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ABSTRACT

A table of linear rank statistics is used to construct new

tests in the one-way layout. The underlying score functions are

related to Legendre polynomials and arise naturally in Pettitt's (1976)

analysis of generalized Anderson-Darling statistics. The first two

functions are the faniliar Wilcoxon and Mood scores and the third and

fourth are associated with skewness and kurtosis differences. Summary

statistics are formed from row and column sums of squares of the basic

table and have approximate chi-squared distributions under the null

hypothesis. When location and/or scale differences are present, the

observations must be standardized before interpreting some of the

statistics. New results are given for the asymptotic distribution of

linear rank statistics under these adjustments.

KEY WORDS AND PHRASES: Linear rank statistics, Anderson-Darling statistics,

one-way layout, skewness, kurtosis.
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1. INTRODUCTION

The fixed effects ANOVA which tests equality of means is often the

natural first analysis when confronted with k independent sa~ples,

Xll, •.• ,Xlnl,X21, ••• ,X2n2, ... ,Xkl, .•. ,Xknk. Secondary hypotheses might

concern equality of variances and/or normality assumptions. Similar

goals can be pursued without normality assumptions using nonparametric

tests such as the Kruska1-Wa11is or Mood's test for scale. In some

situations, however, one may be interested in more general comparisons

beyond location and scale. Nonparametric tests such as generalized

Ko1mogorov-Smirnov and Cramer-von Mises statistics (see Section 2) are

available, but II significant ll differences are often hard to interpret.

I would like to propose a table of linear rank statistics to be used as

the building blocks for test statistics which have reasonably high

power of detection and simplicity of interpretation as well as

distribution-free null distributions. The derivation and original

motivation are given in Section 2 and are essentially due to Pettitt (1976).

The basic linear rank statistics and summary statistics are given

in Table 1.1. The first two rows are familiar ~Jilcoxon and Mood linear

---Insert Table 1.1 here---

rank statistics. That is, Til is Wilcoxon's two-sample rank sum test in

standardi zed form for compari ng group i wi th all the other groups

combined. If Ti1 < 0 (>0), then sample i tends to be shifted to the left

(righ~ of the combined other samples. Likewise, Ti2 is Mood's test in

standardized form, and if the populations have equal location then
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Ti2 < 0 (>0) indicates that the ith sample has smaller (larger)

scale than the combined other samples. The row weighted sum of

squares are the usual Kruskal-\Jallis and Mood's k-sample tests. Ti3 and

Ti4 are new linear rank statistics designed to detect differences in

skewness and kurtosis of the populations. If the populations have

equal location and scale, then Ti3 < 0 (>0) indicates that the ith

sample is left (right) skewed ~etative to the other samples combined

and T. 4 < 0 (>0) indicates that the ith sample is shorter (longer)
1

tailed than the others. Ti3 and Ti4 have been carefully chosen

(see (2.2)) so that under HO: all k populations are equal, the set

(Til ,Ti2,Ti3,Ti4) are uncorrelated and each entry has mean 0 and

variance 1. Well-known linear rank statistic theory shows that

under HO each Tij converges in distribution to a standard normal as

min(nl, .•. ,nk) + 00, and each TCOli = L~=l Tip
2 converges to a chi-squared

distribution with four degress of freedom (x~). The k-sample statistics

converge under HO to a Xk_1 2
, and the global statistic TGlOBE converges

2
to a X4(k-l) .

Our main interest lies in the column and row summary statistics and

the overall statistic TGlOBE. The latter is a new omnibus statistic for

detecting general differences among the k populations. It is an

alternative to the k-sample Cram~r-von Mises and Kolmogorov-Smirnov

nonparametric tests with two advantages: the null limiting chi-squared

distribution is very accessible and the results are simpler to interpret.

TGlOBE is both a weighted sum of the column statistics as shown in

Table 1.1 and also the simple sum TWIlC + TMOOD + TSKEW + TKURT of the
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row summary statistics. The column summary statistics indicate which

populations seem most different from the combination of the others,

and the row summary statistics suggest the types of differences which

exist between the populations. However, these row summary statistics must

be interpreted with caution. It is well known that location

differences will upset nonparametric tests for scale such as TMOOD
(Moses, 1963). These differences will also affect TSKEW and TKURT •

Alignment by subtracting location estimators upsets the distribution-

free property, though an a¢ymptotle distribution-free property will still

hold for the scale components Ti2 and TMOOD and for the kurtosis components

Ti4 and TKURT if the populations are synmetric (e.g., Jureckova, 1979). Further

alignment is possible by dividing uy a scale estimator after subtracting off the

location estimator. The affect of such alignment is studied in Section 3.

I suggest the following use of the statistics from Table 1.1.

1) look at the summary statistics TCOli and the overall statistic TGlOBE.

They are always valid for deciding whether any differences exist among

the k populations and which populations are most different. 2) Look at the

row summaries. Alignment may be necessary for TMOOD ' TSKEW ' and TKURT"

If TWILC is large, then TMOOD should be recomputed after subtracting off

location estimators. If TMOOD is large, then TSKEW and TKURT should be

recomputed after alignment by scale estimators. 3) Look at the individual

linear rank statistics Tij • They can be useful for seeing trends

across the k populations, but parameter estimates or tests for ordered

alternatives may be more useful for that purpose. The individual Tij
can also be used to compare pairs of populations, or one may want to

recompute Table 1.1 separately for each pair of interest.
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The paper is organized as follows. Section 2 traces the origin of

the proposed statistics. Section 3 investigates the null distributions of

~edistribution-freestatistics with moment calculations and limited Monte

Carlo work and also studies the asymptotic distribution of the aligned

statistics. A new theorem for asymptotic normality of aligned rank

statistics is given there. Pitman efficiencies are employed in Section 4

to justify the association of each component with a particular type of

alternative. Section 5 gives Monte Carlo power results in a variety of

different k = 2 and k = 4 situation~ and comparisons are made with three

other k-sample nonparametric tests. Section 6 contains three real data

examples.
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2. ~1aTIVATIaN

(2.1)

empirical distribution

-l'\kfrom thei r wei ghted average HN=N L1 n;Fn. ' N= nl+ ... +nk .
1

designed for detecting location differences, whereas

'\k - =)2In analogy with the treatment sum of squares Llni(Xi-X for one-

statisticway ANaVA, consider the weighted Cram~r-von Mises
k 00 2
.~ ni ![Fn.(x)-HN(x)] w(HN(x))dHN(x)
1-1 _00 1

which measures deviations of the individual

functions Fn.
1

The usual ANaVA is

(2.1) is sensitive to all types of differences. Kiefer (1959) studied

(2.1) for the standard Cramer-von Mises weight function w(t) = 1 and

Pettitt (1976) studied the Anderson-Darling weight function w(t) =

[t(l-t)]-l. For this latter weight function and k = 2, Pettitt showed

that a II con tinuous ll version of (2.1) AD =(N/n2)f~x~(t)W(t)dt can

versions of linear rank statistics

00 B. 2

AD = j~ljd+1)

standardized

be expressed as

where the Bj are
nlLi=laN(Rli ) with Rli the rank of Xli in the combined sample Xll ,

