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Regression Tutorial

ABSTRACT
Ordinary least squares regression analysis is generally inappropriate for calibration and regres

sion problems when the usual assumption ofconstant variance across all observations doesn't hold.

Estimators of regression parameters are of relatively poor quality and the resulting inference can

be misleading. The use of standard data transformations is a common alternative but may not pro

vide enough flexibility for some cases. The use of weighted regression with weights estimated

from replicates is generally unreliable for reasonable sample sizes. However, when the error vari

ance changes systematically with the mean response or other variables, generalized least squares

(GLS) and variance function estimation (VFE) methods can be used. The GLS-VFE approach al

lows the experimenter to specify a model for the systematic change in variance, estimate unknown

parameters, and to use this information to provide more efficient estimates of the regression param

eters. In this tutorial, GLS-VFE methods are introduced and described in the context of calibration

and regression. An example of calibration for a chemical assay is used to motivate discussion and

illustrate the implementation of these methods using standard software packages.
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1 INTRODUCTION

In many areas of application in physical and biological science, such as chemical kinetics, clin

ical and analytical chemistry, biochemical and chemical assay development, enzyme kinetics, and

pharmacokinetics, regression analysis is a common tool for characterizing the relationship between

a response Y and a set of predictor variables x. A model for the mean relationship is postulated,

parameters of the model are estimated, and the fitted model is often used for prediction of future

observations and calibration.

The "textbook" (e.g., [1]) fitting method is that of unweighted least squares (LS), which is

based on assumptions that observations on Y are independent, follow a normal distribution, and

have the same variance regardless of the level of the response or settings of the predictor variables.

A formal model for this situation can be written as

N

Yij=f(Xi,~)+O"Eij,i= 1, ...,N,j= 1, ..., mi~ l,n= Lmi
i =1

(1)

(2)

where Yij is the response for the jth replicate at the ith setting of the (10<1) vector of predictor vari

ables {Xi} and f(Xi'~) is the regression or mean function, which we suppose to be possibly nonlinear

in the elements of the (px1) vector ~ of re~ressionparameters. Throughout this article, we will of

ten use the notation Ili=f(xi'~)'

In the context of the model, the classical assumptions are that {Yij } are independent, and the

independent random errors {Eij} have a standard normal distribution with mean E(Eij) = 0 and vari

ance Var(Eij) = 1. In (1), the term 0" Ejj describes the nature of the experimental error associated

with the response, and implies the classical assumption of constant variance, or homoscedasticity,

for all {Yij }. Under these assumptions, E(Yij) = f(xi'~)' Var(Yij) = a2, the response is normally-

distributed, and the LS estimate of the regression parameter ~ is the value ~LS minimizing

N mi

L L {Yij-f(xi,~)}2.
i = Ij = 1

The results cited in the remainder of this article do not depend on the assumption of normality of

the response unless explicitly mentioned. However, the assumption of independence is assumed to

hold throughout.

Often, {Xi} are scalars, and the single predictor may be substrate concentration, mass, temper

ature, etc. The {Yij} may be peak area, velocity, radioactive count, or some physical property.

Common regression functions are

July 11, 1990 page 1



Regression Tutorial

• the simple linear regression model:

f(x,~) = ~O+ ~lX,

• compartment models such as the biexponential model:

-~ x -~ x
f(x'~)=~le 2 +~3e 4,

• logistic models such as the sigmoid:

f(x,~) = ~1 - (132 - ~1)1{ 1 + exp{~3(log x - ~4)}}, and

• the Michaelis-Menten relation:

Examples in physical science indicate that the constant variance assumption of (1) may often

be inappropriate [2], [3], [4]. For example, Figure 1 is a scatterplot of data from a calibration curve

which relates a reading from an HPLC assay to the blood concentration (ng/ml) of a drug. The data

are given in Table 1. As a fIrst approximation, a reasonable regression model for the mean is f(x,~)

= ~O+ ~lx. However, variability increases systematically with response level so the usual assump-

tion of constant variance across the response range is not satisfied. Also note that there is a very

large value of the response at the highest concentration level. No physical justifIcation could be

given for excluding this value from the analysis. In the subsequent analysis of the data set, we will

use a method that accommodates the influence of this point on both the choice of model and the

quality of the estimated parameters.

