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Abstract

We discuss issues related to modeling of nonlinearities and hysteresis arising in a class of �lled

elastomers. Quasi-static and dynamic models are presented in the context of simple elongation

of a �lled rubber-like rod. Theoretical, computational and experimental results are given.

1 Introduction

The interest in rubber-based products has, in recent years, extended far beyond the traditional

uses in tires, seals and passive damping devices. Most recently, the interest in rubber-like smart or

active material devices has motivated a number of e�orts on both basic and applied aspects of the

scienti�c and engineering research required for a smart elastomer technology.

Smart material structures and uids ([11], [23]) are generally understood to be structure and

uid composites that possess the capability to sense and actuate in a controlled manner in response

to variable ambient stimuli. These are in actuality smart material systems which involve combina-

tions of advanced sensors, actuators and microprocessors. E�ective practical use of these systems

in speci�c applications depends on fundamental developments related to a number of important

modeling issues involving these composites. In particular one must have (i) models for the compos-

ite host system including sensors and actuators and (ii) models describing host system responses to

input signals to the actuator. The �rst of these is the inactive host system model while the latter

refers to the system undergoing actuation in response to stimulation. For example, detailed dis-

cussions of issues related to models for self-sensing, self-actuating structures based on piezoceramic

sensors/actuators can be found in [11]. Piezoceramic-based smart systems are a rapidly maturing

technological �eld with a large literature (a substantial number of references are given in [11]).

Another class of systems based on magnetorheological (MR) solids and uids is far less developed

and questions related to these systems are the main focus of our discussions in this presentation.

MR elastomers [29],[30], which are solid analogs of MR uids, are rubber-like composite struc-

tures �lled with active as well as inactive substances. Magnetically permeable particles (such as

iron) are added to a viscoelastic polymeric material prior to crosslinking. A strong external mag-

netic �eld is applied before and during crosslinking. This �eld induces dipole moments within the
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particles, which seek minimum energy states. Particle chains with collinear dipole moments are

formed and curing of the polymeric host material locks the chains in place. The resulting product

is a composite material with variable elastic modulus (maximum modulus changes of between 30%

and 40% have been reported in experimental data [29] in response to an applied external magnetic

�eld).

Models of the response of the elastomer to an applied magnetic �eld involve induced stress as a

function of induced magnetic ux density. This in turn involves understanding the dependence of

the elastic modulus on the induced magnetic ux. Modeling, which is truly in its infancy, can be

based on magnetic dipole interactions between adjacent particles. Since the value of the magnetic

permeability varies dramatically between particles and host material, it is to be expected that

homogenization techniques [12], [18], [25] will play a signi�cant role in any careful modeling of

e�ective moduli. Early results [40] suggest that the magnetic permeability is a nonlinear function

of the magnetic potential and hence nonlinear homogenization [17] formulations will be necessary

to develop models in category (ii) above.

Our discussions here will be on models for the dynamical response of the composite host, i.e.,

inactive �lled elastomers or �lled viscoelastic structures. Thus we focus on issues related to require-

ment (i) above. Such models involve nonlinear and hysteretic formulations in a signi�cant way. We

describe some of our e�orts with model development, estimation and experimental veri�cation. In

addition to providing basic understanding of �lled rubber responses to loads, these e�orts are a

necessary �rst step in the development of a smart elastomers technology.

2 Nonlinear models for extension

Our early e�orts focused on understanding the nonlinearities inherent in the dynamic response

of �lled rubber-like compounds to applied loads and impulsive disturbances. First we outline the

development of our basic model, which is based on neo-Hookean principles. Comparison of this

model with experimental data motivated the need for a more general model, which we will describe

in Section 2.2.

2.1 A neo-Hookean model

Most models for elastomers found in the literature are based on strain energy function (SEF) and

�nite strain theories (see [6], [26], [36], [15] and the references therein). Together with momentum

balance laws, the SEF and �nite strain theories can be used to derive dynamic equations of motion.

To illustrate our approach here, we take a simple example: an isotropic, incompressible, rubber-like

rod with a tip mass undergoing simple elongation with a �nite applied stress in the principle axis

direction x1 = x. A detailed development can be found in [6].

For neo-Hookean materials the �nite stress theory (or the Mooney theory with SEF U = C1(I1�

3)) leads to a true stress T = E
3
(�21 �

1
�1
); or an engineering stress

S =
T

�1
=

E

3
(�1 �

1

�21
):

Here �i are the principle extension ratios, which represent the deformed length of unit vectors

parallel to the principal axes (the axes of zero shear stress), and the �rst strain invariant I1 is
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I1 = �21 + �22 + �23. In this case the dynamical problem reduces to a one-dimensional problem. In

terms of the �nite strain ~exx and the deformation u in the x direction we have

�21 = 1 + 2~exx = 1 + 2
@u

@x
+

�
@u

@x

�2
=

�
1 +

@u

@x

�2
:

This can be used in the Timoshenko theory for longitudinal vibrations of a rubber bar with a tip

mass to obtain

�Ac
@2u

@t2
�
@S

@x
= 0 0 < x < `

M
@2u

@t2
(t; `) = �Sjx=` + F (t) +Mg (2.1)

where � is the mass density, F (t) is the applied external force, Ac is the cross sectional area, M is

the tip mass, g is the gravitational constant, and the internal stress resultant S is given by

S =
AcE

3
(�1 �

1

�21
) + CDAc

@�1

@t
=

AcE

3
~g

�
@u

@x

�
+ CDAc

@2u

@t@x
:

Here E is the generalized modulus of elasticity and ~g(�) = 1+��(1+�)�2: A Kelvin-Voigt damping

term with coe�cient CD is included in the stress as a �rst attempt to model damping. This leads

to the nonlinear partial di�erential equation

�Ac
@2u

@t2
�

@

@x

 
EAc

3
~g(
@u

@x
) +AcCD

@2u

@t@x

!
= 0 0 < x < ` (2.2)

M
@2u

@t2
(t; `) = �

 
EAc

3
~g(
@u

@x
) +AcCD

@2u

@t@x

!
jx=` + F (t) +Mg (2.3)

u(t; 0) = 0 (2.4)

u(0; x) = �(x); ut(0; x) = 0; (2.5)

for dynamic longitudinal displacements of a neo-Hookean material in extension. The initial con�g-

uration u(0; x) is given by �(x), with zero initial velocity.