""Xln ,X 2l ,···,X2n . Here xn(t) is the empirical process formed
1 2

from Rll/(N+l), ... ,Rlnl/(N+l) and the form of the Bj is derived from

the jth Legendre polynomial of the first kind. In particular, Bl is a

linear function of Wilcoxon1s rank sum statistic with score aN(i)=i

and B2 is a linear function of Mood1s statistic with score aN(i) =

[i-(N+l)/2]2. Thus, AD is a weighted sum of squares of standardized

linear rank statistics which are asymptotically independent (because of

the orthogonality of the Legendre polynomials), and each of which relates

to a special kind of alternative. That is, Bl is related to location,
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B2 to scale, and (as shown in Sect. 4) B3 to skewness and B4 to

kurtosis, etc. These results are analogous to the one sample results

of Durbin and Knott (1972), Stephens (1974), and Durbin, Knott, and

Taylor (1975) who suggest that the first few components contain most of

the information. The omnibus Anderson-Darling statistic AD = Bi/2+

B~/6 + B~/12 + B~/20 + Ij=5B~/(j(j+1)) gives the most weight to location,

the next most weight to scale, etc., as one would typically want in terms

of importance of alternatives. However, the limiting null distribution

is not as accessible as that of the "Neyman-Barton smooth" type tests

(see Miller and Quesenberry, 1979) which give equal weight for a finite

number of Bj , i.e., L1=lB~. These latter statistics are not true omnibus

tests (not consistent against all alternatives), but they focus on the most

important alternatives and have null limiting xi distributions. A version

of Bf + B~ has been mentioned by Duran, Tsai, and Lewis (1976). In this
2 2 2 2paper we study a version of 81 + 82 + B3 + 64. The proposed linear rank

statistics discussed in the Introduction are explicitly given by
n.

Tip = I~~laNiP(Ri~)' p = 1, ... ,4, where
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The above linear rank statistics are associated with Legendre poly

nomials because of the expansion'for wet) = [t(l-t)]-l. If w(t) = 1 is

used, then the expansion in a Fourier series suggests the scores

P ka . (,Q,) = (-1) (2)2cos(pn,Q,/(N+1)) ,p=1,4 "
N1P (2.3)

(2.4 )

However, Pitman efficiency calculations indicate that the power properties

of the tests for p > 1 are not as good as (2.2) in typical situations. If

w(t) ='[4>(t)]-2, where 4>(t) is the standard normal density (see De Wet

and Venter, 1973), then the expansion is in terms of Hermite polynomials

Hp(X) and suggests the scores

aN" (,Q,)=H (~-l(,Q,/(N+1))) , p=l, 4,
1P P

where <p is the standard normal distribution function. Til and Ti2 are

then the familiar van der Waerden and Klotz tests. Unfortunately, in

moderate size samples Til and Ti3 and Ti2 and Ti4 are highly correlated,

although a quadratic form involving the covariance matrix could be

constructed.
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3. NULL DISTRIBUTIONS

A. Finite Sample Moments for Nonaligned Statistics

As discussed in the Introduction, all the proposed nonaligned statistics are

distribution-free and can easily be shown to have asymptotic normal or chi-

squared distributions. However, there is always the practical question as

to how good these asymptotic approximations are for small samples. The null

distributions of the two-sample linear rank statistics Tip may be written

down in straightforward (but lengthy) fashion. I have chosen instead to cal

culate their skewness and kurtosis coefficients ISl = E(y_~)3/a3 and

S2= E(y_~)4/a4 for a variety of Nand ni values.

The general form of linear rank statistics is S = L~=lCN(j)aN(Rj) where

Rj is the rank of the jth observation. Let eN =N-1L~CN(j) and aN =N-1L~aN(j).

Under the assumption that the rank vector (R l ,· .. ,RN) is uniformly distrib

uted over the integers (1,· .. ,N), the first 4 moments of S are given by

(see, e.g., Randles and Wolfe, 1979, Ch. 8, Hajek and Sidak, 1967, p. 82)

E5 = NCNaN
N N

E (5 - ES)2 = N~l .L [CN(j)-CNJ2 .L [aN(j)-aNJ
2

J=l J=l
3 N N . _ 3 N . - 3

E(5-E5) = (N-l)(N-2).L [CN(J)-CNJ .L [aN(J)-aNJ
J=l J=l

4 N(N+1) N N
E(5-E5) = (N-l )(N-2)(N-3).L [CN(j)-CN

J4 .I [aN(j)-aNJ4
J=l , =1
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For the two-sample statistics T. , CN(j) =1 if R. is from the jth grouplp J

and is 0 otherwise. Using the above moment formulas and the scores (2.2),

the coefficients ISl and 62 were calculated for a variety of Nand ni
and are displayed in Table 3.1. Since all the 62 values are less than 3.0, it

--- INSERT TABLE 3.1 HERE ---

5CCr.1S 1ike1j that use of standard nonna! critical values. will result in

conservative tests when ~ = O. However, due to the discreteness of the rank

tests, this need not be the case for small samples. For example, at n1 =10 and

n2 = 10 the square of the standardized Wilcoxon statistic satisfies
2P(TWILC ~ (1.645) ) = .1052. In general, Table 3.1 supports use of the

normal approximation with the individual rank statistics whenever ni and

N - n. > 10.
1

The column summary statistics TCOLi = L~=lT~p converge in distribution under

the null hypothesis to a x~. Here the moments are harder to calculate. The

first moment is obviously 4 due to the standardization of the individual T.•lp

For scores like (2.2) where the individual linear rank statistics are uncorre1ated

with variance = 1, tedious calculations yield
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where S2(P) is the coefficient of kurtosis of Tip' For the combinations

of Nand ni given in Table 3J, the variance of TCOLi is 4.462, 4.09.,

5.678, 5.267, 6.765, 6.546, 7.367, and 7.264 respectively. These values

suggest that use of x~ critical values (variance =8) leads to conservative tests.

