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Abstract

A discrete stage-structured matrix model and a continuous ordinary differential equation
model, both governed by fecundity and survival of the species, are presented. Both are applied
to data collected for the East Coast Akalat, a Kenyan bird whose population is in decline. The
effects of observation error and sparsity of data on the resulting accuracy of parameter estimation
in the models are presented and discussed, and bootstrapping methods are used to quantify
parameter estimate confidence. The importance of a systematic bird observation schedule and
improved bird age determination protocol are described, and suggestions for techniques to lessen
observation error are presented.

Key Words: East Coast Akalat, inverse problems, parameter estimation, Leslie models, continuous
models, ordinary least squares, model simulations and comparison.

1



Introduction

Kenya is home to some of the world’s most rare and fascinating species, including the East Coast
Akalat, a small robin whose population is considered Near Threatened by BirdLife International [1].
The estimated size of this African bird’s current population varies between experts, with a range
between 10,000 and 20,000 full adults [1], most of which are found in Arabuko-Sokoke Forest (ASF)
in coastal Kenya. This forest provides a habitat to several species currently on the International
Union for Conservation of Nature Red List of Threatened Species [2]. Due to habitat destruction by
extensive illegal tree logging and displacement of other species, the conservation of ASF is crucial to
the preservation of this fragile species. A Rocha Kenya (ARK), a non-profit conservation organization
centered in Watamu, Kenya, is committed to engaging with and educating the community to conserve
the forest [3]. Through various forms of data collection, we have been studying a variety of wildlife,
both abundant and threatened, in the forest.

For over a decade, scientists in collaboration with ARK have been studying the general trends
of the akalat population as well as the effects of habitat disturbance and forest type on the wildlife
of ASF [2, 4, 5]. However, to utilize the data to its full potential, to gain a deeper understanding
of the dynamics of the akalat population, and to make confident projections of the future state
of population, one should employ appropriate mathematical models. In this report, we describe
our attempts to model the akalat population with 14 years of bird ringing data collected by ARK.
Several models were unsuccessful, and we found that, while still very crude, the Leslie Matrix Model
and a continuous differential equation model both possess the potential to provide insight into the
underpinning reasons of population decline.

1 Data Collection Procedure

Our data was collected in the north-eastern corner of ASF called the Gede Nature Trail. Each
observation session consisted of bird netting and tagging for two consecutive days. The team chose
an area undisturbed by humans which allowed for the installation of 180 total meters of nets. The
team sought to minimize any interference with the surrounding environment during the temporary
installation of the nets. During the evening before day 1, the team set up nets in a consistent location,
and furled the nets as to not entrap any animals. On day 1 before sunrise, the nets were unfurled and
the researchers travelled to each net every 30-40 minutes checking the nets for birds. Akalats (and
all other birds) present in the nets were carefully removed from the nets and taken to the banding
station where each bird was gently fitted with a uniquely numbered metal band. Using plumage
characteristics and the moult pattern, the age of the bird, and the sex if possible, were determined.
Biometrics including wing-length, skull + bill length (“head”) and mass were also measured and
recorded as well as a moult progression in the flight feathers. If a bird was caught which already had
a band, the number was simply recorded and the various measurements were repeated. This process
was repeated for four hours and the team then furled the nets until the following day. The process
was repeated on day 2, and the nets were then disassembled. Data was collected in 24 sessions over
14 years, at non-uniform time intervals with consistent ringing effort (length and location of nets).

Each bird was categorized, if possible, by an age class: immature, subadult, or full adult. The
birds whose ages could not be determined were classified in the Unknown Age category. The East
Coast Akalat data is summarized in Table 1.
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Session Immature Subadult Full Adult Unknown Total
Dec 1999 0 1 0 0 1
Feb 2000 2 0 0 0 2
Oct 2000 3 1 2 3 9
Nov 2000 1 0 1 0 2
June 2001 0 1 2 0 3
Aug 2001 0 0 4 2 6
Aug 2002 0 0 3 0 3
Sept 2002 0 1 1 0 2
May 2003 0 0 1 0 1
Feb 2005 0 1 4 0 5
Sept 2005 0 2 2 2 6
Oct 2007 0 0 1 0 1
Apr 2008 0 0 1 0 1
June 2008 0 0 2 0 2
Jul 2008 0 0 2 0 2
Aug 2008 0 6 3 0 9
Sept 2008 3 0 0 0 3
Oct 2008 1 0 2 0 3
Nov 2008 1 0 2 0 3
May 2009 0 1 3 0 4
Feb 2010 0 0 1 1 2
Sept 2010 1 0 1 0 2
Feb 2012 2 0 2 2 6
May 2012 1 0 2 0 3