Several theoretical and practical questions arise in connection with this model. The most

fundamental is the well-posedness of the initial boundary value problem associated with (2.2)-

(2.5). It is shown in [4] that a unique weak solution of (2.2)-(2.5) exists even under more general

circumstances, i.e., for a broad class of nonlinearities ~g. This is important, since comparison

between experimental data and preliminary numerical calculations outlined in [6] suggested that

the neo-Hookean nonlinearity ~g(�) = 1 + � � (1 + �)�2 is not adequate to describe the behavior of

�lled elastomers. By allowing for a more general form for the nonlinear function ~g, we can re�ne

the model using inverse problem techniques.

2.2 A general nonlinear constitutive law

To better capture the dynamic behavior of elastomers in extension, a general nonlinear function ~g

can be used in (2.2)-(2.5) in place of the neo-Hookean form. Using parameter estimation techniques,
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Figure 1: Rod with tip mass under tension.

an appropriate form for ~g and the unknown constants �, E and CD can be determined. Preliminary

work in the quasi-static regime detailed in [6] provided an encouraging �rst step in estimating ~g, and

gave us insight in formulating an inverse problem for the full dynamic model (2.2)-(2.5). With this

in mind, we designed a series of dynamic experiments that were performed at Lord Corporation.

Our initial experiments included dynamic free release and impulse response tests with cylindrical

elastomeric samples in extension. The elastomer was suspended vertically with the top end (x = 0)

�xed, and a frame was attached to the lower end (see Figure 1). Varying amounts of extra mass

were attached to this frame, which also served to house an accelerometer. Another accelerometer,

placed at the top of the sample, was used to verify the clamped boundary condition at the �xed

end.

For the free release experiment, the rubber rod was lifted together with the frame and the tip

mass so that no compression or extension occurred. Then the support was removed, allowing the

mass to fall freely. This type of experiment was repeated with un�lled and lightly �lled carbon

black samples, while a similar experiment was done with a highly �lled sample with a 9.29 lb tip

mass.

The force data collected by the load cell on top of the sample were used in estimating the

unknown parameters q = fg; �; E;CDg in (2.2)-(2.5) by minimizing

J(q) =
1

2

NX
i=1

jzi �Ac�(
@u

@x
(ti; 0; q))j

2

over q in some admissible parameter space Q. Here zi, i = 1; : : : ;M represent the experimental

observations of the force at the �xed end, and u is the solution of (2.2)-(2.5) corresponding to

the parameters q. Initially we solved this inverse problem using observations zi from the un�lled

natural rubber.

Based on our previous work with the quasi-static case (see [6]), we tested two forms for the

function ~g in the inverse problem. First ~g was chosen as the best possible linear function, followed

by choosing the best ~g from a class of four-term piecewise linear splines. Figure 2 depicts the best �t

to the data that can be achieved using a linear ~g, and de�nitely suggests that a nonlinear function

is required to successfully model the behavior of the elastomer. Figure 3 depicts the �t achieved

using a four-term piecewise linear ~g. This �t is much better and captures the nonlinear behavior
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as well. However, as the same experiments and calculations were repeated for lightly �lled and

highly �lled elastomer rods, the best attainable �t deteriorated. This strongly suggested that in

these cases some of the observed hysteretic behavior, which is described in detail in Section 3.3.1,

also must be taken into account.
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Figure 2: (left) Time domain approximation with a linear ~g, and (right) the FFT of the solution

and the data.
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Figure 3: (left) Time domain approximation with a four-term piecewise linear ~g, and (right) the

FFT of the solution and the data.

3 Hysteretic Models

3.1 Conceptual Issues

The e�orts described above on nonlinear aspects of rubber dynamics combined with quasi-static

experimental observations outlined in 3.3.1 conclusively demonstrated the importance of hysteresis

in our understanding of �lled host dynamic response. This is an often-studied and seldom resolved

aspect of viscoelastic material dynamics which usually begins with constitutive stress-strain for-

mulations. A huge literature on modeling of viscoelastics and rubbers currently exists (e.g., see

[13], [14], [16], [21], [39], among the many discussed in [43]). Two types of modeling approaches
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for stress-strain relationships can be found in the literature on viscoelastic materials. One is de-

veloped on the basis of the phenomenological mechanical behavior of the samples, while the other

concentrates on the microscopic behavior of the particles and �bers, such as the changes in the

crosslinking and the contour length of �bers, and on the di�erent relaxation times of �bers. The

most fundamental model is the Boltzmann integral model, which attempts to capture the viscosity

of the material and the history dependence of the stress on the strain and/or strain rate; the latter

characteristic is a signature of rubber materials. As is well known, the Boltzmann integral can

be reduced easily to some familiar di�erential models, e.g., Kelvin-Voigt and Maxwell. Due to the

fundamental importance of the Boltzmann integral, we digress here to briey outline its foundation.

The major assumption (a principle of superposition) made by Boltzmann is that linear models

can be added together to generate more complicated models (see [31]). This assumption is referred

to as the Boltzmann Superposition Principle (see [20], p. 6).

One can generalize the basic Kelvin-Voigt and Maxwell models (see [43], Chap. 3 for a detailed

discussion) to relate the stress and strain by

"(t) = �0J(t)H(t) where � = �0H(t) (3.6)

�(t) = "0Y (t)H(t) where " = "0H(t) (3.7)

for functions J(t) and Y (t) that are termed the creep compliance function and the relaxation

modulus function, respectively. Here H is the usual Heaviside function. Boltzmann generalized the

above models to account for variables �(t) and "(t) (e.g., the results from stretch and relaxation

tests) by considering a succession of in�nitesimal steps d"(t) for (3.6) or a succession of in�nitesimal

steps d�(t) for (3.7).

