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ABSTRACT

A six-step procedure of developing a batch-compensator is proposed to enhance

the quality of a production system, which does not react the process-adjustment

instantaneously. Statistical time-series regression and data de-compensation methods

are employed to estimate parameters of the model which characterizes the system.

Computer simulations are utilized to compare adjustment, inspection costs and quality

losses produced from various selections of batch size, sampling frequency and

compensation fraction for selecting the best process control rule and for studying its

sensitivity to changes of system parameters. Residuals between process data and model

predictions are used to conduct model diagnosis and process monitoring.

1. INTRODUCTION

While continuous processing has always been considered the ideal method of

operation of a large-scale production system, the more specialized operations, as in the

manufacture of specialty chemicals, pharmaceuticals, food, paints and dyes, and high

technology polymers, demand very high quality products in quantities too small to

justify the economic cost of continuous production equipment. Batch processmg IS

consequently used in these industries. A major literature of automatic control theory

(see for example, Rosenof and Ghosh, 1987; Fisher, 1990) is developed to design a



feedback control system to adjust a batch process with the goal of coming as close as

possible to its target value. Very few publications (c.£. MacGregor, 1987) utilize

statistical methods to improve the control of an automatic production system. As

noted in Quesenberry's (1988) study of tool-wear processes that "none of the

compensators observed in actual use III manufacturing plants make use of a

sophisticated theoretical model. Indeed, most appear to have been arrived by expensive

empirical trial-and-error methods. There is a definite need for simple, effective

techniques for designing compensators " As stated in Hahn (1989), developing

statistics-aided manufacturing systems is the key for the success of manufacturing

industries. Recently, Box and Kramer (1992) point out that because of the "quality

revolution" the drawn lines dividing the application fields of statistical process control

(SPC) charts and automatic process control (APC) schemes have begun to disappear.

The objective of this article is to show an example of using the time-series regression

technique to model the data adjusted from batch-compensators. The best process

control scheme is investigated through computer evaluations and a process monitoring

diagram is developed based on differences of observations and predicted values.

In modeling successive observations taken from processes other than machining

processes, delay between process adjustments and lag of system response contributes

autocorrelations among observations (c.£. Quesenberry, 1988 pp. 220) and facilitates the

dynamic nature of chemical or textile dyeing processes. Seborg, Edgar and Mellichamp

(1989) give a general description of various models on dynamic response characteristics,

such as the first-, the second-order and other more complicated systems. Smith (1989)

states that textile batch dyeing is a chemical process in which 100 to 1000 kg textile

material is loaded into a dyeing machine and brought to near equilibrium with a

solution containing dye. This process can be adjusted batch by batch, for instance,

adding more dye solution to increase the color reading, etc. The data collected from

such processes are usually serial correlated, and more importantly, partially
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compensated due to the non-instantaneous system response. Fitting a statistical model

to data in this type is a new and challenging problem. General process controllers are

not designed for handling processes such as the fabric dyeing process, which exhibits

some special features such as non-instantaneous system responses and non-standard cost

structures. See details given in Section 2 and 4, respectively.

In studying a complicated process, analytic results of optimal process controllers

frequently do not exist. With cheaper computing time, computer experiment is widely

used to simulate the real phenomena of complicated production processes. Felder and

Kester (1983) give one example of applying simulation techniques to improve process

control of a chemical specialties plant. Using the model established from batch

compensated data, one should be able to use computer to evaluate and compare the cost

of sampling, adjustment, repair and quality loss, etc. and determine the best process

control scheme. Furthermore, simulation techniques are useful to investigate the

sensitivity or robustness of the chosen process controller to changes of system reaction

rate, autocorrelation among measurements and process drift (see Section 5), etc. When

the process controller is implemented to the production system to confirm the proposed

batch-compensator, the residuals between process data and model predictions can be

used to conduct model diagnoses and monitor the process for detecting possible

assignable causes.

In this article, a six-step procedure of developing customer-designed batch

process compensators is proposed as follows: (1) collect process measurements; (2) use a

time-series regression model to fit batch-compensated data; (3) check model

assumptions; (4) decide optimal process compensator and perform sensitivity analysis;

(5) conduct confirmatory experiments; and (6) develop process monitoring charts.

These steps will be explained in subsequent sections and illustrated in Section 6 with a

data set simulated from a system, which does not respond to the adjustment

instantaneously.
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2. MODELING COMPENSATED PROCESS MEASUREMENTS

A batch process is defined as a production system, for which one adjusts the

process after analyzing samples taken from the units in the last batch. Before

characterizing and optimizing the process, some data need to be collected. Quesenberry

suggested that if the process controller (or compensator) is to be used with an ongoing

process which presently uses another controller, the data will be naturally grouped into

"batches" consisting of samples taken between adjustments of the production system. IT

it is a new process for which a compensator is to be designed, then select a number of

experimental batches and use the popular batch mean compensator described next to

control the production system. The size of the batches in the data collecting procedure

should be large enough that at least five observations can be obtained for further

analyses.

In modeling the process measurements, we start with the following presentation

of the uncompensated data. Considering a textile dyeing process, if we do not add any

dye-solution, the process will generate the following color readings in a decreasing order,

where Zijt is the color measurement of a fabric in the ith batch, jth sampling period and

tth units, and i = 1, 2, ..., n, j = 1, 2, ..., k (equal batch size), t = 1, ..., m (equal

sampling frequency). Here, the sampling frequency can be m = 1 for 100% inspection

or m = 2, 3, ... for cases with greater sampling cost. Assume that over at least part of

the production range the quality characteristics zijt can be modeled by a simple linear

regression function
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(1)

where eijt has a time series AR(1) structure: eijt = f/Je(ijtr1 + lijt' and lijt are

independently and identically distributed as normal model with mean 0 and variance O'~.

The process characterization (1) can be generalized from a linear function to higher-



order polynomials or even non-linear functions easily. The linear function (1) is

considered here to simplify our presentation. To shorten the writing, we define Xij as

the sampled unit Xijm'

In order to maintain the process outputs on target value, one has to adjust the

process parameter from time to time according to the information obtained in the past.

The most popular way to adjust a process is to use the batch mean (BM) compensator

du = iii - 1'0' where 1'0 is the target value. For example, after obtaining the average, Yl

= Xl.! of the measurements from the first batch, one compares it to the target value 1'0'

H it is larger (smaller) than target value by dll units, the process operator will set the

process parameter dll units lower (higher). Then, the compensated process produces

the sampled units for the second batch as Ytl' Ytt, ..., Ytk' where Ytj = Xtj - dll . The

average Yt can be calculated and be used for adjusting the production of the third

batch. Note that the uncompensated units XSj in the third batch is adjusted to (XSj 

dll ) in the first adjustment. When we conduct the process compensation based on the

new adjustment, du = Yt - 1'0' the observation Y3/S in the samples YS1' Y3t, .•., YSk are

really equal to (XSj - dll ) - du ' Repeating this procedure, one can derive the

relationship between the compensated and uncompensated samples. Let us denote the

compensated data as follows for ease of reference:

Yll' Ylt' ..., Ya, Ytl' Ytt, ..., Ytk' ..., YR1' Yd' ..., YRk'

The BM compensator d1i can center the process but cannot adjust the drift or wear-out

(regression structure) of the system. In our study, we consider the batch mean plus

drift (BMPD) compensator (c.f. Quesenberry, 1988): di = a(Yi - 1'0 + kmfJ), where a is

an adjustable factor to protect over- and under-compensation.

To model the possible non-instantaneous system responses, we consider the

following "actual accomplished" compensation t/!.II for all units X •. II based on a linear
lIe. lIe.

approximation of the system response rate:
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and clijt = di for fully compensated units. Let us think about the adjustment of the oven

temperature. H one wants to increase the temperature by 10 degrees and the system

(oven) temperature can be enhanced by 1 degree within 30 seconds, it will take 10 x 30

seconds to get the temperature to the desired. In any unit before fully compensated

point (5 minutes), the actually accomplished compensated-temperature is approximated

1 degree x (time elapsed)j30 seconds. After 5 minutes, all these process measurements

will be adjusted by 10 degrees, i.e. fully compensated. Different systems might

experience distinct response functions. However, in this article, we consider a linear

approximation to some of the nonlinear system reaction functions. It serves as an

illustrative example and should hold well with limited (short time interval) amount of

partially compensated points.

