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Abstra t
We study the problem of arrying voi e alls over a LEO satellite network, and we present an analyti al
model for omputing all blo king probabilities for a single orbit of a satellite onstellation. We have
devised a method to solve the orresponding Markov pro ess eÆ iently for up to 5-satellite orbits. For
orbits onsisting of a larger number of satellites, we have developed an approximate de omposition
algorithm to ompute the all blo king probabilities by de omposing the system into smaller sub-systems,
and iteratively solving ea h sub-system in isolation using the exa t Markov pro ess. Our approa h an
apture blo king due to hand-o s for both satellite- xed and earth- xed onstellations. Numeri al results
demonstrate that our method is a urate for a wide range of traÆ patterns and for orbits with a number
of satellites that is representative of ommer ial satellite systems.
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1 Introdu tion
Currently, we are witnessing an in rease in the demand for a broad range of wireless telephone and internet
servi es. Satellite based ommuni ation is posed to provide mobile telephony and data transmission servi es
on a worldwide basis in a seamless way with terrestrial networks. Satellite systems are lo ation-insensitive,
and they an be used to extend the rea h of networks and appli ations to anywhere on the earth.
Satellites an be laun hed in di erent orbits, of whi h, the low earth orbit (LEO), the medium earth orbit
(MEO), and the geo-stationary orbit (GEO), are the most well-known. LEO satellites are pla ed in orbits
at an altitude of less than 2000 km above the earth. Their orbit period is about 90 minutes, and the radius
of the footprint area of a LEO satellite is between 3000 km to 4000 km. The duration of a satellite in LEO
orbit over the lo al horizon of an observer on earth is approximately 20 minutes, and the propagation delay is
about 25ms. A few tens of satellites on several orbits are needed to provide global overage. MEO satellites
are pla ed in ir ular orbits at an altitude of around 10000 km. Their orbit period is about six hours, and
the duration of a satellite in MEO orbit over the lo al horizon of an observer on earth is a few hours. Fewer
satellites on two or three orbits is enough to provide a global overage in a MEO system. Propagation delay
in a MEO system is about 125ms. GEO satellites are also in ir ular orbits in the equatorial plane at an
altitude of 35786 km, with an orbital period equal to that of the earth. A satellite in GEO orbit appears to
be xed above the earth's surfa e. The footprint of a GEO satellite overs nearly one third of the earth's
surfa e (between 75 south to 75 north). Therefore, a near global overage an be obtained with three
satellites, but the propagation delay is 250 ms.
A LEO or MEO satellite system is a set of identi al satellites, laun hed in several orbital planes with
the orbits having the same altitude. The satellites move in a syn hronized way in traje tories relative to the
earth. Su h a set of satellites is referred to as a onstellation of satellites. The position of all the satellites
in relation to the earth at some instan e of time, repeats itself after a predetermined period whi h is usually
several days, while a satellite within an orbit also omes to the same point on the sky relative to the earth
after a ertain time.
In a LEO or MEO satellite system, satellites an ommuni ate dire tly with ea h other by line of sight
using intraplane inter-satellite links (ISL) whi h onne t satellites in the same orbital plane and interplane
ISLs whi h onne t satellites in adja ent planes. ISLs introdu e exibility in routing, they an be used to
build in redundan y into the network, and they permit two users in di erent footprints to ommuni ate
without the need of a terrestrial system. To improve the bandwidth and frequen y eÆ ien y, the satellite
footprint area is divided into smaller ells. For ea h ell within a footprint, a spe i beam of the satellite is
used. A onstellation of satellites may provide either satellite- xed ell overage or earth- xed ell overage.
In the rst ase, the satellite antenna sending the beam is xed, and as the satellite moves along its orbit,
its footprint and the ell move as well. In the ase of earth- xed ell overage, the earth surfa e is divided
into ells, as in a terrestrial ellular system, and a ell is servi ed ontinuously by the same beam during the
entire time that the ell is within the footprint area of the satellite.
As satellites move, xed and mobile users hand o from one beam to another (beam hand-o ) or from
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one satellite to another (satellite hand-o ). The velo ity of a satellite is mu h higher than the velo ity of
obje ts on earth. Therefore, the number of hand-o s during a telephone all depends on the all duration,
the beam size, the satellite footprint size and the satellite speed, while the lo ation and mobility of a user
only e e ts the time a hand-o takes pla e. For example, for a all duration of 3 min., the ustomer of a
LEO satellite onstellation with an elevation angle of 10 , will experien e two hand-o s. In an earth- xed
system, ea h beam is assigned to a xed ell on the earth within the satellite's footprint. During a satellite
hand-o , all beams are reassigned to their respe tive ells in the adja ent footprint area. Therefore, in these
systems, both beam and satellite hand-o s o ur at the same time. In a satellite- xed system, a user may
be handed o to the next beam in the same satellite or the satellite behind, as the ell de ned by the beam
moves away from the user. The newly entered beam, may or may not have enough bandwidth to arry
the handed-o traÆ . In the ase of satellite-based telephony, the new beam may not be able to arry a
handed-o telephone all, in whi h ase, the all will be dropped. In general, hand-o s in satellite systems
impose a big problem from the point of quality of servi e.
There are several LEO systems urrently in operation, su h as Argos, VITAsat, ORBCOMM, and Globalstar. Several others, su h as LEOone, SkyBridge, and Teledesi , are s heduled to start after 2000. These
systems di er in many aspe ts, in luding the number of orbits and the number of satellites per orbit, the
number of beams per satellite, their apa ity, the band they operate (K-Band, Ka-Band, L-Band, et .), and
the a ess method employed (FDMA, TDMA, or CDMA). Also, these systems provide di erent servi es and
they may or may not have on-board swit hing apabilities. For instan e, Iridium provides telephone servi e
only, LEOone will provide data ommuni ations only, while most other satellite systems are designed to
provide multimedia servi es. Iridium and Teledesi have on-board digital pro essing and swit hing, while
other systems, su h as the Globalstar, a t as a bent pipe. Despite these di eren es, from the point of view
of providing telephony-based servi es, the prin iples of operation are very similar, and thus, the analyti al
te hniques to be developed in the proposed work will be appli able to any LEO satellite system that o ers
su h servi es.
o

