidi�es and
subsequent cooling leads to the production of internal stresses due to di�ering thermal properties of the component
materials. This yields the characteristic curvature of the material. Once the material is cooled, it must be repoled
since the temperatures required for bonding are in the proximity of the Curie temperature. The rotation of dipole
moments in the piezoceramic provides a second source of internal stress which reduces the �nal curvature. This
fabrication process signi�cantly enhances the robustness of the actuator with respect to mechanical impacts and
voltage levels. As a result of this construction, high voltages can be applied to the actuators and large displacements
sustained without causing damage. This provides the actuators with signi�cant strain and force capabilities.

This paper addresses the modeling of actuator properties as motivated by the following two questions. (i) Given
a speci�ed material composition and set of manufacturing conditions, what will be the �nal actuator shape? (ii)
What material composition and conditions are required to attain a given actuator con�guration? We focus primarily

�This problem was investigated by the �rst six authors under the direction of the last three authors during the Industrial Mathematics
Modeling Workshop for Graduate Students held at North Carolina State University on July 27-August 4, 1998.
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on the forward problem (i) which is a necessary �rst step before addressing the inverse problem (ii). Speci�cally, we
consider the development of a model which quanti�es the e�ects of di�ering thermal properties and repoling on the
�nal actuator shape.

The quanti�cation of strains due to thermal gradients has been investigated for a variety of applications (e.g., see
[1, 2, 3, 4]) with certain aspects having been considered for THUNDER actuators [5]. We extend this analysis to
obtain relations specifying the strains at the actuator surface and curvature for THUNDER actuators in terms of
thermal properties of the components. The quanti�cation of stresses and strains due to poling is based on domain
theory for general ferroelectric materials [6, 7] with certain analogies drawn from ferromagnetic domain theory [8, 9].
The thermal and electrostatic stress are then combined with elasticity theory to provide a model for the induced
curvature. While not detailed here, this model can then be employed to specify parameter dependent states in the
inverse problem (ii).

Certain details describing the manufacturing process for THUNDER actuators are provided in Section 2 to
indicate the conditions under consideration. The thermal model is outlined in Section 3 while the modeling of strains
due to repoling is considered in Section 4. In Section 5, the validity of the model, as well as certain limitations, is
illustrated through a comparison with experimental data.

2. Manufacturing Process

As depicted in Figure 1, a typical THUNDER actuator is comprised of a piezoceramic wafer, a metallic backing
material, hot-melt adhesive layers, and optional metallic top layers. Some standard materials that are used for backing
include aluminum, stainless steel, titanium and brass. The adhesive employed by Face International Corporation is
the high performance thermoplastic LaRC-SI [10]. The design and performance of the actuator can be modi�ed by
varying the number of layers and/or raw materials.

The assemblage is then bonded under the following conditions. The assembled THUNDER components are placed
in a vacuum bag (100 kPa) and then heated in an autoclave from room temperature to 204o C at a rate of 5:6o C/min.
The chamber is then pressurized with nitrogen to 241.3 kPa and the temperature is raised to 325o C. The composite
is maintained under these conditions for 30 minutes and then cooled at a rate of 5:6o C/min to 52o C. At this point,
both the autoclave pressure and vacuum are released at a gradual rate to minimize mechanical stresses which might
crack or break the material. Details concerning the construction process can be found in [11].

The LaRC-SI adhesive solidi�es at approximately 270o C and subsequent bending occurs as the composite is
cooled due to di�ering thermal coe�cients of the components. The modeling of the thermal e�ects on the �nal
curvature is thus considered for temperatures from 270o C to 25o C.

The Curie temperature for the employed piezoceramic compound PZT-5A is approximately 350o C so the pre-
viously poled material su�ers some loss of polarization in the manufacture process. Hence it must be repoled after
cooling through the application of a sustained DC voltage.

(a) (b)

Aluminum

PZT  Wafer

LaRC-SI  Film

LaRC-SI  Film
Stainless Steel

Figure 1. (a) Schematic of a THUNDER actuator; (b) Layers employed in the construction of the composite.
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3. Thermal Strains

The primary mechanism which produces the curvature in the cooled actuator is the di�ering thermal coe�cients
in the metallic backing and top layers, piezoceramic wafer, and adhesive layers. This produces di�erential contraction
rates as the composite is cooled and yields the subsequent curvature.