In conclusion, at the ith batch, the process response Zijt will be compensated i 

1 times, that is,

~rl J.o £ . 2y ..1I = Z.·II - '" 1 a'lI or I > .
I)Co I)Co .= .)Co -

The actual observation Yij is then equal to Yijm, i. e. at mth sampling point. Define

eij = eijm and Wij = [(i - l)km + jm]. With the regression model given in (1), the

partially and fully compensated observations Yi/S are modeled as
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respectively, where SH is the sign of dH . Note that the residuals eij have a time-series

AR(I) structure [c.f. Model (1)] with the correlation Pm = corr( eij, ei;-l) = 4Jm.

3. PARAMETER ESTIMATION AND MODEL CHECKING

A two-stage procedure is used to estimate the parameters Q, {J, 4J, 0': and system

reaction rate 1 iteratively. We note that the observations Ylj = Q + (J(jm) + e1jm in the

first batch are not compensated and any time series regression program, such as SAS



(1989) AUTOREG can be used to estimate the parameter 0, p, 4J, O'~ initially. To

estimate "I, one can utilize the differences ~ - yfJ = mp - Sj_l''Y + (ejl - ejl) of the first

two partially compensated data in those batches with larger difference dj to be

compensated. That is, using the estimate p of p and working on the batches with at

least two partially compensated data, an initial estimate of "I is formulated as

.y=[mpnA-EjEA(~- yfJ)]JnJA' (3)

where n.A = E j E AsH and A = {i: dH > median { dj } for 2 :5 i :5 n} consists of

batches i with large amount of dH to be compensated, and nA is the number of

elements in A. To refine the estimate of "I, we first compute the number of partially

compensated points (NP) ii for i = 2, ..., n as

7

(4)

which is a positive integer less than drd(mf). Then, all the pan differences of

observations from batches with ij ~ 2 are pooled together for recomputing "I as

.y=[mpnB-EjEB(yft- yfJ)]Jn.B, (5)

where B = {i: ij ~ 2} and nB = E j E B(jj - 1), n.B = E j E BSH. The steps of computing

ii and "I are iterated until convergence of their estimates or no improvement can be

obtained. See Section 6 for an example.

After the initial estimates of model parameters and system reaction rate, one can

apply the following procedure to update their values until the convergence of all

estimates. With the initial estimates of "I and ii' the values of 0, p, 4J, O'~ are updated by

treating the partially compensated points, i.e. i = 1, ..., ij' as missing data in

AUTOREG and regress the u.ncompensated data YT; = Yij + E~dl d. on Wjj' where yij is

the data de-compensated from the process measurements Yij with the known amount of

compensation dj • Then, the system reaction rate "I is updated with the given d/s and

(&, p) as follows:

(6)



where 1It; is the partially and fully uncompensated data. The derivation of this formula

is given in the following paragraph. This estimator of 1 is more reliable than the one

proposed in (3) using the differences. Moreover, this estimate is insensitive to the

initial estimate of ii. See a demonstration given in Section 6.

Derivation of t given. in (6): Note that in Eq. (2) if &, Pand d/s are all given,

the system reaction rate 'Y can then be obtained as

[~ + (E~;l d.)] - [& + Pwij] = - si_lim1 + e~. (7)

The first part of this equation is the uncompensated data 1It; and the second part is the

regression effect, i. e. the characterization of the system responses. However, one can

never estimate the residual eij for partially compensated data due to the unknown 1.

We thus suggest to add the following equality obtained from the fully compensated data

to each side of (7).

[~ + (E~dld.)] - [& + PWij] = e,. (8)

Summation of the left hand side of (7) and (8) is the difference of all the

uncompensated data and their estimated regression effect. The summation of the right

hand side of (7) and (8) reduces to - Si_lim1 due to fact that Ef=IEi~1 eij = 0, i.e.

summation of all the estimated residuals from partially and fully compensated data is

zero. Hence, an estimator of 1 can be derived as defined in (6). 0

After several iterations of the computation of .,. and li from Eq. (6) and (4),

respectively, one obtains converged estimates of 1 and ii. Then, we can go back to

update the estimate of model parameters a, p, ~ and tTc With a few loops of this two

stage estimation procedure, all the estimates of model parameters and system reaction

rate 'Y will be converged. See examples given in Section 6.

From the final estimates of parameter values (a, p, ~, tT~) and 1, Yij is predicted

from Eq. (2) and an estimate of the residual eij is given as eij = Yij - Yij. Finally, usual

procedures of model checking for normal time series data can then be applied to these
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residuals. For example, in Section 6, the estimates of white noises li/s are computed as

eij - ~ e(ijJ-l from the structure of the AR(l) structure given in (1). Then, histogram

and qq-normal plots can be used to check the normality. Plotting the iii against 'Oij or

sequence of observations, one can check the assumptions of equal-variance and

independence between observations.

4. OPTIMIZATION OF THE BATCH-COMPENSATOR

The objective of the optimization is to find the best combination of controllable

factors: batch size (k), sampling frequency (m) and compensation fraction (a), which

minimizes the loss due to poor quality of products and the cost of repair, inspection and

adjustment, etc. The expected mean squared error (MSET) of the measurements from

target value lJo defined as E[Ef=l E:=l Ei=l (Yiit - lJo),e] can be used as one of the cost

functions for comparing the quality of products, where Yiil is the compensated response

regardless it is sampled or not. In some special cases, such as the study of tool-wear

process given in Quesenberry (1988), where the system reaction is instantaneous, i.e. 'Y

= 0, and there is no time series autocorrelation in the model, the expected MSET might

have a closed form expression (in terms of the model parameters). Then, according to

the values of model parameters, one can choose the best (k, m, a) to minimize the

expected MSET. In the appendix, we derive the expected MSET for the system with

non-instantaneous responses (but the autocorrelation coefficient tP is set to zero).

There, the evaluation of the expected MSET is very complicated. In many situations,

especially for the process with special cost functions such as the one given in Eq. (9),

the expected loss functions do not have closed-form expressions. However, with the

given parameter estimates, one can uncompensated the process measurements and

apply various combinations of the controllable variables (k, m, a) to the representation

of the production system for searching the best process control strategy. The use of

computer evaluation (and simulation) is very general for optimizing the process control
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in complicated systems. One numerical example is given in Section 6 to illustrate our

procedure.

Next, we introduce the following cost function, which separates the over- and

under-adjustment losses and includes the costs of inspection and adjustment:

Cost(k, a, m) = (nkCI!N) + (n - 1) CAIN

+ (CoulN)'EijI.I(Yijl. > 1-'0 + 6) + (CodN) 'Eijl. I(Yijl. < 1-'0 - 6)

+ (Cd N) 'Eijl. [(ytl. - I-'o)~ + (CuI N) 'Eijl. [(yffl. - I-'o)~, (9)

where 1(.) is an indicator function, which is equal to 1 if the content of the function is

true, and N = nkm = total number of items produced and 6 is a known constant that if

the product is beyond the maximum allowable quality bound 1-'0 ± 6, this product is

unrepairable. This bound can also be viewed as a limit to protect the produce of poor

quality products. That is, if a product whose quality falls into this region, the cost of

producing this item is penalized heavily. The notation 'E ..II is sum over i, j, I. indices,
I]Co

and ytl. = Yijl. I~I. and I~I. = 1 if Yijl. ~ 1-'0 (below target) and I~I. = 0 otherwise. The
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costs from various sources are defined as follows: C/ = inspection cost, CA =

adjustment cost, COL (Cod = cost of unrepairable products, and CL(Cu) = cost of unit

deviation below (above) the target. This cost function is very general and covers many

cases discussed in literature and can be specialized to situations where some of the costs

are not needed. For example, if there is no inspection and adjustment cost, the cost CL

and Cu are the same, and the bound 1-'0 ± 6 is set to infinity, the expectation of this

cost function reduces to the aforementioned expected MSET. In our optimization

process, a 96-run computer experiment is employed to find the best combination of (k,

m, a), which minimizes the total cost function (9). Note that in setting up the levels of

the computer experiment, one needs to consider if those control rules can be

implemented in the real production system. Even some of the combinations of (k, m, a)

might lead to smaller costs, if it is very difficult to be applied to the real process or

requires a great precision and care to maintain their levels, one should avoid the use of

them. In this situation, a constrained optimization routine is suggested.