1.1

Related Resear h

Despite the importan e of satellite systems, their performan e has not been adequately evaluated. A typi al
way of modeling a satellite system in the literature is to represent ea h ell as an M/M/K/K queue. This
approa h permits the al ulation of various useful performan e measures, su h as the all blo king probability.
However, this type of model does not take into a ount the fa t that the amount of traÆ in one ell depends
on the amount of traÆ in one or more other ells. This type of traÆ dependen ies are taken into a ount
in our models des ribed in Se tion 2.
In [6℄, Ganz et al., investigated the distribution of the number of hand-o s and the average all drop
probability for LEO satellite systems. Both beam-to-beam and satellite-to-satellite hand-o s were taken into
a ount. Ea h ell was modeled as an M/M/K/K queue, where K denotes the number of hannels per ell,
assuming that the number of hand-o alls entering a ell is equal to the number of hand-o alls leaving
the ell. In [8℄, Jamalipour et al., investigated the traÆ hara teristi s of LEO systems and proposed
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a probability density fun tion to lo ate the position of ea h user. Using this fun tion, the normalized
throughput and average delay was al ulated. See also [9, 7℄. In [12℄, Pennoni and Ferroni des ribed an
algorithm to improve the performan e of LEO systems. They de ned two queues for ea h ell, one for new
alls and one for hand-o alls. The alls are held in these two queues for a maximum allowed waiting time.
That is, they are dropped if they are not served within this time. The queue for new alls has a maximum
waiting time equal to 20 se . The queue for hand-o alls has a maximum waiting time equal to the rossover time of the overlapping zone of two adja ent ells. The hand-o queue has higher priority than the
new alls queue. Simulation results showed that this algorithm de reased the all dropping rate drasti ally.
In [14℄, Ruiz et al., used teletraÆ te hniques to al ulate the blo king and hand-o probabilities. Various
hannel assignment strategies were investigated. In [5℄, Dosiere et al., de ned a model for al ulating the
hand-o traÆ rate. The authors divided a street of overage into small pie es where ea h pie e is equal
to the footprint area of a satellite. Given the total arrival distribution for the whole street of overage,
the arrival rate of ea h satellite was obtained by integrating that distribution for the satellite interval. The
hand-o rate was then al ulated through a se ond integration. On e the hand-o rate has been obtained,
the blo king probability an be al ulated using the Erlang loss formula.
A number of authors have also dealt with the very interesting problem of routing in a satellite system.
In [18, 19℄, Werner et al., proposed a dynami routing algorithm for ATM-based LEO and MEO satellite
systems. Due to the fa t that satellites move in orbits and orbits slowly rotate around the earth, the network
topology an be seen as onsisting of a series of topologies whi h ontinuously repeat themselves. For ea h
topology, end-to-end routes are al ulated. Subsequently, an optimization pro edure is arried out over all
the network topologies with a view to minimizing the o urren e of hand-o s between su essive topologies.
In [11℄, Mauger and Rosenberg proposed the virtual node routing algorithm for ATM traÆ . Users are
mapped onto virtual nodes, and ea h virtual node is served by a satellite. When the satellite passes, the
next satellite takes its pla e and serves the virtual node. Routing is performed a ording to the topology of
the virtual nodes.
Chang et al., proposed the nite state automaton (FSA) model in [3, 1℄ to solve the ISL link assignment
problem in LEO satellite systems. The total time it takes the position of all the satellites over the earth to
repeat itself, is divided into equal length intervals during whi h the visibility between satellites, that is the
network topology of the satellites, does not hange. Given a traÆ matrix for ea h interval, a link assignment
algorithm is run with a view to maximizing the residual apa ity of the bottlene k links. The result is a
table that shows onne tivity between satellites for ea h interval. These tables an be stored in ea h satellite,
and during the real-time operation of the system the inter-satellite links are established a ording to these
tables. Further related resear h an be found in [4, 2℄.
Uzunalioglu et al., suggested in [16, 17℄ a onne tion hand-o proto ol for LEO satellite systems. First, a
minimum ost route for a onne tion between two points on the earth is obtained. This route is used for as
long as possible. When a hand-o o urs at either end of the onne tion, the proto ol simply adds the new
link to the path. This ontinues for a predetermined amount of time, when the proto ol omputes a new
end-to-end path for the onne tion. In [15℄, Uzunalioglu proposed a probabilisti routing proto ol based on
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the above approa h. Finally, a new traÆ load balan ing algorithm was proposed by Kim et al., in [10℄.
1.2

Contributions and Organization

In this paper we study the problem of arrying voi e alls over a LEO satellite network and we present
an analyti al model for omputing all blo king probabilities for a single orbit of a satellite onstellation.
We rst derive an exa t Markov pro ess, and orresponding queueing network, for a single orbit under the
assumption that satellites are xed in the sky (i.e., there are no hand-o s of voi e alls). We show that
the queueing network has a produ t-form solution, and we develop a method for omputing the normalizing
onstant. In terms of time omplexity, our method represents a signi ant improvement (whi h we quantify)
over a brute-for e al ulation, however, it an be applied dire tly to orbits with at most ve satellites. For
a system with a larger number of satellites, we then present an approximate de omposition algorithm to
ompute all blo king probabilities by de omposing the system into smaller sub-systems, and solving ea h
sub-system in isolation using the exa t solution des ribed above. This approa h leads to an iterative s heme,
where the individual sub-systems are solved su essively until a onvergen e riterion is satis ed.
Next, we introdu e hand-o s by onsidering the system of satellites as they orbit the earth. For an orbit
with earth- xed overage, we then show that there is no blo king due to hand-o s, and thus, the solution
(exa t or approximate) obtained under the assumption that satellites are xed in the sky an be used to
ompute all blo king probabilities in this ase. For an orbit with satellite- xed overage, on the other hand,
blo king due to hand-o s does o ur. In this ase, we show how the queueing network des ribed above
an be extended to model all hand-o s by allowing ustomers to move from one node to another, and we
derive the rate of su h node-to-node transitions in terms of the speed of the satellites and the shape of the
footprints. We also show that the new queueing network has a produ t-form solution similar to the one
under the no-hand-o s assumption, and thus, the exa t and approximate algorithms developed above an
be applied dire tly to ompute all blo king probabilities under the presen e of hand-o s.
The paper is organized as follows. In Se tion 2 we develop an exa t Markov pro ess model under the
assumption that satellites are xed in the sky (i.e., no hand-o s take pla e), and in Se tion 3 we present an
approximate de omposition algorithm for a large number of satellites. In Se tion 4 we extend our approa h to
model hand-o s for both earth- xed and satellite- xed overage. We present numeri al results in Se tion 5,
and in Se tion 6 we on lude the paper by dis ussing possible dire tions to whi h this work may be extended
in the future.

