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ABSTRACT

Life-testing of durable products results in censored data and this coupled with

complexity of the experimental design introduces the estimability problem in the

classical maximum likelihood estimation and model selection procedures. Existing

methods are inadequate for analyzing such data from highly fractionated experiments

because the best combination of factor levels is suggested wrongly and its prediction

interval is too wide. We propose an iterative method which compares many models

simultaneously and performs Bayesian model selection and parameter estimation.

Marginal posterior distributions and high probability density intervals of model

parameters and mean responses are derived. We demonstrate the procedure by

reanalyzing data sets from Specht's (1985) heat exchanger experiments and show its

superiority over some existing methods.

KEY WORDS: Reliability Improvement; Censored data; Data augmentation;

Bayesian Inference; Model selection.

Modern qualityfreliability improvement reqwres effective application of

experimental design methodology to build good quality into products and processes so

that repair cost can be minimized and customer satisfaction can be enhanced.

Improving product reliability is an attempt to guarantee the highest quality of products
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over a certain time period, which is especially important in semiconductor

manufacturing industries. Increasing product durability, however, limits the

information provided by life-testing experiments. Together with the structure of the

highly fractionated experiments commonly used in industries, the incomplete data

collected in life tests are difficult to analyze. Existing methods such as Taguchi's (1987)

minute accumulating analysis (MMA), the quick and dirty method mentioned by

Hamada and Wu (1991 pp. 26), and those proposed by Hahn-Morgan-Schmee (1981) are

inadequate for analyzing such censored data from highly fractionated experiments,

because the best combination of levels of the process variables is suggested wrongly.

Hamada and Wu (1991) propose an iterative "expectation-modeling-maximization"

(EMM) procedure to compare many models simultaneously. Their method takes the

advantage of using existing software and promoting experimenter involvement. For

brevity in future references, we refer to their paper as HWl. Their EMM procedure

requires the existence of the ML estimates of parameters in candidate models. This

method does not work in many models which include second or higher order interactions

because MLE's often do not exist (c.f. HW1, pp. 37).

Since sample sizes in industrial screening experiments are usually small, inference

procedures based on asymptotic theory of the MLE are deficient. The non-existence of

the MLE and the need of small sample inferences motivate the development of Bayesian

model selection and parameter estimation procedures. Our objective is to compare

many models simultaneously and select the best model for optimizing the- process

control. However, due to the censoring problem, the joint posterior distribution has .no .

closed form expression and the construction of the marginal posteriors poses a high

dimensional integration problem. Recently, Wei and Tanner (1990) and Gelfand (1990)

present various applications of data augmentation and of the Gibbs sampler,

respectively, to handle difficult statistical problems. Their procedures emphasize on the

parameter estimation and would be rather time consuming to perform model-selection if
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one works on the final Bayes estimates from candidate models one model at a time. In

this article, we propose a flexible iterative method to conduct model-selections using the

(complete) latent data generated in the first few iterations of the data augmentation

procedure and stopping at the best model to make the parameter estimates converge.

This procedure enables us to utilize existing software to compare many potential models

simultaneously and obtain marginal posterior distribution for making finite sample

inferences. Our algorithm is illustrated with examples of analyses of Specht's (1985)

heat exchanger life data. Comparing to predictions suggested by Taguchi's and HW1's

procedures, we demonstrate the superiority of the proposed method.

In the Bayesian procedure, a good initial model would require less iterations of

model-updating routines to reach the final model and, more importantly, shorten the

length of iterations needed to get the converged estimates. An inappropriate initial

model will produce incompatible means and variances, which requires much longer time

to generate latent data compared to the time needed from a good model. Wei and

Tanner's (1990) idea of treating the censored data as complete sample usually leads to

an inadequate initial model. We use the method developed by Lu and Unal (1992),

where contrasts of all main effects and interactions are compared to select an initial

model. If it is necessary, the EMM procedure can be used to select a better model.

Section 1 reviews the data augmentation algorithm proposed by Wei and Tanner

(1990) and indicates its limitation. Some backgrounds of the problem such as the

experiment, the censored data, the model of noises, transformations and existences of

the MLE's are explained .briefly. In Section 2, we introduce our Bayesian model- .

selection method, parameter estimation algorithm and give an example to illustrate the

model-selection procedure. In Section 3, we use HW1's model (Intercept, E, EG, EH)

to show how the data augmentation works. Confidence intervals of the model

parameters and the predicted lifetime constructed using the asymptotic theory of the

MLE are derived to compare with the Bayesian HPD intervals obtained from the

3



posterior distributions. In Section 4 and 5, we use the proposed procedure to reanalyze

the "wall" and "corner" heat exchanger data. The superiority of our method over some

existing procedures are demonstrated by comparing their predictions. Section 6

addresses the sensitivity of initial models in the Bayesian procedure. Section 7

concludes this study and gives a few comments for possible future researches.