5. SENSITIVITY STUDY AND PROCESS MONITORING

After the best process control scheme is selected, we recommend to conduct a

sensitivity study of the control setup regarding changes of parameters a, {3, tP, tT~, and

especially, "'( which governs the speed of system response rate. Different types of

systems might result in different choices of compensators. A good process recipe should

not be sensitive to minor change of parameter values, particularly in case that the

estimates from past information might not be very reliable for the new system or new

situation. Computer simulations are very helpful to examine the sensitivity of

parameters. There, a set of uncompensated measurements can be simulated for each set

of parameter values. Then, various combinations of controllable factors around the

selected process recipe are applied to adjust the process and their costs of production are

evaluated and compared. When the final selection of process recipe (k, m, a) is made

and carefully examined, one can implement it to the real system to study its

performance and confirm its fitness to the process.

Process control charts need to be implemented to identify assignable causes such

as misfiling raw materials, compensating the process to the wrong direction or over- or

under- adjusting the differences d/s. With time-series AR(l) model, the correlated

residuals eij can be transformed into uncorrelated ones by using the following

relationship: fij = eij - tPm eij_l, for ith batch and jth sampling point. Here, because

the sampling is done for every m points, the correlation between successive residuals

becomes tPm• The residuals eij can be estimated from the difference between prediction

and observation such as eij = Yij - Yij. After this transformation, the traditional

statistical process control charts such as X-chart, R-chart and other charts can be

implemented along the determined batch size to monitor the performance of the system

and the selected compensator in real-time.
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6. A NUMERICAL EXAMPLE

In the next few subsections, the six-step procedure addressed in previous sections

will be unified and illustrated with a simulated data set. Although we have conducted

several off-line quality improvement studies (c.f. Lu and Clapp, 1990; Koksal, Lu,

Smith, Fathi and McGregor, 1992) on a textile dyeing process, continuous on-line

measurements are not available for us now. For the illustration of the proposed

methodology, 480 data points are generated by S-PLUS (1991) program from a process

characterized by Eq. (1), which exhibits a linear decreasing trend. The target value IJo

= 26.193, and parameters

Q = 26.19653, fJ = -6.573e-04, tTc = 2.714e-03, (10)

are taken (with fJ = 10*fJQ.em&6e7TJ) from Quesenberry's (1988) study of a tool-wear

process. In this study, the autocorrelation t/J is fixed as 0.8 and the system reaction rate

'Y is defined as 5 x tTc/8 = 1.69625e-03. Later on, systems with different reaction rate,

process drift fJ and autocorrelation will be considered for investigating the sensitivity of

the process recipe. The uncompensated and compensated data are listed in Table 1 and

plotted in Figure 1, respectively.

[ Please place Table 1 and Figure 1 here]

Let us first examine if the data are simulated satisfactorily. Fitting a time-series

regression model to the uncompensated data, we obtain the maximum likelihood (ML)

estimates of the model parameters as follows:

0: = 26.19726 (0.00121), P= -6.575e-04 (4.35e-06), ~ = 0.79766 (0.02762), (11)

and lTc = 2.736e-03, where the standard error (s.e.) of estimates are provided in the

parentheses. Note that the parameter estimates (11) are very close to the corresponding

population values given in (10). The total regression R-Square is reported as 0.9991,

which indicates a good-fit of the model. Moreover, because the ratios of the estimates

and their s.e. 's are very big, the estimates of the model parameters are significant (at
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0.01 level). Hence, we conclude that the data is simulated very well and is reliable for

our study in the next few subsections.

Step 1 (Process Data Collection):

H the process is not compensated (adjusted), the responses are decreased from

26.1934 to 25.8868. In our study, we suppose that originally the process is compensated

with the most popular batch mean (BM) compensator d1i = ih - 1'0' and the ih is the

sample mean of the 24 units in a particular batch, where i = 1, 2, ..., 20. Table 2

reports several summary statistics, including the mean, the standard deviation (s.d.),

the difference to target (DT) iii - 1'0' and the number of partially compensated units of

the observations batch to batch. From Figure 1, one can see that most of the data

adjusted from the BM compensator are under the target value 1'0 = 26.193.

[ Please place Table 2 here]

Remarks: Because· the process has a decreasing linear-drift trend, the batch

mean plus drift (BMPD) compensator di = a('Yi - 1'0 + km{3) should perform better

than BM compensator. From Figure 1, one can see that the data adjusted from the

BMPD compensator are centered around the target value. The control factor a and m

are both set at 1 for the BMPD compensator used here. They will be decided in the

optimization stage. The observed mean squareJ error to target (OMSE) =

Ef=l EJ=l ET:l (Yije - I'D)! / ( nkm) of the data adjusted from BMPD is calculated as

0.02245, which is much smaller than 0.13341 resulted from the BM compensator. From

Table 2 we note that the DT and the NP are much larger in the case with BM

compensator. However, the s.d.'s in the BM batches are smaller than those in BMPD

batches. 0
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Step 2 (Modeling):

(A) An Initial Estimate of the model parameter (0, fJ, 4J, CT£):

The model parameter (0, {3, ,p, CTf ) is initially estimated from the 24 data points

in the first batch, which does not involve any partially compensated data at all. From

a fitting of the time-series regression model to the data, the ML estimates of the

parameters are found to be

Q = 26.19238 (0.00185), P= -3.754e-04 (1.3e-04), ~ = 0.6573 (0.1891), (12)

and uf = 1.757e-03. Note that their standard error of estimates are much larger than

those given in Eq. (11) from 480 observations. However, the t-test shows that these

estimates are significant at 0.01 level. The total regression R-Square is calculated as

0.7907, which is rather reasonable with a data set of 24.

(B) An Initial Estimate of the System Reaction Rate,.:

Comparing the sizes of the absolute difference to target, diffi = IYi - 1'0 I (c.f.

Table 2), we first identify that batch #5, #7, #8, #12, #13, #15, #16, #19 (totally 9

batches) have larger diffi than the median diffi = 0.016567 from batch #3. Then, the

difference of the first two observations in these batches are calculated and averaged to

obtain an initial estimate of the system reaction rate 1:

101 = 3.58215e-03 = [mpnA - :EiEA(yf;- y[;)]ln"

where, in this case, m = 1, P= - 3.754e-04, nA = 9, :Ei E A(yf; - y[;) = 2.88607e-02 and

n. = - 9. See Eq. (3) for the definition of notations. Then the number of partial

compensated points for all 20 batches are estimated (initially) as 30i' i = 1, 2, ..., 20,

which are listed in the first row of Table 3. Compared to the NP's given in Table 2,

these 30i'S are rather small. Since many 30/s are greater than 3, there are more pair

differences which can be utilized to update the estimate of 1. From equation (5), the

estimated of 1 is updated 7 times. Their values are found to be "YOi = 1.58191e-03,
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1.73327e-03, 1.81780e-03, 1.86011e-03, 1.83829e-03, 1.86011e-03, 1.8382ge-03, and the

corresponding number of partially compensated units are reported in Table 3. Because

the estimates of "f does not improve after the fifth iteration, we will use f 07 = 1.8382ge

03 to update the estimate of regression parameters.

[ Please place Table 3 here]

(C) Updated Estimates of the Model Parameters and System Reaction Rate:

With the initial estimates f07 and l07i (see Table 3), we treat the partially

compensated data as missing values in time series fitting. That is, only fully

compensated data are used in the next time-series regression modeling. The updated

ML estimates of model parameters are found as:

Q = 26.19668 (0.00124), P= -6.588e-04 (4.5e-06), ~ = 0.7932 (0.0327), (13)

and uf = 2.68ge-03, total regression R-Square = 0.9993. Because much more data

points are utilized here, these estimates are much better than the estimates (12) found

from using the 24 observations in the first batch. Then, the idea of using

uncompensated data given in Eq. (6) is applied to update the estimate of "f four times.

The estimates of "f are given as follows: 2.2624ge-03, 2.39587e-03, 2.40470e-03,

2.40470e-03. Their corresponding lu's are reported in Table 4. Note that the results

given in the third and the fourth iterations are the same.

