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ABSTRACT

A more practical design of X-chart has been proposed which recognizes that the

process mean, in the majority of industrial operations, is a random variable, and uses

the necessary information on the production rate and specification limits and the ratio

of costs of false alarm and producing defectives. A methodology has been proposed to

see whether incorporation of warning limits is effective for a given process and for using

the data points obtained on the current process for prediction and decision-making.

Examples from earlier publications have been used for justification and sensitivity

analyses have been carried out to study the effects of the various factors.

KEY WORDS: Current control of process, Loss function, Process capability index,

Production rate per period, Warning and action limits, EWMA.

1. INTRODUCTION

Quality control has the objective of maintaining the product characteristics at

the targeted, or nominal, values with the minimum deviation. In case of manufacturing

process control, therefore, Taguchi (1989 pp 7, 8) emphasizes that manufacturing

processes must be robust to uncontrollable variation. Considering the trade-off between

quality and price and with increasing complexity and precision of products, it is
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impractical, if not totally impossible, to design a manufacturing process which is robust

to all possible "noise factors", which, in control chart terminology, are called assignable

causes. This presents two alternatives, which are: either the institution of 100 percent

inspection with the acceptance of scrap and rework as inevitable and with

correspondingly increased costs of production, or the use of statistical process control for

all the important product characteristics. Control charts are used for the current

control of the process and X-charts have been used for the control of product

characteristics which are variables. The optimal design of X-charts has received a lot of

attention and has primarily been looked at from two different angles, which are as

follows:

(i) statistical designs - the basic objective of such designs has been the minimization of

Type I and Type II error probabilities, and

(ii) economic designs - whereas these designs have also considered Type I and Type II

errors, the main focus has been the minimization of the total quality cost.

Moreover, the objective of earlier designs has been to set up optimal control limits

and use them as "hypothesis-testing procedures" to detect a certain kind of a

"special event" or assignable cause (Hunter, 1986; MacGregor and Harris, 1990).

Control charts are designed for use on the shop-floor and accordingly the designs

should be cost effective and simple to construct and implement (Saniga, 1989). For this

it is essential that the design must consider the process specification and the intrinsic

nature and variability of the process (Kanazuka, 1986; Hahn, 1989, pp 76), and at the

same time, should only call for such knowledge and data which is actually available

with the manufacturing and quality control personnel. In this paper, we have suggested

a design of X-chart which takes into account the conditions which exist in practice.

Our design takes due cognizance of the fact that, in most practical cases, the process

mean, at any point of time t, Pt, is a random variable (MacGregor and Harris, 1990),
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whereas the earlier designs have assumed that Var(Jlt) = O'~ = O. In this context, we

define that the process is out of control if the process mean JJt shifts beyond ± 30'u from

the center line, E(JJt) = JJo' Oue design, therefore, recommends that the estimates of

the sample and process standard deviations be calculated from the past data, that is,

the sample data already obtained from the process. As against this, in the earlier

designs, the assignable cause(s) is usually assumed to occur according to a Poisson

process with an intensity which has to be estimated based either on experience or

observations of rare events of process being out of control. Thus our design is based on

the consideration of all possible shifts of the process mean as opposed to designing to

handle a prior fixed value of process mean shift, since in practice such a precise prior

knowledge of the process shift is rare except in cases of predictable wear-out processes

such as tool wear. Secondly, our design has the objective of minimization of the total

expected loss incurred from making wrong decisions based on the use of the control

chart, and the loss function associated with probabilities of Type I and II errors is given

in terms of the estimated ratios of the relevant cost elements. This has to be viewed in

the light of the fact that the earlier designs consider the minimization of the total cost

which requires the prior knowledge of the actual cost elements, which, in most cases,

are not available. Thirdly, as opposed to earlier designs, our design utilizes the

specification limits and the process capability index to decide when the defectives are

actually being produced and to direct the process to better performance. Finally, our

design recommends the incorporation of warning limits, wherever required, and also

recommends that these warning limits, together with prediction from data obtained on

the given batch or set-up, be used as an aid to decision-making.

In Section 2, the effect of the variabililty of the process mean is discussed and

illustrated by four examples. The use of specification limits and the ratio of the

production rate to sample size in the construction of X-charts is presented in Section 3.
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In Section 4, we discuss the loss incurred in making a wrong decision due to the use of

control charts. A loss function is defined to incorporate the probabilities of Type I and

II errors with the associated costs for all possible shifts of the process mean. Warning

limits for the preventive adjustment of the process are brought into the control chart

design in Section 5. In Section 6, the results of the sensitivity analysis to study the

effect of the various input factors on the optimal width (k*) of control limits (JJo ± k*u:;.)

and the total loss are presented and discussed together with a proposed design of X

charts with warning limits developed for industrial data sets. Conclusions and

recommendations for the design and the use of the proposed X-chart are given in

Section 7.

2. EFFECT OF THE VARIABILITY OF THE PROCESS MEAN

We treat the process mean JJt at time period t as a random variable and further

assume that JJt '" N[h(t), u~]. The expected value of the process mean h(t) may be

linear, quadratic, a step function, or just a continuous function of t. In this article, we

concentrate on the variability of the process mean and take E(JJt) = 0 in the rest of

discussion. Since we are dealing with the X-chart and not the X-chart, we have

assumed that Xtj = JJt + ftj' j = 1, 2, ..., n, where n is the sample size and ft/S are

assumed to be independently and identically distributed (iid) N(O, u~). This

assumption implies only that in a given sample of size n, the expected value of the

individual observations takes a value JJt. From this we conclude that the sample mean
- _ n
Xt = JJt + (t, t = 1, 2, .. 0' where Xt = E Xtj/n have iid normal distribution with

j=l

mean 0 and variance u~ = u~ + ut / n. Based on the samples taken from the process, we

propose unbiased estimators of u~ and ut and a test of the hypothesis Ho: u~ = O.