However, the simple adjustment TADJi = [(TCOLi - 4)//var(JCOLi)J~ + 4

seems to give percentiles close to that of the x~ distribution. For example,

at a = .10 the critical value from a x~ distribution is 7.78, and Monte Carlo

replication of the adjusted statistic at (~l = 10, n2 = 10), (nl = 10, n2 = 30),

and (n l = 20, n2 = 20) gave estimated critical values of 7.95,7.83, and 7.88,

respectively.

Moment calculations for TGLOBE when k > 2 are very messy, but we can

anticipate from the k = 2 case above that use of chi-squared critical values

will lead to conservative tests. However, the above adjusted column summary

statistics may also be added to yield the adjusted overall statistic

Table 3.2 shows that TADJ is an improvement over TGLOBE but still slightly

conservative.

Lastly, \'ie could calculate second moments of the k-sample tests TvJILC '

etc., but other work (see references at the end of Sections 5.2 and 5.3 of

Conover, 1980) and the results in Table 3.2 suggest that the X~-l· limiting

distributions are reached fairly quickly. Approximations to the distribution

function of the row summary statistics may be obtained from Robinson (1980).

INSERT TABLE 3.2 HERE ---
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B. Asymptotic Distributions Under Alignment

Here we are interested in the null distribution of the linear rank

statistics after adjusting within each sample for location differences and

then after adjusting for both location and scale differences. Most of the

results given are asymptotic, and for simplicity we only study the two-

sample case.

Consider the aligned linear rank statistic
nl

S(a) = _1 L. cP (Rl ./ CN+l}) ,
ni j=l J

A

where Rlj is either

"1) the rank of Xlj - ~l among

or

2) the rank of (Xlj - ~l)/~l among

(3.1)

The score functions cPp of interest are the asymptotic versions of (2.2),

i.e., the Legendre polynomials cP2(t) = (180)1/2[(t - })2 - 1/12J,

cP3(t) = (7)1/2[20(t -1)3 - 3(t -1)J, and cP4(t) = 2l0(t -1)4 -

45(t - 1)2 + 9/8. In case 1) Jureckova (1979) has given conditions for

(~nl/n2)1/2[S(~) - ~(eO)J to be asymptotically nonnal with mean 0 and variance

- 22 Jl --1 j~l1 - 21 112 + A 12, where 1 1 = 0 cP(u)Q,(F (u))du, 12 = 0 cPCu)cP(u,f)du,

A2 = [ooQ,2(X)dF(X) - Cf-ooQ,CX)dF(X))2, the first sample has density fCx - ~11,

the second sample has density f(x - ~2)' Q,(x) is the influence curve of ~l

and ~2 at F(X)=f:oo f(y)dy, and cP(u,f) = _f'(F-l(u))/f(F-l(~)).



12

Table 3.3 gives the asymptotic standard deviations for <1>2' <1>3' and <1>4

---Insert Table 3.3 here ---

when means and medians are respectively substracted from the observations.

The di stri buti ons 1i sted are the normal, the t distri buti.on with 5 degrees of

freedom (t5), the Laplace with dens i ty f ex) = } exp C-I x11, the extreme va1ue

with distribution function f(xl = expC-expC-x}1, and the lognormal whose

log transform has variance = (~5)2. Hhen the distributions are symmetric,

the results for <1>2 and <1>4 are the same as for the nonaligned statistics. In

these cases only the Laplace at <1>3 in Tab.1e 3.2 is disturb.ing. The results

for the two skewed distrib.utions are more disturbJng, especially when

testing for scale. However, the lognormal with parameter a= .5 has

skewness coefficient 181 = 1.75 and the adverse effects seem to be monotone

in v13'"1. Thus, if heavy skewness is present in both samples, it is advisable

to transform the data before aligning. COf course, monotone transformations

do not affect the nonaligned statistics.) Another method of aligning is

to adjust 01 (or 02) until the Wilcoxon statistic is zero. This is the same

as subtracting the Hodges-Lehmann shift estimator median

{Xli - X2i ' 1 ~ i ~ n1, 1 ~ j ~ n2} from the sample 1 observati.ons. In

this case 2(X) is proportional to F(x) - 1and 11 = 0 for any Legendre score

function, and the asymptotic variance is just 1 + I~/12Cff2(Y)dy)2. In

Table 3.3 the asymptotic standard deviations are under the column headed

by "H-L", and we see that this approach gives the best results. The k-samp1e

extension is to use the residuals from R-estimation (e.g., McKean and

Hettmansperger, 1978) with ~Ji1coxon C<1>l) scores. If tile distributions are

symmetric, a much easier computational method which is asymptotically



13

equivalent is to subtract off the one-sample Hodges-Lehmann estimators

given by median {(X.. + X. k )/2, 1 < j < k < n.}.
lJ 1 - - - 1

For the case 2) adjustment of both location and scale there are no results

available at present. However, the approach of Randles (1982) may b.e used

along with Chernoff and Savage (1958) results to yield a fairly general

theorem for rank statistics with estimated parameters. The case 2)

results will then follow in a corollary.

Leg gl Cx,e) and g2Cx,e) be transformations such that gl CXll ,e) and

g2(X21 ,e) have distribution functions F1Cx,e) and F2Cx,e). We are interested
A

in 1i near rank statisti cs of the form (-3.1) where R.. is tbe rank of
- - lJ

gl(X1j ,8) among gl(Xll,8), •• .,91CX1n1,eJ, 92CX21,8), .. ·,g2(X2n2,8). The

Chernoff-Sav.age representation of the asymptotic mean of sCe) is

where H(x,e) = \NF1(x,e) + (1 - \N)F2(~,e) with \N = n1/N. We write ~(e)

when \N is replaced by its limit \. Following the approach in Section 3

of Randles (1982), write SCe) - llN(eOl as

(3.2a)

(3. 2b)

(3. 2c}

where from Chernoff and Savage (1958, p. 976) we have
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with

B(x,e) =I
X

<1>1 (H(x,e))dF2(x,e)
Xo

B*(x,e} =I
X

<I>'(H(x,e))dFl(x,e).
Xo

Randles method is to show that (3.2a) and (3.2~) are Op(N-1/2) and that

(3.2c) is asymptotically normal. Here we are able to use uniform convergence

results of Chernoff and Savage in place of the uniform differential method

that Randles employs. Let e have dimension p.

THEOREM 3.1. Let Xll' .•• 'Xln and X2l' •.• 'X2n2 be independent samples
1

such that gl(Xli ,8) and 92(Xlj ,8) have continuous distribution functions

Fl (x,8) and F2(x,8) for all 8 in a neighborhood NO of 80• Let ¢ be a score

functi on such that I N(i IN} :: ¢(i I (N+1)) sati sfi es conditions 1-4 of Theorem 1

of Chernoff and Savage (1958). Let See] = nilE<I>(Rlj/(N+ll where Rlj is the

rank of gl(Xlj ,8) among glCXll,8l,···,gl(Xlnl,e), g2(X21,8J, ••• ,g2(X2n2,8l.