2 An Exa t Model for the No Hand-O s Case
Let us rst onsider the ase where the position of the satellites in the single orbit is xed in the sky, as in
the ase of geo-stationary satellites. The analysis of su h a system is simpler, sin e no alls are lost due to
hand-o s from one satellite to another, as when the satellites move with respe t to the users on the earth.
This model will be extended in the following se tion to a ount for hand-o s in onstellations with both
4
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Figure 1: Three satellites in a single orbit
earth- xed and satellite- xed overage.
Ea h up-and-down link of a satellite has apa ity to support up to C
alls, while ea h inter-satellite
link has apa ity equal to C alls. Let us assume that all requests arrive at ea h satellite a ording to
a Poisson pro ess, and that all holding times are exponentially distributed. We now show how to ompute
blo king probabilities for the 3 satellites in the single orbit of Figure 1. The analysis an be generalized to
analyze k > 3 satellites in a single orbit. For simpli ity, we onsider only shortest-path routing, although
the analysis an be applied to any xed routing s heme whereby the path taken by a all is xed and known
in advan e of the arrival of the all request.
Let n be a random variable representing the number of a tive alls between satellite i and satellite
j; 1  i; j  3, regardless of whether the alls originated at satellite i or j . Let  (respe tively, 1= )
denote the arrival rate (resp., mean holding time) of alls between satellites i and j . Then, the evolution of
the three-satellite system in Figure 1 an be des ribed by the six-dimensional Markov pro ess:
(1)
n = (n11 ; n12 ; n13 ; n22 ; n23 ; n33 )
Also let 1 denote a ve tor with zeros for all random variables ex ept random variable n whi h is 1. The
state transition rates for this Markov pro ess are given by:
r(n; n + 1 ) =  8 i; j
(2)
r(n; n 1 ) = n  8 i; j; n > 0
(3)
The transition in (2) is due to the arrival of a all between satellites i and j , while the transition in (3) is
due to the termination of a all between satellites i and j .
Due to the fa t that some of the alls share ommon up-and-down and inter-satellite links, the following
onstraints are imposed on the state spa e:
2n11 + n12 + n13  C
(4)
n12 + 2n22 + n23  C
(5)
U DL

I SL
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ij
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ij
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n13 + n23 + 2n33

 C

 C
n13  C
n23  C

n12

(6)
(7)
(8)
(9)

U DL

I SL

I SL

I SL

Constraint (4) ensures that the number of alls originating (equivalently, terminating) at satellite 1 is at
most equal to the apa ity of the up-and-down link of that satellite. Note that a all that originates and
terminates within the footprint of satellite 1 aptures two hannels, thus the term 2n11 in onstraint (4).
Constraints (5) and (6) are similar to (4), but orrespond to satellites 2 and 3, respe tively. Finally, onstraints (7)-(9) ensure that the number of alls using the link between two satellites is at most equal to the apa ity of that link. Note that, be ause of (4)-(6), onstraints (7)-(9) be ome redundant when C  C .
In other words, there is no blo king at the inter-satellite links when the apa ity of the links is at least equal
to the apa ity of the up-and-down links at ea h satellite 1.
It is straightforward to verify that the Markov pro ess for the three-satellite system shown in Figure 1
has a losed-form solution whi h is given by:
1 1111 1212 1313 2222 2323 3333
(10)
P (n) = P (n11 ; n12 ; n13 ; n22 ; n23 ; n33 ) =
G n11 ! n12 ! n13 ! n22 ! n23 ! n33 !
where G is the normalizing onstant and  =  = ; i; j = 1; 2; 3; is the o ered load of alls from satellite i
to satellite j . As we an see, the solution is the produ t of six terms of the form  ij =n !; i; j = 1; 2; 3; ea h
orresponding to one of the six di erent types of alls. Therefore, it is easily generalizable to a k-satellite
system, k > 3.
An alternative way is to regard this Markov pro ess as des ribing a network of six M/M/K/K queues, one
for ea h type of alls between the three satellites. Sin e the satellites do not move, there are no hand-o s,
and as a onsequen e ustomers do not move from one queue to another (we will see in Se tion 4.2 that
hand-o s may be modeled by allowing ustomers to move between the queues). Now, the probability
that
P

there are n ustomers in an M/M/K/K queue is given by the familiar expression ( =n!)= =0  =k! ,
and therefore, the probability that there are (n11; n12; n13; n22; n23 ; n33) ustomers in the six queues is given
by (10). Unlike previous studies reported in the literature, our model takes into a ount the fa t that the six
M/M/K/K queues are not independent, sin e the number of ustomers a epted in ea h M/M/K/K queue
depends on the number of ustomers in other queues, as des ribed by the onstraints (4)-(9).
Of ourse, the main on ern in any produ t-form solution is the omputation of the normalizing onstant:
I SL

n

ij

ij

n

n

n

n

U DL

n

ij

n

ij

ij

n

K

k

k

G

=

X 1111 1212 1313 2222 2323 3333
n

n

n

n

n

n

n

n11 ! n12 ! n13 ! n22 ! n23 ! n33 !

1 When

(11)

there are more than three satellites in an orbit, alls between a number of satellite pairs may share a given intersatellite link. Consequently, the onstraints of a k-satellite orbit, k > 3, orresponding to (7)-(9) will be similar to onstraints
(4)-(6), in that the left-hand side will involve a summation over a number of alls. In this ase, blo king on inter-satellite links
may o ur even if CI SL  CU DL .
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where the sum is taken over all ve tors n that satisfy onstraints (4) through (9). We now show how to
ompute the normalizing onstant G in an eÆ ient manner.
We an write P (n) as:
P (n11 ; n12 ; n13 ; n22 ; n23 ; n33 ) = P (n11 ; n22 ; n33 j n12 ; n13 ; n23 )P (n12 ; n13 ; n23 )
= P (n11 j n12; n13; n23) P (n22 j n12; n13 ; n23) P (n33 j n12; n13; n23) P (n12 ; n13; n23)
= P (n11 j n12; n13) P (n22 j n12; n23) P (n33 j n13; n23) P (n12; n13; n23 )

(12)

The se ond step in expression (12) is due to the fa t that, on e the values of random variables n12; n13; n23,
representing the number of alls in ea h of the inter-satellite links, is xed, then the random variables n11; n22;
and n33 are independent of ea h other (refer also to Figure 1). The third step in (12) is due to the fa t that
random variable n11 depends on n12 and n13, and it is independent of the random variable n23; similarly for
random variables n22 and n33.
When we x the values of the random variables n12 and n13, the number of up-and-down alls in satellite
1 is des ribed by an M/M/K/K loss system, and thus:
X

P (n11 j n12 ; n13 ) =

1111
n11 !
13

(13)

n

02 11  UDL 12
an be obtained for P (n22 j n12 ; n23) and P (n33 j n13; n23),
n

C

n

n

Similar expressions
orresponding to satellites 2
and 3, respe tively. We an now rewrite expression (11) for the normalizing onstant as follows:
G

=


20

X
1212 1313 2323 4
n12 !n13 !n23 !
02 11  UDL
23 minf UDL ISL g
X

0
0


n

n12 ;n13 ;n

C

n

10
2222 A 

n12

C

n23

n22 !