To model the thermal strains and corresponding stresses, we assume that the composite is comprised of N layers
with the modulus of elasticity and coe�cients of thermal expansion for each layer respectively denoted by Ej and
�j . The coordinate system is oriented so that the backing material lies in the x; z-plane with y = 0 corresponding
to the outer edge of the composite as depicted in Figure 2. The width of the j

th layer is denoted by bj while hj

indicates the y-coordinate of the top edge of the jth layer. Finally, the strain at the y = 0 position and curvature at
the neutral axis are respectively denoted by "0 and k.

The model is derived under the assumptions that linear elasticity and thermal relations can be employed in each
layer and that the heating process is uniform. Furthermore, it is assumed that strains in the y and z-directions are
negligible. We note that this latter assumption must be revaluated when considering the strains due to poling or
actuation due to the magnitude of piezoelectric e�ect.

Under these assumptions, the total strain "(y) at a height y in the composite can be expressed as

"(y) =
�(y)

E(y)
+ �(y)�t (1)

where �(y) denotes the stress and �t is the change in temperature. The Youngs' modulus and thermal coe�cient
E(y) and �(y) are the piecewise constant functions given by E(y) = Ej and �(y) = �j when y is in the jth layer.
Furthermore, the assumption that strains are linear in the transverse direction yields the relation

"(y) = "0 � ky (2)

between the strain "0 at the outside edge of the composite and the strain at a height y. Combination of (1) and (2)
then yields the stress expression

�(y) = ["0 � ky � �(y)�T ]E(y) : (3)

Force and moment balancing provides the constraints necessary to solve for "0 and k. For a layer having cross
sectional area Aj , the forces due to elastic and thermal stresses are

Fj =

Z
Aj

� dA

while the moments are

Mj =

Z
Aj

y� dA :

Force balancing provides the relation

0 =

NX
j=1

Z
Aj

� dA

=

NX
j=1

Ejbj

�
(hj � hj�1)("0 � �j�T )�

1

2
k(h2j � h

2

j�1)

�

while moment balancing yields

0 =

NX
j=1

Z
Aj

y� dA

=

NX
j=1

Ejbj

�
1

2
(h2j � h

2

j�1)("0 � �j�T )�
1

3
k(h3j � h

3

j�1)

�
:
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To facilitate the solution of the strain "0 and curvature k, we reformulate the constraints as the linear system

AE = f (4)

where E = ["0; k]
T and

A =

2
64
PN

j=1 Ejbj(hj � hj�1) �
1

2

PN
j=1 Ejbj(h

2

j � h
2

j�1)

1

2

PN
j=1 Ejbj(h

2

j � h
2

j�1) �
1

3

PN
j=1 Ejbj(h

3

j � h
3

j�1)

3
75 (5)

and

f =

2
64
PN

j=1 Ejbj�j�T (hj � hj�1)

1

2

PN
j=1 Ejbj�j�T (h2j � h

2

j�1)

3
75 : (6)

It is noted that the matrix A and vector f are easily constructed once the geometrical and material properties of the
layers in the composite have been speci�ed. Once E has been determined, the strains at a height y in the material
are speci�ed by (2) and the radius of curvature is given by R = 1=k. In the next section, we include the strains
due to repoling. In combination, this forms the basis for solving the forward problem (i) to determine the e�ect of
manufacturing conditions on the �nal geometry of the actuator.

h0

h2
h1

h4
h3

h5

Stainless Steel

Aluminum

PZT

x
z

y

Figure 2. Orientation of the composite THUNDER actuator with �ve layers.

4. Strains Due to Repoling

Because the THUNDER materials are heated to temperatures in the proximity of the Curie temperature during
the manufacturing process, it is necessary to repole the piezoceramic wafer before the composite can be employed
as an actuator. This entails the application of large DC voltages to realign dipole moments in the transverse (d33)
direction. This causes the piezoceramic wafer to contract longitudinally which produces a subsequent reduction in
curvature.

To model the strains generated by the alignment of dipoles in the y-direction, it is necessary to consider certain
aspects of ferroelectric domain theory. Details regarding this theory can be found in [6, 7] with analogous theory for
ferromagnetic materials provided in [8, 9].