Assume that nl ,n2, and N -+ 00 with AN = nl/N -+ A, 0 < A < 1. Then

1) (Chernoff-Savage uni form approximati on} for any E: > 0

p{ sup IS(8) - 11N(8) - [B1n(e) + B2N(e)J I > 1I 2} -+ 0 .
~~ N

2) if Nl/4 (8 - 80) = Opel), then 1) implies that (3.2a) = Op(N-1/2}.
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3) if Bex,S} and B*(x,S) satisfy Condition 2.3 of Randles (982) unifonn1y

for ~N in a neighborhood of ~ and N1/2e~ - eO) = 0p(l), then

(3.2b) = 0p(N-1/ 2).

4) if in addition to the conditions of 3) above we assume that ~N(S) has

a gradient Il]lN(S) which converges uniformly in a neighborhood So to the

nonzero gradient 6~(eO) and

then

provided 01L:0 > 0, where 0 1 = (l,ll~eeo)).

REMARKS. If F, CX ,60) = F2(x ,60), then ~N (60) = ~ (60) = f: ~Ct )dt.

Conclusion 1) is directly from the Chernoff-Savage proof. 2) follows the

argument of Lemma 3.6 of Randles (982). 3) is from Theorem 2.8 of

Randles (1982) since B1n + B2N is a sum of two U-s.tatistics, with the

slight complication that Bex,e) and s*Cx,e) depend on ~W 4) is similar

to Lemma 3.7B of Randles (1982) with again the complication that ~NCs) depends

on ~N.

Theorem 3.1 is of course more general than the work of Jureckova (J979)

and F1igner and Hettmansperger (1979) since they only consider location

alignment. But even in this case Theorem 3.1 provides new results. For

example, if q, has two derivatives which are bounded and F has a bounded

density f, then Theorem 3.1 holds whereas Jureckova requires f to have

finite Fisher information.
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Now we apply Theorem 3.1 for the case 2) situation where e = (Jll ,)12,al ,a2)

and gt(x,e) = (x- )11)lal and g2(x,e) = (x-)1)la2• Note that the corollary

applies to Legendre score functions since they have bounded derivatives of

all orders.

COROLLARY. Let Xll' ••• 'Xlnl and X2l' ••• 'X2n2 be independent samples with

distribution functions Fl(x) = F((X-)110)lalO ) and F2(x) = FC(x- lJ20) laZO) where

F has a bounded density f with finite first moment. Let S(el be given for

the case 2) location-scale adjustment by (3.11 where cj> is assumed to have
1

two bounded derivatives and standardized so that J cj>(t)dt = a and

f
l 2 a
a cj> (t)dt = 1. Suppose that

n. X
~. _ lJ = ai a I1

t ( i j -lJ i 0) + 0 (n:112), i = 1,2 ,
1 iO n i j=l 1 - aiO· p 1

and

n. X
a .a 1 .. -lJ •a 112cr. - 0. = _1_ I t (1 J 1 ) + 0 (n: ), i = 1,2 ,

1 10 n. . 1 2 0'0 P 1
1 J= 1

where ft j (x)dF(x) = a and a < Jt~(X)dF(X) < 00. If nl ,n2 and r~ such that

nl IN +;\, a < A< 1, then

where

with
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00 00

A~ =I_:iCX)dFCX) A~ =I-co.Q,~cx)dFCX)

A12 = [00.Q,1 (X).Q,2(x)dF(x) •

Table 3.4 gives asymptotic standard deviations when sample means and

standard deviations are used as estimators. The ¢3 results are the same for

symmetric distributions when aligning for only location. Also included in

---Insert Table 3.4 Here---

Table 3.4 are some t10nte Carlo estimates. based on 500.0 independent replications

using sample 10% trimmed means and standard deviations as well as the usual

means and standard deviations. Note that at nl = n2 = 20 the kurtosis tests

are conservative when using means and standard deviations and liberal

(except for the extreme valuel when using the trimmed estimators.

To summarize a bit, we note that the nice distribution-free character of

the statistics discussed in Subsection 3A is not preserved after alignment.

If the underlying distribution is symmetric then the scale and kurtosis

tests are asymptotically distri bution-free after subtracti ng off 1ocati on

estimators. However, even among symmetric distributions the shape of the

distribution can have a large effect on the skewness test. The Laplace

standard deviation of 1.24 in Table 3.3 is one example. For the same

situation the uniform distribution is worse (s.d. = 1.83) but the triangular

(sum of two unifonns) is much better (s.d. = 1.07), so that it is hard to

anticipate how liberal the skewness test using standard nonnal critical

values will be. In general, one should be cautious in interpreting the

p-values for the skewness test after aligning for location and also for the

kurtosis test after aligning for both location and scale.
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4. PITMAN EFFICIENCY

Pitman asymptotic relative efficiencies (ARE's) are straightforward

to calculate for linear rank statistics and help answer two questions

about the components Tip:

1) With what kinds of alternatives are the Tip associated?

2) For small departures from the null value, how does each

T. compare with the best possible test?lp

The results are of course asymptotic but experience has shown that ARE's

are reliable indicators of what to expect in finite samples. For two

sample linear rank statistics the Pitman ARE is [J6¢(u)¢opt(u)du]2,

where ¢(u) is the underlying score function standardized so that

J~¢(U)dU =0 and J6¢2(u)dU =1 and ¢opt(u) is the standardized score

function which maximizes the efficacy under the particular type of alter

native at hand (e.g., see Sect. 9.2 and 9.3 of Randles and Wolfe, 1979).

Table 4.1 lists the Pitman ARE in the two-sample case for a variety

of location, scale, skewness, and kurtosis type alternatives. Numerical

integration was used for some of the calculations. Location alternatives

F(x) versus F(x-e) and scale alternatives F(x) versus F(x/(l+e))

are we11 known and form the first part of the table. Here the base

INSERT TABLE 4.1 HERE

distribution functions F(x) considered were the standard normal, the t

distribution with S degrees of freedom (tS)' the Laplace with density

f(x)=~exp(-Ixl), and the extreme value distribution with

F(x)=exp(-exp(-x)). TheWilcoxon (¢l) andMood (¢2) ARE'satthe
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normal and Laplace are well known. The t 5 results are surprisingly

good. The low values of cl>3 for location and cl>4 for scale are

desirable.