C

X

n

02 22  UDL

1

n

;C

X
n

n

02 33  UDL
n

C

n13

n23

n

n12

13
3333 A5
n

n33 !

1111 A
n11 !
13

n

(14)

Let C = maxfC ; C g. Using expression (14) we an see that the normalizing onstant an be
omputed in O(C 3 ) time rather than the O(C 6 ) time required by a brute for e enumeration of all states, a
signi ant improvement in eÆ ien y.
On e the value of the normalizing onstant is obtained, we an ompute blo king probabilities by summing
up all the appropriate blo king states. Consider the 3-satellite orbit of Figure 1. The probability that a all
whi h either originates or terminates at satellite 1 will be blo ked on the up-and-down link of that satellite
is given by:
I SL

U DL

X

(15)
P (n)
2 11 + 12 + 13 = UDL
while the probability that a all originating at satellite i (or satellite j ) and terminating at satellite j (or i)
will be blo ked by the inter-satellite link (i; j ) is:
P

U DL1

=

n

n

7

n

C

(

0;

C

>C

(16)
otherwise
On e the blo king probabilities on all up-and-down and inter-satellite links have been obtained using
expressions similar to (15) and (16), the blo king probability of alls between any two satellites an be easily
obtained. We note that expressions (15) and (16) expli itly enumerate all relevant blo king states, and thus,
they involve summations over appropriate parts of the state spa e of the Markov pro ess for the satellite
orbit. Consequently, dire t omputation of the link blo king probabilities using these expressions an be
omputationally expensive. We have been able to express the up-and-down and inter-satellite link blo king
probabilities in a way that allows us to ompute these probabilities as a byprodu t of the omputation of
the normalizing G. As a result, all blo king probabilities in a satellite orbit an be omputed in an amount
of time that is equal to the time needed to obtain the normalizing onstant, plus a onstant. The derivation
of the expressions for the link blo king probabilities is a straightforward generalization of the te hnique
employed in (12) and is omitted.
P

I SL

ij

=

P

n

ij =CISL P (n);

I SL

U DL

3 A De omposition Algorithm for the No Hand-O s Case
Let k be the number of satellites in a single orbit, and N be the number of random variables in the state
des ription of the orresponding Markov pro ess, N = k(k + 1)=2. Using the method des ribed above, we
an ompute the normalizing onstant G in time O(C ) as opposed to time O(C ) needed by a brute
for e enumeration of all states. Although the improvement in the running time provided by our method for
omputing G in reases with k, the value of N will dominate for large values of k. Numeri al experiments
with the above algorithm indi ate that this method is limited to k = 5 satellites. That is, it takes an amount
of time in the order of a few minutes to ompute the normalizing onstant G for 5 satellites. Thus, a di erent
method is needed for analyzing realisti onstellations of LEO satellites.
In this se tion we present a method to analyze a single orbit with k satellites, k > 5, by de omposing
the orbit into sub-systems of 3 or fewer satellites. Ea h sub-system is analyzed separately, and the results
obtained by the sub-systems are ombined using an iterative s heme.
In order to explain how the de omposition algorithm works, let us onsider the ase of a six-satellite
orbit, as shown in Figure 2(a). This orbit is divided into two sub-systems. Sub-system 1 onsists of satellites
1, 2, and 3, and sub-system 2 onsists of satellites 4, 5, and 6. In order to analyze sub-system 1 in isolation,
we need to have some information from sub-system 2. Spe i ally, we need to know the probability that a
all originating at a satellite in sub-system 1 and terminating at a satellite in sub-system 2 will be blo ked
due to la k of apa ity in a link in sub-system 2. Also, we need to know the number of alls originating from
sub-system 2 and terminating in sub-system 1. Similar information is needed from sub-system 1, in order to
analyze sub-system 2.
In view of this, ea h sub-system is augmented to in lude two titious satellites whi h represent the
aggregate behavior of the other sub-system. In sub-system 1, we add two new satellites, whi h we all N1
N

8

k

N

1
N1
2
S1
6

1

3

augmented sub-system 1

5

2

3

6

4
N2

sub-system 1

5

sub-system 2
S2
4

augmented sub-system 2
(a)

(b)

Figure 2: (a) Original 6-satellite orbit, (b) augmented sub-systems
and S1, as shown in Figure 2(b). A all originating at a satellite i; i = 1; 2; 3, and terminating at a satellite
j; j = 4; 5; 6, will be represented by a all from i to one of the titious satellites (N1 or S1). Depending
upon i and j , this all may be routed di erently. For instan e, let us assume that i = 2 and j = 4. Then, in
our augmented sub-system 1, this all will be routed to satellite S1 through satellite 3. However, if j = 6,
the all will be routed to satellite N1 through satellite 1 2 . In other words, satellite N1 (respe tively, S1)
in the augmented sub-system 1 is the destination for alls of the original orbit that originate from satellite
i; i = 1; 2; 3 and are routed to satellite j; j = 4; 5; 6 in the lo kwise (respe tively, ounter- lo kwise) dire tion
in Figure 2(a). Similarly, alls originating from satellite j; j = 4; 5; 6, to satellite i; i = 1; 2; 3, and are routed in
the ounter- lo kwise (respe tively, lo kwise) dire tion, are represented in sub-system 1 as alls originating
from N1 (respe tively, S1) to i. Again, the originating satellite (N1 or S1) for the all depends on the values
of i and j and the path the all follows in the original 6-satellite orbit.
Sub-system 2 is likewise augmented to in lude two titious satellites, N2 and S2 (see Figure 2(b)), whi h
represent the aggregate behavior of sub-system 1. Satellites N2 and S2 be ome the origin and destination of
alls traveling from sub-system 2 to sub-system 1, and vi e versa, in a manner similar to N1 and S1 des ribed
above.
A summary of our iterative algorithm is provided in Figure 3. Below we des ribe the de omposition
2 While

this dis ussion assumes shortest-path routing, our model an handle any xed-routing s heme.