[ Please place Table 4 here]

Remarks: To check if the estimate 11 = 2.40470e-03 is truly converged, instead

of using l07i for the number of partially compensated points, we use the "difference"

formula (3) to estimate "f = "flO and j/s. Then, Eq. (6) is used with the new estimate of

"f, 1;0 = 2.37070e-03, to update the estimate of "f and j/s. The result is shown in Table

4. There, one can see that the estimates are converged in the third iteration, and the

final estimate of 'Y is the same as 2.40470e-03 given previously. D
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Next, the model parameters are updated second time. The ML estimates are

given as follows:

a = 26.19645 (0.00131), P= - 6.564e-04 (4.7e-06), ~ = 0.8083 (0.0296), (14)

and u( = 2.76ge-03, total regression R-Square = 0.9991. These estimates are close to

the estimates given in (13). With the new estimates (14) of model parameters, the

estimate of the system reaction rate -y is updated with formula (6). Its final estimate is

give as it = 2.06596e-03. See Table 5 for details of convergence of -y and ii'

[ Please place Table 5 here]

Updating the model parameters and -y two more times, one can see that all

estimates are converged. The ML estimates of parameters are given as:

a = 26.19664 (0.00124), P= - 6.555e-04 (4.5e-06), ~ = 0.7999 (0.0312), (15)

and u( = 2.701e-03, total regression R-Square = 0.9992. The system reaction rate is

estimated as 1.77337e-03, which is very close (4.5% difference) to the population -y =

1.69625e-03. Compared to the population values of (0, (J, 4J ,O'(), our model parameter

estimates (15) are 4.19e-04%, .27%, .48% and .01% different to their population values,

respectively. See Table 5 for details of the estimates of -y and j/s. Our estimates of j/s

are close (but smaller) to the population NP's given in Table 5.

Step (3) (Model Checking):

Following the model checking procedures described in Section 3, with the

parameter estimates (15), we obtain the standardized residuals fij = fij/U(, where fij =

eij - ~ e(ij}_l and eij = Yij - Yij from the AR(l) model given in Eq. (1). In Figure 2,

model diagnostic diagrams such as histogram and qq-normal plots of iij are plotted and

they show that the normal distribution fit very well to the residuals. Plotting the iij

against 'fiij and sequence of observations, we note that the assumptions of equal-variance

and independence between observations hold in this case. Moreover, from Figure 2 one
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can see that there is no residuals tij outside the ± 5 x ut range. This implies that there

is no outlier in our data. H there are outliers in the data studied, one should omit them

in the modeling step. Since the residuals distributed like normal white noises, we

conclude that our model fits the data well and optimization can be proceeded based on

these estimates.

[ Please place Figure 2 here ]

Step (4A) (Optimization):

Before giving examples of showing how to utilize the cost function (9) to find the

best combination of k (batch size), a (compensation fraction) and m (sampling

frequency), a study of 96 combinations of k, a, m is provided and the resulted OMSE,

MSEL = Ei;e[(yte - IJo)~' MSEU = Eije[(ylfe - IJo)~, ProL = Ei;eI(Yi;e < IJo - 6), ProU

= Ei;eI(Yi;e > IJo + 6) are listed in Table 7 for reference. The notations are defined in

Eq. (9) and the bounds are set 30't away from the target, that is IJo - 6 = 26.193 

3 x 2.714e-03 = 26.18486 and IJo + 6 = 26.20114. The results are listed for the batch

size, 12, 16, 20, 24, 30, 40 and the combinations of a, m are given in Table 6. From

Table 7, we note that the OMSE gets smaller when the batch size is smaller. For the

smallest batch size k = 12 considered, the combination of (a, m) = (0.9, 4) gives the

smallest OMSE and (0.9, 2), (0.9, 3), (1.0, 2), (1.0, 4), (0.9, 1), (1.0, 1), (0.8, 4), (1.0, 3)

follows. One can see that the adjustment factor a and sampling frequency m indeed

play certain roles in the size of OMSE. Next, considering different cost structures, we

present some examples of searching optimal batch compensation schemes.

Case 1 (C1 = 0.5, CA = 1.5, COL = Cou = 1.0, CL = Cu = 1000):

Based on the element of cost function provided in Table 7 and the cost structure

gIven here, one can compute the cost from Eq. (9) and decide the best batch

compensation rule which results the smallest cost. In this study, the combinations (k,
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a, m) = (16, 1.0, 4), (16, 0.9, 4), (12, 0.9, 4) give the smallest 3 costs. Note that all

these three control schemes suggest to sample every 4 observations and two of them

suggest to use 0.9 as the adjustable factor.

[ Please place Table 6 and 7 here]

Case 2 (C1 = 0.02, CA = 2.5, COL = 1.0, Cou = 2.0, CL = 1000, Cu = 2000):

Let us consider a case with cheaper sampling cost and more expensive quality

loss if the product is not made precisely when it is above the target, i. e. protect the

possible over-compensation. In this case, the combinations (k, a, m) = (30, 0.9, 3), (30,

0.9, 2), (30, 0.9, 4) give the smallest 3 costs. All these three control rules suggest to

include more observations in a batch and put the adjustable factor at 0.9.

Case 3 (C1 = 0.02, CA = 2.5, COL = 3.0, Cou = 1.0, CL = 3000, Cu = 1000):

Let us reverse the cost structure in Case 2 to study the change of compensation

schemes. In this case, the combinations (k, a, m) = (16, 1.1, 4), (16, 1.0, 4), (16, 1.1, 2)

give the smallest 3 costs. All these three control schemes suggest to include only 16

observations in a batch and put the adjustable factor at higher than 1.0.

Case 4 (C1 = 0.02, CA = 5.0, COL = Cou = 2.0, CL = Cu = 2000):

Let us put more weight on the cost of adjustment to see if the frequency of

adjustment will be reduced. The best three combinations of (k, a, m) are (30, 0.9, 3),

(16, 1.0, 2), (24, 0.9, 3). It indeed suggests the use of larger batch size k and smaller

adjustment (because a = 0.9). However, the combination (16, 1.0, 2) is surprisingly

good in this case. It is very possibly due to the contribution of high quality loss COL'

Cou, CL and Cu. See next example for a comparison.
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Case 5 (C1 = 0.02, CA = 3.0, COL = Cou = 1.0, CL = Cu = 1000):

The best three compensation strategies are (30, 0.9, 3), (30, 0.9, 2) and (24, 0.9,

3.0). Note that even the cost of adjustment is dropped from 5.0 to 3.0 here, the

suggested batch sizes are 24 and 30. The batch size 16 is not recommended in this case.

Step (4B) (Sensitivity Studies):

In this section, we study the sensitivity of the optimal compensation rule by

changing the size of the system reaction rate 'Y of ± 25%, autocorrelation coefficient 4> of

± 10% and the process drift parameter fJ of ± 25%. The changes in the 'Y and fJ are

made larger in order to see a sizable effect in the cost function. Ten best combinations

(see Table 8) of the controllable variables k, a, m from Case 5 in the previous study are

used for this investigation. Table 8 provides all the costs and rank of costs from six

sensitivity studies. From Table 8, we learn that the size of cost is most sensitive to the

change of 4> and least sensitive to the change of 'Y, which is rather surprising for us.

Intuitively, we thought that the cost will be most sensitive to the change of'Y and the

least sensitive to 4>. However, instead of considering the size of cost, if one examines the

change of ranks, the changes of 'Y and fJ are indeed have larger impact to the ranks than

the change of,p. More specifically, we compute the mean and s.d. of the rank

differences, which are the absolute differences between the ranks in Table 8 to the

default rank, 1, 2, ..., 10. From the summary statistics given in Table 8, one can see

that fJ has the largest average change of ranks and ,p has the smallest average change of

ranks. The average of change of ranks is computed from the mean of rank changes in

Table 8, such as 3.3 (for 'Y) = (2.2 + 4.4)/2, 2.6 (for ,p) = (3.2 + 2.0)/2, and 3.5 (for fJ)

= (3.8 + 3.2)/2. Of course, from all these rank changes, the case of enhancing 25% of 'Y,

i. e. system with faster reaction, has the largest difference. The impact of the change of

'Y is the most different in up and down cases. Moreover, making the autocorrelation to

0.9 (up 10%) produces the least changes in ranks.
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[ Please place Table 8 here]

Step (5 and 6) (Confirmation and Process Monitoring):

H there is a real production system to exercise the proposed methodology, we

suggest to confirm the recommended compensation rule by running a few experiments

up and down the optimal design point k = 30, a = 0.9, m = 3 (for Case 5). Or, one can

run a few experiments with some of the top control rules such as those listed in Table 8.

As noted in Step 3, there is no outlier in the study of residuals fij. To monitor the

process, one can build control charts based on 1&0 ± 3 x D-l as displayed in Figure 2. In

Figure 2, we note that there are 3 points at or near the control limits, which is mainly

contributed from the normal errors. There is a 2.7% chance in normal distribution that

data will be outside its 3 s.d. range. However, this process-monitoring procedure

requires refitting the model parameters as data coming along. There is a need to study

how to incorporate the incoming data into regression control charts for monitoring

possible non-instantaneous system reaction. Here, we simply suggest that the operators

use the parameters estimated from the previous study to get predictions and monitor

the residuals. The parameter should be updated when certain amount of information,

say running another 20 batches, are gathered.