Durbin, Knott, and Taylor (1975) suggest two types of skewness

alternatives. The first one is based on Edgeworth expansions of den-

sities using Hermite polynomials and has density

3 _k: _k:x2
f e(x) = [1 + e(3x- x ) J( 21T ) 2 e 2 •

The second is based on Fourier expansions and has density

fe(x) = [1 + e sin(3nF(x» Jf(x) ,

where F(x) is an arbitrary distribution function with density f(x).

Using the same idea, a third type based on Legendre polynomials was added,

f e(x) =[1 + e(20 (F(x) -1/2)3 - 3(F(x) -1/2) )Jf (x) .

Although the first density is connected to the normal distribution, the

latter two are nonparametric so that the results do not depend on the

form of F(x). For kurtosis alternatives Durbin, Knott, and Taylor

(1975 ) suggest

fe(x) =[1 + e(x4_6x2+3)J(2n)-~e-~x2

and
f e(x) = [1 +e sin(4nF(x» Jf(x) .

The Legendre type is

fe(x) = [1 + e(2l0(F(x) - 1/2)4_ 45(F(x)- 1/2)2+ 9/8)Jf(x) .

In Table 4.1 these alternatives are listed by the type of expansions. used -

Hermite, Fourier, or Legendre. The optimal score functions are those

associated with aNi3 and aNi4 of (2.4) for the Hermite, of (2.3) for
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the Fourier, and of (2.2) for the Legendre. ¢3 and ¢4 are not very

effective for the Hermite alternatives. As mentioned by Durbin, Knott,

and Taylor (1975), these alternatives are "heavily dominated by behavior

in the tails." ¢3 and ¢4 are naturally optimal at the Legendre and

reasonably efficient at the Fourier alternatives. The 91 and ¢2

values are all appropriately low in the second half of Table 4.1.
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5. MONTE CARLO POWER ESTIMATES

Finite sample power properties of the proposed statistics were studied

in a limited r~onte Carlo experiment. For the two-sample case

(n l = 20, n2 = 20) 15 different population pairs \'/ere considered and are

listed in Table 5.1. These are basically a variety of location and scale

INSERT TABLE 5.1 HERE ---

shifts involving the normal distribution, the t distribution \'Jith 5 degrees

of freedom, and the extreme value distribution F(x} = expC-expC-x}).

Each shift is measured in mean and variance units. For exaople

EV(.5, 2.25} stands for an extreme value distribution with mean = .5

and variance = 2.25. In each situation 5000 independent Monte Carlo sets

of independent samples were generated, and the proportion of test

rejections is reported. Three alternative oonibus tests were included

for comparison with TGLOBE. The first is the "continuous" version of the

Anderson-Darling statistic mentioned in Section 2

AD = -(N/nln2}{n~ - 2n~ log(N+l)

nl
+ j~l (2j -l)[109(Rl(j}) + l09(N+l-Rl(n

l
+l_j}1J} ,

\A/here Rl( l) , .. .,Rl (n
l

) are the ranks in the fi rst sample ordered from

smallest to largest. AD has the same asymptotic distribution as the one

sample Anderson-Darling test for uniformity (see Pettitt, 1976 and 1979).

Another competitor is the "continuous" Cramer-von Mises statistic

nl [Rl (j) _{j - t} 2 1
CVM = L N+l n

l
J +~l

j=l
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\'/hich has the same asymptotic distribution as the usual (unweighted)

Cramer-von ~lises test for uniformity. The third test is the two-sample

Kolmogorov-Smirnov test

KS = sup!Fn (x) - Fn (x)1 ,
x 1 2

where F and F are the empirical distribution functtons of the two
nl n2

samples. Asympxtic critical values were used in Table 5.1 for
2

T~HLC - TKURT(Xl) and for AD and CVM. The percentiles of TGLOBE were

estimated by Monte Carlo although the simple adjustment suggested in

Section 3 works well, and the KS test was randomized to get an exact

a = .10 test using the tables of Kim and Jennrich (1970J. A check on

these critical values using standard normal samples gave empirical

powers of (.105, .102, .104, .098) for TUlLC - TKURT and (.102, .094,

.105, .103) for TGLOBE' AD, CV~1, and KS v/ith standard deviation

G(.9)(.1)/5000J l / 2 = .004.

REMARKS ON TABLE 5.1

1) The individual components appear to detecting the appropriate

alternatives except for TGLOBE. Apparently the kurtosis difference

which T4 measures is not big enough for these pairs of distributions.

2) Among the omnibus tests, TGLOBE is best for the pure scale

situation, for the "different types-equal location situation," and for

the EV(O,l) versus t 5(.5, 2.25). The other omnibus tests dominate

TGLOBE for pure location shift, for the t s location-scale shift, and for

the N(O,l) versus t S(.5, 2.25). The tests are approximately comparable

in the other situations.
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3) 10% trimmed means and trimmed standard deviations were used to

align the samples. The location alignment is helpful in detecting scale

differences in the location-shift models and in detecting skewness

differences in the "different types - location-shift situation." The

tendency for aligned tests to be too liberal (true a > .10) shows up

most clearly in the last two columns of Table 5.1 for the extreme value

distribution.

Another design studied is the four-sample problem with

nl = 10, n2 = 30, n3 = 10, and n4 = 30. The k-sample versions are

computed for all but the KS by adding the individual two-sample statistics

weighted by (N-ni)/N (see also Kiefer, 1959). Asymptotic distributions

are equal to the k-l convolution of distributions obtained in the two

sample case. For CVM and KS the critical values were obtained from

Kiefer (1959). For TWILC - TKURT the x~ was used, and the critical

values for TGLOBE and AD were obtained by f10nte Carlo. Acheck with

all sar.lples from the standard nonnal gave empirical power of (.096,

.089, .105, .103) for Tl'JILC - TKURT and (.107, .101, .095, .099) for

TGLOBE' AD, CVr1, and KS. Table 5.2 lists the empirical power for

5 situations involving the norr~al and extreme value distribution.

TGLOBE dominates the other omnibus statistics for all but the last

siutation. Alignment is once again useful for detecting scale and

skewness differences.