As a result, one obtains

d�(t) = d"(s)Y (t� s)H(t� s) : (3.8)

One can rewrite d"(s) = d"(s)
ds ds; set t � s, and integrate (3.8) from �1 to t to obtain

�(t) =

Z t

�1

Y (t� s)
d"(s)

ds
ds :

A similar expression for " in terms of the kernel J and the history of the stress rate can be obtained.

The above integral is referred to as a Boltzmann integral since it conforms with the fundamentals of

superposition as enunciated by Boltzmann. Physical models that consist of a continuum of springs

and dashpots are often associated with such integrals since they result from the limit of summing

an in�nite number of Maxwell and Kelvin-Voigt models (see [20], [43]).

Typical nonlinear behaviors of the stress and strain in rubber materials under �nite (i.e., non-

in�nitesimal) deformation include a continuous increase of strain at decreasing rates upon loading,

variable magnitudes of the strain subject to rates of loading, and di�erent loading and unloading

paths due to hysteretic memory e�ects. In addition, there are other nonlinear features that are

particular to the samples under study. These traits can be modeled accurately to some degree

using theories originated by Rivlin for �nite deformations alone (e.g., see [38], [42]); however, to

fully describe nonlinear viscoelastic materials, it is desirable to also consider internal chemical and

physical interactions involving long chain molecules and �llers. We refer the reader to [26] for an

example of derivations of internal variable models and internal solid models, which are based on

the molecular point of view. The previously mentioned Kelvin-Voigt model, Maxwell model and

Boltzmann integral formulation can be modi�ed to include �nite deformations by making material
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the coe�cients functions of "(t) and t, or by de�ning new laws between �(t) and "(t) (or more

precisely, the �nite strain ~e(t) in the case of �nite deformations). There are a number of models

that involve attempts to model nonlinearity in viscoelastic material through �nite deformation

theories (see [20], [26], [37]). For more complete discussions we refer readers to Chapter 3 of [43]

and a lengthy list of references found there.

Many of the various models in the literature have been veri�ed qualitatively and/or numerically

for speci�c samples under individual tests. However, due to the complex dependence of rubber

composites on many physical parameters, it has been very di�cult to obtain a general formulation

that is reasonably simple quantitatively and that captures viscoelastic behavior across a wide range

of materials. For our investigations reported on here, we have used a Boltzmann law with a nonlinear

strain functional. Before turning to a summary of our �ndings to date, we briey discuss the often

controversial subject of pseudo-phenomenological models versus physics-based or internal models

in viscoelasticity.

As we have already noted, among the most often used formulations to account for hysteresis

is the Boltzmann superposition model (also called the Maxwell solid in history integral form)

which is based on the hypothesis that the stress is strain rate dependent through a convolution

relationship [16]

�(t) = C"(t) +

Z t

�1

k(t� �) _"(�) d� : (3.9)

For many materials, this linear relationship is inadequate to capture the behavior and internal

characteristics manifested in experiments and one must turn to nonlinear generalizations of the

form

�(t) = fe("(t)) +

Z t

�1

k(t� �)fv( _"(�)) d� (3.10)

or

�(t) = fe("(t)) +

Z t

�1

k(t� �)
d

d�
fv("(�)) d� : (3.11)

The nonlinearities fe and fv are often associated with the material's elastic and viscoelastic prop-

erties, respectively. Even if one or both are assumed linear, they must be identi�ed along with the

kernel k from experimental data. If this is done with little or no mechanistic assumptions that place

constraints on the form of fe; fv; k (e.g., see [1],[2],[3] and references therein), such an approach ren-

ders the Boltzmann modeling a phenomenological approach. If, on the other hand, one uses physical

considerations (such as in [10]) to constrain the choices of fe; fv; k in the inverse problem or param-

eter estimation procedures, the modeling attempt can be thought of as pseudo-phenomenological.

In fact, it is equivalent to identifying the impulse response function and nonlinearities for certain

types of (possibly physically-based) internal variable models (Maxwell solids in di�erential form).

For example, if one considers internal strain models as in [27], [32], [33], then the basic assumption

is that one has a �nite number of internal \strain" variables "j(t); j = 1; � � � ; N , along with the

strain "(t), and the stress is given by

�(t) = fe("(t)) +
NX
j=1

cj"j(t) : (3.12)

The internal strains might be given by dynamics

d"j

dt
+
"j

�j
= fj( _"(t)) ; j = 1; � � � ; N ; (3.13)
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or
d"j

dt
+
"j

�j
=

d

dt
fj("(t)) = f 0j("(t)) _"(t) ; j = 1; � � � ; N : (3.14)

If we write the solutions of the equations by

"j(t) =

Z t

�1

e�(t��)=�j fj( _"(�)) d� (3.15)

or

"j(t) =

Z t

�1

e�(t��)=�j
d

d�
fj("(�)) d� ; (3.16)

then (3.12) is completely equivalent to (3.10) or (3.11) where

k(t� �)fv( _"(�)) =
NX
j=1

cje
�(t��)=�jfj( _"(�)) (3.17)

or

k(t� �)
d

d�
fv("(�)) =

NX
j=1

cje
�(t��)=�j

d

d�
fj("(�)) ; (3.18)

respectively. In this case, the Boltzmann approach under the assumptions (3.17) or (3.18) is

completely equivalent to the internal variable approach. The only real di�erence in these two

approaches lies in the implementation; i.e., one might start with (3.10) or (3.11) and attempt to

identify the overall impulse response function k(t) without any consideration of internal dynamics,

or one might use (3.12) with (3.13) or (3.14) and attempt to identify the individual decay constants

�j along with the coe�cients cj and nonlinearities fj.

If, however, one assumes nonlinear internal dynamics of the form

d"j

dt
+ gj("j) = fj( _"j) ; j = 1; � � � ; N; (3.19)

in place of (3.13), then (3.12) cannot be rewritten in Boltzmann form and the internal variable

approach is distinct from a general Boltzmann approach. In this case, one must solve a coupled

system (the overall dynamical PDE in which � appears plus the system (3.19) coupled with (3.12))

as opposed to an implicit internal dynamics system involving (3.10) or (3.11) in the PDE's of

deformation.