The piezoceramic wafers are in a poled state before the heating process with dipoles aligned in the transverse
direction. In general, when these materials are heated above the Curie temperature, the domain structure is lost and
the properties of become paraelectric. In this state, the material acts as a normal dielectric. When the temperature is
reduced below the Curie temperature, the domain structure reforms to minimize intergranular stresses. The material
exhibits no net polarization, however, since the orientation of domains is random. Finally, repolarization through the
application of a large applied DC voltage aligns the domains and yields a con�guration which provides the material
material with its actuator and sensor capabilities. The three stages are depicted in Figure 3. From this �gure, it
is observed that poling in the transverse direction produces positive strains in the y-direction and corresponding
negative strains in the x-direction.
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To quantify the spontaneous strain ey in the material due to dipole ordering, we follow the approach in [8,
pages 343-345] or [9, pages 99-104] where analogous relations are developed for ferromagnetic materials. It is �rst
noted that if � is the angle between dipoles in a domain and the y-axis, then the strain varies as

e(�) = ey cos
2
� :

Under the assumption of a random orientation of domains, the strain due to the onset of domain formation is given
by

�0 =

Z �=2

��=2

ey cos
2
� sin� d�

=
ey

3
:

Finally, it follows that the saturation electrostriction �s due to dipole alignment during repoling is �s = ey � �0 so
that

�s =
2

3
ey : (7)

The relation (7) can be utilized in the following manner. The saturation electrostriction �s can either be measured
or estimated through a least squares �t to data for a given material. The spontaneous transverse strain ey due to
domain alignment is then speci�ed by (7). To determine the e�ect of polarization on curvature, it is necessary to
quantify the resulting strain in the x-direction. This can be accomplished through either a trigonometric analysis
similar to that used to obtain (7) or by employing the relation

ex = ��ey

where � denotes the Poisson ratio for the material. The longitudinal strains produced during repoling can then be
expressed as

ex = �
3

2
��s (8)

where � and �s are parameters which must be measured or estimated through a least squares �t to data for a given
piezoceramic material.

In the piezoceramic layer, the relation (8) can be combined with the thermal relation (1) to yield

"(y) =
�(y)

E(y)
+ �(y)�t �

3

2
��s :

For the composite structure, this yields the stress relation

�(y) =

�
"0 � ky � �(y)�T +

3

2
���s

�
E(y)

where

� =

(
1 ; if y is in the piezoceramic layer

0 ; otherwise

isolates the electrostatic strains due to repoling to the piezoceramic layer. Force and moment balancing in this case
yields the A matrix de�ned in (5) and the modi�ed f vector

f =

2
64
PN

j=1 Ejbj(�j�T � 3=2���s)(hj � hj�1)

1

2

PN
j=1 Ejbj(�j�T � 3=2���s)(h

2
j � h

2
j�1)

3
75 (9)

which incorporates the e�ects of repoling on the stresses in the piezoelectric layer. Solution of the system (4) then
provides the strain "0 and curvature k which incorporate both thermal and electrostatic e�ects. The validity and
limitations of the model are illustrated in the next section where the characterization of a THUNDER actuator
through comparison with data is considered.
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Figure 3. Material behavior of the PZT wafer as it is cooled through the Curie temperature (after Jiles [9]).
(a) Material in the paraelectric regime above the Curie temperature; (b) Random domain structure below the Curie
temperature; (c) Saturation polarization due to an applied voltage.

5. Model Validation

To illustrate the validity of the model and ascertain possible limitations, we compare the geometries determined
by the model with data from a variety of THUNDER actuators designed and constructed by Face International
Corporation. The �rst step necessary for comparison with experimental data is the formulation of the geometry
speci�ed by the model with that measured for the actuators. The actuators are constructed with the bottom layer
extending beyond the PZT and top layers as illustrated in Figure 1a. The curvature in the region covered by the
actuator layer is assumed uniform while the tabs on either side remain unbent since they are not subjected to either
thermal or piezoelectric strains. This produces the con�guration depicted in Figure 4. The model yields the radius of
curvature R = 1=k for the actuator region while the height h0, which includes the tabs, is measured for the physical
actuators. Furthermore, the actuator length s and length t of each tab are measured for a given actuator. It is thus
necessary to quantify the relation between the radius of curvature R, the measured dome height h0 and the lengths
s and t.