In all the earlier designs, the estimate of the Ux = (u~ + ut)1/2 (= Uf, if JJt is

assumed as an unknown constant) is based on the average of either the sample ranges or



-5-

standard deviations of all subgroups. These estimates incorporate the variations of the

replications within the subgroups. It does not take into account of the possible

variations between different subgroups. In our model, the treatment of taking the

process mean J.lt as a random variable is the same as using a random effect model to

describe the data Xtj = J.lt + ftj' The average of the individual sample variances, ~t =

t Sflg, where Sf = f: (Xt " - X t )2/(n - 1), is an unbiased estimator of ut. The
t=l j=l 1

variance between the sample means in different subgroups, Var(Xt ) = u~ = u~ + u~1n,

is estimated by ~, where ~ = t (Xt - X)2/(g - 1), and X = t Xtlg. This gives an
t=l t=l

unbiased estimator of u~ as ~~ = ~ - ~~1n. Based on the distributional properties of

sums of squares of variations in the analysis of variance with random effect model, the

test statistic of the hypothesis Ho: u~ = 0 is proposed as n~/~t, which has F

distribution with degrees of freedom 9 - 1 and g(n - 1). This serves as a tool to check

if there is really a necessity of treating the process mean J.lt as a normal random

variable. In the case of ~~ < 0 we take ~~ = 0 and conclude that the process mean is

an unknown constant, The correlations between the process mean, sample mean and

individual observation are gIven as PJJx = (u~/u~)1/2, Pxx = (uVu~)1/2 and

( 21 2)1/2 . IPJJx = Uu Ux ,respectIve y. The detail of derivation of these estimators, test

statistic and correlation coefficients are given in Appendix.

We take some examples from earlier publications to illustrate the proposed

model, estimators and test statistic.

Example 1: Sample means and ranges of the depth-to-shoulder measurements of

fragmentation bomb heads are given in Exercise 259, p. 386, Duncan (1959). The

production rate is 350 to 400 pieces per hour, and a sample size n = 5 is taken in every

15 to 20 minutes for 9 = 30 subgroups. Specification limits are given as ±0.015 inches.

The average of the sample variances is 2.67825xl0-s which is the estimate of the

sampling error ut. The variance of all the sample means is ~ = 1.022736xlO-s. This
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gives the estimate of ua as ~~ = ~ - ~~/5 = 4.87086x10-6 • The F statistic calculated

based on n~/~~ is 1.909336 with 29 and 120 degrees of freedom. The hypothesis

Ho: ua = 0 is rejected at significance level 0.01, and the corresponding p-value is

.008196. The sample correlation coefficients between the process mean, sample mean,

individual observation are computed based on ~~ and ~~ in the following:

~"x = .690114, ~xx = .568423, and ~"x = .392277.

Example 2: Data on a tool-wear process is presented in Problem 271, p. 418,

Duncan (1959). Every hour a sample of 5 pieces is drawn and in this manner a total of

21 samples are obtained. The specification limits for the process are given as ±0.005

inches. The results of the estimates of variances are ~~ = 1.642853x1O-6 and n =

5.21334x10-6 • This leads to the F statistic as 16.86672 with degrees of freedom 20 and

44 and corresponding p-value near O. Since the F table value is reported as 2.321404 at

significance level 0.01, the hypothesis Ho : u~ = 0 is rejected. The correlation

coefficients are calculated as follows: ~"x = .969903, ~xx = .898959, and ~"x = .872.

Example 3: Data obtained from a study of the automatic machine which

produces weights used in a space mechanism conducted over a period of twelve days

with subgroups of four selected twice each day, once in the morning and once in the

afternoon, are given in Exercise 6, pp 228, Wadsworth et. al. (1986). The specification

limits are stated as 1.040 and 1.010. The results obtained are given as ~~ =

5.45972x10-5 , n = 4.683583x10-5 , F statistic = 4.43137, degrees of freedom = 23, 72

and p-value = 6.5565x10-7 . The F table value is 2.07794 at significance level 0.01,

therefore we reject Ho : u~ = O. The sample correlation coefficients are: ~"x = .879964,

~xx = .772208, and ~"x = .6795155.

Example 4: Table 5.3, p. 100, Ryan (1989) lists the results of a study to

investigate the variability in a particular electrical characteristic that was involved in

the assembly of electronic units over 11 ceramic sheets relative to the variability
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between the 7 strips within each sheet (g = 11, n = 7). The data were originally

analyzed by Ott (1949). He addressed this question by constructing an X and an R

chart. We use this data set as an example for the calculation of the estimates of

variances and for the hypothesis testing of Ho: O'~ = 0 to check if we should consider the

process mean as a (normal) random variable. The results are given as follows: ~~ =
1.267662; n = .192171, F statistic = 1.789834317, degrees of freedom = 10 and 66,

p-value = .0797597. And, the F table values at significance level 0.10 and 0.05 are

given as 1.697 and 1.977476 respectively. The correlation coefficients are estimated as:

~I'X = .717521, ~xx = .5056586, and ~I'X = .362821.