In order to illustrate the effects of incorrectly assuming constant variance, LS was used to ob-

tain estimates ~o=0.0033, ~1 =0.0014, and 0-=0.0265. This fIt is superimposed on Figure 1. To

gain insight into the nature of the variability in the data, we can examine the relationship between

the predicted values I1j = ~o + ~1 Xi and the residuals rij = Y ij - I1 j " Model (1) implies that (Yij 

Ili)/O' = Cij, thus a plot of standardized residuals !i/O- versus predicted values should show variabil

ity within a band of constant width if the model is appropriate. An advantage of using standardized

residuals is that the vertical scale is in units of the assumed standard deviation of the data. Note that

in Figure 2 the "fan-shaped" pattern shows that experimental error increases with mean response

so the constant variance assumption in (1) is inappropriate. Another problem with the LS fit is that

there is not very good agreement between ~o=0"OO33 which should be estimating the mean re

sponse at zero dose and the observed mean of the corresponding 13 replicates, 0.0021. This shows

that a consequence of ignoring the nonconstant variance in this example is a poorly fitting mean

model.
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The general phenomenon of nonconstant variance is known as heteroscedasticity. One ap

proach to regression with such data is to ignore the heteroscedasticity and undertake estimation and

inference as if (1) were correct. A second common approach is to transform the response so that

the variance of transformed response appears constant and then proceed as usual; for example, one

might model and fit the relationship between log Yij and log xi for a single predictor. As will be

shown, the first approach can lead to misleading conclusions based on the fitted curve. The second

approach is reasonable, but the analyst may overlook the useful information about the process be

ing studied that is implied by the nonconstant variability of the response on the original scale. In

addition, choice of a standard transformation may not provide the desired correction.

A scatter plot of the data from the example after using the log transformation of the response

is shown in Figure 3. (Due to zero doses, we cannot use the transformation log Xi.) This transfor-

mation obviously affects the pattern of variability. However, it seems to overcorrect for noncon

stant variance at small concentrations, and it does not preserve the apparent linear relationship. As

an alternative, Figure 4 shows a scatterplot of the data after a square root transformation of the re

sponse. The square root transformation does not seem to go far enough in correcting for noncon

stant variance at low concentrations although it is better at preserving the apparent linear relation

ship. It is clear from these plots that a simplistic approach to the data based on standard transfor

mations is not satisfactory. However, there are more sophisticated methods using transformations

that might be appropriate for this data set [5].

In this article, we describe an approach to dealing with nonconstant variance which does not

involve transformations. This approach incorporates knowledge about the form of the response

variance into modeling and fitting and has the additional advantage of permitting reasoning on the

original scale. To begin our formal discussion, suppose that experimental error is proportional to

known constants wi1. (For example is some chemistry applications, there may be some theoretical

justification for the assumption that wi1 =Xi or xf where Xi is a scalar.) Then a modification of (1)

more accurately reflecting the character of the response is

(3)

so that the assumption is that Var(Yij) = ciwi1.

The LS estimate given by (2) assigns equal weight to all observations in determining the fit.

However, if variance is nonconstant, the quality of information about the response in regions where

variance is large is inferior to that where variance is small. In this case, it makes more sense to give

those responses with small associated variability relatively more influence in determining the fit.
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In tenns of (3), a fitting procedure reflecting this is weighted least squares (WLS), in which ~ is

estimated by minimizing

N mi

It It wd Yij - f (xi' ~) } 2.

i =Ij =I

(4)

The {wi} are called weights.

In the remainder of the paper we describe methods that are applicable when the fonn of the

variability is more complex and the Wi'S are unknown. In Section 2 we introduce the idea of mod

eling the variance as a function of the mean response and other parameters. In Sections 3 and 4 we

introduce the use of generalized least squares and variance function estimation for fitting these

more complex models for variability. In Section 5 we consider the problem of prediction and the

consequences of incorrect modeling of the variance. We have already introduced an example of

data from a chemical assay and we will be referring to this data throughout to illustrate the methods

being presented.

2 VARIANCE FUNCTION MODELS

When the weights {wi} are unknown, one simple approach is to estimate them using the data

at hand; namely, if mi> 1 at all Xi, calculate the sample variance s~ of the responses at Xi, and em

ulate (4) by replacing Wi by si2
. This approach can be unreliable if the number of observations,

{mil, at each Xi are small because these estimated weights can be poor characterizations of the truth

[2]. This danger can be avoided if a function can be found which models the variance.

2.1 Models for the variance

For many physical processes, variance seems to be systematically related to the mean or other

variables. The explicit description of this relationship by a function leads to the variance function

(VF) model. For example, a common model for variance is the constant coefficient of variation

(CV) model. The function Var(Yij) = 0-21ll yields a constant CV equal to 0- and leads to weights

wi I = Ilf. Other models may assume Var(Yij) = 0-21li or Var(Yij) = 0-2 (a + Ilf) for a known [2],

[3]. In each case, the values of the weights {Wi} are completely determined by the values {Jli} ·of

the mean response at Xi, so the weights are often estimated by inserting an estimate for Jli. Typical

estimates for Ili are the sample mean Y i based on the replicate responses at Xi or the predicted value

~i based on an initial fit to the data by LS.
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In some applications, however, the variance function may not be completely known. For ex

ample, in radioimmunoassay the response is a count for which a Poisson assumption implies that

Var(Yij) =~. Often, however, variance at Xi is larger than the Poisson variance would indicate, a

phenomenon known as "overdispersion" [6]. A general model for the variance that accommodates

overdispersion is the power variance function Var(Yij) = 0'21l~9 which is the Poisson model if 0'=

1, 8 = 0.5. This model allows the relative size of variance to vary through a and its increase with

mean to be governed by 8. When a =1,8> 0.5 indicates overdispersion. In our experience, 8 often

falls in the range 0.6 :5 S :5 0.9. An important feature of this general model is that it can accommo

date cases in which the size of the variability relative to the range of the mean response is rather

small [3], [7].