Given the radius of curvature R speci�ed by the model and the measured length s, the subsumed angle � is given
by

� =
s

2R
:

Furthermore, the length t and height h of the tabs are related by the expressions

h = t sin �

and
r + h = R cos � :

Since R = r + h
0, it follows directly that

h
0 = R(1� cos(s=2R)) + t sin(s=2R) : (10)

Given the measured values of s and t, and the radius R speci�ed by the model, the relation (10) provides the dome
height h0 which can be directly compared with measurements for various actuator con�guration.

Four actuators were considered with the dimensions and component materials summarized in Table 1. It is noted
that the actuators di�er in the metals employed for the bottom layer, the number of layers, and the thicknesses of the
individual layers. The values for the modulus of elasticity E and thermal coe�cients � reported by manufacturers
for the component materials are compiled in Table 2.

The �rst actuator had a bottom layer constructed from stainless steel and a thin aluminum top layer. The
measured values for h0, which are reported in Table 3, indicate a 13:6% reduction in the dome height after repoling.
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This is in accordance with the explanation in Section 4 that the curvature is reduced when dipole moments align with
the applied �eld in the y-direction. The performance of the model is indicated in Table 3 for two sets of parameters.
For the actuator before repoling, the parameters speci�ed by the manufacturers (Parameter Set 1) yields a dome
height h0 which di�ers from the measured value by approximately 12%. In the second case, values of E and � were
estimated through a least squares �t to the data to obtain the Parameter Set 2 which is summarized in columns 3
and 5 of Table 2. Due to the manner through which these parameters were determined, the corresponding dome
height matches the experimental value for the actuator before poling. We note that the estimation of parameters for
applications of this type is typically necessary to accommodate the bulk nature of certain mechanisms, introduced
during the construction process, and the inherent uncertainties in reported values.

To quantify the strains due to domain rotation during repoling, the Poisson ratio was taken to be � = :3 and the
saturation electrostriction value �s = 1.11e-3 was determined to quantify the height after poling. The feasibility of
this value is indicated by comparing it with the strain "0 = -4.7e-3 computed at the bottom edge of the actuator.

Actuator 2 di�ers both in the employed materials and the dimensions. It was constructed with a thin brass
bottom layer and no top layer. As with Actuator 1, the use of the parameters speci�ed by manufacturers yields a
height h0 which di�ers from the measured value by about 16% whereas the estimation of E and � for brass yields
parameters which are within 6% of reported values and an exact �t to the height. The parameter values for the
remaining layers in this second case were taken to be those estimated for the materials in Actuator 1.

The value of h0 = .388 cm predicted by the model after repoling is obtained with the saturation electrostriction
�s = 1.11e-3 estimated for Actuator 1. The accuracy of the prediction attests to the validity of the model used to
quantify strains due to domain rotation. Finally, we note that the physical height h0 = .380 cm can be matched by
the model with the parameter �s = 1.245e-3.

The third actuator di�ered from the second in that it had a titanium base layer as compared with the slightly
thinner brass layer employed in Actuator 2. Because the thermal coe�cient for titanium is signi�cantly smaller than
that of brass, the measured dome height is less than half that of Actuator 2. In this case, it is noted that the use
of the manufacturer speci�ed parameters (Parameter Set 1) yields a modeled dome height that is within 2:5% of
the measured value. Moreover, when the previously estimated parameters for the LaRC-SI and PZT were employed
with estimated parameters for titanium, the predicted dome height matches the measured value. Finally, when the
saturation electrostriction �s = 1.11e-3, determined for Actuator 1, is employed for modeling the piezoelectric strains,
the predicted height h0 after repoling is within 8:5% of the measured value. This further indicates the accuracy of
the domain rotation model used to quantify strains due to repoling.

To test the robustness of the model with parameters estimated for Actuator 1 when the dimensions are changed,
the dome height h0 of Actuator 4 was measured and compared to the modeled value obtained with Parameter Set 2.
It is noted in Table 2 that Actuator 4 is constructed from the same material as Actuator 1 but with signi�cantly
di�erent dimensions and layer thicknesses. The measured dome height for Actuator 4 was found to be .339 cm.
The modeled height obtained with Parameter Set 1 (manufacturer speci�cations) was .248 cm while the height
predicted with Parameter Set 2 (estimated for Actuator 1) was .304 cm. Hence it is observed that the model with
parameters identi�ed for a signi�cantly di�erent con�guration predicts the dome height to within 11% accuracy. It
is hypothesized that the discrepancy is due to variations introduced in the manufacturing process.