One might also generalize the internal variable/Boltzmann linear models by de�ning a gener-

alized stress � = (�; _�; � � � ; �(n1)) and generalized strain " = ("; _"; � � � ; "(n2)) with internal vector

dynamics
d�

dt
= A� + F(") (3.20)

so that

�(t) =

Z t

�1

eA(t��)F("(�)) d� :

If one de�nes X(t) = eAt, this becomes

�(t) =

Z t

�1

n1X
j=1

X1j(t� �)F j("(�); _"(�); � � � ; "
(n2)(�)) d�; (3.21)
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which again is recognized as a generalized Boltzmann formulation. In particular, (3.11) is a special

case of this formulation with n1 = 1 since

d

d�
fv("(�)) = f 0v("(�)) _"(�) = F("(�); _"(�)) : (3.22)

The internal strain models of (3.12) and (3.13) can also be put in this more general form by taking

~" = ("1; "2; � � � ; "N ) and
d~"

dt
= A~"+ F( _"(t))

so that

~"(t) =

Z t

�1

eA(t��)F( _"(�)) d�

and

�(t) = fe("(t)) + c � ~"(t) = fe("(t)) +

Z t

�1

c �
h
eA(t��)F( _"(�))

i
d� (3.23)

for c = (c1; c2; � � � ; cN ). These considerations clearly reveal that (3.12) and (3.13) are special cases

of a generalized Boltzmann approach, and the primary di�erence between a Boltzmann and linear

internal variables approach is mainly philosophical. That is, in the Boltzmann approach, one

attempts to identify the impulse response eAt as opposed to the internal variables approach where

one is concerned with the operator A. In both situations, one must also identify the nonlinearities

fe and fv (or F in (3.23)).

There is another pseudo-phenomenological approach to hysteresis found in the engineering liter-

ature on viscoelasticity that is related to our remarks above. The so-called Golla-Hughes-McTavish

(or GHM) method (see [22], [24], [34] for readable summaries) can be interpreted as a nonphysics-

based internal variable model approach to viscoelasticity. In this approach, one introduces addi-

tional coordinates (i.e., internal variables) in state space models to account for hysteretic behavior.

The general approach uses complex modulus or loss factor data (modulus or frequency data) to

�t rational polynomials representing the Laplace transform of hysteresis stress-strain relationships.

Speci�cally, the viscoelastic hysteresis is approximated by adjoining a state variable z with fre-

quency domain representation

h(s) =
�s2 + �s

s2 + bs+ c
:

This is equivalent to an internal dynamics of the form ��ve+ b _�ve+ c�ve = ��"+� _"; or, in frequency

domain, �̂vefs
2 + bs + cg = f�s2 + �sg"̂ : This, of course, can be recognized as a special case of

(3.20) by de�ning � = (�ve; _�ve); " = ("; _"; �") and

_� = K� +E" (3.24)

with

K =

"
0 1

c b

#
; E =

"
0 0 0

0 � �

#
:

In the usual engineering practice, one attempts to identify c; b; �; � using frequency domain data

and then adjoins this to the time domain (e.g., �nite element or modal) model via (3.24). Once

again, the philosophy of this approach is to identify the operator A (i.e., K) in (3.20) instead of

identifying eAt.
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The internal variable approach outlined above can be carried out for particular structures and

materials by hypothesizing physics-based internal dynamics. One such example involves �nite strain

internal stretch variable models for viscoelastic rubbers as developed in [19] and [28]. These involve

stick-slip models for the viscoelastic response to a large step-strain (see [19] and [28] for details).

3.2 Theoretical Issues

To outline our e�orts to date in incorporating hysteresis in our models, we return to the example

involving simple extension in a rod of cross-sectional area Ac, length `, and mass density �, with

applied force f(t) at the end x = `: We assume a Boltzmann-type stress-strain law of the form

�(t) = ge("(t)) +

Z t

�1

Y (t� s)
d

ds
gv("(s); _"(s))ds; (3.25)

where Y is the memory kernel, and ge and gv are nonlinear functions accounting for the elastic

and viscoelastic nonlinear responses (respectively) of the elastomer. This stress-strain law implies

that the stress depends not only on the current strain but also on the history of the strain and the

strain-rate.

The inclusion of both elastic and viscoelastic response functions resulted from both experimental

observations and earlier work (e.g., see [26], [28]). Elastic materials undergoing �nite deformations

require the use of a nonlinear constitutive law, as discussed in Ogden [36]. This leads to the conclu-

sion that viscoelastic materials would also have a nonlinear stress-strain relationship, especially in

the �nite deformation regime. Moreover, �lled rubber exhibits hysteretic properties, which suggests

the use of an integral term and the viscoelastic response function inside the integral.

As we have already noted, models for �lled elastomers in extension are motivated by formulations

for large deformation tensile dynamics. When properly modeled, these dynamics require �nite

strains [36], [38]

~e =
@u

@x
+
1

2

�
@u

@x

�2
= "+

1

2
"2 (3.26)

in constitutive laws, where " = @u
@x is the usual in�nitesimal strain of linear elasticity (see [5] for

basic modeling techniques as well as speci�c examples related to longitudinal (tensile) deformation

models). As outlined in Section 2 above, computational and experimental results (see [6]) have

con�rmed that nonlinear constitutive laws

�(t) = ~Ge(~e(t)) (3.27)

are required to model even the small deformation elastic dynamics for lightly �lled elastomers.

However, for more highly �lled elastomers (the primary focus for both passive and active damping

devices), hysteresis is present and viscoelastic behavior must be combined with basic nonlinear

elastic behavior in constitutive laws of the form

�(t) = ~Ge(~e(t)) + ~Gv(~e(t+ s) : �1 < s � 0): (3.28)

In light of (3.26), this is equivalent to attempting to determine nonlinear maps ge; gv so that

the constitutive law is given by

�(t) = ge("(t)) + gv("(t+ s) : �1 < s � 0): (3.29)
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That is, modeling the nonlinear behavior between the stress and the �nite strains ~e (which

are themselves nonlinear functions of the in�nitesimal strains ") can be equivalently formulated

in terms of nonlinear relationships between the stress and the in�nitesimal strains ". Hence we

equivalently assume (3.25) instead of a similar law involving the �nite strains ~e.