--- INSERT TABLE 5.2 HERE ---
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6. EXAr1PLES

A} Barnett and Eisen (1982) compare rainfall at New York's Central

Park for February and August of 1950-1979. In this two-sample problem

we have nl = n2 = 30 (see their Table 3 for the actual data). They

note that a variety of nonparametric tests are not significant at the

a. = .10 level but that their D statistic has a p-value of .04. A stem

and leaf plot is quite useful and reveals that August has two large

values 9.37 and 13.82 which dominate the comparison of the usual sanple

statistics (X, s, v'Dl' b2) = (3.34, 1.28, .14, 2.02) for February and

(4.37,2.64,1.63, 6.79) for August. The initial linear rank analysis

is resistant to outliers and yields (Tll' T12 , T13 , T14 , TGLOBE) =

(-1.60, -1.35, -1.75, -1.15, 8.75) using midranks to break ties. The

summary statistic 8.75 is adjusted by its null standard deviation 2.65

to get 9.07 and from a x~ distribution has p-value ~ .06. Since the

standardized Wilcoxon statistic is fairly large, we must first align for

location before interpreting the other cOr.1ponents. After subtracting

off the 10% symmetrically trimmed means 3.31 and 4.07, we get

(T", T12 , Tl3 , T14 ) = (.22, -2.44, -1.24, .58) which gives stronger

evidence for a scale difference. The data was then divided by 10%

symmetrically trimmed standard deviations .96 and 1.42 to get

(Tll , T12 , T13 , T14 ) = (-.04, .06, -.93, -.11). This last result suggests

that the population differences are mainly in location and scale.

S} Figure 6.1 is a stem and leaf plot of data given by Oskamp (1962)

and used by Lehmann (1975, p. 254) to illustrate k-sarnple rank procedures.

The numbers are actually percentages of correct predictions of patient

---INSERT FIGURE 6.1 HERE---



25

disorders by three different groups - staff and trainees at VA hospitals

and undergraduate psychology majors. The initial linear rank analysis is

given in Table 6.1. Clearly, there is a location difference

INSERT TABLE 6.1 HERE ---

(;JILC = 11.08, p < .005), staff are different from the combination of

trainees and undergraduates (JCOLl = 16.38, P < .005), and undergraduates

appear to be different from the combination of staff and trainees

(TCOL3 = 8.09, p ::: .07 from adjusted x~). However, a two-sample comparison

(not shown) of trainees and undergraduates is not close to significance

(p > .5). After subtracting off (approximately) 10% symmetrically trimmed

means 73.1,70.9, and 70.2, respectively, the scale row is

(-.72, -.23, .88, TMOOD = .87), the skewness row is (-.43, .59, -.18,

TSKEU = .39), and the kurtosis row is (-2.27, .16, 1.93, TKURT = 5.93).

Thus, the analysis suggests no scale or skewness differences but rather

kurtosis differences (TKURT = 5.93, P = .05).

C) The data in Table 6.4 is the ratio (mi!lltiplied by 100) of assessed

value to sale price or residential property in Fitchburg, t1assachusetts,

in 1979. This data was provided by A. R. Manson and consists of four

groups: single family dwellings, nl = 219, two family dwellings,

n2 = 87, three family dwellings, n3 = 62, and four or more fanily dwellings,

n4 = 28. These are not true random samples but are actually all the

residential property which sold as lIannls-lengthll transactions during

1979 in Fitchburg. However, we shall treat them as iid random samples

from i nfi nite popul ations for ease of inference and i 11 ustrati on. Note

that there are a number of large observations which force the use of
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robust procedures or at least some ad hoc data screening. Table 6.2

INSERT TABLE 6.2 HERE ---

gives the initial linear rank analysis. The first column shows that

there is a clear difference between single family dwellings and\the

combined population of two or more family dwellings. After substracting

medians, the single family column becomes (-.83, -7.47, -1.32, _.67)T,

and after further dividing by interquartile ranges, the first column

is (-1. 34, -.16, -3.26, -1. 45) T. Thus, the di fference between the fi rst

group and the other three consists mainly of location, scale, and to a

lesser degree skewness differences. When single family dwellings are

deleted, the rank analysis is given by Table 6.3. There appears to be

---INSERT TABLE 6.3 HERE---

skewness differences (11.25, p < .005) and the individual skewness

statistics (3.26, -1.79, -2.12) suggest a decreasing trend in right

tailed skewness. A final analysis of groups three and four by themselves

revealed no significant differences.



Table 1.1. Linear Rank Statistics

Alternative Underlying Score Function Group 1 Group 2 ·.. Group k k-Sample Tests
Location Wilcoxon = u - 1/2 Tll T21 \1

- Lk N-ni .2·.. TWILC - 1(--)Til
N

Scale Mood = (u - 1/2)2 - 1/12 T12 T22
k N-n i 2·.. \2 TMOOO = Ll(--N--)Ti2

Skewness 20(u - 1/2)3 - 3(u - 1/2)
k N-ni 2

T13 T23 ·.. Tk3 TSKEW = Ll(--U--)Ti3

210(u - 1/2)4
k N-n. 2

Kurtosis T14 T24 ·.. Tk4 TKURT = Ll(~)Ti4
- 45(u - 1/2)2 + 9/8

4 2 4 4 2 k N-n.
TCOLl = L T1P TCOL2 = L T2 2. •. TCOlk = L Tk TGLOBE = Ll(~)TCOLi

p=l p=l P p=l P

N
"'-J



Table 3.1. Coefficients of Skewness and Kurtosis for the Null Distribution
of Linear Rank Statistics Having Scores (2.2)

Til (Wilcoxon) Ti2 (Mood) Ti3 Ti4
N n. ISl B2 ISl B2 ISl B2 ISl B21

12 3 0 2.56 .22 2.55 0 2.56 .01 2.57

12 6 0 2.69 0 2.65 0 2.70 0 2.78

20
,..

0 2.74 .17 2.73 0 2.73 .09 2.73::>

20 10 0 2.82 0 2.79 0 2.78 0 2.81

40 10 0 2.87 . 12 2.86 0 2.86 .08 2.86

40 20 0 2.91 0 2.89 0 2.88 0 2.88
80 20 0 2.93 .08 2.93 0 2.93 .06 2.93

80 40 0 2.95 0 2.95 0 2.94 0 2.94

28
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Table 3.2. Estimated P(Type I error) of Summary Stati stics Using
Chi-Squared Critical values at a = .10.