These four examples clearly illustrate the fact that there is a necessity to

consider the process mean as a random variable. In practical cases, the correlation

between the process and sample means can range from as high as 0.97, as is obtained in

cases of tool wear and other predictable wear-out processes to a low of 0.69 (and it

might even be lower than this). In Section 4 we have carried out a sensitivity analysis

to investigate the effect of an increase in the value of p I'X on the optimal width of the

control limits.

Remark: In Examples 3 and 4, instead of using sample variances sf's to estimate

the sampling error O'~, we have also used the sample ranges to estimate it in order to

check if there are significant different results in n and test statistic. In particular, with

the data in Example 3, we obtained ~~ = 6.96483x10-5, ~~ = 4.30730x10-5, the

approximated F statistic = 3.47374, p-value = 6.5565xlO-7 and the sample correlations

~ I'X = .843876, ~xx = .732523, and ~ I'X = .618158. The conclusion is that with the use

of the sample ranges one tends to get larger ~~ and hence ~~ becomes a little smaller

which implies that the approximated F statistic and ~ I'X are both smaller. However,

even with this in both the examples the hypothesis Ho was still rejected at the same

significance levels.
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3. THE USE OF SPECIFICATION LIMITS AND PRODUCTION RATE

The statistical and economic design papers published so far have suggested that

the design of the X-chart need not take into consideration of the specification limits,

which are usually specified for the process based on the engineering drawing. With part

and product tolerances becoming tighter and increasing precision being demanded in

manufacturing, it is most essential that specification limits be considered since the

specification limits determine when defectives are actually being produced. This can be

explained by examining the value o-~ as obtained in Example 1 of Section 2, where the

value of 3ux is .0169. The specification limit of .015 is less than 3ux resulting in some

defectives actually being produced even with the process in control, and in this the

process capability index (CAP) = total width of specification limits/process capability

(= 6ux) is calculated as .8881 < 1.0. Therefore, when the CAP is very high, say 2,

(almost) no defectives will be produced until Jlt reaches the upper or lower control limit

and conversely when the CAP is less than 1, a larger number of defectives will be

produced even with the process in control and this calls for tighter controls. Under the

circumstances if the specification limits are not taken into consideration while designing

the control chart, one would end up either using a very expensive process (quite

unnecessary for the part or the product) and calling for narrower limits than required or

producing a large number of defectives without this being indicated by the control

chart. For this reason, the proposed X-chart has taken the specification limits into

consideration by inclusion of the process capability index in the loss function. The

consideration of specification limits also leads to a possible use of the control chart for

analyzing process capability resulting in improvements of the manufacturing process,

which, in turn, leads to quality enhancement. A sensitivity analysis has also been

carried out to study the effect of a change in the capability index on the optimal width

of control limits and the total loss.
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In practice, the sampling frequency h, which in earlier economIc designs is

derived from time between the occurrence of assignable causes (Duncan, 1956;

Montgomery, 1980), actually depends upon the type of process and the production rate.

Moreover, the sampling frequency obtained mathematically in the traditional designs

can take values such as 0.46 or 0.72 hours (Montgomery, 1982) and taking of samples

every 0.46 hour is obviously very difficult to implement and administer. In Example 1

of Section 2, for instance, since the production rate is 350-400 parts per hour, the

sampling frequency is 15-20 minutes with a sample size of 5. Denoting RPS as the ratio

of the production rate per period and sample size, we consider an example of screw

machine operation in which the production rate is 600 pieces per hour. In this case

obviously a sampling frequency of 1 hour will not be chosen since an RPS of 10 will

result in a sample size of 60 and RPS of 20 will require a sample size of 30 which is still

quite large. The recommended values of RPS may range from 20, in case of a stable

process, to about 5 for comparative unstable processes. More importantly, if there is a

shift in the process within the hour then this will not be detected and corrected until a

very larger number of defectives are produced. Thus the sampling frequencies which

may be considered are 10, 15 and 20 minutes (which are then the possible lengths of the

period) and the decision, with regard to h, is based on the ease of implementation and

the cost of administration (there usually is a fixed cost of sample inspection), as well as

the type of the process which may be defined by quoting Shewhart "if the cause system

is changing, the sample size should be as small as possible so that the averages of

samples do not mask the change" (Duncan, 1959, p. 372). Example 1 in Section 2 is

analyzed in Section 6 to illustrate the procedure of choosing the sampling frequency h

and sample size n. Furthermore, we have carried out the sensitivity analysis to

investigate the effect of a change of RPS on the optimal width of control limits (k*).
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4. THE LOSS FUNCTION AND CONTROL LIMITS

The elements of cost considered in the economic design of X-chart are as follows:

cost of sample inspection, cost of false alarm diagnosis, cost of defectives produced and

cost of assignable cause(s) investigation and removal. Although minimization of total

cost is a worthwhile objective, a control chart should be evaluated from the viewpoint of

its ability to control the process effectively, or in other words, its usefulness to the

decision-maker in enabling him to make the right decisions. Thus the objective of

economic design may be viewed as the minimization of the loss incurred from the use of

the control chart. Furthermore, in the earlier papers on economic design, the cost of

producing defectives, Cd' is considered only when the process is out of control (see the

cost function in Montgomery, 1982). In these papers, it was assumed that as long as

the sample mean was found within the control limits, the process mean J.lt = 0 and,

therefore, the probability of producing defectives was negligible. However, in the case

that the process mean is a random variable, J.lt may shift (but still in the "in-control"

region) and even when Xt is within the control limits, a significant cost of defectives

may be incurred. So what is important is the evaluation of loss incurred from the use of

the chart if the proposed design of the control chart ensures that the chart is effective in

detecting small shifts in the process mean before substantial losses can occur (Woodall,

1986).