9

De omposition Algorithm for A Single Orbit

A 6-satellite orbit is de omposed into two 3-satellite sub-systems as in Figure 2. Sub-system 1 onsists
of satellites 1 to 3 in the original orbit plus titious satellites N1 and S1, while sub-system 2 onsists of
satellites 4 to 6 of the original orbit plus titious satellites N2 and S2.
1. begin
2.
h 0
//Initialization step
// p (h) is the probability that an inter-sub-system all will be blo ked in sub-system 1
// q (h) is the probability that an inter-sub-system all will be blo ked in sub-system 2
q (h) 0;
1i3<j6
3.
h h+1
//h-th iteration
4.
 (h)  ;
1ij3
//Sub-system 1
1 1 = (1 q16 )16 + (1 q15 )15
1 1 = (1 q14 )14
2 1 = (1 q26 )26 + (1 q25 )25
2 1 = (1 q24 )24
3 1 = (1 q36 )36
3 1 = (1 q34 )34 + (1 q35 )35
Solve sub-system 1 to obtain new values for p (h)
5.
 (h)  ;
4ij6
//Sub-system 2
 24 =0
 2 4 = (1 p14 )14 + (1 p24 )24 + (1 p34 )34
 2 5 = (1 p15 )15 + (1 p25 )25
 2 5 = (1 p35 )35
 2 6 = (1 p16 )16 + (1 p26 )26 + (1 p36 )36
 26 =0
Solve sub-system 2 to obtain new values for p (h)
6.
Repeat from Step 3 until the blo king probabilities onverge
7. end of the algorithm
ij

ij

ij

ij

ij

;N
;S

;N
;S

;N
;S

ij

ij

ij

N ;
S ;

N ;
S ;

N ;
S ;

ij

Figure 3: De omposition algorithm for a single orbit of a satellite onstellation
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algorithm using the 6-satellite orbit shown in Figure 2(a). Re all that  ; 1  i  j , is the arrival rate of
alls between satellites i and j . For analyzing the augmented sub-systems in Figure 2(b), we will introdu e
the new arrival rates  1 ,  1 ,  2 , and  2 , i = 1; 2; 3, j = 4; 5; 6. Spe i ally,  1 (respe tively,
 1 ) a ounts for all alls between satellite i; i = 1; 2; 3, and a satellite in sub-system 2 that are routed
in the lo kwise (respe tively, ounter- lo kwise) dire tion. Similarly,  2 (respe tively,  2 ) a ounts
for all alls between sub-system 1 and satellite j; j = 4; 5; 6 that are routed in the lo kwise (respe tively,
ounter- lo kwise) dire tion.
Initially, we solve sub-system 1 in isolation using:
ij

i;N

i;S

N ;j

S ;j

i;N

i;S

N ;j

S ;j

1 1 = (1 q16 )16 + (1 q15 )15

(17)

1 1 = (1 q14 )14

(18)
(19)
(20)
(21)
(22)

;N

;S

2 1 = (1 q26 )26 + (1 q25 )25
;N

2 1 = (1 q24 )24
;S

3 1 = (1 q36 )36
;N

3 1 = (1 q34 )34 + (1 q35 )35
;S

Quantity q ; 1  i  3 < j  6, represents the urrent estimate of the probability that a all between
a satellite i in sub-system 1 and and satellite j in sub-system 2 will be blo ked due to la k of apa ity
in a link of sub-system 2. For the rst iteration, we use q = 0 for all i and j ; how these values are
updated in subsequent iterations will be des ribed shortly. Thus, the term (1 q16)16 in (17) represents
the e e tive arrival rate of alls between satellites 1 and 6, as seen by sub-system 1; similarly for the other
terms in (17){(22).
The solution to the rst sub-system yields an initial value for the probability p ; 1  i  3 < j  6,
that a all between a satellite i in sub-system 1 and a satellite j in sub-system 2 will be blo ked due to la k
of apa ity in a link of sub-system 1. Therefore, the e e tive arrival rates of alls between, say, satellite 1
and satellite 4, that is o ered to sub-system 2 an be initially estimated as (1 p16)16 . We an now solve
sub-system 2 in isolation using 3:
 24 =0
(23)
 2 4 = (1 p14 )14 + (1 p24 )24 + (1 p34 )34
(24)
 2 5 = (1 p15 )15 + (1 p25 )25
(25)
 2 5 = (1 p35 )35
(26)
 2 6 = (1 p16 )16 + (1 p26 )26 + (1 p36 )36
(27)
 26 =0
(28)
ij

ij

ij

N ;

S ;

N ;

S ;

N ;

S ;

3 In

(23) we have that N 2;4 = 0 be ause we assume that alls between satellites in sub-system 1 and satellite 4 are routed
in the ounter- lo kwise dire tion; similarly for expression (28).
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Based on the above dis ussion,  2 4 in (24) represents the e e tive arrival rate of alls between a
satellite in sub-system 1 and satellite 4, as seen by sub-system 2. Expressions (23){(28) an be explained in
a similar manner. The solution to the se ond sub-system provides an estimate of the blo king probabilities
q ; 1  i  3 < j  6, that alls between satellites in the two sub-systems will be blo ked due to la k of
apa ity in a link of sub-system 2.
The new estimates for q are then used in expressions (17) to (22) to update the arrival rates to the
two titious satellites of augmented sub-system 1. Sub-system 1 is then solved again, and the estimates p
are updated and used in expressions (23) to (28) to obtain new arrival rates for the titious satellites of
sub-system 2. This leads to an iterative s heme, where the two sub-systems are solved su essively until a
onvergen e riterion (e.g., in terms of the values of the all blo king probabilities) is satis ed.
Orbits onsisting of any number k > 5 of satellites an be de omposed into a number of sub-systems,
ea h onsisting of 3 satellites of the original orbit (the last sub-system may onsist of fewer than 3 satellites).
The de omposition method is similar to the one above, in that for sub-system l, the remaining satellites
are aggregated to two titious satellites. Ea h sub-system is analyzed in su ession as des ribed above.
The de omposition algorithm des ribed above is similar in spirit to the de omposition algorithms developed
for tandem queueing networks with nite apa ity queues (see [13℄). We note that when employing the
de omposition algorithm, the sele tion of the sub-system size will depend on the number of satellites in the
original orbit and how eÆ iently we an al ulate the exa t solution of the Markov pro ess asso iated with
ea h sub-system. It is well known in de omposition algorithms that the larger the individual sub-systems
that have to be analyzed in isolation, the better the a ura y of the de omposition algorithm. Thus, as
we mentioned above, we have de ided to de ompose an orbit into sub-systems of the largest size (three of
the original satellites plus two titious ones) for whi h we an eÆ iently analyze the Markov pro ess, plus,
possibly, a sub-system of smaller size, if the number of satellites is not a multiple of three.
S ;

