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1. INTRODUCTION

The subthreshold depolarization of a nerve cell receiving a multitude of

random synaptic inputs has often been modeled as an Ornstein-Uhlenbeck (O-U)

process (see Tuckwell, 1988 for references). Wan and Tuckwell (1982) obtained

asymptotic results for the mean and variance of the interspike intervals for the 0

U model with a constant threshold for firing, O. They used perturbation methods

and the method of matched asymptotic expansions on the boundary value problem

CDarling and Siegert, 1953) for the moments of the interspike intervals. For the case

of small synaptic noise and deterministic crossings, their case CA), we compare their

results for the mean and variance to those obtained from Stein's approximation

method (Stein, 1967, p 53), a slight generalization of Stein's method and a Wiener

process with linear drift approximation. The resultant expression for the variance

in Stein's method is identical to that of Wan and Tuckwell. Stein's approximation

method is based on long correlation times of the voltage process relative to the

standard deviation of the interspike intervals, while the Wiener process with drift

is at the other extreme in that its covariance is delta correlated.

Following the notation of Wan and Tuckwell, the subthreshold voltage, XeD,

satisfies the linear stochastic differential equation

dXCt) (-X(t) + aJ dt + b dW(t), (1.1)

where time is measured in units of the membrane time constant, WCt) is a standard

Wiener process, a is a constant representing the mean synaptic input and b scales

the Wiener process. The initial condition is taken to be X(O) = 0, corresponding to

the neuron resetting to the resting level following an action potential. We are

interested in the distribution or moments of the time T at which X(t) first reaches

the threshold e. If voltages are measured in units of the threshold 0, equation 0)

becomes
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dY(t) = [-Y(t) + a] dt + E dW(t), (1.2)

where Y(t) = X(t)le, a = ale, and E = b/e. The process Y(t) is an Ornstein-

Uhlenbeck process with a steady state Gaussian distribution of mean a and standard

deviation Eo Due to the normalization the threshold now has a value of 1.

Wan and Tuckwell's case (A) requires small noise, Eo:? <-< 1, and that the mean

steady state response, a, be above threshold, i. e., a - 1 » E. Tho approximate

expressions for the mean and variance of the firing time were found to be (their

equations (6) and (7))

E[T] ~ log ( a J - E,2 [ 1
0:. - 1 4 (0:. - 1) 2

- +-1 + Ok") (l .3)
0:.

1
(a - 1) 2 a; 1 0.4)

The coefficient of variation, C.V., is found by dividing the standard deviation by

the mean. In the limit of large mean input, a :?> 1, they found (appendix, equation

(51))

C.V. ~ .fa [1 - 4~ ) . (l.5)
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2. STEIN'S APPROXIMATION METHOD AND A GENERALIZATION

Using a geometric argument, Stein C1967, p53) presented an approximation

method for the mean and variance of the interspike intervals in a Poisson driven

version of equation (1.1). He was concerned with the scenario in which flucLua tions

in the first passage time (FPT) to a threshold Set) are small perturbations about the

time, t*, at which the mean voltage tt(t) crosses Set). Our description is a slight

generalization of his method. Let ret) = set) - tt(t), which can be thought of as a

recovery process following a spike. Besides requiring that the mean voltage crosses

S(t), i.e. deterministic crossings, we require that: (1) the voltage distribution doesn't

change its shape drastically near t*, (2) the resultant standard deviation of the

interspike intervals, CTt' is considerably .less than the dominant time constant of the

voltage process's autocorrelation around t*, (3) ret) is invertible and sufficiently

smooth around t*. Let h be the inverse function of ret), that is h(r(t» = t. Then

the probability density function (p.d.f.) of the crossing times is approximately

f(x)/ldh(x)/dxl evaluated at t*, where f(x) is the marginal p.d.L of the voltage

process XCt). This is the usual Jacobian transformation of a random variable. The

conditions above are requiring that around t* the voltage process, with its

timevarying mean subtracted out, behaves like a random variable, i.e. a singular

random process. These conditions are more restrictive than Stein's in that he only

required the recovery process to be nearly linear within a few standard deviations

of t* in condition (3).

Often only the first few moments of the FPT are of interest. They can he

approximated by using a Taylor series expansion of h about r(t*) (Papoulis, 1965, pp

151-152). The approximations for the mean and variance are given by

(2.1)
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where prime denotes differentiation with respect to voltage and evaluated at r<t*),

and .un is the nth central moment of X(t*). Recall that the first derivative of an

inverse function can be expressed as the reciprocal or the derivative of the original

function, so that

h' "" [drCt*)/dt]-l - [dSCt)/dt -d,uCt)/dt]-llt=t* (2.3)

which is the reciprocal of the derivative of the recovery process. The higher order

implicit derviatives are harder to interpret in a geometric manner, for example -

h" - [:~;] (~~)-3 t=t* . (2.4)

Stein's approximation method gives the first term on the right hand side of

(2.1) and (2.2). Note that only hI is required, while the generalization which treats

the unrestricted voltage process as a singular random process requires higher order

derviatives.

Turning our attention back to the normalized process yet) of (1.2), we find t*

from E(Y(t)) = 1, to obtain

t* = log[~] .
a. - 1

(2.4)

,..,
To obtain expressions to order E"" for the mean and variance, we evaluate the

following

.u
2
(t*) = ~-::2 (1 _ e-2t)1

.!. t=t*

h/(r(t*)) = - (0._U-1 (2.5)
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hl/(r(t*)) = (0.-1)-2

Substituting these expressions into (2.1) and (2.2), we find that the first two terms

')

of (2.1) now match Wan and Tuckwell's result (1.3) to order Eo"'" except for the wrong

sign on the second term. The first term of (2.2), Stein's approximation, matches 0.4)

')

to order Eo"'. Stein's mean approximation is simply t* and agrees with the first term

of (1.3). The generalization by treating the problem as a transformation of a random

variable produces a qualitatively different effect on the mean interval due to noise.

In Wan and Tuckwell's expression (1.3) the mean is shortened, while the

generalization erroneously produces a lengthening effect of the same magnitude.

The C.V. produced by Stein's method and its generalization is thus smaller than

that in (1.5). The next section provides a bound for the C.V. that is an

overestimate.

3. APPROXIMATION BY WIENER PROCESS WITH DRIFT

The previous section was concerned with the limiting case of infinite

correlation times, another limiting case is obtained by deleting the - yet) term on

the right hand side of 0.2). The process is now a Wiener process scaled by Eo and

with a positive drift of o.t. The first passage time distribution to the· normalized

threshold at 1 will now be an inverse Gaussian distribution (see for example, Lerche,

1986). The mean, variance and C.V. 'are

E[T] 1/0.,

C.V. = d{(i .

Note that this limiting case provides a shorter mean interval and larger C.V. than
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for the O-V expressions of section 1. The condition for (l.S) that ex :-> 1 means that

the threshold value is quite low and the mean and variance of the voltage process

are close to linear below threshold. While these moments of the O-V process ar~

behaving like those of our Wiener process with drift, the correlation time for O-V

process is much longer. In this sense the Wiener process with drift provides another

limiting case that has easy-to-calculate results for the moments.

In summary, we have shown that in the small noise, large threshold case some

simple approximation methods for the moments of the O-V first passage time provide

bounds for those obtained via a more detailed perturbation analysis. For an

appropriate range of parameters, Stein's method can also provide good

approximations for the mean and variance of more complicated neural models with

discontinuous trajectories, e. g. (Smith and Smith, 1984), where a complete

perturbation analysis is even more difficult.
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