θ

s/2s/2

t t
θ

r

h’

h

R

Figure 4. Geometry of the actuator with tabs.
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Materials Thickness (cm) Length, Width and Tabs (cm)

Layer 1 Stainless Steel 304 2.540e-2

Layer 2 LaRC-SI 2.540e-3 Length s = 5.08e-3

Actuator 1 Layer 3 PZT-3195Hd 3.810e-2 Width b = 5.08e-3

Layer 4 LaRC-SI 2.540e-3 Tabs t = 1.27e-3

Layer 5 Aluminum 3003 2.540e-3

Layer 1 Brass 7.620e-3 Length s = 3.81e-3

Actuator 2 Layer 2 LaRC-SI 2.540e-3 Width b = 1.27e-3

Layer 3 PZT-3195Hd 2.032e-2 Tabs t = 6.35e-4

Layer 4 LaRC-SI 2.540e-3

Layer 1 Titanium 1.016e-2 Length s = 3.81e-3

Actuator 3 Layer 2 LaRC-SI 2.540e-3 Width b = 1.27e-3

Layer 3 PZT-3195Hd 2.032e-2 Tabs t = 6.35e-4

Layer 4 LaRC-SI 2.540e-3

Layer 1 Stainless Steel 304 7.620e-3

Layer 2 LaRC-SI 2.540e-3 Length s = 3.81e-3

Actuator 4 Layer 3 PZT-3195Hd 2.032e-2 Width b = 1.27e-3

Layer 4 LaRC-SI 2.540e-3 Tabs t = 6.35e-4

Layer 5 Aluminum 3003 2.540e-3

Table 1. Components and dimensions of THUNDER actuators.

Materials Thermal Coe�cient � (10�6=oC) Modulus of Elasticity E (GPa)

Manufacturer Specs. Estimated Param. Manufacturer Specs. Estimated Param.
(Parameter Set 1) (Parameter Set 2) (Parameter Set 1) (Parameter Set 2)

Aluminum 3003 24.00 22.00 68.95 64.0

Stainless Steel 304 17.30 19.30 193.10 186.0

Brass 20.0 18.72 100.0 95.0

Titanium 9.5 10.67 114.0 114.0

PZT 3195HD 3.0 3.5 67.0 62.0

LaRC-SI 46 (23-150oC) 59.0 3.45 5.0

60 (150-200oC) 67.0

Table 2. Values of the thermal coe�cients and moduli of elasticity reported by manufacturers and estimated through
a �t to data.

Actuator 1 Actuator 2 Actuator 3

Before Poling After Poling Before Poling After Poling Before Poling After Poling

Measured h
0 (cm) .445 .385 .452 .380 .194 .141

Modeled h
0 (cm) .392 .525 .189

(Parameter Set 1)

Modeled h
0 (cm) .445 .385 .452 .388 .194 .129

(Parameter Set 2)

Table 3. Measurements of the dome height h0 for THUNDER actuators and model predictions with Parameter
Set 1 (Manufacturer Speci�cations) and Parameter Set 2 (Estimated Parameters).
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6. Concluding Remarks

This paper addresses the question (i) posed in the Introduction; namely, given a speci�ed material composition
and set of manufacturing conditions, what is the �nal shape of the THUNDER actuator? The primary mechanisms
leading to the �nal curvature are the strains due to di�ering thermal properties of the component materials and the
strains due to repoling. To quantify the thermal component, linear thermoelastic relations were assumed and force
and moment balancing were employed to quantify the resulting curvature and in-plane strains. This accounts for
approximately 85% of the �nal curvature of the actuator. The remaining changes in curvature are due to strains
produced when dipole moments align with the applied electric �eld during repoling. This component is modeled
through the application of domain theory for ferroelectric materials.

As indicated by the comparison with experimental data for THUNDER actuators, the combined model accurately
quanti�es both e�ects under a variety of conditions and hence provides the capability for predicting the �nal shape
of the actuator. Hence it provides a useful tool for designing THUNDER actuators for various applications. We
note that the accuracy of the model in some cases is dependent upon the estimation of the thermal coe�cients and
moduli of elasticity for the component materials. In cases where measured values for the saturation electrostriction
are unavailable, this coe�cient must also be estimated to quantify the e�ects of repoling. A comparison of model
predictions with experimental results illustrates that once estimated, this coe�cient is accurate for a variety of
actuator con�gurations.
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