1. BACKGROUND OF THE PROBLEM AND LITERATURE REVIEW

In analyzing censored data from highly fractionated experiments, there are

estimability problems in the classical ML approach (see Silvapulle and Burridge, 1986;

Hamada and Tse, 1988) because the paucity of data. Hamada and Tse (198980) pointed

out that certain design configuration coupled with a special censoring scheme will cause

non-existence of the MLE. For example, in the 22 experimental plan, corresponding to

run #1, #2, #3 and #4, the factors A and B are assigned as (+1, +1, -1, -1) and (+1,

-1, +1, -1), respectively. They stated that if left- or right- censored data are contained

in the first and second runs, denoted as 12, then the MLE's of the regression parameters

and (f do not exist. In fact, if there are two censored data points, the MLE will exist

only in cases that censoring occurs at 14 or 23 observations. Hamada and Tse (1989b)

thus develop a MLECHK program based on a linear programming algorithm to check

whether the MLE exists from censored data in a design of experiment. Besides using

the MLECHK program, one can detect non-existence of the MLE problem from running

LIFEREG in the SAS software, when the warning message of non-positive Hessian

matrix is provided (c.f. Hamada and Tse, 1989, pp. 5). Our experience (c.f. HWl, pp. _

37) indicates that in the case where the MLE does not exist, the likelihood surface is

flat for a range of unbounded parameter values. Even when the MLE exists, in some

cases, the likelihood can be almost the same for certain combinations of parameter

values (c.f. Lu and Unal, 1992), which makes the search for the MLE difficult, and thus

LIFEREG shows the nonconvergence message.
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To illustrate our methodology, we reanalyze the data sets taken from Specht

(1985) in the study of improving the reliability of a certain type of heat exchanger.

Although the procedure developed in this article can be readily extended to more than

two-level experimental plans, we concentrate our study on the 12-run two-level

Plackett-Burman design. In Table 1, the last second column lists the interval lifetimes

(in 100 cycles) until the development of tube wall cracks, which is the data studied in

HW1. The last column gives lifetimes till the development of tube corner cracks, where

5 out 12 data points are censored at 164. Using the notation in HW1, we assume that

the random sample yafter some transformation h{y) follows a linear model with normal

error:

h{y) = ~e + (Tf with f .... N(O, 1), (1.1)

where {3 is the vector of important effects and X is the corresponding matrix of
.... ....

explanatory variables, including the main effects and interactions. Interval data is

represented by (a, b) and b is equal to 00 if the data is right-censored. The contribution

of a complete sample y to the likelihood is 4>(zl/) 18h{y)/8yl and the contribution of a

censored data (a, b) is ()(z,,) - ()(za), where Zw = [h{w) - !~eil/(T and h is the

transformation in (1.1), 4>(Z) , ()(z) are the standard normal pdf and edf, respectively.

Considering the "wall data" (without multiplying the 100 cycles), Hamada and

Wu (1991) selected the final model (Intercept, E, EG, EH) for the data transformed

(c.f. Box and Cox, 1964) with ~ = -1.0. The MLE exists in the main-effect and HW1's

models, but not in the (Intercept, E, D, CD, J, CJ) and in the (Intercept, E, EG, EH,

D, DH, DJ, BD, CD, DG) ~odels suggested in Lu and Unal (1992). In the analysis· of

the "corner" data, the MLE's do not exist for the main-effect and many models with

interactions. For comparison purpose, in this article, we present results for the

reciprocal transformation (~ = -1) in analyzing the "wall" and the "corner" data.

[Please place Table 1 here]
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In the Bayesian approach, with a slight abuse of the notation, the parameters (p,,....

(7'2) are all random variables. In the case of no censoring, the posterior density function

of (!!" (7'2) can be factored exactly into the product of the margin~ posterior density of

(7'2 and the conditional marginal density of p given (7'2. For the complete normal,....

sample, under the noninformative prior, it is well known (c.f. Box and Tiao, 1973) that

the marginal posterior distribution of (7'2 is that of the random variable

(n - p) 712/ xin-p), where (12 is the least squares (L8) estimator of (7'2 and xt is a chi

square random variable (r.v.) with 1/ degree of freedom (d.f.), and p = number of

regression parameters including the intercept. The conditional marginal posterior

distribution of p is a conditional ~variate normal distribution Np(p I (7'2). In the
,.... ,....

censoring case, the joint posterior distribution has no closed form expression and the

construction of the marginal posteriors poses a high dimensional integration problem.

The idea of solving the incomplete data problem by imputed pseudo-data is

commonly used in reliability and biostatistics studies. For instance, Dempster, Laird

and Rubin (1977) suggested the use of the "expectation-maximization" (EM) algorithm

to obtain the maximum likelihood (ML) estimates. Wei and Tanner (1991) gave

examples of using the "data-augmentation" (DA) procedure to perform Bayesian normal

and log-gamma regressions. Recently, Hamada and Wu (1991) proposed an iterative

"expectation-modeling-maximization" (EMM) procedure to analyze censored data from

highly fractionated experiments. Instead of concentrating on estimation in the EM and

DA algorithms, their method emphasizes selecting the best model for optimizing the

setup of process variables.

In Wei and Tanner's (1990) data augmentation procedure, they treat the

censored data as a complete sample to obtain the initial approximation 9o(pJ of the

posterior density p(! I,0 of the parameters! = (f!.' (7'2), where .t = (tl , t2 , .. 0' tn ), and

ti = h(Yi) is the transformed observation. The DA procedure is defined as follows:
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Given the current approximation 9iCt) to the posterior pC! 11,),
A. Generate a! from 9i<!) by

1. generating a random sample of (12 from the distribution of (n - p)tl2Ix?n_p)'

2. generating a corresponding random sample of fJ with the conditional
""

p-variate normal distribution Np( PI (12),
""

B. Generate the latent data '!!!,(j) = [u1i ), tJj), ..., uIj)] from p( ~ I!, 1,),

by drawing random samples from the truncated normal distribution,

7

iP(t)/[ ~(z6) - ~(zG)]'

where e is the value generated in part A and t = h(y).
""

(1.2)

We repeat the steps A and B for j = 1, 2, ..., m times to obtain a set of latent

data 'Je(l), 'Je(2), ..., ~(m), and m = 100 is the usual selected simulation size.