We also recall that the stress-strain law (3.25) contains various standard internal strain or

internal variable formulations as special cases. The ADF models of Lesieutre [32], [33] for composite

materials exhibiting both elastic and anelastic displacement �elds are formulated on the assumption

that the host elastic material contains anelastic materials with internal strains "1 which are elastic

strain driven. That is, the constitutive laws have the form

�(t) = E1"(t)�E2"1(t); (3.30)

where the internal strain is given by

_"1(t) + c1"1(t) = c2"(t) (3.31)

"1(0) = 0;

or equivalently,

"1(t) =

Z t

0

c2e
�c1(t�s)"(s)ds:

Several generalizations of this formulation exist, e.g., Johnson et.al. [26], suggest that the internal

strain is strain rate driven, i.e.,

_"1(t) + c1"1(t) = c2 _"(t): (3.32)

Our Boltzmann-type law (3.25) (under appropriate assumptions on the past memory from �1 to

0) corresponds to an internal strain model of the form:

_"1(t) + c1"1(t) =
d

dt
gv("(t); _"(t)) (3.33)

"1(0) = 0:

This form was chosen after we found that neither (3.30) nor (3.32) provided laws that could

describe our data.

Experimental observations of the quasi-static behavior of elastomers (see Section 3.3.1) indicate

that these materials possess di�erent nonlinear viscoelastic responses in loading ( _" > 0) and un-

loading ( _" < 0). This led to our choice of a piecewise continuous form for the viscoelastic response

function gv:

gv("(s); _"(s)) =

(
gvi("(s)) _"(s) > 0

gvd("(s)) _"(s) < 0:
(3.34)

Here we require gvi and gvd to be continuous (and generally nonlinear) functions. This di�erence

between loading and unloading is more pronounced as the amount of �ller increases in the material.

We de�ne the points ti, i = 1; : : : ;K as the \turning points," or the points in time for which _" = 0.

The function gv need not be continuous at the turning points, so we must interpret the derivatives
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in (3.25),(3.33) as distributional derivatives. That is, delta functions are involved in di�erentiating

the composite functions gv("; _"), or equivalently, integration by parts is valid.

Earlier calculations and experiments suggested that the rubber does not exhibit in�nite memory,

but signi�cantly depends only on a history of �nite length r: That is, the memory kernel Y is such

that Y (�) � 0 for � � r: Therefore we can approximate (3.25) by

�(t) = ge("(t)) +

Z t

t�r
Y (t� s)

d

ds
gv("(s); _"(s))ds: (3.35)

Integrating by parts in (3.35) and assuming tK < t < tK+1, we have

�(t) = ge("(t)) +

Z t

t�r

_Y (t� s)gv("(s); _"(s))ds+ Y (0)gv("(t); _"(t))

+
KX
k=1

Y (t� tk)(�1)
k+1[gvi("(tk))� gvd("(tk))];

(3.36)

where we have used Y (r) � 0. This is precisely the form of the stress-strain law that we used in

the calculations reported on below.

To develop the corresponding dynamic model for simple extension, we must incorporate these

jump terms into our formulation. Let u(t; x) denote the displacement at time t of the section of

the rod originally located at x; 0 � x � `: If we assume that the rod begins its motion at rest with

possible deformation �(x) and �xed end at x = 0, we obtain

�Ac
@2u

@t2
=

@

@x

"
Ac~ge(

@u

@x
) +AcY (0)gv(

@u

@x
;
@2u

@x@t
) +Ac

Z t

t�r

_Y (t� s)gv(
@u

@x
;
@2u

@x@t
)ds

+Ac

KX
k=1

Y (t� tk)(�1)
k+1[gvi(

@u

@x
(tk))� gvd(

@u

@x
(tk))]

#
for 0 < x < ` (3.37)

Ac

"
ge(

@u

@x
(t)) + Y (0)gv(

@u

@x
(t);

@2u

@x@t
(t)) +

Z t

t�r

_Y (t� s)gv(
@u

@x
(s);

@2u

@x@t
(s))ds

+
KX
k=1

Y (t� tk)(�1)
k+1[gvi(

@u

@x
(tk))� gvd(

@u

@x
(tk))]

#�����
x=`

= f(t) (3.38)

u(t; 0) = 0 (3.39)

u(0; x) = '0 (3.40)

ut(0; x) = 0 (3.41)

u(t; x) = '1; t < 0: (3.42)

We may also include an (internal) Kelvin-Voigt damping term CDuxxt (CD > 0) in the model. In

general the resulting model should be written in variational form
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�Ac�u� CDuxxt �
@

@x

 
Acge(

@u

@x
) +AcY (0)gv(

@u

@x
;
@2u

@x@t
) +Ac

Z t

t�r

_Y (t� s)gv(
@u

@x
(s);

@2u

@t@x
(s))ds

+Ac

KX
k=1

Y (t� tk)(�1)
k+1[gvi(

@u

@x
(tk))� gvd(

@u

@x
(tk))]

!
= F (t) in V � (3.43)

u(t; 0) = 0 (3.44)

u(0; x) = '0 (3.45)

ut(0; x) = 0 (3.46)

u(t; x) = '1; t < 0: (3.47)

for an appropriately chosen Hilbert space V . This presumes, of course, that we have su�cient

smoothness so that evaluation of @u
@x at ti makes sense and

@
@x(gvi(

@u
@x(ti)));

@
@x(gvd(

@u
@x(ti))) 2 V �.

For this particular example, one takes V = H1
L(0; `) = f� 2 L2(0; `)j�0 2 L2(0; `); �(0) = 0g. The

important question of well-posedness of the system (3.43)-(3.47) is treated carefully in [9]. We have

shown that under certain assumptions there exists a unique weak solution of the system (3.43)-

(3.47). Speci�c de�nitions and results are quite technical in nature and we refer the interested

reader to [9].