For assays under development, 8 may be unknown. Since the {Wi} depend on both Ili and 8,

the true value of S must be estimated. When mi > 1, a simple approach to estimation is to note that

log{Var(Yij)}1I2 = log a + 8 log Ili. Then the slope ofLS regression oflog si on log Yi provides

an estimate e. The estimated weights would then be {Y~} [3]. However, other methods will be

discussed in this article that do not require replication and have better statistical properties.

All of the methods discussed so far model the variability as a function of the mean response.

However, this is not a restriction of the variance function approach. In some situations it is realistic

to think about variability as a function of a predictor or some other variable not necessarily in the

mean model. For example, in the analysis offractional-factorial experiments variance may be mod

eled as a log-linear function of the factor levels [8].

This discussion and comments of other authors [2] suggest that the most flexible approach to

modeling variability should allow the variance function to depend on the particular experimental

situation. In this spirit, consider a general model for the response

(5)

where g is a function which may depend on the mean response, on a vector z of known variables

containing possibly some or all of the values in x, and on a (qx1) vector of parameters 8 that may

be known or unknown. The implied assumption is that Var(Yij) =0'2 g2(lli,Zi,8) so that appropriate

weights would be Wi = lIg2(lli'Zi,S). Hence, the weights {Wi} in (4) are functionally related to the

mean and other variables. The function g is called the variance function. This framework includes

all of the individual situations we have discussed. For example, the constant CV model has

g(/li,zi,8) = Il~ with 8 = 1.
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The advantage of a general model like (5) is that it encourages analysts to think: about the rela

tionship between the variance and other factors for a given experimental situation instead of relying

on a few fIxed relationships for describing variance with little basis beyond standard usage; e.g.,

pharrnacokineticists have often chosen the constant CV model when another model may be appro

priate [9]. The general model also allows additional flexibility because the values of the compo

nents of 8 can be estimated from the data when necessary.

2.2 Choosing a variance function

To choose an appropriate variance function, the analyst must consider features of the process

under study. For example, consider an assay in which the variance of the response increases with

the mean. Now suppose that due to imprecision of measurement there is a minimum level of vari

ability no matter how small the response becomes. In the flexible framework of (5), an appropriate

.. (921112 2( 92)vanance function would be g(Jli,zi,8) = 8 1 + ~i J ' so that Var(Yij) = (J 8 1 + ~i .

This model can be thought of as a "components of variance" model, where the component 81

9
describes the imprecision of measurement that dominates at small response values and ~i 2 de-

scribes the relationship between mean and variance that dominates at larger response values. Al

though the analyst may have evidence and knowledge to support this characterization, he/she may

not be sufficiently confident to choose values for 81 and 82 a priori. We discuss the problem of

parameter estimation in Section 4.

Along these same lines, additional models can be postulated to describe different functional re

lationships between the mean response and the variability that would be difficult to capture using

standard transformations. For example, a model for the variance that allows the variability to in-

crease very quickly with the mean is Var(Yij) = a2 exp(28Jli). A model in which the standard de

viation is thought to increase as a quadratic function of a predictor is g(~i,zi,8) = I + 81 Xi + 82 xl
(in this case Zi = Xi)' Thus, variance models can be proposed to accommodate the scientist's insight

into a wide range of physical processes resulting in improved inference and estimation.

2.3 Graphical analysis

We consider now the example introduced in Section I and discuss some graphical displays that

are useful in selecting an appropriate variance model. If there is replication (mi > 1), a plot of log

si against log Y i should have the form of a straight line as long as the power variance function
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Var(Yij) = (J2J..lf9 is suitable. For the assay example, Figure 5 shows that the power variance model

is reasonable.

A graphical display that can be used for cases with no replication (mi = 1), is a plot of the log-

arithms of the absolute residuals jrijl versus the logarithms of the predicted values ~i from the LS

fit This plot is similar in spirit to the plot of log si against log Y i because the absolute residuals

contain information about the standard deviations. This plot also should show a straight line rela

tionship as in Figure 6. We prefer this plot to that of log si against log Y i even for cases with rep

lication since Y i and si and are not very good estimates of the mean and standard deviation for

small values of mi.