C. The current approximation to p(! I1J is updated to be the mixture of

augmented posteriors of 6; that is 9'+1(6) = (11m) ,E p( 6 I wW , t), where
"" • ~ 1=1 "" "" ""

p(! I 'JeW, 1) is the posterior constructed from the pseudo-complete data.

Remark: Wei and Tanner's (1990) idea of treating the censored data as complete

sample usually leads to an inadequate initial model. Hence, the initial approximation of

the posterior density is inappropriate. An inappropriate initial model will produce

incompatible Bayes estimates of means and variances, which requires longer time to

generate latent data and, more importantly, more iterations to make the parameter

estimates converge.

2. THE PROPOSED PROCEDURE

o

The objective of our procedure is to compare many models simultaneously and

select the best model for optimizing the process control. From previous section, we

learn that the maximum likelihood estimation does not exist in some candidate models.

Moreover, inference procedures based on the asymptotic theory of the MLE are not



appropriate in small sample cases. We propose a Bayesian model-selection and

parameter-estimation procedure that overcomes the drawbacks in the classical

approach. H the data is not censored, one has closed form posterior distributions of the

model parameters and mean responses. Hence, one can utilize Bayesian model selection

such as predictive sample reuse (PSR) techniques developed by Geisser (1975) to

compare different models. However, their method requires Bayes estimates and does

not have stepwise option built in. Comparing 10 main effects with 45 two-factor

interactions takes too much computation in the ~nsored data case, where constructing

the posterior distributions is rather time consuming, even with applications of Gibbs

sampling (Gelfand, 1990) or data augmentation procedures. We propose to perform

model selections using the (complete) latent data generated in the first few iterations of

the data augmentation procedure and stopping at the best model to make the

parameter estimates converge. Details of our algorithm is given below and illustrative

examples of the analysis of the heat exchanger life data are given in Section 4 and 5.

For the Bayesian procedure, one can start with any initial model and update the

model from iteration to iteration. But, we recommend to start with an appropriate

initial model for reducing the computing time. The necessary iterations will be

shortened if the model is selected to fit the data generated from Bayes (or LS) estimates

instead of the ML estimates. Experiences provided from Lu and Unal (1992) are helpful

to decide a very good initial model. Our procedure is different from Wei and Tanner's

(1990) DA algorithm in step C*.

C.* Update the. current approximation 9i+l(!) = (11m)i~lP(! I 'JeW, ,0 to the

posterior density p(! I1) by

1.* performing a model selection based on any latent data 'Je(k), k E (1, ,.., m),

2. fixing the model selected in step C.1* to obtain one set of least squares

estimates from the latent data 'JeW,

3. for each set of the LS estimates, generating one random sample of (f3, 0'2)*-

8



by following the steps in part A of Section 1,

4. repeating steps C.2·, C.3· for j =1, 2, ..., m and taking average of m samples

of (p, o..Z). to construct a sample of the updated posterior distribution.,.,.

5. repeating step C.2* to C.4* for l =1, 2, ..., m* times to construct m* random

samples of 9i+1C!).

Repeat steps A, B and C· until the convergence of the posterior distribution. We

only perform the model-selection once in the step C.1* and use this model for all m sets of

the latent data and m* simulations, where m* is the size of the posterior random samples

and is taken as m usually. From our study of models selected in the latent data 'Je(1),

'!e(2), ..., '!e(m), we found that the models are very close in the same iteration but might

be different in other iterations. Hence, the model selection in step C.1* is only done once

in each iteration. We suggest running a few iterations to update the model and selecting

the best model to continue iterations until the parameter estimation converges.

In Hamada and Wu's (1992) model selection, they informally apply a standard

technique, such as stepwise regression, to identify significant main effect(s) and then

screen out important interactions between the identified main effect(s) and the other

factors. We call this model-selection method the "significant-main-effect" (SME) in future

references. This selection method is simple but it can be deficient since it only considers

the interactions identified by the significant main effects. We suggest perform model

selection on all main effects and interactions generated from the design structure. Next

example shows the detail of our procedure and the superiority of it over SME.

Example 1. Considering the censored data as complete sample, we construct a rank

table (see Table 2) to organize the terms selected in the SAS stepwise regression. Under

the requirement of heredity, if we select the interaction BA, we need to keep either the

main effect B or A, where B has a larger contrast than A's. The factors B and A are

called as the "induced" main effects. From all these main effects and interactions, one
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selects a. model with the least number of induced main effects. In this case, our final

model (Intercept, E, B, BA, F, FA, BJ, FG, BC, J) consists of two induced effects B, F

and other eight terms suggested by stepwise regression. From the R-Squares reported in

Table 3, we conclude that our procedure works much better than SME. In our model, the

R-Squares jump from 0.7834 to 0.9125 and 0.9701 for the model with 5, 6 and 7 factors,

respectively, and the adjusted R-Squares keep increasing up to 0.9979. However, models

selected by HW2 have the highest adjusted R-Square as 0.6165 in the 8-factor model. In

their model with 7 variables the R-Square is only 0.8533, which is much less than 0.9701

in our choice. Since the model terms are selected from a broader set of interactions, our

model should be better. The increment of the computing time needed in selecting models

with more candidates is rather limited. 0

[ Please place Table 2 and 3 here]