7. SUMMARY AND CONCLUSIONS

This paper presents an integration of statistical procedures and process

adjustment rules to improve the control of a batch process, which does not respond to

the compensation instantaneously. A parameter estimation method is developed and a

general cost function is employed for finding the best process-control rule regarding the

batch size, the sampling frequency and the compensation fraction. The methodology is

illustrated with a simulated data set and the diagrams of model diagnosis and process

monitoring support the proposal. We believe that it is important to promote more
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research in the direction of combining the strengthes of statistical and automatic process

control techniques, especially for the study of batch-processes. More practical case

studies and theoretical investigations are needed. Our presentation is just one of the

few beginning works.
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APPENDIX: THE EXPECTED MEAN SQUARE ERROR TO TARGET

~The expected mean square~error to the target (MSET) can be expressed as a sum

of variance and bias-square:

E[itjEl~}Yijl - /lO)!] = itjEl~l {var(Yijl) + [E(~jl) - /lOr}
To obtain the expectation and variance of Yijl, we introduce some notations and

lemmas to simplify the presentation. Define

The following lemma gives the expectation and variance of Di and DJijl'
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Lemma 1:

qijl. = E{Iiji] = 1 - ~[(Cjl. - lJi)/UJ,

/,..;;t = E{D;I;;t] = /,,, + Q(Z;;t). Va1D;I;;t] = q~{I + zijeQ(Z;;t) - Q'(Zije)}.

where Ziji = (bje - IJtli)/utli' Q(z) = .p(z)/[1 - cl'(z)] and .p(.), ~(.) are the probability

density function (pdf)·and cumulative distribution function (cdf) of the standard normal

distribution.

Proof. Recall that Di is defined as a( Yi - lJo)' Then, the mean and variance of

Di are readily obtained. The expectation of Iije is equal to the probability of bje $ Di,

which is equivalent to the probability of cje S Yi . Hence, if the mean and variance of

Yi are established (see Theorem 1), this probability is computed as stated in the lemma.

The mean and variance of Dl..11 are evaluated from the truncated normal ditribution of
IJf,

Di in the region bje S Di, which are stated in Johnson and Kotz (1982, pp. 81-83). C

The next lemma defines the expectation and variance-covariance needed III

computing the mean and variance of Yi , i = 1, 2, ..., n.

Lemma 2: The means of Ir.1I and lJt are given as follows:
IJf,

P"iji = .E{n;i] = bji qiji + Ptli - Ptltiji' and Ptl6.i = E[D;'J = biqi + Ptli - Ptlti'

-- k k
where biqi = ~ bjmqijm/k and Ptlti = ~ Ptltijm/k. The variance of Ir.1I is derived as

J=l J=l IJf,

follows:

22



where

The covariance of Dijm and Dij,m is obtained as follows:

where

Co{Ijilm, Dj(l - I jilm)] is defined similarly. Furthermore,

Proof. Recall that ~.II = bo llI..1I + D..II(l - 1..11). Tthe expression of the mean
I)l:. )l:. I)l:. I)l:. I)l:.

and variance of Dijt. and the expectation of n: can be readily obtained. Here, we just

give the proof of Cov(Ijim, Djlij/m). Others are done according to the definition of

units in the same batch, if ; < ;1, the product of indicators I jim and I jilm becomes Ijilm

due to that the region bilt. =:; Dj is inside the region bit. =:; Dj, for bit. = 1[(; - l)m + t.].
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o

To derive the variance of Y ..I.' we need to get the covariances of lY.n and IY.M
V 9~ ~~

for 1 :5 i :5 w :5 n, first:

Co1~i' IYwji]

- bv.I {b.,.l C01Iijl' I.;l] + C01Iv.I' Dw] - C01Iijl' D.,I.;l]}

+ bwji Cov [Di, Iwji] + CO~Di' Dwl - Co1Di' DJwji]

- bwji Co1Diiji' Iwji] - Co1Diiji' Dw] + Co1Diijt' DJwji} (A.3)

where these covariance elements are evaluated through numerical integration of the

joint pdf !Yiw(Yi, Yw) of (~, Yw)' which will be derived next. One example of these

covariance evaluations is given as follows:

E{DiD,Jiji1wji] = E{DiDJ(bji :5 Di) I(bji < Dw)]

- E[ DiDJ(cji :5 Yi ) I( cji < Yw)]

24

(AA)

To get the joint pdf of (Yi, Yw), the joint pdf of (Y1, Y.t1 ..., Y,,) has to be

established first due to the fact that the adjustment for the ith batch are done i-I

times consecutively based on the difference to target DWJjI. = a( Yw - ~o), w = 1, 2, ...,

- i i-I
i-I, i.e. Ytl/ = E Yijm/k, and Yijm= Xijm - WE__ I D:ujl.' where D:ujl. = bjl.IWJjI. +

j=1

Dwje(1 - Iwjl.). Here, we start with the derivation of the pdf of (YI , Y!) and then

generalize it to more than two Y/s.



1
Define Xi = E Xijm/k. Since Xl and X, are independent, the joint pdf of Xl

j=l

and X, is a product of two normal pdf's given as follows:

25

(A.5)

where ~:ri = a +pm[(i - l)k + (k + 1)/2], iTi = iT/..;k, -00 < Xi < 00, i = 1,2. IT we

by making a transformation of the distribution of (Xl' X,), Note that Y1= Xl and Yt

___ 1 1 _

= Xt - Di, where Di = ~ Dijm/k = b111+ D1 - D111, and b111= ~ bjmlljm/k, 11=
J=l J=l

1 __

~ 11jm/k. Recall that 11jm = JIbjm ~ D1] = JICjm ~ Y1], which is a function of Y1=
J=l

Xl' Hence, if Xl is observed as Xl' the random variable Di can be evaluated in iterms of

Xl' Then, the joint pdf of Y1 and Yt can be derived from Eq. (A.5) by making a

change of variables as follows:

where ~:ri and iTi are defined in Eq. (A.5), and - 00 < Yi < 00, i = 1, 2. Then, the

element of covariance V;;t and D;jt can be evaluated. See Eq. (A.3) and (A.4) for

details.

Next, the idea of transformation is generalized to the n-variable case to derive

_ _ _ _ _ w-l_

the joint pdf of (Y1, Yt , . H' Y,J Note that for any w in (2, ..., n), Yw = Xw - E Dr·
i=l

_1 1 _1

and Dr = ~ Dijm/k = bJi + Di - DJi' with bJi = ~ bjmlijm/k, Ii = ~ lijm/ k. The
J=l J=l J=l

indicator Ijm = JIbjm ~ DJ = JICjm ~ YJ is a function of Yi, which is related to



random variables X/s as 9j(X1, X!, ..., X j_1), where 9j is a known function defined

_ _ w-1 _ _ -

similarly to the 91 given in (A.6). Hence, Ytu = X w - E 9j(X1, X!, ..., X j_1). The joint
j=l

pdf of (Y1, Y!, ..., Y.) is then derived as follows:

!ya....(Y1' Y!, ..., y~) = !/Vy -y -y. I(Y1, y!, ..., Y.)
I ~ l' t! ..., IV

where - 00 < Yj < 00, i = 1, 2, ..., n. Note that the jacobian in the transformation is

equal to 1. To obtain the joint pdf of any two Y/s such as (Yj , Ytu) given in (AA), one

can integrate out the other Y,,'s, for which h :F i or w, in Eq. (A.7). This implies that

the covarIance of IY..n and U -Ill 1 < I < w < n, can be evaluated. Hence, the
.~ WJ~

variance of Yijl! can be computed.

The next theorem gives the expectations and varIances of Yi , i = 1, 2, ..., n,

which are needed in the evaluation of the exPectations and variances involved [jjl!' Dj •

Theorem. 1: For the uncompensated first batch, the eXPectation and variance of

Y1 are of the following forms, respectively,

For the compensated batches, i = 2, ..., n, the general expression of the expectations

and variances of Yi are given as follows:

Pi = E[~] = {a + ,Bm[(i - l)k + (k + 1)/2]) - EP,lIl.W,
w=l
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(",!) 27
where the summation .~ is applied to the k( k - 1)/2, k choose 2, combinations of Yjjm

1<11

and Y jj/m, for 1 ::5 j < i ::5 k. The covariance Cov( D;jm, Dtm) is defined in (A.3) and

covariance Cov( Yijm, Yij/m) is equal to Cov( !Jijm, !Jij,m), which is defined in Eq. (A.2).