Graphical displays can be constructed using the same approach to investigate other variance

function models. For example, a plot of absolute residuals Irijl versus scalar Xi that showed a qua

dratic relationship would suggest the l;lse of the quadratic variance function Var(Yij) = 1 + 81 Xi +

82 x? Similarly a plot of log lfijl versus predicted values ~i that showed a linear relationship would

suggest the exponential model Var(Yij) = c?- exp(28J..lj).

These plots along with the researcher's understanding of the underlying physical process

should be useful in identifying an appropriate variance function model. However, we recommend

against using the relationships demonstrated by these plots to estimate the parameters 8 and (J of

the variance function; for example, using the estimated slope from the regression of log si against

log Y i as an estimate of 8. The methods in Section 4 have better statistical properties.

3 GENERALIZED LEAST SQUARES

Generalized least squares (GLS) is a method for fitting model (5). This method incorporates

variance function estimation (VFE) for unknown variance parameters. In this section we describe

the GLS method, its mathematical basis, and its implementation using standard nonlinear regres

sion programs assuming 8 is known. Estimation of 8 is incorporated into the method in Section 4.

A more comprehensive treatment of these issues is given by Carroll and Ruppert [5].

3.1 Motivation and description

The terminology generalized least squares refers to use of WLS (4) with estimated weights

{wJ. When the VF model (5) holds and 8 is known, then the weights Wi=lIg2(J..li,Zi,8) are known

except for the values of the {J..li}. If the mean response model is well-established, it makes sense to
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construct estimates of the weights using estimates {~i}. In this case, an initial LS fit ignoring the

variance function gives a reasonable starting point. Thus, an initial set of estimated weights is

(6)

where ~LS is obtained from the initial LS fit. Minimization of (4) using these weights will produce

a new estimate ~GLS that makes more efficient use of the data, since it incorporates the nature of

variability into the fit. Such an estimate is a GLS estimate.

As an alternative to making use of the mean response model, some analysts have used Y j in

place of ~j(O) when all mi > 1. However, we generally prefer ~i(O) because it incorporates the in

formation in the mean response model. Use of Yij in place of ~i(O) has also been advocated. This

method can be quite unreliable because an individual value Yij can often be a very poor character

ization of the mean response at xi. This practice is highly discouraged.

3.2 Mathematical justification

The use of estimated weights makes intuitive sense and may in fact be formally justified by an

appeal to statistical theory. Consider the usual linear model with constant variance and normal data,

i.e., (1) with f(Xi'~) = xT~ for k = p. It is known [1], that as long as the classical assumptions are

true, ~LS has a multivariate normal distribution with mean ~ and covariance matrix

(7)

where the matrix X is defined as the (nxp) matrix with its first ml rows equal to xI, its second m2

rows equal to xI, and so on.

When the assumption of normality is not made, large sample theory can be used to show that

~LS has approximately this multivariate normal distribution. Such theory uses mathematical argu

ments based on letting the sample size n ~ 00 to gain insight into properties of estimators that are

too complicated to directly evaluate. The implications are often relevant to practical situations with

smaller sample sizes.

For general nonlinear f, the same large sample theory results hold as long as we define f~(Xi'~)

to be the (pxl) vector [d/ d~l{f(xi'~)}'.'" d/ d~p{f(Xi,~)}]T and redefine X to be the (nxp) matrix

July 11, 1990 page 8



(8)

Regression Tutorial

with its fIrst ml rows equal to f~(Xl>~) and so on. (For the linear model, f~ (xi'~) = xi and X is

the usual design matrix with rows x;.)

The relationship (7) is used to construct confidence intervals for the elements of ~ since the di

agonal elements of I.LS are the variances of ~LS' Since c? is unknown it is replaced by the estimate

N mi

cr~S = (n-pr1 L L {Yij - f(xi>~LS)}2
i =Ij =1

when estimated variances are desired. Linear regression programs construct standard errors and

confidence intervals for ~ using this method. If f is nonlinear, standard nonlinear regression pro-

grams use the diagonal elements of ±LS in the same way except that X is replaced by X(~LS)'

where X(~) is defined to be X evaluated at its argument.

Large.sample approximation theory states that when (5) is true, ~GLS has approximately a mul

tivariate normal distribution with mean and covariance matrix

(9)

where G is a (nxn) diagonal matrix with its fIrst ml diagonal elements equal to g2{f(Xl,~),Zl>e},

second m2 diagonal elements equal to ~{f(X2,~),Z2,e}, and so on.