3. EXAMPLE 2: DATA AUGMENTATION WITH HAMADA AND WU' MODEL

In this section, considering the transformed "wall data", we apply the data·

augmentation procedure to the model (Intercept, E, EG, EH) suggested by Hamada and

Wu (1991). In Lu and Unal (1992), we note that the likelihood function for this model is

rather flat and the search of the ML estimates requires a careful application of Powell's

(1964) program. We run 30 iterations of the aforementioned data argumentation

procedure and study posterior distributions of the model parameters as well as the mean

response at the optimal levels !optof the factors, E = (-1), EG = (-l)x(-l), EH =

(-1) x (+1) (c.f. HW1, pp. 34). The converges are monitored by the 5th, 10th, 25th, .50th,

75th, 90th, 95th, mean and standard deviation (s.d.) of the posterior distributions. All

simulations are done in Sun Spare station SLC with various Splus programs. The

computing time needed in this example is 40 minutes in one iteration. In Figure 1, we

plot the 5th, mean and 95th percentiles of the marginal posterior distributions across·

iterations to monitor the convergence of the Bayesian computation. The s.d. of the
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simulated random samples of trZ is also included and shows that it is fluctuated between

3.2e-07 and 5.9e-07 after the 5th iteration.

To see the shape of the final marginal posterior distributions, we plot the

histograms by pooling the estimates in iterations 26 - 30 together and impose smoothed

densities on the top of the histograms. All these plots are done in Splus programs. Some

of the histograms of parameter estimates p are slightly skewed. The summary statistics
""

such as mean, s.d., coefficient of skewness (c.s.), 713 /{s.d.)3, and coefficient of kurtosis

(c.k.), 71 4/(s.d.)4 - 3, where 71r is the sample rth central moments, of these random

samples of (Po, Pe, PeG' PeH, tr2 ) are calculated respectively as follows:

(0.98459, 3.043e-05, 6.4e-02, 9.Oe-02), (-4.34008e-03, 2.707e-05, -7.6e-02; 1.2e-01),

(2.28569e-03, 2.506e-05, 8.6e-02, 2.4e-01), (-1.93731e-03, 2.527e-05, 1.8e-02, 1.1),

and mean = 7.09693e-07, s.d.= 4.215e-07 for tr2 • (3.1)

Under a quadratic loss function, our Bayes estimates are defined as the means of the

posterior distribution given in (3.1). Their 95% HPD intervals are obtained by picking up

t~e shortest intervals from all intervals around (2.5th-tile, 97.5th-tile), which contains 95%

of posterior parameter estimates in the interval. The results are

(0.98453, 0.98465), (-4.38710e-03, -4.28186e-03), (2.24054e-03, 2.33528e-03),

(-1.97916e-03, -1.88171e-03), (2.05107e-07, 1.46568e-06), (3.2)

for (Po, Pe, PeG' PeH, tr2 ) respectively. To study the forecasting posterior distribution

(c.f. Wei and Tanner, 1990 pp. 832), we generate 5 random samples from N{!~Pt£p;' u:;),

for j = 1, 2, ..., 500 where £pj' 'iT:; are the posterior random samples described above. Its

histogram is plotted in the last diagram of Figure 1. The summary statistics of 2500

predictions are computed as (0.99317, 8.48246e-04, 0.15, 1.5). The Bayes estimator of the

lifetime at the E1G1H2 is 0.99317 and 146.42 in the transformed and original. scales,

respectively, which is very close to the ML estimates 146.18 given in HWl. The

forecasting posterior density is rather symmetric and more peaked around its center than
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the normal density. We found that the 95% HPD interval (0.99157, 0.99497) [= (118.62,

198.81) in the original scale] gives the shortest interval-length compared to the other 124

intervals in study. The 95% HPD intervals of regression parameters are constructed

similarly and none of them include zero, which indicates that the regression coefficients

are all different to zero statistically at the 5% significance level.

[ Please place Figure 1 here ]

Next, we compare the HPD intervals given above to confidence interVals

constructed using the asymptotic theory of the MLE. The ML estimates of! = (Po, PE,

PEG' PEH, 0') given by Hamada and Wu (1991) are

0.984675, -4.252e-03, 2.305e-03, -1.927e-03 and 1.02e-04 (0'2 = 1.0404e-08), (3.3)

respectively. Note that our Bayes estimates (3.1) are quite close to the ML estimates.

Modifying the MLE results of the normal regression model with right-censored data in

Lawless (1982, pp 314-316) for interval-censored data, we obtain the asymptotic normal

distribution of n1
/

2 (! - £J and construct 95% confidence intervals of the regression

coefficients Po, PE, PEG' PEH from the marginal normal distributions as: (0.89255,

1.07680), (-4.39505e-03, -4.10895e-03), (2.16195e-03, 2.44805e-03), (-9.40501e-02,

9.01961e-02), respectively. Compared to our 95% HPD interval given in (3.2), these

confidence intervals are much wider. Using the delta method, we obtain the limiting

distribution of n1
/

2
( fix - Yx) for the mean response Yx at ~opt = E1G1H2 as normal with

mean zero and (estimated) variance 9.21231e-02. The 95% confidence interval is then

constructed as (0.80891, 1.17741) and (5.23321, 00) in the transformed and original scales,

respectively. Although t~eir ML estimate fix = 146.18 is very close to our· Bayes

estimate 146.42, the confidence interval is much wider compared to our 95% HPD interval

(0.99157,0.99497) [= (118.62, 198.81) in the original scale].