3.3 Experimental and computational results

With the aid of inverse problem techniques and experimental data, we may address the validity

of the quasi-static model (3.25) and the dynamic model (3.37)-(3.42) for �lled elastomers. We

designed and implemented both quasi-static and dynamic experiments for elastomers in tension,

and used the data we gathered to estimate parameters associated with our models.

Since the quasi-static case is simpler to study experimentally and computationally, we �rst

investigated the inverse problem for the constitutive model (3.25). Using the knowledge gained

from the quasi-static case, we then returned to the full dynamic case and solved the inverse problem

associated with the model (3.37)-(3.42).

3.3.1 Quasi-static inverse problems

In a series of experiments at Lord Corporation, we tested the quasi-static behavior of �lled rubber

rods in simple uniaxial tension. Cylindrical rubber samples were manufactured with metal anges

on each end and secured vertically into an Instron 4204 machine. The bottom end of the sample

was secured so that it would remain �xed, while the upper end was attached to a load cell and a

horizontal crossbar, as in Figure 4. The samples used in this experiment were a silica-�lled silicone

elastomer and three carbon black-�lled natural rubbers, including lightly �lled, medium �lled and

highly �lled samples.

Using the software package STD4200, a sequence of displacements �(t) was programmed into

the machine and the resulting loading forces f(t) were recorded. The load and displacement data

was then converted into the in�nitesimal strain "(t) and the engineering stress �(t) according to

the relations �(t) = f(t)=Ac and "(t) = �(t)=`, where Ac is the original cross-sectional area of the

sample and ` is the original length of the sample.
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Figure 4: Quasi-static pull test on the Instron machine.

In the experiments discussed here, we used a constant strain rate of �ve inches per minute. At

the beginning of each test, the sample was \demullinized" through a series of large displacement

cycles, generally up to about 150% strain for highly-�lled samples and up to 300% strain for lightly-

�lled samples. The Mullin's e�ect is a widely known phenomenon in viscoelastic materials, in which

the initial load-displacement curves for a \new" sample are signi�cantly di�erent than those for

subsequent cycles.

After the samples were demullinized, two di�erent types of quasi-static pull tests were con-

ducted. The �rst type (Type I) includes a sequence of loading and unloading the sample to pro-

duce load-displacement curves with decreasing maximum strain levels. As seen in Figure 5 with a

highly-�lled carbon black sample, we load and unload the rubber to create three consecutive loops

at 100% maximum strain, then repeat the sequence of three loops each with maximum strain levels

of 90% down to 50%. In this case, the sample is always returned to a �xed minimum strain level at

the bottom of each strain loop. We used three loops of each strain level to account for and remove

any possible small scale Mullin's e�ects.

In the second type of experiment (Type II), we created a sequence of strain loops that have

decreasing maximum strain levels as before, but instead of a �xed minimum strain level we used

progressively increasing minimum strain levels. As in Figure 6, we load and unload the rubber in

three consecutive strain loops with a minimum strain of 25% and a maximum strain of 100%, and

continue with three consecutive strain loops of 30%-90% strains, three loops of 40%-80% strains,

and �nally three loops of 50%-70% strains.

Using this quasi-static load and displacement data, an inverse problem can be formulated to

obtain an appropriate form for our stress-strain constitutive law. Here we choose the constitutive

model (3.36), and we will use parameter estimation techniques to determine the memory kernel Y

and response functions ge, gv.

The speci�c forms for ge, gv and Y were chosen in comparison with experimental data. Based on

studies detailed in [43], we chose an exponential form for the memory kernel Y . Such an exponential

form generates totally nested hysteresis loops in the stress-strain curves, a feature also observed in

our data (e.g., see Figures 5 and 6). For C1 and C2 positive, we de�ne

Y (t) = C2e
�C1t:

We tried a number of linear and nonlinear functions for ge and gv , including the special cases of

ge and gv linear with gv � gvi � gvd. The relative errors discussed in [43] suggested that nonlinear

functions are necessary for both ge and gv. Additional curve �tting studies outlined in [43] led to

our choice of cubic polynomials for ge, gvi and gvd. That is, we chose parameterized nonlinearities
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Figure 5: Quasi-static stress-strain data for highly �lled carbon black: Type I.
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Figure 6: Quasi-static stress-strain data for highly �lled carbon black: Type II.

of the form

ge(x) =
3X

i=0

Eix
i; gvi(x) =

3X
i=0

aix
i; gvd(x) =

3X
i=0

bix
i;

where Ei; ai; bi, i = 0; 1; 2; 3 are real constants.

Note that the constants C1; C2 and Ei; ai; bi are material parameters, which we must determine

with parameter estimation techniques. Using the experimental strain and stress data ("̂(tj); �̂(tj)),

j = 1; : : : ; N with our model (3.36), we solved for the \optimal" parameters ~q = fC1; C2; Ei; ai; big,

i = 0; 1; 2; 3. That is, we sought to �nd the parameters ~q that minimized

J(~q) =
NX
j=1

j�̂(tj)� �(tj ; ~q)j
2 (3.48)

over ~q in some admissible parameter set Q, where �(tj ; ~q) denotes the stress obtained at time tj
when inserting the strain data "̂(tj) into (3.36) with parameters ~q.

We implemented the inverse problem on four di�erent elastomer samples, including a silica-�lled

silicone material, and three natural rubber samples �lled with varying levels of carbon black. Here

we will present results for the silica sample (Sil), the medium-�lled carbon black (CB-m) and the

highly-�lled carbon black (CB-h) samples.

For each elastomer, we would like our model to predict a set of nested stress-strain loops like

those found in Figure 5 or 6. However, we would like to use as little data as possible in solving the

inverse problem, while still obtaining accurate predictions of the full data set. After experimenting

with di�erent data sets in the inverse problem, we chose to use one or two of the stress-strain loops

as the data for the inverse problem, depending on the type of data and elastomer.
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Figure 7: Type I Sil results.