Two kinds of losses might be incurred in usmg X-charts to make decisions.

Sample mean Xt being greater (or less) than upper (lower) control limit will result in a

loss due to false alarm when the process is actually in control (Type I error). On the

other hand, the sample mean might be plotted within the control limits but actually the

process may be out-of-control (Type II error). A loss is then incurred if defectives are

made without notice. In case the process is out-of-control and the control chart has

correctly signalled an out-of-control state, there is no loss incurred but a cost of
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investigating and removing the assignable variable(s) is required. Thus we have

a = Pr(Type I error)

= Pr(IXI > Twx I Jlt = 6, -3uu < 6 < 3uu). (1)

Since Jlt is a random variable, the probability a is actually a probability weighted

average of the probability of Type I error incurred for all shifts of the process mean Jlt

inside ±3uu region, i.e.

a = J3C7

U Pr(IXI > Twx I Jlt = 6)!Jlt(6) d6,
- 3C7u

where !Jlt(6) is the probability density function (pdf) of the normal random variable Jlt,

and

/3 = Pr(Type II error and defectives produced)

= Pr(IXI < Twx, IXI > b I IJltl > 3uu), (2)

where b = 3ux x CAP. We note that the probability /3 gives the chances of getting

defectives when we make a mistake in decision. Our definition of the probability /3

takes into account the process capability index, since, one might make a wrong decision

but there is a very small (or large) chance of producing defectives because the

specification limits IS (or is not) very far outside the central line. Moreover, this

probability applies to those parts which are produced in this period but are not

inspected and this number is [n x RPS - n]. We thus define the loss function as

follows:

Loss (L) ex aCF + /3 Cd x n x (RPS - 1)

Since the process mean, sample mean and the individual observation are

correlated, we need to use the bivariate and trivariate normal distributions to compute

the probabilities a and /3. Some statistical computing package e.g. Gauss, have intrinsic

functions to calculate these probabilities. We calculated the two- and three-

dimensional integrals using Simpson's rule, with 100 points in each dimension. For
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example, in the bivariate case, we calculate the probability a by cutting the regIOn

(k < IZxl < 5.0, IZJlt l < 3) into 100 x 100 smaller areas and approximating these areas

based on the standard bivariate normal pdf.

5. USE OF WARNING LIMITS AND PREDICTION FROM DATA

There have been a number of papers in the recent past which have suggested the

incorporation of warning limits (in addition to control limits, which are then called

action limits) in the control charts, and such charts are called modified Shewhart charts

to distinguish them from X-charts with only control limits (Chiu and Cheung, 1977). It

seems logical that the incorporation of warning limits is justified in cases where the cost

of preventive adjustment, or preventive maintenance as per Taguchi (Taguchi, 1989, pp

150), is a lot less than the cost of false alarm (GF ) and also the cost of investigation and

removal of an assignable cause (GI ). In such cases, once a sample mean falls within the

zone bounded by the warning and action limits, the decision-maker has the possibility of

either taking a preventive action, the cost of which is much less than both GF and GI ,

or letting the process run while monitoring it continuously. Moreover, the incorporation

of warning limits should result in a possible widening of the action limits so that the

process does not have to be stopped for investigation, or investigation and repair, as

often as before. The papers published so far (Gordon and Weindling, 1975; Chiu and

Cheung, 1977) suggest an "ad-hoc ratio" of warning to action limits (for example, 0.67,

0.85) and also a run of N(or r) points which must fall between the warning limit and

action limit before the process is stopped. The ad-hoc rule first fixes the location of the

action limits using the construction based on traditional economic design consideration,

and then fixes the location of the warning limits using the specified ratio such as 0.67 or

0.85.

Let us denote GA as the cost of the preventive adjustment and let J.to ± kA (Tx,
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JJo ± kWO'j( be the action and warning limits respectively. Since an estimate of the ratio

CAl CF , may be available, we suggest that the locations of the action limits and the

warning limits can be simultaneously set by defining a loss function which uses the ratio

a = kwlkA and the loss structure similar to the on given in Section 4. We define the

elements of the loss function in this case as follows:

a w = Pr(the decision is to take adjustment given that the process is in control)

= Pr( akAO'j( < IXI < kAO'j( I JJt = 0, -30'u < 0 < 30'u),

where the ratio a can be chosen by utilizing the information gathered from the process,

and the suggestion for selection of "a" has been given in remarks at the end of the next

paragraph.

a A = Pr(the decision is to investigate possible assignable causes

given that the process is in control)

= Pr(IXI > kAO'j( I JJt = 0, -30'u < 0 < 30'u).

and the probability that the process produces defectives resulting from the decision of

not taking any action at all but the process is out of control is expressed as

f3 w = Pr(IXI < akAO'j(, IXI > bO'x I IJJtl > 30'u),

where b = 30'x x CAP. The loss function is of the form

Loss (Lw)oc aw CA + aA CF + 13 w Cd x n x (RPS - 1).