An estimate ±GLS of LaLS is constructed using (9) where c? is replaced by

(10)

In constructing this estimate, G is replaced by G(~GLS,e), where G(~,e) is defined to be G evalu

ated at its arguments. If f is nonlinear, X is replaced by X(~GLS)'

It is important to note that if (5) is true, ~LS has approximately a multivariate normal distribu

tion with mean J3 but covariance matrix

(11)

Thus, inference based on estimated standard errors for ~LS rather than for ~GLS will be incorrect.

This shows that a penalty for not accommodating nonconstant variance is unrealistic inference

about ~.
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There is a further implication of (9) and (11). Standard results for matrix theory imply that L~s

- LaLS is a nonnegative definite matrix. The practical implication is that when (5) is true, the vari-

ability associated with PLS as an estimator of ~ will be greater than that associated with PGLS '

Thus the GLS estimator will make more efficient use of data; i.e., it can do as good a job as LS

with less data. An example of numerical evidence dramatically illustrating this contention is given

in [10].

Going back to the WLS estimates given by (4), it can be shown that the "ideal" WLS estimator

that could be calculated if wi = g-2{f(Xi,~),Zi,8} were known has approximately a multivariate nor

mal distribution with mean ~ and covariance matrix L.oLS' This shows that the GLS method using

estimated weights based on a previous estimate of ~ approaches what we would do if the weights

were known.

Thus, statistical theory suggests that GLS is preferred to LS for heteroscedastic data as long as

a suitable g can be determined, that failure to account for heteroscedasticity will lead to misleading

assessment of the quality of estimation, and that GLS is a reasonable approximation to WLS when

the true weights are unknown. The benefits of using GLS over LS for assessing prediction of a fu

ture observation are discussed in Section 5. The above results hold even if the assumption of nor

mally distributed observations does not, implying that the properties of the GLS estimator should

not be affected adversely if the normality assumption is not correct. Practically speaking, this im

plies that GLS estimation is relatively insensitive to anomalies such as outliers.

3.3 Implementation

Since GLS is more efficient than LS, it makes sense to consider further refinement. In particu-

lar, the weights (6) are based on PLS ' an inefficient estimate of~, so intuition would suggest that

new weights based on PGLS may be a more efficient representation of {Wi}' This suggests forming

new estimated weights

A 1/ 2( A(l) 8) h A(l) f( AWi = g Jli ,zi' were Jli = xi'!JGLS) (12)

and then again using (4) to update estimation of ~. This yields the following algorithm for GLS

when 8 is known [5]:

A A (0) A
(1) Obtain the LS estimator ~LS' Let ~ = ~LS and set k = O.

(2) Form estimated weights Wi = lIg2 (~?),Zi,8) where ~i(k) = f(Xi'P (k»).
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(3) Use the estimated weights from (2) to obtain ~GLS by minimizing (4).

A (k) A

(4) Set k = k + 1, let 13 = 13GLS ' and return to (2).

The algorithm as stated is incomplete because it does not specify the number of times, C, to

repeat the process. For large samples any of the GLS estimates obtained in step (3) will emulate

the ideal WLS estimator. Thus, the theory is not useful for deciding upon a "best" value C. For

many problems, only 2 or 3 iterations are necessary for the algorithm to converge within a reason

able tolerance. However, at least 2 iterations must be taken to wash out the effect of the inefficient

initial estimate ~LS. Full iteration is a version of iteratively reweighted least squares. Final estima

tion of 0' is accomplished after the last iteration using 02 in (10). If g does not depend on ~i' note

that only one pass through the algorithm is required.

In the general case, implementation of this algorithm can be accomplished by repeated use of

a nonlinear regression program that allows known weights to be specified is required; e.g., PROC

NLIN in the Statistical Analysis System (SAS) [11]. Details of this application are given in [12].

If f is linear, a linear regression program may be used (e.g., PROC REG [11]). For certain standard

values of e and power of the mean variance function, Genstat [13] or the Generalized Linear Inter

active Modeling System (GLIM) [14] provide estimates based on iteratively reweighted least

squares.

3.4 Example

For purposes of illustration, we carry out the GLS procedure for the assay data assuming the

power variance function with e = 1, the constant CV model. The results in Table 2 were obtained

using a standard linear regression package and C=3. This fit could also be accomplished in GLIM

[14] using gamma error structure and the identity link function.

As in the LS case, residuals can be used to assess how well the model characterizes the ob-

N mi

served variability. Define the final residuals as rj~C) = Yij - I1j(C) and let 02 = (n-pr1 L L {Yij
i = Ij =1

- I1 j(C) }2 /g2{ I1 j(C) ,~,e)} where g(l1j(C) ,zi,e) = I1 j(C) . Since (5) implies (Yij - ~i)/{0' g(~i,zi,e)} =

Eij, if the variance model is adequately characterizing the variability, a plot of the standardized re-

siduals ri~C) / 0 g(J1j(C) ,zi,e) versus predicted values as in Figure 7 should show a band of constant

width. Note that the vertical scale is in units of assumed standard deviation so a direct comparison
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with Figure 2 can be made. Figure 7 obviously shows a great improvement over Figure 2. We con

sider using the data to estimate e in the next Section.