TWILC TMOOD TSKEW TKURT TGLOBE TADJ

n1 n2 n3 n4

5 5 5 5 .091 .088 .089 .094 .053 .084

10 10 10 10 .093 .097 .095 .092 .081 .094

5 15 5 15 .092 .093 .096 .099 .082 .092

20 20 20 20 .091 .085 .095 .097 .082 .088

10 30 10 30 .093 .102 .097 .104 .095 .100

Note: Entries have standard deviation ~[(.1)(.9)/5000Jl/2 = .004.
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.able 3.3. Asymptotic Standard Deviations of Linear Rank Statistics after Adjusting
for Locati on

Score Function <P2 (Scale) !3 (Skewness) ~ (Ku rtosis )

Family Estimator Mean Median H-L Hean Median H-L r·1ean Median H-L

Norma1 1.0 1.0 1.0 .98 1.10 1.02 1.0 1.0 1.0
t 5 1.0 1.0 1.0 1.02 .94 1.00 1.0 1.0 1.0
Laplace 1.0 1.0 1.0 1.24 .94 1. 07, 1.0 1.0 1.0
Extreme Value 1.19 1.14 1.09 .98 1.15 1.03 1.04 1.02 1.01
Lognonnal (0"=.5) 1.44 1.29 1.18 1.01 1.27 1.08 1. 12 1.08 1.05

Note: IIH-L II refers to the two-sample Hodges-Lehmann shift estimator median
{Xlo - X2 o, 1 < i < nl , 1 < j < n2 }.

1 J - - --

able 3.4. Standard Deviations of Linear Rank Statistics after Adjusting for Location ... Su.le

Estimators Mean and S.D.
n =00 n =20
nl=oo nl =20
2 2

Mean and S.D.
n =00 n =20
nl:oo nl =20
2 2Family

Score Function !3 (Skewness)
Trimmed (a=.l)
r~ean and S.D.

n -20
nl :20

2

~ (Ku rtosis)
Trimed (a=.l)
~1ean and S.D.

n =20
nl =20

2

Normal
t 5
Laplace

Extreme Value
Lognormal (0"=.5)

.98 1.04 1.05 .93 .97 1.10
1.02 1.09 1.04 .94 .96 1.05
1.24 1.20 1.11 .91 .96 1.04
1.10 1.11 1.10 .94 .95 .91
1. 31 1. 19 1.17 1.08 .94 1.10

Note: At nl = 20, n2 = 20 entries are Monte Carlo estimates with standard deviation ~ .01.
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Tab1e 4.1. Pitman Efficiencies of the Components

Location Alternative Scale Alternative
Family <P 1 cf>2 cf>3 <P4 cf>1 cf>2 cf>3 cf>4-- - -
Normal .955 a .03 a 0 .76 a .14
t 5 .99 0 .00 a a .93 a .05
Laplace .75 a .11 a a .87 a .06
Extreme Value .75 .14 .05 .02 .03 .67 .03 .13

Skewness Alternative Kurtosis Alterna ti ve
Type cf>1 cf>2 cf>3 cf>4 cf>1 cf>2 93 cf>4- - - - - - -
Hermi te .03 a .42 a a .14 a .09
Fourier . 01 a .80 a a .08 a .62
Legendre a a 1.00 a 0 a a 1.00
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~'ble 5.1. Empirical Power in Two-Sample Case, n1 = 20, n2 = 20.

Aligned for
Location &

Populations Components Omnibus Tests Aligned for Location Scale
,iii

1 2 T~JICL Tr.100D TSKHJ TKURT TGLOBE AD CVM KS TMOOD TSKHl TKURT TSKEH TKURT

Location Shift
N(O, 1) N(.5,l) .45 .08 .09 .08 .27 .41 .43 .37 .11 .11 .10 :11 .14
t 5(0,1) t 5(·5,l) .53 .08 .09 .08 .33 .49 .52 .46 .11 .11 .11 .11 .11
EV(O,l EV(.5,1) .52 . 15 .08 .07 .36 .50 .51 .46 •17 .11 .11 · 13 .14

Scale Shift
N(O,1) N(0,2.25) .11 .42 .08 .11 .28 •17 .16 .16 .44 .08 .12 .12 .14
t5( 0,1 ) t 5(0,2.25) · 11 .36 .09 .09 .23 .16 .15 .16 .39 .09 .10 .12 .11
EV(O,l) EV(0,2.25) •12 .46 .08 .11 .31 · 19 .18 .18 .47 .09 .11 · 13 .14

Location-Scale Shift
N(O,1) N(.5,2.25) .32 .38 .07 .10 .37 .37 .36 .34 .44 .08 .12 .11 .14
t 5(0, 1) t 5(.5,2.25) .39 .32 .09 .08 .39 .42 .44 .41 .39 .09 .10 .12 .11
...·'(0,1) EV(.5,2.25) .28 .25 .09 .10 .27 .29 .31 .29 .45 .09 .11 .14 .13

Different types - Equal Location and Scale
N(O,l) EV (0,1) · 12 .12 .22 .09 .17 · 12 .13 .13 · 15 .23 .09 .23 .13
N(O,1) t 5(0,1) .11 .14 .10 .11 . 13 .10 .11 .11 .15 .11 .11 .11 .14
EV(O,l) t 5(O,1) •12 .12 •19 .10 .17 .11 .13 .13 •13 .20 .10 .22 •12

Different Types - Location-Scale Shift
N(O,1) EV(.5,2.25) .22 .21 .17 .08 .23 .23 .22 .20 .32 .17 .10 .23 •12
N(O,l ) t 5(.5,2.25) .37 .22 .08 .11 .31 .38 .39 .36 .26 .09 .14 · 12 •14
EV(O,l) t 5(.5,2.25) .22 .34 •13 .09 .30 .26 .25 .25 .46 . 15 .08 .23 · 13

Note: Entries are the proportion of test rejections in 5000 Monte Carlo replications.
Standard deviation ~ (4~5000)-1/2 = .007. N(a,b), t5(a,b), and EV(a,b) stand for
normal, t 5, and extreme value distributions with mean a and variance b.



Table 5.2. Empirical Power in Four-Sample Case, nl = 10, n2 = 30, n3 = 10, n4 = 30. Nominal Level a = .10

Aligned for
Populations Components Omnibus Tests Aligned for Location Location &Scale

2 3 4 TWILC TMOODTSKEW TKURT TGLOBE AD CVM KS TMOOD TSKEW TKURT TSKEl'l TKURT
N( 0,1) N(.5,1) N(0,2.25) N(.5,2.25) .32 .50 .10 •12 .49 .45 .39 .33 .54 .07 .13 .10 .14

EV(O,1) EV(.5,1) EV(0,2.25) EV(.5,2.25) .41 .59 .14 .14 .61 .57 .49 .44 .59 .08 .13 .13 . 13

N(O,1) N(O,l) EV(O,l) EV(O,1) .11 . 12 .23 .10 •19 .13 .12 .13 .17 .22 .08 .23 .11

N(O,l) N(O,l) EV(.5,2.25) EV(.5,2.25) .24 .23 . 19 .09 .31 .30 .25 .22 .39 .15 .11 .24 .11

N(O,l) N(.5,2.25) EV(O,l) EV(.5,2.25) .25 .24 .19 .08 .30 .30 .31 .31 .47 .15 .07 .24 .11