Here, we assume that if the process is actually out of control and the decision is to take

preventive adjustment, then the process mean will be brought back to the original

starting point JJo'

Once the location of the action and warning limits are decided, there arises the

problem of decision-making, once a point on the X-chart falls in the zone bounded by

the two limits. We feel that prediction from data already plotted on the chart (given

kWO'j( < IXtl < kAO'j(, predicting whether IXt+ll > kAO'j( or not) will provide the

decision-maker with a much better aid than a run of points which has for its basis the
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sample size and width of the action limits and does not take into account the present

state of the process. For prediction, we can use either regression, or exponentially

weighted moving average (EWMA), or any other time-series forecasting tools. We have

used EWMA because (i) it utilizes the past information and not just the current

observation and this is important if there is dependence between successive sample

means) but at the same time, it follows the process trend more closely than regression

(Hunter, 1986), (ii) it is widely used in industry and can be calculated by hand easily.

Remark: For the determination of the ratio (a) of the warning and action limits,

we suggest that instead of using the ad-hoc rule a = 0.67 or 0.85, one can set this ratio

to a" = ["x/(2 - "x)]1/2, where "x is the weight of the Exponential Moving Weighted

Average (EWMA) based on the observations of sample means, and is a constant

(0 < "x < 1) that determines the depth of memory of the EWMA. Instead of using

runs to determine if the process is out of control, Hunter (1986) has derived a = kw/kA

from the ratio of the variances of EWMA and Shewhart charts and used this ratio for

control limits of the EWMA. Since we use the EWMA as a prediction tool for the

sample mean, we recommend to use the ratio a" for our warning limits. Two examples

are given in next section to illustrate the use of this ratio.

6. RESULTS AND DISCUSSION

We have carried out the investigation of the effect of a change of the various

input factors in two parts, which are as follows:

(i) design of X-control chart with control limits, wherein sensitivity analyses were

carried out to study the effect of the different input factors on the optimal width of

the control limits (k*) and the total loss, and

(ii) design of X-control chart with warning and action limits - in this case, the data

reported in Examples 1 and 3 of section 2 have been used to evaluate the constant
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Ax of EWMA. Sensitivity analyses have been conducted by varying CA/ CF and Ax

to evaluate the effect of a change in these factor on k*.

6.1. DESIGN OF X-CHART WITH CONTROL LIMITS

The important input factors which characterize the process are the correlations

PJJx ' Pj(x and PJJX' the production rate per period (and therefore the RPS), and the

specification limits (and therefore CAP). The other input factor which affects the

design of the X-chart, that is the value of the optimal width of control limits and total

loss, is the ratio CF/Cd (Cd is fixed at 20 through out this paper for comparison with

the results in Section 6.2). The results of the sensitivity analyses conducted to

investigate the effect of changes of these factors, namely P JJx ' CF/Cd, RPS, and CAP,

are given in the following paragraphs as studies. The data given in Example 1 of

Section 2 has been used for these four studies, particularly for calculating the estimates

of (T~ and (T~. Our recommended optimal width (k*) of control limits, in all the studies,

is accurate up to the first place of decimal since we feel that in practice the

implementation of control limits correct to the second or third place of decimal, in most

cases, will be both difficult and unnecessary. Moreover, k* correct to the first place of

decimal is good enough to illustate our methodology.

Study (i): Using the estimate of (T~ as 2.67828x10-s given III Example 1, we

change the value of (T~ to obtain different values of PJJX in the range of 0.5 to 0.9 in order

to study the effect of a change in correlations, particularly PJJX' on k* and the loss. We

use the production rate per period (at h = 15 minutes) and the sample size given in the

example, that is, 100 (=400/4) and 5 respectively, and also take CAP = 1.0 and CF/Cd

= 50. The plot of the correlations against (T~ is given in Figure 1 from which it is seen

that beyond a value of (T~ = 0.00003, in this case, the curve of PJJX tends to flatten out.

The results of the analysis are given in Table 1. From Table 1, it is seen that as the
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value of ppX goes up from 0.5 to 0.9, k* decreases from 3.0 to 2.6. This is intuitively

also the case since the higher the correlation between the process mean and the sample

mean, the tighter will be the controls that need to be exercised. However, the loss at

k* turns out to be a concave curve, reaching a maximum value at Ppx = 0.7. The

explanation is as follows: we know that if k* is smaller (as Ppx gets larger), the

probability a will be larger but the probability f3 will be smaller. Since the CF is 50

times Cd' the loss at smaller k* will be greater. On the other. hand, if the k* is fixed at

the same value [for instance, k* = 2.6 < 2.7 (at Ppx = 0.7) for Ppx = 0.8 and 0.9], as the

correlations get higher, the probabilities a and f3 will be both smaller and the loss will

be smaller. The highest loss observed at Ppx = 0.7 is due to the fact that the Ppx tended

to flatten out comparatively faster around Ppx = 0.7 (see Figure 1).