4 VARIANCE FUNCTION ESTIMATION

We now relax our assumption that e is known and consider estimation of 8 and how to incor

porate this into the GLS algorithm.

4.1 Motivation and description

In order to motivate the estimation of (J and 8, we cast the problem in terms of a regression of

the squared residuals against the variance function. For any estimate ~, form the residuals rij = Yij

- ~i where ~i = f(xi, ~). Note that the general VF model for the response (5) implies that E{ (Yij 

~i)2} = a2 g2(~i,Zi,8) since E(E5) = 1. Thus we might expect that

(13)

(15)

where ~ is viewed as if it were known. Now (13) is reminiscent of a "regression" relationship with

"response" r~ and "regression function" a2 g2(~i'Zi,8). Thus, given ~, (13) suggests estimation

of (J and 8 could be accomplished by some form of "regression" of r5 on a2 g2(~i,Zi,e).

For normal data, Var(ED) = 2 so Var{(Yij -I.lii} = 2 (J4 g\~i,Zj,8). This suggests that

Var(r~) =(2(J4) g4(~i'Zi,8). (14)

Thus, variance of the "response" for the "regression" (13) is proportional to g4. Appealing to the

spirit of WLS, this suggests estimation of (J and 8 by minimizing

N mi

L L vdr~ - a2 g2(~i,Zi,8)}2,
i =Ij =1

where vi =g-4( ~i ,Zj,8). Emulating the GLS approach, one could obtain an initial estimate for 8 by

the equivalent of LS with vi == 1 and use these weights to estimate (J and 8 by minimizing (15).

Using this estimate of 8, new estimated weights vi could be constructed, a new estimate of 8 ob

tained, and the process iterated. In Section 4.4 we discuss an equivalent method that is simpler to

implement.

Note that viewing estimation of (J and 8 as a regression problem is in the spirit of the method

based on log si and log Yi described in the Section 2. The method here relies on residuals and pre-
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dieted values, the other on standard deviations and means based on replication. Note that the

former uses the information in the postulated mean function while the {sd can be poor assessments

of variance for small {Illi}. Hence, the method based on (15) is preferred [15].

Generally, one would construct a final estimator of cr using (10) with e replaced by its final

estimate, so interest in VFE focuses on estimation of e. Estimation of e based on squared residuals

from a previous fit as described above can be shown to be theoretically sound [15], so intuition

leads to a mathematically justifiable method. It may also be established that estimation based on

{si} is inefficient relative to that based on residuals, as intuition suggests [15].

4.2 Accounting for the effects ofoutliers

Often it is not reasonable to assume that the data are normally distributed because of outlying

observations. Unlike those of the GLS estimator for ~, the properties of estimators of cr and e will

be sensitive to this form of nonnormality. If outliers are present in the data, the theory can be used

to show that the quality of estimation based on {r~} can deteriorate [15]. Various alternative meth

ods have been proposed for VFE in the presence of outliers, many based on the idea that squaring

the residuals magnifies the effect of outliers since outliers will often generate residuals that are

large in magnitude. One method uses an argument similar to the above, but based on the observa-

tion that EIYij - Ilil =11 g(~i,Zi,e), where 11 = cr E(!Eijl). Then E(lrijl) = 11 g(~i'Zi,e) and Var(lrijl) oc

g2(~i'Zi,e),suggesting minimization in 11 and e of

N mi

:L :L ui {!rijl - 11 g(~i'Zi,e)}2 where ui = g-2(~i,Zi,e).
i =Ij =1

Estimation 11 of is of little interest but is an adjunct to estimating e. We describe a simple method

of implementation shortly. If data are relatively outlier-free, use of squared residuals will be pre

ferred, but when outliers are known to be present, this method based on absolute values of residuals

is better, because the absolute value function will not magnify the effect of large residuals as se

verely.

4.3 Consequences ofestimating e

In Section 3.2 we discussed the multivariate normality of PaLS when e is known. These same

results can be shown to hold if the estimated weights in Step 2 of the GLS algorithm in Section 3.3

are constructed using either of the estimates edescribed in Sections 4.1 and 4.2 [15]. Estimates of

the variance of PaLS using these weights will be found from (9) using cr2 in (10) with 8 in place
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ofa and G replaced by G(PGLS ' 8), replacing X by X(PGLS ) iff is nonlinear. Modification of the

GLS algorithm to included estimation of a is described in the next section.

4.4 Implementation

Estimation of a can be accomplished jointly with that for cr or T\ as above, using a nonlinear

regression program. However, by slightly different arguments it can be shown that a more easily

implemented scheme described in this section is equivalent to those described above for large sam

ples [15]. For ease of computation the following methods are useful; justification can be found in

[12].