_ _ _ _ j-l _ _ "

Proof: Recall that Y 1 = Xl' Yi = Xj - E ~, for i ~ 2. Since Xj = E Xjjm/ k
w=l j=l

" -and E(Xjjm) = Q + pm[(i - l)k + J1 and Ej = k(k + 1)/2, the mean of Yj is obtained
j=l

- - "as the stated. Expressing Y j as a summation of individual Y jjm, Y j = }: Y jjm/ k, the
1=1

_. " A~
variance of Y j is computed as k-2 { }: Var{ Yijm) + 2 .~ Cov( Y jjm, Yjj/m)}. Since Y jjm

1=1 1<11

j-l
variance of Y jjm is equal to Var( Xjjm) + E Var( .v:,jm) +

w=l

o

Finally, we can evaluate the expectation and variance of Y..11 for the computation
'14:.

of the expected MSET.

Theorem 2.

p. ..11 - FfY.. Il] = Q + ,8[(i - 1) km + (j - l)m + i.] - Ep.J .11
'14:. L '14:. w=l ••W14:.,

j-l (j-l,!)

O'~.11 - Va,fY..Il] = O'! + E O'~ .11 + 2 E COJU.M U .11]'
'14:. "l '14:. w=l ••w14:. w<w l W14:. "111114:.

where p.J .11 = FIU .11] and O'! .11 = VarlU .Il} w = 1,2, ..., i-I are defined in
~~4:. ~ ~4:. ~~4:.L ~4:.

(j-l,!)

Lemma 2. The summation E is applied to the (i - l)(i - 2)/2, i-I choose 2,
w<w

combinations of U.1l and U .M for 1 :5 w :5 'I1Jf :5 i - 1. The covrU.M U .11] is
W14:. "111114:. [W14:. Wl14:.

defined in Eq. (A.3).
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Figure 1, Compensated Data
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Table 1, Uncompensated Data
--------------------------------------------------------------------------------
Batch 1 2 3 4 5 6 7 8 9 10

-------------------------------------------------------------------------
6.1934 6.1849 6.1585 6.1505 6.1327 6.1182 6.1050 6.0853 6.0693 6.0595
6.1943 6.1886 6.1600 6.1491 6.1351 6.1216 6.1077 6.0875 6.0692 6.0599
6.1925 6.1914 6.1595 6.1504 6.1326 6.1203 6.1056 6.0860 6.0649 6.0566
6.1913 6.1852 6.1615 6.1453 6.1357 6.1216 6.1025 6.0816 6.0606 6.0566
6.1897 6.1820 6.1628 6.1451 6.1392 6.1157 6.0963 6.0801 6.0662 6.0545
6.1901 6.1830 6.1634 6.1469 6.1373 6.1126 6.0971 6.0854 6.0659 6.0547
6.1895 6.1783 6.1566 6.1430 6.1338 6.1132 6.0976 6.0858 6.0690 6.0545
6.1879 6.1737 6.1581 6.1400 6.1342 6.1148 6.0961 6.0843 6.0672 6.0547
6.1867 6.1717 6.1559 6.1393 6.1296 6.1133 6.0994 6.0805 6.0635 6.0528
6.1868 6.1723 6.1529 6.1418 6.1305 6.1160 6.0956 6.0815 6.0631 6.0568
6.1870 6.1727 6.1578 6.1433 6.1314 6.1132 6.0920 6.0788 6.0587 6.0558
6.1887 6.1686 6.1608 6.1448 6.1324 6.1037 6.0950 6.0782 6.0660 6.0550
6.1861 6.1706 6.1626 6.1426 6.1311 6.1050 6.0927 6.0793 6.0686 6.0532
6.1865 6.1704 6.1662 6.1450 6.1265 6.1069 6.0931 6.0806 6.0689 6.0465
6.1867 6.1699 6.1644 6.1445 6.1268 6.1050 6.0889 6.0825 6.0666 6.0457
6.1868 6.1742 6.1639 6.1426 6.1252 6.1094 6.0856 6.0830 6.0651 6.0485
6.1860 6.1730 6.1669 6.1356 6.1256 6.1081 6.0883 6.0844 6.0633 6.0467
6.1861 6.1737 6.1594 6.1354 6.1267 6.1060 6.0872 6.0814 6.0653 6.0405
6.1817 6.1655 6.1527 6.1386 6.1212 6.1071 6.0853 6.0791 6.0640 6.0410
6.1797 6.1607 6.1557 6.1370 6.1176 6.1060 6.0806 6.0782 6.0649 6.0399
6.1799 6.1639 6.1597 6.1339 6.1241 6.1037 6.0798 6.0743 6.0600 6.0379
6.1841 6.1684 6.1557 6.1357 6.1241 6.1001 6.0801 6.0725 6.0577 6.0377
6.1875 6.1624 6.1510 6.1377 6.1233 6.1066 6.0828 6.0688 6.0590 6.0363
6.1866 6.1600 6.1461 6.1325 6.1234 6.1021 6.0825 6.0718 6.0575 6.0347

-------------------------------------------------------------------------

Batch 11 12 13 14 15 16 17 18 19 20
-------------------------------------------------------------------------

6.0341 6.0134 6.0098 5.9893 5.9700 5.9566 5.9408 5.9280 5.9145 5.8922
6.0334 6.0149 6.0063 5.9865 5.9706 5.9587 5.9431 5.9283 5.9133 5.8989
6.0301 6.0121 6.0097 5.9909 5.9708 5.9588 5.9434 5.9273 5.9085 5.8940
6.0281 6.0122 6.0076 5.9886 5.9651 5.9578 5.9509 5.9243 5.9074 5.8961
6.0237 6.0118 6.0091 5.9884 5.9689 5.9561 5.9454 5.9298 5.9068 5.8991
6.0237 6.0167 6.0105 5.9865 5.9636 5.9531 5.9434 5.9235 5.9079 5.8991
6.0301 6.0175 6.0121 5.9868 5.9598 5.9536 5.9408 5.9294 5.9034 5.9010
6.0295 6.0169 6.0107 5.9832 5.9644 5.9525 5.9395 5.9262 5.9026 5.9059
6.0302 6.0142 6.0144 5.9841 5.9658 5.9512 5.9426 5.9285 5.9041 5.9019
6.0306 6.0152 6.0142 5.9826 5.9677 5.9522 5.9390 5.9233 5.9053 5.9011
6.0269 6.0186 6.0101 5.9824 5.9654 5.9550 5.9412 5.9197 5.9058 5.9039
6.0305 6.0166 6.0077 5.9789 5.9615 5.9550 5.9390 5.9176 5.9069 5.8980
6.0294 6.0134 6.0060 5.9817 5.9597 5.9521 5.9401 5.9123 5.9051 5.8974
6.0270 6.0113 6.0013 5.9831 5.9605 5.9533 5.9403 5.9080 5.9027 5.8958
6.0256 6.0066 5.9992 5.9825 5.9623 5.9532 5.9374 5.9067 5.9068 5.8918
6.0247 6.0117 5.9987 5.9822 5.9611 5.9556 5.9344 5.9050 5.9056 5.8902
6.0260 6.0148 5.9967 5.9801 5.9610 5.9568 5.9342 5.9099 5.9062 5.8886
6.0305 6.0084 5.9945 5.9829 5.9604 5.9535 5.9350 5.9116 5.9017 5.8922
6.0264 6.0111 5.9920 5.9823 5.9610 5.9513 5.9315 5.9106 5.9011 5.8928
6.0263 6.0107 5.9942 5.9818 5.9604 5.9479 5.9291 5.9098 5.8954 5.8882
6.0227 6.0118 5.9910 5.9786 5.9588 5.9439 5.9267 5.9096 5.8936 5.8899
6.0213 6.0093 5.9937 5.9732 5.9607 5.9426 5.9296 5.9138 5.8912 5.8841
6.0200 6.0098 5.9949 5.9755 5.9550 5.9382 5.9297 5.9149 5.8946 5.8841
6.0122 6.0114 5.9939 5.9761 5.9559 5.9420 5.9309 5.9159 5.8962 5.8868

-------------------------------------------------------------------------



Table 2, Summary Statistics of Compensated Data

[1] With Batch Mean Plus Drift Compensation:

Batch 1 2 9 4 5 6 7

mean 26.1873 26.1898 26.1952 26.1937 26.1958 26.1907 26.1889
s.d. 0.0037 0.0041 0.0071 0.0035 0.0044 0.0044 0.0049
diff - .0215 - 0.0190 - 0.0135 - 0.0151 - 0.0130 - 0.0181 - 0.0199
#pax 0 12 11 7 8 7 10