Remarks:

1. The second derivative of the log-likelihood -82 IogL/(8P j op,,) for j, k = 0, E,
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E, EG, EH terms, is derived as 0'-3i~lzijZaA(Zi)' where A(zi) = y.l(zi) - W(zi) and

V(z) = [4>(Zg) - 4>(zL»)/[.(Zg) - .(zL)]' W(z) = [Zg4>(Zg) - ZL4>(zL»)/[.(Zg) - .(zL»)'

and ziw = (tw - !~~)/0' for 10 = a or b in the transformed censored data (a, b) and !!.' (T

can be estimated by the MLE. Since 4>(ziL) and 4>(zi9) are equal to zero for the indeces i

where Ei*Hi or Gi = Ei x (Ei*Gi) are assigned at low (-1) level, the elements of

information matrix lEg and lE(EG) are equal to 100 = lEE = .... This makes the observed

information matrix 1 a singular matrix. To get the variance-covariance matrix ~ = 1-1,

one needs to compute the generalized inverse matrix of 1, i.e.1.t1 = 1. Our matrix .t is

obtained from applying the command "ginv" in the SAS software to the 5 x 5 matrix of1
This de{llonstrates the difficulty and possibly deficiency of the inference procedure based

on the asymptotic theory of the MLE in the censored data from highly fractionated

experiments.

2. Considering the pseudo-complete data given in (4.1) imputed from the ML

estimates of our best model, we obtain LS estimates of Po, Pe, PeG' PeH and (T as 0.98404,

-4.703e-03, 2,454e-03, -2.313e-03 and 0.00140, respectively, with R-Square = 0.9627. The

mean response Yz at E1G1H2 is estimated as 154.15, which is slightly higher than the ML

estimate 146.18. Using the estimated s.d. of prediction 6.004e-04 and the ts distribution,

we obtain the 95% confidence interval of yz as (0.99213, 0.99490) and (127.04, 195.99) in

the transformed and original scales, respectively. This confidence interval is more reliable

13

and is compatible to the Bayesian HPD interval.

4. EXAMPLE 3: THE "WALL" HEAT EXCHANGER LIFE DATA

o

By comparing the likelihood's provided from the available candidate models, Lu

and Unal (1992) suggest the model (Intercept, E, EG, EH, D, DH, DJ, BD) with its ML

estimates computed from LIFEREG and log-likelihood = -1.136512e-09. This model is

chosen as the initial model in our Bayesian procedure, where the least squares estimates

are needed for generating posterior random variables. The censored. data is imputed



randomly by drawing samples from the truncated normal distribution (1.2) as follows:

97.9497,45.4915, 182.0030, 57.7316, 57.6354, 39.7718, 69.3635,

45.9762, 89.0581, 85.8178, 86.2884, 42.8416. (4.1)

Applying our model selection, we obtain the following model:

Intercept, E (.6357), EG (.8089), EB (.9627), D (.9629), DB (.9914),

DJ (1.0), C, FC, BC. (4.2)

We then approximate the posterior density and generate latent data for Bayesian model

selections. The models selected in the first few iterations are listed as follows:

Intercept, E, EG, EB, D, DB, DJ, B, AB, BJ,

Intercept, E, EG, EB, D, DB, DJ, CE, K, GK, (4.3)

Intercept, E, EG, EB, D, DB, DJ, B, FB, K, GK. (4.4)

Since the model (4.3) has less number of parameters and fits slightly better (by comparing

their R-Squares up to the term DJ) than (4.4), we decide to fix the model at (4.3) for the

rest of iterations to make the estimates of parameter values converge. We note that the

first 7 terms (up to DJ) in models (4.2) to (4.4) are all the same, which fits the data quite

well. Although the last few terms are not significant in fitting the latent data, we keep

them there to see if Bayesian BPD intervals will indicate their insignificances.

After selecting (4.3) as our final model, we run 22 iterations of data augmentation

procedure and monitor the percentiles of posterior random samples. The computing time

needed is 130 minutes in one iteration. From Figure 2 we see that the. parameter

estimates converge after the 5th iteration. The s.d. of (T2 is plotted in the last diagram of

Figure 2 and is fluctuated between 2.0e-06 and 9.0e-06. The summary statistics of

parameter estimates are reported in Table 3. The Bayes estimates of {3o, {3e, {3eG' {3eH are

compatible to HW1's ML estimates. Histograms of the random samples of ({3, u2 ) pooled.....

from the last five iterations are presented in Figure 3. From the histograms and c.k.'s

reported in Table 4 we note that these posterior densities are much more peaked around
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their center than the normal density. Although none of the 95% HPD intervals of

regression coefficients include zero, the intervals of Po, Pee' PK' PGK are much closer to

zero (all less than 3.6e-04 in absolute value) compared with intervals for the other

parameters. Comparing the lengths of the 95% HPD intervals of the regression

parameters Po, Pe, PEG' PeH' we learn that the 95% HPD intervals given in Table 4 are

narrower than the intervals (3.2) derived from the model (intercept, E, EG, EH) without

extra regression terms. This indicates that our model fits the data better.,

[ Please place Figure 2, 3 and Table 4 here ]

At a particular combination i. of factor-levels of the model (4.3), the predicted

mean response is defined as i."!." where e, are the Bayes estimates of regression

parameters given in the "mean" of Table 4. To find the best combination i.~'1 of design

levels, we conduct a 128-run point search by changing the levels of the factors C, D, E, G,

H, J and K involved in (4.3). The best three combinations of main effects are:

C(+1), D(+1), E(-I), G(-I), H(+I), J(+I), K(-I), predicts 191.75, (4.5)

C(-1), D(+1), E(-I), G(-I), H(+I), J(+I), K(-I), predicts 184.37,

C(+1), D(+I), E(-I), G(-I), H(+I), J(+I), K(+I), predicts 174.66 lifetime.