For the Sil sample, we have Type I stress-strain data that was collected in the same manner as

that depicted in Figure 5 for the CB-h sample. Our initial attempts at solving the inverse problem

for (3.48) with this data involved using the third 100% strain loop only. We used BFGS-type

optimization routines [41] to solve for the optimal parameters ~q�, and then used these parameters

and the entire set of strain data "̂(ti) in (3.36) to predict the remaining inner loops. While these

parameters could accurately match the 100% loop used in the inverse problem, they did not result

in a very good prediction of the full data set. As an alternative, we chose the same 100% strain

loop in addition to the �rst 90% strain loop to be our data in the inverse problem. The resulting

parameters ~q� gave substantially better predictions of the full data set, as seen in Figure 7. In this

and subsequent �gures, the solid lines are data plots while the dashed lines are model-computed

response curves using the optimal parameters in the model. We calculated the total relative error,

given by PN
j=1 j�̂(tj)� �(tj ; ~q)j

2PN
j=1 j�̂(tj)j

2
;

and obtained a value of 3.72% for the predictions depicted in Figure 7.

The same process was repeated using Type I data from the CB-h sample. Using the third 100%

strain loop and �rst 90% strain loop as data in the previous inverse problem, we obtained optimal

parameters ~q�. As seen in Figure 8, these parameters yield satisfactory predictions of the whole

data set, with a total relative error of 2.16%.

Next we used Type II data from the CB-h sample to solve for the optimal parameters ~q�. In

this case we used the third 25%-100% loop as our data in solving the inverse problem, and found

that the resulting parameters could successfully predict the entire data set (see Figure 9), with a

total relative error of 1.36%. In a similar manner, we carried out this procedure for the CB-m Type

II data and obtained parameters that could very closely predict the entire data set. The resulting

prediction is seen in Figure 10, with a total relative error of 0.66%.

The parameters we obtained in each of the above inverse problems are shown in Table 1. Notice
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Figure 8: Type I CB-h results.
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Figure 9: Type II CB-h results.
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Figure 10: Type II CB-m results.

Type I data Type II data

Sil CB-h CB-h CB-m

C1 0:1836 0:2057 0:2071 0:1505

C2 29:4541 12:9407 12:9174 7:6479

E0 110:5593 95:2730 97:4898 63:7543

E1 �39:7015 111:7723 113:2974 114:9653

E2 �356:7599 �82:2648 �80:9622 �80:1991

E3 325:0017 95:0262 96:8048 88:6977

a0 8:6374 �0:7231 �3:1990 �7:1415

a1 �43:9782 �14:4100 �13:6314 7:5475

a2 46:4957 12:5035 13:3965 22:2873

a3 1:9585 10:6746 11:2061 �2:2989

b0 �18:2117 19:5202 19:4524 19:5571

b1 117:3161 122:3481 122:8298 107:1207

b2 �126:4088 �124:8175 �124:0265 �138:6131

b3 37:9365 50:2130 50:9784 56:6247

Table 1: Optimal parameters obtained from inverse problems.
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that the parameters obtained for the CB-h sample with Type I data are very similar to those found

using Type II data, which suggests that these may indeed be \material" parameters. In fact, when

using the parameters from the Type I CB-h inverse problem to predict the Type II CB-h data set,

the total relative error was just 2.75%.

3.3.2 Dynamic inverse problems

Our hysteretic model (3.43)-(3.47) was tested on a series of dynamical experiments with di�erent

types of �lled rubber samples at Lord Corporation. The primary goal of these experiments was

to determine the elastic and viscoelastic response through the energy dissipation mechanism. We

used the same free release experiments that were described in Section 2.2. Since the dynamical

behavior of the un�lled natural rubber sample was adequately described by our basic model without

hysteresis, we began our hysteresis investigations using the lightly �lled sample. For given �; ge; gv
and Y we solve the partial di�erential equation (3.43)-(3.47) forward in time, and obtain the

displacement u(t; x); 0 � x � `: The data collected in these experiments provides us with the force

at the top of the sample (x = 0), and we compare it to the force predicted by the model at the

same point, given by

Ac�(t; 0) = Ac

�
ge(ux(t; 0)) +

Z t

t�r
Y (t� s)

d

ds
gv(ux(s; 0); _ux(s; 0))ds

�
;

where we use our computed solution u(t; x) to �nd ux(t; 0) and _ux(s; 0). Our goal is to �nd �; ge; gv
and Y so that the model predicted force at x = 0 best matches the data collected by the load

cell. Thus, if we choose the functions ge(�) = E1� + E2�
2 + E3�

3, gvi(�) = a1� + a2�
2 + a3�

3;

gvd(�) = b1� + b2�
2 + b3�

3; and Y (�) = c2e
�c1� ; we can set up a parameter identi�cation problem

to �nd �;E1; E2; E3; a1; a2; a3; b1; b2; b3; c1; c2 (collectively denoted by q) such that

J(q) =
MX
i=1

jzi �Ac�(ti; 0; q)j
2

is minimized. Here the zi; i = 1; :::;M are the data collected by the load cell, and �(ti; 0; q) is

given by the model as described above. The particular form for ge; gv and Y was motivated by

their success in the quasi-static case. However, in our �rst calculations for the lightly �lled rubber

rod we assumed that a linear gv, with gv = gvi = gvd would be su�cient to account for the slight

hysteresis shown by the sample. Our time domain approximations showed good agreement with the

data, but there were some discrepancies in the frequency domain comparisons. Thus we proceeded

to assume that gv was a cubic polynomial with gv(�) = gvi(�) = gvd(�) = a1� + a2�
2 + a3�

3:

We also chose the Kelvin-Voigt damping coe�cient CD = 0. This damping term is important

for the theoretical result but in our experiments and computations we have determined that the

hysteresis portion of the model can provide adequate damping to capture the dynamic behavior.