Estimation of a based on squared residuals, by iteration of (15) is equivalent in large samples

to minimizing the sum of squares [12]

N mi 2· 2 N
~ ~ rijg IT m./n
£.J £.J {A } where g = g (~i' Zi' a) 1

i = Ij = 1 g (~i' Zi' a) i = 1

which may be accomplished via a nonlinear regression program by regressing a dummy variable

identically equal to 0 on the quantity in braces in (17). Details of practical implementation using

PROC NLIN in SAS are given in [12]. Note that (17) depends only on a -- cr may be estimated after

final estimation of ~ and a by substituting the final estimates P, 8 in (10).

As explained in [12], the nonlinear regression program must allow multiple passes through the

(
m./n18

data for general g in order to compute g. However, for common g such as ll~, g = IT~i 1 )

so the expression in parentheses is known and only one pass through the data is needed. For esti

mation based on absolute residuals, replace (17) by

(18)

(2)*

which may be accomplished as above via a nonlinear regression program by regressing a dummy

variable identically equal to 0 on the quantity in braces in (18).

These developments suggest the following modification of the GLS algorithm to include esti

mation of unknown variance parameters: Replace (2) by

A (k) A (k)
Given ~ , use (17) or (18) to obtain the estimate a and form estimated weights

A 2 A (k) A (k) A (k) A (k)
Wi = Ilg (llj ,Zi,a ) where lli = f(xi'~ ).
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Giltinan and Ruppert [12] outline this in detail and illustrate implementation in SAS.

4.5 Example

For purposes of illustration, we now carry out the GLS procedure for the assay data assuming

the power variance function estimating 8 from the data. The results in Tables 3 and 4 were obtained

using a standard nonlinear regression package to implement the methods described by (17) and

(18), respectively. Methods (17) and (18) give similar results because the outlier remarked on ear

lier occurs at the highest concentration level where variability is expected to be greatest. Thus the

outlier is downweighted in such a way that it plays little role in the analysis. In Section 3.4, we

carried out the GLS procedure using the value 8=1.00 for the constant CV model. However, the

estimated value of shown in Table 3 is 0.845. It makes sense that the estimated value of 8 is less

than 1.00 because the observed CVs as shown in Table 1 are clearly not constant.

Figure 8 shows the standardized residuals from method (17) versus predicted values where 8

is replaced by ein g when constructing the standardized residuals. While Figures 7 and 8 are very

similar, it could be argued that the constant CV model used for Figure 7 slightly overcorrects for

nonconstant variance at low concentrations. The impression given by Figure 8 is that the VF power

model with estimated 8 provides a more satisfactory representation of the observed variability. In

any event, doing some form of weighting is better than ignoring the nonconstant variance (see Fig

ure 2). In particular, the intercept for either of the weighted fits agrees very closely with the ob

served mean at zero dose in contrast to results from the LS fit.

5 PREDICTION

While GLS is generally preferred to LS on grounds of efficiency, another reason for careful

modeling and estimation of nonconstant variance is to facilitate appropriate inference based on the

fitted curve. The VF approach gives a characterization of variance even for settings of the predic

tors not in the experiment, so that correct inference on future observations at new predictor settings

can be accomplished. Detailed discussion is given in [5] and [16]; we illustrate the major point here

for prediction of a new observation.

5.1 Motivation and description

Given a new predictor setting XQ, we would like to predict the associated response yO. The usu-

al estimator for this response is f(xO' ~). To correctly assess the quality of this estimate, the error

in prediction should be reported as a prediction or uncertainty interval based on some level of con-

fidence. If model (1) is assumed, one would obtain ~LS' estimate c? by (8) and construct a predic-
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tion interval for f(XO, ~). Defining fO(~) to be f~(xO' P) as in Section 3.3 and assuming that the nor

mal assumption is correct, the form of such an interval with confidence coefficient 100(1 - a)% is

[5]

(19)

with t equal to the 1 - aJ2 percentage point of the t distribution with n - p degrees of freedom. Now

if the true model is (5), the estimator a~s is an attempt to assess variability by averaging over the

entire data set. Thus a~s represents an underestimate of variance in regions where variance is large

and an overestimate where it is small. Under (5), using the final estimates from the GLS algorithm

PGLS' e, and a2
, the form of a prediction interval will be [5]

A A 2 2 A A -I T A A A 1/2
f(xO' ~GLS) ±t {cr g (f(xO' ~GLS),Zi,a)+ n fo(~GLS) ~GLS fO(~GLS)}. (20)

This interval correctly assesses variance in a future observation at all regions.

To gain insight, assume that the sample size is large. Since in both (19) and (20) the terms con

taining t LS and t GLS depend on n- I , we expect that for large samples these would be negligible.