We see that these combinations are quite similar except the level of C and K might be

changed and the levels of E, G and H are the same as the ones suggested by HW1.

However, after fixing the "right" levels in factors C, D, J, and K, we get much higher

predicted lifetimes than the prediction 146.18 given in HW1.

To compare our choice (4.5) of factor-levels to E(-1), G(-1), H(+ 1) from HW1's

analysis, and "E(-1) from Specht's (1985) application of Taguchi's method, we utilize oUr

Bayes estimates to obtain 16 and 64 predictions from running all possible combinations of

the factors (C, D, J, K) and (C, D, G, H, J, K) for HW1's and Specht's suggestions,

respectively. The minimum, maximum, mean, s.d., c.s and c.k of HWl's and Specht's

predictions are computed as (110.66, 191.75, 144.08, 24.69, 0.48, -0.97) and (51.92, 191.75,
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93.29, 34.27, 1.12, 0.49), respectively. Our choice (4.5) of the process recipe IS the

maximum of these predictions and is much larger than their averages 144.08 or 93.29.

Totally 2500 random samples of the forecasting density at the best design

combination (4.5) are generated from NC~~Pt ep, '(;1). Its histogram is plotted in the last

diagram of Figure 3. From the histogram and the summary statistics (0.99478, 9.433e-04,

-1.2, 19.1), we learn that the posterior density of the mean prediction is slightly skewed

to the left and is much more peaked than the normal density. Its 95% HPD interval is

found to be (0.99285, 0.99639) and (139.84, 276.92) in the transformed and original scales,

respectively.

5. EXAMPLE 4: THE "CORNER" HEAT EXCHANGER LIFE DATA

In Lu and Unal (1992), we select the initial model, (Intercept, A, K, D, DJ, AJ, C,

CH, BD), which has log-likelihood = -0.376558. To approximate the posterior

distribution, we impute the censored data as

384.8692, 261.0671, 39.7295, 94.3484, 85.9110, 103.4602, 323.3663,

61.1780, 204.4357, 60.8406, 135.8842, 439.4472,

and select the model:

Intercept, A (.3944), K (.7119), E (.7878), BE (.9488), D (.9926),

EH (.9997), JK (1.0), GK.

(5.1)

(5.2)

Proceeding with the Bayesian procedure, we update the selection In the first three

iterations and obtain the following models:

Intercept, A, K, E, BE, D, EH, JK, DK, EK, C,

Intercept, A, K, E, BE, D, EH, JK, DK, CD, EG,

Intercept, A, K, E, BE, D, EH, JK, F, FC. (5.3)

These three models agree up to the term JK. We thus stop at the last model (5.2) to

continue our data augmentation procedure for making the parameter estimates converge.



The 5th, 95th and mean of the parameter estimates are plotted in Figure 4 for totally 29

iterations with simulation size m = 100 in the first 28 runs and m ='400 in the last run.

It takes 720 minutes to complete the last iteration. From Figure 4 we feel that more

iterations will not improve the estimates and these estimates are converged enough for us

to study the posterior distributions. After the 5th iteration, the s.d. of u2 is fluctuated

between 1.1e-05 and 6.8e-05, which is larger than the s.d. (u3 ) in analyzing the "wall"

data. Histograms of the posteriors are plotted in Figure 5, and their summary statistics,

95% HPD intervals are presented in Table 5. From Table 6 we know these histograms are

rather symmetric but their c.k. are quite big, for instance, the kurtoses of PEH and Po are

both greater than 35.0. None of the 95% HPD intervals is close to zero, which is opposite

to the case in Section 4, where intervals of Po, PeE' PK , PGK are close to zero. Here, the

95% HPD interval (1.293e-03, 1.427e-03) of PE is the closest to zero compared to others.

[ Please place Figure 4, 5 and Ta.ble 5 here ]

Comparing predictions of 1024 combina.tions of all ten main effects involved in our

final model (5.3), we find the best combinations of the process variables as

F(-l), B(-l), A(-l), C(+l), D(-l), E(+l), G(-l), H(-l), J(-l), K(-l), or

F(-l), B(-l), A(-l), C(+l), D(-l), E(+l), G(+l), H(-l), J(-l), K(-l). (5.4)

Both combinations in (5.4) give the same prediction of lifetime as 1.0278 in the

transformed scale. Although the predicted lifetime 1.0278 goes to infinity in the original

scale, we study the posterior distribution of the mean response at the process recipe (5.4)

in the transformed scale. The histogram of the 2000 (= 5 x400) predictions is given in the

last plot of Figure 5 and t~eir mean, s.d., c.s., c.k. are computed as 1.02785, 3.08898e-03,

-2.69 and 55.1, respectively. The forecasting density is more peaked than the normal

density and is slightly skewed to the right. Its 95% HPD interval is computed as

(1.02450, 1.02954)..