Table 1. Effect of a Change of ppX on k* and loss

(CF/ Cd = 50, CAP = 1.0, RPS=20, n = 5)

Ppx k* Loss at k*

0.5 3.0 29.0175

0.6 2.8 34.3787

0.7 2.7 36.9340

0.8 2.6 34.8017

0.9 2.6 25.3877

Study (ii): We fix the sample size, RPS and CAP as 5, 20, 1.0 to study the

effect of a change in the ratio CF/Cd, in the range of 5 to 100, on k* and the loss. The

relationship between CF/Cd and k* is given in Figure 2(a), which shows a nonlinearly

increasing relationship of k* on CF/ Cd. Figure 2(b) shows that the relationship

between k and loss incurred for different values of CF/Cd is convex, which illustrates
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that for a given value of CF/Cd , an optimal value of k (k*) exists.

Study (iii): A change in RPS can be brought about by either changing the

production rate with fixed sample size (denoted as Case A), or changing the sample size

for a given production rate (denoted as Case B). In both cases, an increase in the RPS

will increase the size of uninspected parts resulting in a reduction of k* to protect

against production of a large number of defectives. In Case A, with the fixed value of

CF/Cd as 50 and sample size as 5, we vary the RPS from 5 to 40 and observe [from

Figure 3(a)] a nonlinear decreasing relati~nship of k* to RPS. With different values of

RPS, the plot [Figure 3(b)] of the loss against the k values again shows a convex

relationship. In Case B, we fix the production rate per period as 100 and change the

sample sizes from 20 to 5 with the RPS varying from 5 to 20 correspondingly. The

results are listed in Table 2 with two different CF/Cd ratios 50 and 5. From Table 2, it

is found that k* is less sensitive (compared to Case A) to changes in RPS at a given

production rate per period. Moreover, a reduction of CF / Cd from 50 to 5 in this

instance (cost of producing defectives comparatively 10 times as much) brings down the

optimal width of the control limits and the corresponding loss quite substantially.

Table 2. Effect of a Change in RPS on k* and Loss

(Production rate per period = 100, CAP = 1)

CF/Cd = 50 CF/Cd = 5

RPS n k* Loss at k* RPS n k* Loss at k*

5 20 2.6 27.8813 5 20 2.2 7.7351

6.667 15 2.6 34.1194 6.667 15 2.1 9.9324

10 10 2.5 44.2501 10 10 2.0 13.4476

14.33 7 2.5 52.5149 14.33 7 2.0 16.6531

20 5 2.5 58.9521 20 5 1.9 18.9588
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Study (iii): With the given sample size, RPS and CF/Cd as 5,20 and 50 (or 5),

respectively, we study the effect of a change in the process capability index, CAP, on k*

and the corresponding loss by letting CAP take values of 0.8, 0.9, 1.0 and 1.11 (in

practice, the process capability index is most frequently found to be in the range of 0.8

to 1.1). Table 3 clearly illustrates the fact that with lower values of CAP tighter

controls have to be instituted and larger losses are incurred because of the costs of false

alarms. Further, it states that the more the emphasis placed on cost of defectives, the

less the differences between the loss incurred by using different CAP's. This confirms

our earlier assertion that the consideration of the specification limits has a significant

effect on the design of the control chart. Using the CAP (or specification limits) in the

control chart design will not only result in an improved current control of the process

but will also bring about quality enhancement through continuous attempts to improve

the process capability.

Table 3. Effect of Reduction of Process Capability Index on k* and Loss

(RPS = 20 and n = 5)

CAP k* Loss at k*

0.8 2.1 150.167
0.9 2.3 97.934
1.0 2.5 58.9521
1.1 2.7 32.5309

0.8 1.5 39.7031
0.9 1.7 28.3828
1.0 1.9 18.9588
1.1 2.1 11.7705

Finally a study of Example 1 was taken up again to come up with a methodology

and a basis for deciding about the sampling frequency, h, and sample size, n. As has

already been stated in Section 3, h depends on the type (or variability) of the process
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and the production rate, and the decision with regard to its selection is usually based on

the ease of implementation and the cost of administration. In Example 1, the

production rate is given as 350-400 parts per hour, and we select 360 parts/hour as the

production rate giving us a rate of 10 parts per minute. For the purpose of illustration,

we consider the sampling frequencies 10, 15, and 20 minutes and the sample sizes 5, 8

and 12. Further, we assume that the fixed cost of inspecting a sample is C81 = $10 and

the variable cost (cost of inspection per piece) is C82 = $1, CF = $1000, Cd = $20

(that is, CF/Cd = 50), and CAP = 1. Table 4 gives the different values of k*, the

corresponding loss, and also the sum of the cost of the sample inspection per hour and

the loss. From the table, we find that h* = 20 minutes with a sample size 8 gives the

smallest value of loss + sampling cost. This gives us a procedure of selecting the best h

and n, which does not require prior knowledge of times between occurrences of

assignable cause(s) and can be implemented in practice since the engineers on the floor

will be more interested in the implementability of the plan.