Hence prediction intervals would behave approximately like

(21)

and

(22)

respectively. Interval (21) is of constant width regardless of xo, while the width of (22) changes

with xo to reflect the varying degree of quality of estimation across its range. Thus, ignoring non

constant variance and basing inference on a LS fit and its assumptions, yields an interval of uncer

tainty that is too narrow, or optimistic, where the true variance is large and too wide, or conserva

tive, where true variance is small. If one wishes to attach an uncertainty interval for predictions

based on the fit, one can be grossly misled about the quality of prediction for certain settings of the

predictors.

5.2 Example

Figures 9 and 10 show prediction intervals using LS and GLS with estimated e, respectively,

constructed using (19) and (20). In calculating the prediction limits, we used i:LS =
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[
2.343 x'1O-5 -3.524 x 1O-~ and ±GLS = [2.073 X 10-

7
-1.025 x 1O-~. It is clear that ignor-

-3.524 x 10-7 1.279 X 10-8J -1.025 X 10-8 1.793 X 10-8J
ing heteroscedasticity by using LS assuming constant variance leads to the situation described

above.

6 DISCUSSION

Modeling the variance can lead to a more meaningful analysis when the variance changes sys

tematically with the mean response or other variables. The idea of postulating a variance model

depending on unknown parameters, and then estimating these parameters from the data via the

GLS-VFE algorithm, provides a flexible framework for analysis and insight into the form of ex

perimental error. These methods can be implemented using standard linear and nonlinear regres

sion packages.

The methods we describe are appropriate for data that have nonconstant variance and are ap

proximately normally distributed or for the most part normally distributed with some outliers. We

have not discussed the issue of nonnormal data that is skewed. In this case, data transformation can

often be used to make the data appear more normal and homoscedastic on the transformed scale.

More complex data-analytic tools are available which include the idea of using data transformation

and weighted regression together. An illustration of these methods and considerations for the

Michaelis-Menten model are given in [17].
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Table 1. Experimental data and summary statistics

dose Q ~ 12 45 90

response 0.0016 0.0118 0.0107 0.106 0.106

0.0019 0.0139 0.0670 0.026 0.158

0.0002 0.0092 0.0410 0.088 0.272

0.0030 0.0033 0.0087 0.078 0.121

0.0042 0.0120 0.0410 0.029 0.099

0.0006 0.0070 0.0104 0.063 0.116

0.0006 0.0025 0.0170 0.097 0.117

0.0011 0.0075 0.0320 0.066 0.105

0.0006 0.0130 0.0310 0.052 0.098

0.0013 0.0050

0.0020 0.0180

0.0050

0.0050

m· 13 11 9 9 91

mean 0.0021 0.0094 0.0288 0.0672 0.1324

sd 0.0017 0.0048 0.0193 0.0282 0.0554

CV 0.8115 0.5148 0.6173 0.4191 0.4181
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Table 2. Results of GLS algorithm with 8=1

Parameter k=O k=l k=2 k=3

~o 0.00325 0.00209 0.00209 0.00209

Std. Error 0.00484 0.000457 0.000346 0.000346

~1 0.00144 0.00153 0.00153 0.00153

Std. Error 0.000113 0.000142 0.000166 0.000166

<J 0.0265 0.520 0.604 0.604
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Table 3. Results of GLS algorithm with eestimated based on squared residuals

Parameter k=O k=l k=2 k=3

Bo 0.00325 0.00211 0.00210 0.00210

Std. Error 0.00484 0.000413 0.000455 0.000455

Bl 0.00144 0.00152 0.00151 0.00151

Std. Error 0.000113 0.000143 0.000134 0.000134

cr 0.0265 0.381 0.309 0.308

e 0.897 0.846 0.845
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Table 4. Results of GLS algorithm with eestimated based on absolute residuals

Parameter k=O k=l k=2 k=3

~O 0.00325 0.00212 0.00210 0.00210

Std. Error 0.00484 0.000468 0.000475 0.000475

~1 0.00144 0.00151 0.00151 0.00151

Std. Error 0.000113 0.000132 0.000131 0.000131

0' 0.0265 0.296 0.285 0.285

e 0.836 0.826 0.826
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Figure Legends

Figure 1. Scatter plot of with regression line.

Figure 2. Plot of LS residuals showing fan shape.

Figure 3. Scatter plot for log(response).

Figure 4. Scatter plot for sqrt(response).

Figure 5. Log(sd) versus log(Y j )

Figure 6. Log(absolute LS residuals) versus log(LS predicted values).

Figure 7. GLS residuals with e=1.

Figure 8. GLS residuals with eestimated based on squared residuals.

Figure 9. LS regression line with prediction limits.

Figure 10. GLS regression line with prediction limits.
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