Batch 8 9 10 11 12 19 14

mean 26.1961 26.1954 26.1934 26.1857 26.1915 26.2018 26.1912
s.d. 0.0050 0.0041 0.0067 0.0049 0.0068 0.0068 0.0040
diff - 0.0127 -0.0134 -0.0154 - 0.0230 - 0.0173 - 0.0070 - 0.0175
#pax 11 7 7 9 13 10 4

Batch 15 16 17 18 19 20

mean 26.1859 26.1954 26.1985 26.1899 26.1914 26.2005
s.d. 0.0034 0.0061 0.0050 0.0073 0.0048 0.0069
diff - 0.0229 0.0134 - 0.0102 -0.0189 - 0.0174 - 0.0083
#par 10 13 7 6 11 10

[2] With Batch Mean Compensation:

Batch 1 2 9 4 5 6 7

mean 26.1873 26.1789 26.1764 26.1750 26.1799 26.1760 26.1736
s.d. 0.0037 0.0082 0.0058 0.0036 0.0043 0.0044 0.0052
diff - .0057 - 0.0141 - 0.0166 - 0.0180 - 0.0131 - 0.0070 - 0.0194
#pax 0 3 8 9 10 7 10

Batch 8 9 10 11 12 19 14

mean 26.1800 26.1793 26.1776 26.1700 26.1757 26.1860 26.1754
s.d. 0.0049 0.0041 0.0066 0.0049 0.0068 0.0069 0.0040
diff - 0.0130 - 0.0137 - 0.0154 - 0.0230 - 0.0173 - 0.0070 - 0.0176
#pax 11 7 8 9 13 10 4

Batch 15 16 17 18 19 20

mean 26.1701 26.1796 26.1828 26.1741 26.1756 26.1847
s.d. 0.0034 0.0061 0.0050 0.0073 0.0048 0.0069
diff -0.0229 - 0.0134 -0.0102 - 0.0189 - 0.0174 - 0.0083
#pax 10 13 7 6 11 10



Table 3, Initial Estimates of System Reaction Rate

Batch Number

Loop Gamma hat 1 2 3 4 5 6 7 8 9 10 11 12 13
-------------------------------------------------------------------------

pop. 1.69625e-03 0 3 8 9 10 7 10 11 7 8 9 13 10

1 3.58215e-03 0 1 3 4 5 3 4 5 3 3 4 6 4
2 1. 58191e-03 0 3 8 10 11 8 10 12 8 8 9 14 10
3 1.73327e-03 0 3 8 9 10 7 9 11 7 7 8 13 9
4 1. 81780e-03 0 3 7 9 9 7 9 10 7 7 8 12 9
5 1. 86011e-03 0 3 7 8 9 7 9 10 6 7 8 12 9
6 1.8382ge-03 0 3 7 9 9 7 9 10 7 7 8 12 9
7 1.86011e-03 0 3 7 8 9 7 9 10 6 7 8 12 9
8 1.8382ge-03 0 3 7 9 9 7 9 10 7 7 8 12 9

-------------------------------------------------------------------------

Batch Number

Loop 14 15 16 17 18 19 20
--------------------------------------

pop. 4 10 13 7 6 11 10

1 1 4 6 3 2 5 4
2 4 11 14 8 6 11 10
3 4 10 13 7 5 10 10
4 3 9 12 7 5 10 9
5 3 9 12 7 5 10 9
6 3 9 12 7 5 10 9
7 3 9 12 7 5 10 9
8 3 9 12 7 5 10 9

--------------------------------------
pop. : Population value.



Table 4, Updated Estimates of the System Reaction Rate (Loop 1)

Batch Number

Runs Gamma hat 1 2 3 4 5 6 7 8 9 10 11
----------------------------------------------------------------------

I?op. 1. 69625e-03 0 3 8 9 10 7 10 11 7 8 9
1nit. 1.8382ge-03 0 3 7 9 9 7 9 10 7 7 8

1 2.2624ge-03 0 2 6 7 7 5 7 8 5 6 6
2 2.39587e-03 0 2 5 6 7 5 7 8 5 5 6
3 2.40470e-03 0 2 5 6 7 5 7 8 5 5 6
4 2.40470e-03 0 2 5 6 7 5 7 8 5 5 6

Comparison (with a different initial estimate if Gamma) :

1 2.37070e-03 0 2 5 6 7 5 7 8 5 5 6
2 2.40470e-03 0 2 5 6 7 5 7 8 5 5 6
3 2.40470e-03 0 2 5 6 7 5 7 8 5 5 6

----------------------------------------------------------------------

Batch Number

12 13 14 15 16 17 18 19 20

pop. 13 10 4 10 13 7 6 11 10
init. 12 9 3 9 12 7 5 10 9

1 10 7 3 7 10 5 4 8 7
2 9 7 2 7 9 5 4 7 7
3 9 7 2 7 9 5 4 7 7
4 9 7 2 7 9 5 4 7 7

1 9 7 2 7 9 5 4 7 7
2 9 7 2 7 9 5 4 7 7
3 9 7 2 7 9 5 4 7 7

----------------------------------------------
init. : The initial estimate given in Table 3.



Table 5, Convergence of the Estimates of Gamma and Ji's

Batch Number

Runs Gamma hat 1 2 3 4 5 6 7 8 9 10 11 12 13
------------------------------------------------------------------------

1 1.69625e-03 0 3 8 9 10 7 10 11 7 8 9 13 10
2 1. 8382ge-03 0 3 7 9 9 7 9 10 7 7 8 12 9
3 2.40470e-03 0 2 5 6 7 5 7 8 5 5 6 9 7

Loop 2
1 2.01440e-03 0 2 6 8 8 6 8 9 6 6 7 11 8
2 2.06581e-03 0 2 6 8 8 6 8 9 6 6 7 11 8
3 2.06596e-03 0 2 6 8 8 6 8 9 6 6 7 11 8
4 2.06596e-03 0 2 6 8 8 6 8 9 6 6 7 11 8

Loop 3
1 1.7352ge-03 0 3 8 9 10 7 9 11 7 7 8 13 9
2 1.7719ge-03 0 3 7 9 10 7 9 10 7 7 8 12 9
3 1.77337e-03 0 3 7 9 10 7 9 10 7 7 8 12 9
4 1. 77337e-03 0 3 7 9 10 7 9 10 7 7 8 12 9

------------------------------------------------------------------------

Batch Number

Runs 14 15 16 17 18 19 20
-------------------------------------

1 4 10 13 7 6 11 10
2 3 9 12 7 5 10 9
3 2 7 9 5 4 7 7

Loop 2
1 3 8 11 6 5 9 8
2 3 8 11 6 4 9 8
3 3 8 11 6 4 9 8
4 3 8 11 6 4 9 8

Loop 3
1 4 10 13 7 5 10 10
2 3 9 12 7 5 10 9
3 3 9 12 7 5 10 9
4 3 9 12 7 5 10 9

------------------------------------
Note: Loop 4 has the same results

as the ones in Loop 3.



Table 5, Convergence of the Estimates of Gamma and Ji's

Batch Number

Runs Gamma hat 1 2 3 4 5 6 7 8 9 10 11 12 13
------------------------------------------------------------------------

1 1.69625e-03 0 3 8 9 10 7 10 11 7 8 9 13 10
2 1.8382ge-03 0 3 7 9 9 7 9 10 7 7 8 12 9
3 2.40470e-03 0 2 5 6 7 5 7 8 5 5 6 9 7

Loop 2
1 2.01440e-03 0 2 6 8 8 6 8 9 6 6 7 11 8
2 2.06581e-03 0 2 6 8 8 6 8 9 6 6 7 11 8
3 2.06596e-03 0 2 6 8 8 6 8 9 6 6 7 11 8
4 2.06596e-03 0 2 6 8 8 6 8 9 6 6 7 11 8

Loop 3
1 1.7352ge-03 0 3 8 9 10 7 9 11 7 7 8 13 9
2 1. 7719ge-03 0 3 7 9 10 7 9 10 7 7 8 12 9
3 1. 77337e-03 0 3 7 9 10 7 9 10 7 7 8 12 9
4 1. 77337e-03 0 3 7 9 10 7 9 10 7 7 8 12 9