Analyzing the "comer" data with Taguchi's minute accumulating analysis, Specht

17



(1985) suggests the following combination of the process variables:

F(+l), B(-l), A(-l), D(-l), J(+l), K(-l), (5.5)

18

which has opposite signs in F and J compared to (5.5) and does not set the levels of C, E,

G, H. We utilize the Bayes estimators in Table 5 and obtain 16 predictions from (5.3) by

running all possible combinations of the factors C, E, G, H. The maximum, minimum,

mean, s.d., c.s. and c.k. of these predictions are computed as 1.0196, 0.9891, 1.0044,

1.0309e-02, 7.40e-15, -1.5, respectively. Compared with our prediction 1.0278 from (5.4),

their predicted lifetime is smaller than ours. This example shows that different analyses

lead to different process recipes and our choice of the levels of process variables give a

better prediction. This conclusion is similar to the result given in HW1, where they

suggested the combination E(-l), G(-l) and H(+l) for "wall" data and demonstrated that

it is better than Specht's (1985) choice E(-1) suggested by Taguchi's method.

6. SENSITMTY OF INITIAL MODELS IN DATA AUGMENTATION

In this section, we study the sensitivity of initial models in our Bayesian model

selection procedure. First, considering the "comer" data, we use the following model,

which has totally different factors compared to our initial model (5.2).

Intercept, G, BG, CG, E, EH, K, BK, DK, D, DH, (6.1)

To get theLS estimates for the approximation of the posterior distributions, we fit the

model (6.1) to the data (5.1). After generating 100 random samples of parameters from

the approximated posterior distribution, we obtain 100 sets of latent data. The model

selected from a particular set of latent data is (Intercept, A, K, D, DJ, J, AJ, H, ciI; BD,

BH). Repeating the same process, we select the next few models successively,

Intercept, A, K, E, BE, J, HJ, CJ, G, GH,

Intercept, A, K, E, BE, G, FG, GK, CG, FK,

Intercept, A, K, E, BE, J, BJ, F, FG,EH, FJ,



which agree to our initial model (5.3) up to BE, for which the R-Square was .9488. The

terms EH and GK in (5.3) are also selected in some of the models here.

Turning to the "wall" data., we recall that the dominating terms in Section 4 are E,

EG, EH, D, DH and DJ. For demonstration purpose, we start with the main-effect model

to get the ML estimates and impute the censored data. The main-effect model is used to

fit the pseudo-complete data for computing the LS estimates to approximate the posterior

distributions. Then, we generate the latent data, which really took far more computing

time than the other imputations. The model selected from the latent data is given as

(Intercept, E, EG, EH, D, DG, BD, H, HK, FH), which agrees to model (4.3) up to D.

From these two examples, we learn that the Bayesian model-selection process

usually picks up quite a few significant terms but, of course, will not agree to all terms

selected based on the classical ML approach. With a good initial model, the imputation

time and sampling time in constructing the posterior distribution can be saved but it

should not be the only model in a reasonable model-selection procedure such as ours.

7. CONCLUSION

In this article, we propose Bayesian model-selection and parameter-estimation

procedures to analyze censored data from screening experiments. We mix Hamada and

Wu's (1991) "expectation-modeling-maximization" idea with Wei and Tanner's (1990)

data augmentation procedure to compare many candidate models simultaneously and

obtain our final model. Then, marginal posterior distributions of model parameters are

obtained along with their high probability density intervals. Our HPD intervals are more

suitable than the confidence intervals constructed using the asymptotic theory of the

MLE. The sensitivity of using different initial models in this Bayesian procedure is

investigated briefly. Finally, our model serves as a tool for optimizing the process control,

where the best combination of the process variables is suggested and its forecasting

19
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distribution is derived. Comparing our predictions to the existing ones suggested from

Taguchi's and Hamada and Wu's procedures, we show the superiority of the Bayesian

method.

Reducing the process/product variations is always an important task. Box and

Meyer (1986) gave a procedure of analyzing dispersion effects with unreplicated

experiments. Modifying Bayesian procedures to select the best model terms in the mean

and variance functions is an interesting task. Since the "wall" and "corner" measurements

are collected from the same specimens, which might introduce the correlation of the

censored data, the procedure of analyzing multivariate industrial incomplete data and

optimize possible multi-objectives simultaneously are of interest. Replacing the data

augmentation by the Gibbs sampler (Gelfand, 1990) or some posterior approximation

techniques (c.f. Sweeting, 1988) to speed up the convergence of the Bayesian model

selection and parameter estimation is the key to practically implement our methodology

for routine usages in the quality/reliability improvement. Instead of using the

noninformative prior, one can entertain different prior distributions to study their impact

to the model-selection and final parameter estimates.
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Table 1. Design and Data for the Heat Ezchanger Ezperiment

Factor Time to Failure

Run F B A C D E G H J K waU Corner

1 1 1 1 1 1 1 1 1 1 1 93.5,105) 164,00~
2 1 1 1 1 1 2 2 2 2 2 42,56.5) 164,00
3 1 1 2 2 2 1 1 2 2 2 128,00) 0,42)
4 1 2 1 2 2 2 2 1 1 2 56.5,71~ 93.5,105)
5 1 2 2 1 2 1 2 1 2 1 56.5)71 82, 93.5}
6 1 2 2 2 1 2 1 2 1 1 0,42 93.5,105)
7 2 1 2 2 1 2 2 1 2 1 56.5,71 164,00)
8 2 1 2 1 2 2 1 1 1 2 42,56.6 56.5,71)
9 2 1 1 2 2 1 2 2 1 1 82,93.5 164,00)