ij

ij

ij

4 Modeling Hand-O s
4.1

Earth-Fixed Coverage

Let us now turn to the problem of determining blo king probabilities in a single orbit of satellites with
earth- xed overage. Let k denote the number of satellites in the orbit. In this ase we assume that the
earth is divided into k xed ells (footprints) and that time is divided in intervals of length T su h that,
during a given interval, ea h satellite serves a ertain ell by ontinuously redire ting its beams. At the end
of ea h interval, i.e., every T time units, all satellites simultaneously redire t their beams to serve the next
footprint along their orbit, and they also hand-o urrently served alls to the next satellite in the orbit.
We make the following observations about this system. Hand-o events are periodi with a period of T
time units, and hand-o s take pla e in bulk at the end of ea h period. Also, there is no all blo king due to
hand-o s, sin e, at ea h hand-o event a satellite passes its alls to the one following it and simply inherits
the alls of the satellite ahead of it. Finally, within ea h period T , the system an be modeled as one with no
12

hand-o s, su h as the one des ribed in the previous subse tion. Given that the period T is equal to the orbit
period (approximately 90 minutes) divided by the number of satellites (e.g., 11 for the Iridium onstellation)
we an assume that the system rea hes steady state within the period, and thus, the initial onditions (i.e.,
the number of alls inherited by ea h satellite at the beginning of the period) do not a e t its behavior.
Now, sin e every T units of time, ea h satellite assumes the traÆ arried by the satellite ahead, from
the point of view of an observer on the earth, this system appears to be as if the satellites are permanently
xed over their footprints. Hen e, we an use the de omposition algorithm presented above to analyze this
system.
4.2

Satellite-Fixed Coverage

Consider now satellite- xed ell overage. As a satellite moves, its footprint on the earth (the ell served
by the satellite) also moves with it. As ustomers move out of the footprint area of a satellite, their alls
are handed o to the satellite following it from behind. In order to model hand-o s in this ase, we make
the assumption that potential ustomers are uniformly distributed over the part of the earth served by the
satellites in the orbit. This assumption has the following two onsequen es.
 The arrival rate  to ea h satellite remains onstant as it moves around the earth. Then, the arrival

rate of alls between satellite i and satellite j is given by  = r , where r is the probability that
a all originating by a ustomer served by satellite i is for a ustomer served by satellite j .
 The a tive ustomers served by a satellite an be assumed to be uniformly distributed over the satellite's
footprint. As a result, the rate of hand-o s from satellite i to satellite j that is following from behind
is proportional to the number of alls at satellite i.
ij

ij

ij

Clearly, the assumption that ustomers are uniformly distributed (even within an orbit) is an approximation.
In Se tion 6 we will dis uss how we are urrently extending the results presented in this se tion to a urately
model the situation when ustomers are not uniformly distributed.
Let A denote the area of a satellite's footprint and v denote a satellite's speed. As a satellite moves around
the earth, within a time interval of length t, its footprint will move a distan e of L, as shown in Figure 4.
Calls involving ustomers lo ated in the part of the original footprint of area A (the hand-o area) that
is no longer served by the satellite are handed o to the satellite following it. Let A = A L, where
depends on the shape of the footprint. Be ause of the assumption that a tive ustomers are uniformly
distributed over the satellite's footprint, the probability q that a ustomer will be handed o to the next
satellite along the sky within a time interval of length t is
A = L = vt
(29)
q =
A

De ne = v. Then, when there are n ustomers served by a satellite, the rate of hand-o s to the satellite
following it will be n.
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Satellite i
Hand-off area, ∆Α

∆L

∆t

Time

Figure 4: Cal ulation of the hand-o probability
Let us now return to the 3-satellite orbit (see Figure 1) and introdu e hand-o s. This system an be
des ribed by a ontinuous-time Markov pro ess with the same number of random variables as the no-hando s model of Se tion 2 (i.e., n11;    ; n33), the same transition rates (2) and (3), but with a number of
additional transition rates to a ount for hand-o s. We will now derive the transition rates due to hand-o s.
Consider alls between a ustomer served by satellite 1 and a ustomer served by satellite 2. There
are n12 su h alls serving 2n12 ustomers: n12 ustomers on the footprint of satellite 1 and n12 on the
footprint of satellite 2. Consider a all between ustomer A and ustomer B, served by satellite 1 and 2,
respe tively. The probability that ustomer A will be in the hand-o area of satellite 1 but B will
not be
2
2
in the hand-o area of satellite 2 is q(1 q) = q q . But, from (29), we have that lim !0  = 0, so
the rate at whi h these alls experien e a hand-o from satellite 1 to satellite 3 that follows it is n12. Let
n = (n11 ; n12 ; n13 ; n22 ; n23 ; n33 ), and de ne 1 as a ve tor of zeroes for all variables ex ept variable n whi h
is 1. Based on the above dis ussion, we thus have:
t

t

ij

ij

r(n; n

q

112 + 123) =

n12 ; n12 > 0

(30)

Similarly, the probability that ustomer B will be in the hand-o area of satellite 2 but A will not be in the
hand-o area of satellite 1 is q(1 q) = q q2 . Thus, the rate at whi h these alls experien e a hand-o
from satellite 2 to satellite 1 that follows it is again n12 :
r(n; n

112 + 111) =

n12 ; n12 > 0

(31)