------------------------------------------------------------------------

Batch Number

Runs 14 15 16 17 18 19 20
-------------------------------------

1 4 10 13 7 6 11 10
2 3 9 12 7 5 10 9
3 2 7 9 5 4 7 7

Loop 2
1 3 8 11 6 5 9 8
2 3 8 11 6 4 9 8
3 3 8 11 6 4 9 8
4 3 8 11 6 4 9 8

Loop 3
1 4 10 13 7 5 10 10
2 3 9 12 7 5 10 9
3 3 9 12 7 5 10 9
4 3 9 12 7 5 10 9

------------------------------------



Table 6, Combinations of a and m

a m

1.1 1.0
1.0 1.0
0.9 1.0
0.8 1.0
1.1 2.0
1.0 2.0
0.9 2.0
0.8 2.0
1.1 3.0
1.0 3.0
0.9 3.0
0.8 3.0
1.1 4.0
1.0 4.0
0.9 4.0
0.8 4.0



Table 7, Cost Elements in various Combinations of k, a and m

Batch Size = 12 Batch Size = 24
Run MSET MSEL MSEU ProL ProU MSET MSEL MSEU ProL ProU

-----------------------------------------------------------------------------
1 1. 5375 2.6028 4.2272 32 41 2.5513 2.8010 3.6430 47 80
2 1. 4526 3.2037 3.5716 33 32 2.2442 3.5488 2.9521 55 58
3 1. 4441 3.9152 2.6074 39 29 2.2171 4.4962 2.7425 74 26
4 1. 5526 4.4600 2.1896 57 19 2.6510 5.4199 1.4738 114 14
5 1. 5284 2.7017 3.9921 30 43 2.5554 2.6863 3.5898 48 80
6 1. 4362 3.0650 3.3857 34 33 2.2546 3.5116 3.0851 55 55
7 1. 4203 3.8627 2.5268 38 28 2.2352 4.5850 2.7101 73 26
8 1. 5288 4.6133 2.1271 52 18 2.6763 5.3068 1.3972 117 15
9 1. 6147 2.4858 4.0049 35 50 2.5067 2.7119 3.4766 46 83

10 1.4801 3.0395 3.5428 35 36 2.2055 3.4896 3.3631 54 53
11 1.4298 3.5308 2.6326 42 30 2.1742 4.5455 2.7379 71 27
12 1.5062 4.5346 2.1699 51 19 2.5928 5.2743 1.4485 113 15
13 1. 5548 2.6910 4.1119 27 50 2.6849 2.4802 3.7609 49 86
14 1. 4411 3.0006 3.7862 31 35 2.3436 3.3178 3.1069 55 62
15 1. 3956 3.4899 3.0246 38 26 2.2707 4.5034 2.8463 70 31
16 1. 4677 4.5131 2.1472 46 21 2.6442 5.0884 1.5882 113 17

Run Batch Size = 16 Batch Size = 30
~----------------------------------------------------------------------------

1 1. 6709 2.9281 3.4582 25 64 2.4911 3.0906 3.7235 44 90
2 1. 5958 3.5636 3.2289 33 45 2.1625 3.9370 3.1473 58 53
3 1. 6046 4.3218 2.5761 47 31 2.2607 4.2765 2.4312 97 20
4 1. 7888 5.1538 1.7860 71 21 3.0646 6.1429 1.0968 141 6
5 1. 5801 2.8069 3.8398 25 55 2.4701 3.0394 3.6254 44 90
6 1. 5184 3.4984 3.3960 32 39 2.1562 3.7313 3.1327 60 52
7 1. 5453 4.0398 2.2644 50 33 2.2655 4.6344 2.5126 91 18
8 1. 7463 5.0926 1. 7879 71 19 3.0820 6.2470 1.0879 140 6
9 1.6168 2.9181 3.6258 28 57 2.4583 2.9319 3.5266 43 96

10 1. 5629 3.6678 3.4044 35 39 2.1308 3.7589 3.3959 57 52
11 1. 6042 4.3943 2.5889 51 28 2.2171 4.5992 2.7234 89 17
12 1.8295 5.2134 1. 6640 77 20 2.9962 6.0462 1.1235 139 6
13 1. 6305 2.8751 3.8394 21 62 2.4288 3.3314 3.5880 46 80
14 1. 5357 3.4652 3.4853 29 45 2.1802 4.0380 3.0193 64 47
15 1. 5365 4.1176 2.6870 44 33 2.3626 4.5988 2.3690 102 16
16 1. 7040 4.6539 1. 9126 71 22 3.2690 6.5196 0.9542 148 6

Run Batch Size = 20 Batch Size = 40
-----------------------------------------------------------------------------

1 2.2683 3.2760 3.4201 31 70 3.8650 3.1221 3.6750 66 115
2 2.0606 3.7811 2.8269 44 56 3.3895 3.6905 3.4400 94 65
3 2.0255 4.0015 2.5613 71 34 3.6561 3.9523 2.3137 143 27
4 2.2932 5.2334 1.7194 96 20 5.1707 4.3115 0.8221 213 10
5 2.1851 3.3310 3.4676 28 69 3.8484 3.3193 3.7912 64 112
6 2.0035 3.6826 3.1371 44 50 3.3887 3.7368 3.4403 94 64
7 1. 9868 3.8466 2.5808 72 32 3.6683 3.9247 2.2631 144 27
8 2.2731 5.1072 1.7549 97 18 5.1939 4.2727 0.8749 214 9
9 2.1206 3.3174 3.3391 37 60 3.8922 3.2126 3.5592 67 116

10 1.9916 3.7269 2.8330 53 45 3.4249 3.6502 3.4734 97 64
11 2.0507 4.0870 2.2221 79 30 3.7046 3.9680 2.3918 145 26
12 2.4234 5.4948 1. 5368 106 16 5.2304 4.2077 0.8800 216 9
13 2.2400 3.0010 3.7908 30 72 4.0356 3.2828 3.5854 64 122
14 2.0386 3.4392 3.1239 43 57 3.4802 3.5215 3.5885 96 69
15 1.9834 3.7546 2.7841 66 35 3.6531 3.8269 2.5527 141 29
16 2.2176 4.9673 1. 9713 89 19 5.0582 4.4839 0.9520 203 10

-----------------------------------------------------------------------------
Note: MSET is multiplied by 48000 for presentation purpose. Similarly,

MSEL, MSEU are mUltiplied by 480000 and ProL, ProU are multiplied
by 480.



k am

Table 8, Results from sensitivity stuies

System Reaction Rate autocorrelation regression slope

C5 R5 GD RGD GU RGU PD RPD PU RPU BD RBD BU RBU

30 0.9 3
30 0.9 2
24 0.9 3
30 1. 0 3
30 1. 0 4
24 0.9 2
24 0.9 4
30 1. 0 2
30 1. 0 1
16 1. 0 2

.329 1

.336 2

.338 3

.338 4

.340 5

.341 6

.344 7

.345 8

.348 9

.348 10

.314 1

.319 3

.348 7

.325 5

.327 6

.351 8

.361 9

.321 4

.318 2

.377 10

.354 7

.355 10

.354 8

.348 4

.341 2

.355 9

.351 6

.339 1

.350 5

.343 3

.268 6

.282 10

.241 2

.268 7

.263 4

.245 3

.228 1

.263 5

.278 9

.270 8

.482 1

.482 2

.508 6

.501 4

.516 9

.513 7

.514 8

.504 5

.519 10

.497 3

.394 8

.399 10

.382 7

.357 2

.359 3

.380 6

.373 5

.352 1

.363 4

.399 9

.283 6

.282 5

.306 8

.255 1

.262 3

.311 9

.300 7

.258 2

.263 4

.365 10

Cost

•
mean
s.d.

%change

.341

.006
.336
.022
1.35

.349

.006
2.44

.261

.017
23.51

.504

.013
47.81

.376

.017
10.30

.289

.034
15.32

• Change of Ranks of Cost

mean
s.d.

2.2
2.2

4.4
2.7

3.2
2.5

2.0
2.3

3.8
2.8

3.2
2.1

•

C5: Case 5 of cost studies. R5 is the rank of costs in C5.
GD, GU: 25% changes of the system reaction rate (Gamma) from 1.77337e-03 to

1.330028 (Down) and 2.21671 (Up), res~ectively.

PD, PU: 10% changes of the autocorrelat~on (Phi) from 0.7999 to 0.7 (Down)
and 0.9 (Up), respectively.

PD, PU: 25% changes of the regression slope (Beta) from -6.555e-04 to
-8.194e-04 (Down) and -4.916e-04 (Up), respectively.

%change = ([mean(i) - mean(l)]/mean(l)} * 100, i = 2, 3, .•• , 7.