In our computations we used linear splines for spatial discretization, i.e., we were looking for the

displacement u(t; x) =
PN

i=1 ui(t)�i(x), where �i are the usual piecewise linear splines:

�i(x) =

8><
>:

1
hx� (i� 1) (i� 1)h � x � ih

�
1
h
x+ (i+ 1) ih � x � (i+ 1)h

0 otherwise:

(3.49)

In solving the system (3.43)-(3.47) forward in time, the treatment of the hysteresis integral proved

to be very time consuming. Since this computation needs to be repeated for each set of parameters
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during the optimization, the computational parameter identi�cation process was very time con-

suming. Hence, we formulated an equivalent system to (3.43)-(3.47) using internal variables and

used it in the above framework for our subsequent calculations. This system is given by

�Ac�u�
@

@x
(Acge(ux) +Ac�1) = F (t) in V � (3.50)

_�1 = �c1�1 +
d

dt
(gv(ux; _ux)) (3.51)

u(t; 0) = 0 (3.52)

u(0; x) = 0 (3.53)

ut(0; x) = 0 (3.54)

�1(0; x) = 0; (3.55)

where, in general, the derivatives of gv in (3.51) are distributional. For the special case gv = gvi =

gvd, of course, ordinary derivatives su�ce.

The parameter identi�cation problem was solved using MATLAB optimization routines. As

we described earlier, the free release experiments for the lightly �lled sample were repeated with

di�erent amounts of tip mass, namely 3 lb, 2 lb and 1 lb. Our results for the identi�cation problem

are shown in Figures 11-13. The parameters that we found in the di�erent cases are presented in

Table 2.

As depicted in Figure 14, the resulting elastic response functions ge di�er slightly in the exper-

iments with di�erent amounts of tip mass. It is worth noting that the same elastic response was

identi�ed in each case even when we took gv to be linear in our �rst calculations.

By averaging the ge's that we found, we used a 'universal' elastic response in the di�erent cases

and solved the parameter identi�cation problem for gv and c1. This did not prove to be successful,

since we could not get closer to the data than 10% relative error in the case of the experiments with

1 and 3 lb extra weight, whose ge was further away from the 'average'. One possible explanation

for this behavior may be that the elastic response itself should also be strain-rate dependent. Our

current model does not take this into account. We also remark that there is substantial di�erence

in the maximum dynamic strain achieved during these experiments see Table 3. Thus, not only

does the average strain rate very from one experiment to the other, but also the ranges of the strain

amplitudes di�er substantially.

We plotted the identi�ed viscoelastic nonlinearity in each case in Figure 15. These functions

show remarkable agreement. Although they are almost linear, they perform noticeably better in

the frequency domain than a linear approximation for gv.

However, not surprisingly, one �nds that c1 and gv are not unique solutions to the least squares

minimization in the sense that comparable �ts can be achieved in both the time and frequency

domain using very di�erent parameters for c1 and gv. For example, Figures 16-17 depict two �ts, one

with the previously identi�ed c1 and gv from Table 2, and one with gv(�) = e4:15��22:77�2+4:23�3,

c1 = e3:71 for the 3 lb extra weight and respectively, for the 2 lb extra weight, with the previous

c1 and gv and with gv = e4:04� � 23:63�2 + 4:07�3, c1 = e4:06. This suggests that it may not be

possible to identify these parameters individually with only this data for the sample.

Current e�orts in our numerical investigations involve the highly �lled rubber sample. Since in

this case the hysteretic e�ect is very pronounced, we cannot expect to obtain adequate results with
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Figure 11: (left) Time domain approximation with a nonlinear ge; gv; 3 lb extra weight, 4.4%

relative error, and (right) the power spectrum of the solution and the data.

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

 2 lb extra weight, nonlinear g
e
,g

v

data    
computed

0 5 10 15 20 25
10

0

10
1

10
2

10
3

10
4

power spectrum for 2 lb extra weight

data    
computed

Figure 12: (left) Time domain approximation with a nonlinear ge; gv ; 2 lb extra weight, 3% relative

error, and (right) the power spectrum of the solution and the data.

3 lb 2 lb 1 lb

� 0.00010 0.00011 0.00011

c1 e8:37 e8:75 e8:8325

E1 112.88 141.51 191.33

ge E2 -39.74 -64.645 -167.6165

E3 8.69 15.311 71.6774

a1 e7:54 e7:47 e7:51

gv a2 -108.67 -107.14 -102.92

a3 106.01 109.97 118.39

Table 2: Identi�ed parameters for the dynamic experiments with the lightly �lled sample
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Figure 13: (left) Time domain approximation with a nonlinear ge; gv; 1 lb extra weight, 4.1%

relative error, and (right) the power spectrum of the solution and the data.
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Figure 15: The identi�ed gv
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weight strain range

3 lb 330% - 230%

2 lb 240% - 150%

1 lb 120% - 70%

Table 3: Strain ranges obtained in dynamic experiments.
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Figure 16: (left) Time domain approximation with two di�erent gv 's for 3 lb extra weight, and

(right) the same approximation in the frequency domain.
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Figure 17: (left) Time domain approximation with two di�erent gv 's for 2 lb extra weight, and

(right) the same approximation in the frequency domain.
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gv(�) = gvi(�) = gvd(�): That is, we have to account for the di�erent loading and unloading paths

in the viscoelastic response. Thus for the highly �lled rubber sample we are using

gv("(s); _"(s)) =

(
gvi("(s)) =

P3
i=0 ai"

i(s) _"(s) > 0

gvd("(s)) =
P3

i=0 bi"
i(s) _"(s) < 0;

(3.56)

in solving the full model. This work is currently in progress, but initial results are most encouraging.

4 Concluding Remarks

In the above presentation we have outlined our progress to date in the development of nonlinear

hysteretic dynamic models for MR based elastomers. Substantial experimental validation for our

approach is provided in the quasi-static case. Signi�cant e�orts are still required to achieve similar

status in the full dynamic case. Modeling of samples in shear is underway and represents an

important component of our overall investigations. Moreover, to attain the level of modeling

required for design and feedback control of active MR elastomers, a major e�ort remains on response

of the elastomer in the presence of an external magnetic �eld.
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