On the other hand, the probability that both ustomers A and B are in the hand-o area of their respe tive
satellites is q2, whi h, from (29) is o(t), and thus simultaneous hand-o s are not allowed.
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Now onsider alls between ustomers that are both served by the same satellite, say, satellite 1. There
are n11 su h alls serving 2n11 ustomers. The probability that exa tly one of the ustomers of a all is in
the hand-o area of satellite 1 is 2q(1 q), so the rate at whi h these alls experien e hand-o s (involving a
single ustomer) to satellite 3 is 2 n11:
111 + 113) = 2

r(n; n

n11 ; n11 > 0

(32)

As before, the probability that both ustomers of the all are in the hand-o area of satellite 1 is q2 , and
again, no simultaneous hand-o s are allowed.
The transition rates involving the other four random variables in the state des ription (1) an be derived
using similar arguments. For ompleteness, these transition rates are provided in (33)-(38).
r(n; n

113 + 112) =

r(n; n

113 + 111)
122 + 112)
123 + 113)
123 + 122)
133 + 123)

r(n; n

r(n; n
r(n; n

r(n; n

n13 ; n13 > 0

= n13;
= 2 n22;
= n23;
= n23;
= 2 n33;

(33)

n13 > 0

(34)
(35)
(36)
(37)
(38)

n22 > 0

n23 > 0
n23 > 0

n33 > 0

From the queueing point of view, this system is the queueing network of M/M/K/K queues des ribed in
Se tion 2, where ustomers are allowed to move between queues a ording to (30)-(38). (Re all that in the
queueing model of Se tion 2, ustomers are not allowed to move from node to node.) This queueing network
has a produ t-form solution similar to (10). Let denote the total arrival rate of alls between satellites i
and j , in luding at a rate of  ) and hand-o alls (arriving at an appropriate rate). The values of an
be obtained by solving the traÆ equations for the queueing network. Let also  n be the departure rate
when there are n of these alls, in luding all termination (at a rate of  n ) and all hand-o (at a rate
of 2 n ). Also, de ne 0 = = . Then, the solution for this queueing network is given by:
1 (011 ) 11 (012 ) 12 (013) 13 (022 ) 22 (023) 23 (033 ) 33 (39)
P (n) = P (n11 ; n12 ; n13 ; n22 ; n23 ; n33 ) =
G n11 !
n12 !
n13 !
n22 !
n23 !
n33 !
whi h is identi al to (10) ex ept that  has been repla ed by 0 .
The produ t-form solution (39) an be generalized in a straightforward manner for any k-satellite orbit,
k > 3. We an thus use the te hniques developed in Se tion 2 to solve the system involving hand-o s exa tly,
or we an use the de omposition algorithm presented in Se tion 3 to solve orbits with a large number of
satellites.
ij

ij

ij

ij

ij

ij

ij

ij

ij

ij

ij

ij

n

ij

n

ij
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5 Numeri al Results
In this se tion we validate both the exa t model and the de omposition algorithm by omparing to simulation
results. In the gures presented, simulation results are plotted along with 95% on den e intervals estimated
by the method of repli ations. The number of repli ations is 30, with ea h simulation run lasting until ea h
type of all has at least 15,000 arrivals. For the approximate results, the iterative de omposition algorithm
terminates when all all blo king probability values have onverged within 10 6.
For the results presented here we onsider three di erent traÆ patterns; similar results have been
obtained for several other patterns. Let r denote the probability that a all originating by a ustomer
served by satellite i is for a ustomer served by satellite j . The rst pattern is a uniform traÆ pattern su h
that:
1 8 i; j (uniform pattern)
(40)
r =
ij

k

ij

where k is the number of satellites. The se ond is a pattern based on the assumption of traÆ lo ality.
Spe i ally, it assumes that most alls originating at a satellite i are to users in satellites i 1, i, and i + 1,
where addition and subtra tion is modulo-k for a k-satellite orbit:
(
0:3; j = i 1; i; i + 1
r =
(lo ality pattern)
(41)
0 1 ; j 6= i 1; i; i + 1
3
The third pattern is su h that there are two ommunities of users, and most traÆ is between users within
a given ommunity (e.g., satellites over di erent hemispheres of the earth):
( 08
(2 ommunity pattern)
2 ; i; j = 1;    ; k=2; or i; j = k=2 + 1;    ; k
(42)
r =
0 2 ; i = 1;    ; k=2; j = k=2 + 1;    ; k or j = 1;    ; k=2; i = k=2 + 1;    ; k
3
ij

:

k

:

ij

k=
:

k=

5.1

Validation of the Exa t Model

In this se tion we validate the exa t Markov pro ess model for the no hand-o s ase developed in Se tion 2.
Re all that we an dire tly ompute the normalizing onstant G using expression (14) for orbits of up to ve
satellites. Thus, we ompare the blo king probability values obtained by solving the exa t Markov pro ess
to simulation results for a 5-satellite orbit and the three traÆ patterns dis ussed above.
Figure 5 plots the blo king probability against the apa ity C of up-and-down links, when the arrival
rate  = 10 and the apa ity of inter-satellite links C = 10, for the uniform traÆ pattern. Three sets
of plots are shown: one for alls originating and terminating at the same satellite (referred to as \lo al
alls" in the gure), one for alls traveling over a single inter-satellite link, and one for alls traveling over
two inter-satellite links 4. Ea h set onsists of two plots, one orresponding to blo king probability values
obtained by solving the Markov pro ess, and one orresponding to simulation results.
From the gure, we observe that, as the apa ity C of up-and-down links in reases, the blo king
probability of all alls de reases. However, for alls traveling over at least one inter-satellite link, the
U DL

I SL

U DL

4 These

are the only possible types of alls in a 5-satellite orbit and shortest path routing. Furthermore, be ause of symmetry,
the results are the same regardless of the satellite at whi h the alls originate or terminate.
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Figure 5: Call blo king probabilities for a 5-satellite orbit,  = 10, C

= 10, uniform pattern

I SL

0

Blocking Probability

10

−1

10

Local Calls, Simulation
Local Calls, Analysis
1 ISL hop, Simulation
1 ISL hop, Analysis
2 ISL hops, Simulation
2 ISL hops, Analysis
−2