Note: Entries are the proportion of test rejections in 5000 r10nte Carlo replications. Standard deviation ~ (4.5000)-1/2 = .007.
N(a,b) = normal distribution with mean and variance b. EV(a,b) = extreme value distribution with mean a and variance b.

w
w



Figure 6.1. Percentage Accuracy of Predictions from Oskamp (1962)
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Staff, n1 = 21
x

X X X X X
X X X X X X

X X X X X X X X X

Trainees, n2 = 23
X X
X X X

X X X X
X X X X X

X X X X X X X X X

Undergraduates, n = 283 X
X X X X
X X X X

X X X X X X X
X X X X X X X X X X X X

58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76



Table 6.1. Linear Rank Analysis of Oskamp Data (no alignment)

Staff Trainees Undergraduates

Wilcoxon 3.27 -.88 -2.21 11.08
Mood 1.49 -1.09 -.44 2.50

Skewness 1. 93 -.13 -1. 74 4.53
Kurtosis .45 -.61 .04 .40

16.88 2.36 8.09 18.51

Null distributions: Entries ~ standard normal, column 2
5.5. ~ X4 ',...

row 5.5. ~ X2 t- .

Table 6.2. Linear Rank Analysis of Fitchburg Data (no align~ent)

35

Four or
Si ngl e Family Two Family Three Family More Fami ly

Wilcoxon -6.38 2.24 3.94 3.18 I 44.57I
Mood -5.31 2,23 2.53 3.11

I
30.85I

Skewness -.66 2.33 -.98 -1.10 6.37
Kurtosis -,48 .90 -,60 .33 1. 13

69.55 16.22 23.21 21.09 82.92

Null distributions: 2Entries ~ standard normal, column 5.5. ~ X4 '

row S. S. ~ X32 •

Table 6.3. Linear Rank Analysis of Fitchburg Data Without Single Family
Dwellings (no alignment)

Two Fami ly Three Family Four or rlore Familv

~Ji 1coxon -1.60 .73 1.25 2.95
r100d .66 -1.00 .42 1.03
Skewness 3.26 -1.79 -2.12 11.25
Kurtosis -.72 -.29 1.36 1.87

14.11 4.84 8.07 17.11
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Table 6.4. Ratios of Sale Price to Assessed Value of Residential
Property in Fitchburg, Massachusetts, 1979

Group 1 - Single Family Dwellings, nl =219

30.90 64.52 68.82 72.03 75.69 78.21 80.77 84.30 87.05 91.98 98.77
41.43 64.76 68.85 72.10 75.92 78.44 81.12 84.43 87.45 92.11 98.91
43.40 65.04 69.13 72.10 75.94 78.48 81.37 84.68 87.73 93.07 99.08
45.85 65.26 69.19 72.24 75.95 78.62 81.48 84.68 87.83 93.12 99.09
49.92 65.41 69.62 72.68 76.56 78.78 81.50 84.84 88.11 93.29 99.32
54.52 65.60 69.69 72.90 76.84 79.50 81. 54 84.96 88.57 93.33 100.00
55.17 66.13 69.71 73.56 76.98 79.56 81.86 85.07 88.65 93.51 101.08
57.34 66.29 69.72 73.75 77 .23 79.58 81.88 85.07 89.00 94.42 101.64
58.76 66.33 69.73 73.76 77 .32 79.63 82.05 85.59 89.26 94.51 102.21
59.53 66.54 69.86 73.84 77 .38 79.64 82.32 85.68 89.48 94.57 105.90
59.58 66.57 69.91 73.85 77 .43 79.70 82.39 85.71 89.82 95.03 108.09

60.05 66.71 70.23 74.13 77 .54 79.85 83.10 86.05 89.83 95.23 110.28
60.16 67.12 70.62 74.31 77 .66 79.91 83.58 86.12 90.09 95.36 110.39
60.86 67.44 70.72 74.55 77 .69 79.94 83.65 86.39 90.26 95.37 110.67
61.38 67.46 70.79 74.64 77.78 79.95 83.69 86.47 90.54 95.50 116.71
62.50 68.00 70.87 74.95 77 .80 80.46 83.78 86.65 90.60 96.24 121.10

62.93 68.08 70.97 75.10 77 .92 80.53 83.95 86.70 90.62 96.63 155.83
63.64 68.21 71.46 75.32 78.11 80.53 84.00 86.84 90.62 96.88 158.82

63.74 68.36 71.63 75.33 78.12 80.75 84.02 86.95 90.97 97.31 171.57

63.90 68.60 71.86 75.42 78.14 80.76 84.16 86.96 91.93 98.75
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Table 6.4 continued

Group 2 - Two Family Dwellings, n2 =87

54.83 67.04 72.56 76.40 79.97 84.36 93.54 96.96 113.38 139.30 184.80
55.59 67.40 73.42 76.57 80.15 84.80 93.73 97.58 114.30 139.79 203.10
56.85 67.52 74.01 76.64 80.42 84.81 94.04 97.67 115.60 140.07 233.17

58.28 69.02 74.72 77 .36 81.22 85.68 95.16 99.27 116.36 150.06 258.24
59.03 69.80 75.00 78.00 81.24 86.39 96.12 100.11 127.00 166.00 464.17
59.77 70.52 75.46 78.40 82.42 87.54 96.16 100.45 128.79 169.57 729.98
63.87 71.53 75.62 78.84 82.81 90.07 96.44 100.70 130.00 172.41 2148.94
64.30 72.31 76.12 79.58 83.77 90.33 96.44 112.03 132.63 181.31

Group 3 - Three Family Dwell i ngs, n3 = 62

25.62 67.26 77 .67 83.05 87.21 95.16 105.48 111.00 124.50 136.79 196.48

51.01 67.48 78.53 83.10 88.62 98.09 106.04 111.02 124.85 140.20 201.29

52.84 70.43 82.00 84.63 89.15 99.55 107.30 111.70 125.71 141.73
62.38 72.85 82.24 85.43 89.17 102.48 108.19 116.11 129.50 164.11

63.61 73.09 82.31 86.88 92.93 103.08 108.40 116.47 133.92 175.20

63.92 75.42 82.64 87.04 92.95 104.36 108.73 121.12 136.31 195.14

Group 4 - Four or More Family Dwellings, n4 =28

22.05 69.56 84.90 89.52 98.33 107.46 118.88 125.10 142.57 2854.00

37.79 71.32 85.76 90.00 102.39 112.83 119.91 129.14 152.34

43.54 76.84 88.77 97.40 102.50 115.50 119.91 131.95 487.48
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