Table 4. Selection of Sampling Frequency h and Sample Size n

(CF/Cd = 50, Cd = 20, CAP=1.0, C81 = 10 and C82 = 1)

h, Production n k* Loss Number of Cost of Cost of
m rate samples Sample Sample
minutes per inspected inspection inspection per

period per hour per hour hour + loss

10 100 5 2.5 58.9521 6 90 148.9521
8 2.6 26.7589 108 134.7589

12 2.6 20.1943 132 152.1943

15 150 5 2.4 75.4067 4 60 135.4067
8 2.5 30.7100 72 102.7100

12 2.6 23.8197 88 111.4875

20 200 5 2.3 88.5842 3 45 133.5842
8 2.5 34.4439 54 88.4439

12 2.5 26.1644 66 92.1644
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6.2. DESIGN OF X-CHART WITH WARNING AND ACTION LIMITS

The data set of Example 3 was first used to evaluate the effectiveness of

incorporation of warning limits in case it is assumed that the cost of preventive action is

cheaper than the cost of a false alarm (and the cost of investigation and removal of

assignable cause) and a representative value of CAICF = 0.4 (based on CFICd = 50

and CAl Cd = 20) was used. The ~x value, which minimizes the sum of the residual

squares, is calculated as 0.833 and this gives the ratio (aA = [Ax/(2 - AX)]1/2) of

warning limits to action limits as 0.84486. With the factors fixed at n = 4, RPS = 10,

CAP = 1.0, CAICF = 0.4, CFICd = 50 and aA = 0.84486, Figure 4 gives the plot of

the sample means, EWMA predictions and the warning and action limits, which are

given as X ± 2.53458ux = (1.005226, 1.04465) and X ± 3.0ux = (1.001606, 1.048269),

where X = 1.024937 (central line), respectively. In case only control limits are used,

they would have been calculated as X ± 2.6ux = (1.004717, 1.045158) based on the

procedure developed in Section 4. The loss incurred by using X-chart with warning and

action limits is 17.1997 which is, of course, less than the loss 25.3050 incurred when only

control limits are used.

For a comparison of three methods of current control, which are X-chart with

control limits only, using the deviation between the actual and EWMA predicted values

and our method, let us consider the observation X22 = 1.0015. In case only control

limits are used, Cr will be incurred since X22 is below the lower control limit. Also, in
1\

case of the second method, a prediction X22 = 1.02172 will show a large difference with

the observation X22 , and action will be taken to correct the process. By our method,
1\

however, prediction of the next point will show that X23 = 1.004877 is between the

lower warning and action limits and therefore the process controller may decide to

monitor the process for a while and not take any action at that point.

We fix the sample size, RPS, and CAP as 5, 10, and 1.0 and vary the value of
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the ratio a from 0.90 to 0.667 in order to study the sensitivity of the action limits kA *,

and the associated loss. The results of the study is given in Table 5. From the table,

we find that in this case the kA * goes up and the corresponding loss is reduced as the

ratio a is reduced, but it is also noticed that at a = 0.85, kA * is obtained at 3.0, whereas

at a = 0.667, kA * is obtained at 3.7. From this it is concluded that it will be more

effective to set kA* at 3.0 and use a = kw*I kA* = 0.85 and use prediction from points

plotted on the chart to decide on the action to be taken if a point falls within the zones

bounded by the warning and action limits, rather than setting kA* at 3.7 with a = 0.667

(the ratio suggested by Gordon et. al., 1975), which will result in calling for prediction

more often and may even result in more preventive adjustments than is necessary.

Table 5. Effect of a Change In "a" On kA* and Loss

(n = 5, CAP = 1, RPS = 10, CF/Cn = 50, CA/Cn = 20 and a.x = 0.845)

a = kwlkA k* Loss at kAA

0.90 2.8 19.2368
0.85 3.0 17.2602
0.75 3.3 15.1329
0.667 3.7 14.7364

To study the sensitivity of a change of CAICF to the decision of kA*, we fix the

sample size, RPS and CAP as 5, 10, 1.0 and a = 0.85, CFI Cd = 50 and vary CAl CF

from 0.1, 0.20, 0.40, 0.60 to 0.8. The kA * are found to be 2.9, 2.9, 3.0, 3.0 and 3.0

respectively, and the associated loss are 11.9827, 13.8396, 17.2602, 20.1668, and 23.0734

respectively. We note that kA* is quite insensitive to the change of the CAlCF'

Further, when CAl CF is 0.4, we find that kw* = 2.55 and the associated loss = 17.2602

as compared to k*= 2.6 with an associated loss of 25.3672 for X-chart with only control

limits, as given in Section 6.1. If the cost of the adjustment goes higher (compared to



-22-

CF ), the kA * of the action limits will be greater to limit the frequency of adjustment

actions.

For Example 1, we have found that with fixed n = 5, RPS = 10, CAP = 1.0,

CAICF = 0.4 and CFICd = 50, the results of kA* for different a, namely 0.85, 0.75,

0.65 and 0.46, is a monotonically increasing function and reaches 5.0 at aA = 0.46 (given

Ax as 0.351), where the associated loss are 29.4853, 27.045, 26.2087 for kA * = 3.0, 3.3,

3.8 (corresponding to a = 0.85, 0.75, 0.65). At the same kA * = 3.0 (with a = 0.85) in

both Example 1 and 3, we note that the loss 17.2602 given in Example 3, is less than

the loss 29.4853 given in Example 1. This is true because the correlations in Example 3

are higher, i.e. lower a and f3 probabilities, for instance, Ppx = .88 obtained in Example

3 is higher than ppx = .69 given in Example 1. Since Ax = 0.351 implies aA = 0.46 and

kA* = 5.0, we concluded that the incorporation of warning limits is not necessary for

the data set of Example 1, and X-chart with only action limits (control limits) based on

the loss function of Section 4 should be used instead. This validates the findings of

earlier papers on warning limits (Chiu and Cheung, 1977) and we recommend that if Ax

< 0.616 (that is a < 0.667), then the incorporation of warning limits is not necessary.