10

10

15

20

25

30
ISL Capacity

35

40

45

50

Figure 6: Call blo king probabilities for a 5-satellite orbit,  = 10, C
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Figure 9: Call blo king probabilities for a 5-satellite orbit,  = 10, C
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= 10, 2- ommunity pattern

blo king probability urve attens out after an initial drop. This behavior is due to the fa t that, for
small values of C , the up-and-down links represent a bottlene k, thus, in reasing C redu es the all
blo king probability signi antly. However, on e C in reases beyond a ertain value, the inter-satellite
links be ome the bottlene k, and the blo king probability of alls that have to travel over these links is not
a e ted further. On the other hand, the blo king probability of alls not using inter-satellite links (i.e., those
originating and terminating at the same satellite) de reases rapidly as C in reases, dropping to zero for
values C > 30 (be ause of the logarithmi s ale, values of zero annot be shown in Figure 5, so there are
no values plotted when C > 30 for the urves of lo al alls).
Figure 6 plots the blo king probability for the same alls as in Figure 5, against the apa ity C of
inter-satellite links; for the results presented we assume that  = 10 and C = 20. In this gure we an
see that as the value of C in reases, the blo king probability of alls using inter-satellite links de reases,
as expe ted. However, the blo king probability of lo al alls (i.e., alls originating and terminating at the
U DL

U DL

U DL

U DL

U DL

U DL

I SL

U DL

I SL
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same satellite whi h do not use inter-satellite links) in reases with in reasing C . This behavior an be
explained by noting that, as C in reases, a larger number of non-lo al alls (i.e., alls using inter-satellite
links) is a epted (sin e their blo king probability de reases). Sin e both lo al and non-lo al alls ompete
for up-and-down links, an in rease in the number of non-lo al alls a epted will result in higher blo king
probability for lo al alls. But when the value of C ex eeds the value of C (whi h is equal to 20 in
this ase), the up-and-down links be ome the bottlene k, and further in reases in C have no e e t on
blo king probabilities.
Figure 7 is similar to Figure 5 ex ept that the arrival rate is  = 5 instead of 10 (all other parameters
are as in Figure 5). The behavior of the various urves is similar to that in Figure 5. The main di eren e is
that the blo king probabilities in Figure 7 are signi antly lower, a result that is expe ted due to the lower
arrival rate.
Finally, Figures 8 and 9 show results for the same parameters as in Figure 5, but orrespond to the
lo ality and 2- ommunity traÆ patterns, respe tively. Again, the behavior of the urves is similar for all
three gures, although the a tual blo king probability values depend on the traÆ pattern used.
The results in Figures 5{9 illustrate the fa t that the blo king probability values obtained by solving the
Markov pro ess mat h the simulation results; this is expe ted sin e the Markov pro ess model we developed
is exa t. Thus, this model an be used to study the interplay between various system parameters (e.g., C ,
C , traÆ pattern, et .) and their e e t on the all blo king probabilities, in an eÆ ient manner. We
note that solving the Markov pro ess takes only a few minutes, while running the simulation takes anywhere
between 30 minutes and several hours, depending on the value of the arrival rates.
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5.2

Validation of the De omposition Algorithm

We now validate the de omposition algorithm developed in Se tion 3 by omparing the blo king probabilities
obtained by running the algorithm to simulation results. We onsider a single orbit of a satellite onstellation
onsisting of 12 satellites, a number representative of typi al ommer ial satellite systems. In all ases studied,
we have found that the algorithms onverges in only a few (less than ten) iterations, taking a few minutes
to terminate. On the other hand, simulation of 12-satellite orbits is quite expensive in terms of omputation
time, taking several hours to omplete.
Figure 10 plots the blo king probability against the apa ity C of up-and-down links, when the
arrival rate  = 5 and the apa ity of inter-satellite links C = 20, for the uniform traÆ pattern. Six
sets of alls are shown, one for lo al alls, and ve for non-lo al alls. Ea h set onsists of two plots, one
orresponding to blo king probability values obtained by running the de omposition algorithm of Se tion 3,
and one orresponding to simulation results. Ea h non-lo al all for whi h results are shown travels over
a di erent number of inter-satellite links, from one to ve. Thus, the results in Figure 10 represent alls
between all the di erent sub-systems in whi h the 12-satellite orbit is de omposed by the de omposition
algorithm.
From the gure we observe the ex ellent agreement between the analyti al results and simulation. The
U DL

I SL
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behavior of the urves an be explained by noting that, when the apa ity C of up-and-down links is
less than 20, these links represent a bottlene k. Thus, in reasing the up-and-down link apa ity results in
a signi ant drop in the blo king probability for all alls. When C > 20, however, the inter-satellite
links be ome the bottlene k, and non-lo al alls do not bene t from further in reases in the up-and-down
link apa ity. We also observe that, the larger the number of inter-satellite links over whi h a non-lo al all
must travel, the higher its blo king probability, as expe ted. The blo king probability of lo al alls, on the
other hand, drops to zero for C > 20 sin e they do not have to ompete for inter-satellite links.
Figures 11 and 12 are similar to Figure 10 but show results for the lo ality and 2- ommunity traÆ
patterns, respe tively. For the results presented we used  = 5 and C = 10, and we varied the value of
C . We observe that the values of the all blo king probabilities depend on the a tual traÆ pattern,
but the behavior of the various urves is similar to that in Figure 10. Finally, in Figure 13, we x the value
of C to 20, and we plot the all blo king probabilities for the 2- ommunity traÆ pattern against the
apa ity C of the inter-satellite links.
Overall, the results in Figures 10{13 indi ate that analyti al results are in good agreement with simulation
over a wide range of traÆ patterns and system parameters. Thus, our de omposition algorithm an be used
to estimate all blo king probabilities in LEO satellite systems in an eÆ ient manner.
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6 Con luding Remarks
We have presented an analyti al model for omputing blo king probabilities for a single orbit of a LEO
satellite onstellation. We have devised a method for solving the exa t Markov pro ess eÆ iently for up to
5-satellite orbits. For orbits onsisting of a larger number of satellites, we have developed an approximate
de omposition algorithm to ompute the all blo king probabilities by de omposing the system into smaller
sub-systems, and iteratively solving ea h sub-system in isolation using the exa t Markov pro ess. We have
also shown how our approa h an apture blo king due to hand-o s for both satellite- xed and earth- xed
orbits.
We are urrently extending the de omposition algorithm to handle an entire satellite onstellation. Assuming that the onstellation onsists of R orbits, a natural approa h is to de ompose it into R sub-systems,
ea h representing a single orbit. We are also planning to analyze the ase of heterogeneous traÆ . One
approa h to a ount for di erent geographi arrival rates, is to segment the band of earth overed by the
satellites into xed regions, ea h with a di erent arrival rate of new alls. This approa h gives rise to a
periodi Markov pro ess model whose spe ial stru ture an be exploited to solve it eÆ iently.
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