10 2 2 2 1 1 1 2 2 1 2 82,93.5 56.5,71)
11 2 2 1 2 1 1 1 1 2 2 82,93.5 128,140)
12 2 2 1 1 2 2 1 2 2 1 42,56.5 164,00



Table 2. Rank Table for Selecting Model Terms
Based On Imputed "waU" Data

Significant Induced Significant Main Effects$
Main Effects Main Effects Interactions Constrasts p-Value+

E
(1)#

E -6.012e-03 0.0388
B -3.042e-03 0.3365

BA(3) K 2.822e-03 0.3743
H -2.500e-03 0.4335

B(2) 111* A -2.445e-03 0.4439
A II G 2.280e-03 0.4762

F 2.225e-03 0.4872
FA(S) D 2.107e-03 0.5111

F(4) III J 2.107e-03 0.5111
C -0.960e-03 0.7666

K
FK(6)

J I (out):#:#
BJ(7)

G
FG(8)

C
BC(9)

J(10)

*: Frequency of the main effects used in the model.
+: Contrasts and p-values computed from fitting regression models to censored wall data

one factor at a time.
#: The sequence of the factors entering into the model.
##: Since it appears in the selected main effect, the record of the induced effect is erased.
$: Some of the p-values of two-factor interactions are listed in Example 2.



Table 3. Comparison of Model-Selection Procedures
Based on Imputed "waU" Data

Hamada and Wu Lu and Unal

# Variables Variables R2 Adj-R2 Variables R2 Adj-R2

1 E 0.3612 0.2973 E 0.3612 0.2973
2 EG 0.5064 0.3967 B 0.4536 0.3322
3 EH 0.6353 0.4985 BA 0.6437 0.5100
4 EJ 0.6950 0.5207 F 0.6490 0.4484
5 DE 0.7548 0.5505 FA 0.7834 0.6029
6 FE 0.8089 0.5796 FK 0.9125 0.8075
7 AE 0.8533 0.5966 BJ 0.9701 0.9178
8 CE 0.8954 0.6165 FG 0.9884 0.9575
9 EK 0.9253 0.5892 BC 0.9980 0.9893

10 BE 0.9481 0.4291 J 0.9998 0.9979



Table 4. Summary Statistics of the Posterior Parameter Estimates in the "Wall" Data

Po PE PEG PEH PD

mean 0.98400 - 4.02877e-03 2.38195e-03 - 2.46576e-03 - 2.26994e-04
s.d. 1.208e-05 2.275e-05 2.1000-05 2.366e-05 2.260e-05
skewness -0.62 3.0 2.6 1.6 3.6
kurtosis 16.6 49.2 31.4 39.6 56.9
95%HPDL* 0.98399 - 4.05998e-03 2.34925e-03 - 2.49826e-03 - 2.53477e-04
95%HPDR 0.98403 -4.00178e-03 2.42431e-03 - 2.42826e-03 -1.94454e-04

PDH PDJ POE Px PGX

mean 9.49530e-04 8.254lOe-04 -1.07078e-04 - 3.03845e-04 - 4.07020e- 05
s.d. 2.874e-05 2.128e-05 3.06ge-05 2.976e-05 1.908e-05
skewness 0.92 -1.13 0.93 0.82 -2.44
kurtosis 32.7 16.0 26.4 21.1 26.9
95%HPDL 8.92408e-04 7.83698e-04 -1.58181e-04 - 3.58566e-04 - 7.35396e-05
95%HPDR 9.91540e-04 8.60104e-04 - 5.41515e-05 - 2.49450e-04 - 8.22146e-06

mean(0'2) = 9.46615e-07 and s.d.(0'2) = 3.548e-06.

The 95%HPD of 0'2 is (2.69478e-08, 3.76844e-06).

*: lower and upper bounds of the 95% high probability density intervals.



Table 5. Summary Statistics of the Posterior Parameter Estimates in the "Corner" Data

Po PA PK PE PBE

mean 0.99025 - 8.76671e-03 -7.90041e-03 1.36060e-03 -7.52337e-03
s.d. 2.407e-05 1.00ge-04 1.2200-04 4.706e-05 1.632e-04
skewness 0.17 0.6 1.3 1.6 1.6
kurtosis 5.8 9.7 11.7 35.0 17.5
95%HPDL* 0.99020 - 8.95878e-03 - 8.11344e-03 1.29327e-03 -7.85282e-03
95%HPDR 0.99030 - 8.55936e-03 - 7.60081e-03 1.42699e-03 - 7.19735e-03

PD PEN PJK PF PFC

mean -1.53687e-03 - 2.663500-03 2.00941e-03 - 2.06725e-03 - 3.69097e-03
s.d. 3.680e-05 7.774e-05 6.95ge-05 6.880e-05 1.341e-04
skewness -3.66 2.75 -0.27 1.89 0.89
kurtosis 35.3 27.2 7.3 23.0 9.8
95%HPDL -1.58920e-03 - 2.81589e-03 1.87238e-03 -2.17451e-03 - 3.93736e-03
95%HPDR -1.47473e-03 - 2.53620e-03 2.16444e-03 -l91773e-03 - 3.39484e-03

mean(u2) = 9.33446e-06 and s.d.(0'2) = 3.785e-05.

The 95%HPD of 0'2 is (2.03313e-07, 3.05681e-05).

*: lower and upper bounds of the 95% high probability density intervals.
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Figure 1, Summary Statistics and Histograms of the Posteriors of the E.GH Model
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Figure 5, Histograms of the Posteriors of the Corner Model
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