Figure 5 gives the plot of the sample means, EWMA predictions and the control limits

X ± 2.70'x = (.428842, .446111).

7. CONCLUSIONS

X-chart was suggested and was initially used as an aid for detection of an out-of

control state of the process, that is, for detecting the presence of assignable cause(s).

Thereafter, the academicians and researchers took up the task of the development of

optimum design of the chart, resulting in a situation wherein the economic designs

proposed by them cannot in most cases be used by the practitioners in manufacturing

and quality control. This is because of the fact that the published work, on one hand,
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reqUIres prior and precise knowledge of all the cost elements, the types of assignable

causes which will occur and the distribution of the time between their occurrences, also

the expected shift of the process caused by the assignable cause(s), and on the other,

suggests the use of variable sample sizes, and sampling frequencies which are sometimes

given in the second place of decimal of an hour. It is really not fair to expect such prior

and precise knowledge from the operating personnel for after all if everything is known

about the assignable causes and other variables, the assignable causes will be removed

and there will be no need at all for the use of the control chart and for that matter for

any inspection. Also it is not fair to demand the implementation and administration of

variable sample sizes, very large sample sizes, and/or unusual sampling frequencies.

This work was taken up primarily with the objective of developing a design of X-chart,

without and with warning limits, which is practical in as much as it calls for only such

data and knowledge which is available with the operating personnel, and also it does not

assume that the process mean remains constant and is only shifted up and down by an

assignable cause and that too by a known amount. Moreover, the minimization of the

loss incurred by the user from the use of the chart has been taken as the criterion of the

design. Further, for current control of the process, the decision-maker on the floor is

often faced with a situation when after detecting a trend in the process and with a point

already in the zones bounded by the warning and action limits, he is required to decide

either to stop the process for preventive adjustment (where this is both possible and

cheaper than the cost of investigation and repair) or to continue running the process. In

this case, we feel that prediction of the state of the process, and specifically of the

location of the next point of the X-chart, is both possible and preferable in comparison

to any other rule such as "run of N points", which does not take the present state of

the process into account.

We present below an algorithm for construction of X-chart which recognizes that
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the true mean of the process is not constant and responds to all deviations of the

process mean from the target value:

1. Using past data on the process (individual observations of product characteristic),

work out the estimates of (T~ and (T~ and test the hypothesis Ho : (T~ = O.

2. Work out the process capability index [total width of specification limits/process

capability (= 6 (Tx)], where (Tx can be estimated by tT~ + tT~.

3. Using past data, calculate AX and check if AX is lower than 0.616. If yes, use X

chart with control limits and if not, calculate the ratio of the warning and action

limits by aA = [Ax/(2 - AX)]1/2 and use X-chart with warning and action limits.

4. Obtain from the operating personnel information with regard to (i) CF/Cd, (ii)

CAl Cd' (iii) production rate per hour and the type or process to decide on the

production rate per period and the ratio production rate per period/sample size

which should be used.

5. Plug in the relevant values - tTu and tT€, CAP, RPS, CF/Cd, CA/Cd and aA into

the applicable loss function (without and with warning limits), and find the

value(s) of k, and kA and kw' which minimize(s) the relevant loss function.

6. The values of sample size n and sampling frequency h used (from step 4) and the

value of k*, and k:4 and k'R" obtained from step 5 are the optimum design

parameters with available information.

7. After the first run of at least 25 to 30 subgroups, check whether the values of hand

n taken earlier need to be changed. If yes, carry out step 5 to obtain improved

design of X-chart.
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APPENDIX: DISTRlBUTIONAL PROPERTIES OF THE ESTIMATORS

Since Xti = J.'t + fti' j = 1, 2, ..., n, where n is the sample size and ft/S are

assumed to be iid N(O, O'~) and Xt = J.'t + (t, t = 1, 2, ..., the expected value of the

sample variance at time t, if = f: (Xt " - Xt)2/(n-1) = f: (ft ' - (t)2/(n-1), is O't.
i=1 1 i=1 1

Because the samples collected from different time periods are assumed to be

independent, we have E( B-~) = O't, where B-~ = t Sf.1g. Moreover, the sum of the
t=1

squares of the sample variations within subgroups, t f: (ft " - (t)2 = g( n - 1) B-'t, has
t=1 i=1 1

x2 distribution with the degree of freedom (df) = g(n - 1). Similarly, one can obtain

E( _2) 2 2 2/ h ..2 9 (- =)2/( ) = 9 - 1~ = O'i( = O'u + O'f n, w ere ~ = l: Xt - X 9 - 1 , and X = l: Xt g, This
t=1 t=1

gives an unbiasedness of the estimator B-~ = ~ - B-~ / n. The distribution of the statistic

n(g - 1)~ has x2 with the df = (g - 1). With the indpendence between statistics g(n

- 1)B-~ and n(g - 1)~, we conclude that the test statistic n~/B-~ of Ho: O'~ = 0 has F

distribution with the df as (g - 1) and g( n - 1). To obtain the correlation coefficient

PJ.lX' we note that E(Xt) = E(J.'t) = O. The covariance between the sample and process

means is then equal to E(XtJ.'t) = O'~ by the independence of ft and J.'t. This implies PJ.lX

( 2/ 2)1/2 S' 'I 1 bt ' ( 21 2)1/2 d ( 2/ 2)1/2= O'u O'x • lml ar y, we 0 ron Pxx = O'x O'x an PJ.lX = O'u O'x '
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