Table 1: East Coast Akalat bird captures from 24 ringing sessions organized by life stage.
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2 Discrete Leslie Matrix Model and other Attempts

Several known models were considered in attempting to model this population, including several
single variable models (ages being ignored and looking at the overall trend of the population), and
continuous multivariable linear matrix models, which were not supported by the data. Due to the
sparsity and noise in the data (which will be later discussed in more detail), we made several attempts
to re-consider the data and re-formulate the model. However, we ultimately chose to proceed with a
3−dimensional Leslie matrix model (as seen in (1)), a discrete model which uses the age distribution
classes (as seen in Table 1), reproductivity and survival rates to make projections about future
population densities. While there are some variations, the general m−dimensional Leslie matrix is
given by

A =


F1 F2 F3 . . . Fm
G1 0 . . . . . . . . .
0 G2 0 . . . . . .

. . . . . .
. . . . . . . . .

0 . . . 0 Gm−1 0

 (1)

where Fi represents the fecundity in units [ offspring
time·individual ] of the ith stage, Gi represents the survival

rate in units [ 1
time

] from the ith stage into the i+ 1st stage and m is the total number of stages.
In this model, the unit of time is one month. In addition, we assume that the population is

50% male and 50% female (which is consistent with our data). Therefore, our fecundity rate will be
half of that of the average female. We assume that every individual per class has the same survival
and fecundity rates. We chose to use three separate stages because a) ARK had already categorized
them in this way, and b) these three stages are fundamentally different in terms of survival rate and
reproduction. It is assumed that immature and subadult birds cannot reproduce (if any, subadult
reproduction is trivial due to a lesser fecundity and a very short average amount of time spent in
this life stage). Therefore, in our model, we only have one fecundity, F3, to estimate. In addition, we
expect that as a bird progresses from one stage to the next, its survival rate increases. While there
is no known data on the amount of time spent in each class, we estimate that the akalat spends less
than 6 months in the immature stage and between 6-12 months in the subadult stage. The akalat’s
lifespan is not known with certainty and can vary greatly, but we estimate that they can live on
average between 7-10 years, with some recorded cases of bird survival past 15 years, (inferred from
re-trap data). Therefore, the bird spends the majority of its life in the full adult stage. For this
reason, we also include a parameter, P3, which represents the survival rate per unit of time within
the full adult stage. The variables and parameters are summarized in Table 2 and the full model is
presented in (2) by

xj+1 =

x1,j+1

x2,j+1

x3,j+1

 =

 0 0 F3

G1 0 0
0 G2 P3

x1,jx2,j
x3,j

 . (2)

Note that we will denote a vector, x as x over the sometimes preferred notation ~x.
A constant value for each parameter within the Leslie matrix suggests that at each time point, j,

the survival probability and fecundity rate of an individual bird within a life stage remain the same.
While this may be reasonable for survival, it is certainly not true for reproduction. The East Coast
Akalat, like many other birds has a distinct breeding season(s) in which birds reproduce, while the
birds remain non-reproductive throughout the rest of the year. The breeding season is most likely
through the months of October, November and December during the short rains in Kenya. While
the incubation period of the akalat is unknown, experts suggest that the incubation period of the
American Robin, a comparable bird (although one must consider the differences between temporal
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Variable Physical Description
x1,j Immature population at time j
x2,j Subadult population at time j
x3,j Full adult population at time j

Parameter Physical Description
F3 Fecundity of full adult
G1 Survival of immature into subadult stage
G2 Survival of subadult into full adult stage
P3 Survival of full adult within full adult stage

Table 2: Summary of variables and parameters.

and tropical species), is approximately 12-14 days [8], although it can be slightly longer. Therefore,
with the assumption that the incubation period is less than one month for the akalat, we assume that
young will hatch in November, December, and January. Therefore, we let the full adult fecundity
rate, F3, be a piecewise constant function, given by

F3(j) =

{
F̂3 if j = 12k + 1, or j = 12k + 11, or j = 12k

0 otherwise ,

for some non-negative integer, k (representing a year). For simplicity of notation, when we report F3

in our subsequent parameter estimates, we are actually referring to the non-zero fecundity rate F̂3

representative of the fecundity of an individual bird during the breeding season.

3 Parameter Estimation Technique

The relationship between the raw data and the theoretical model involves a process of parameter
estimation, also called the inverse problem. Using appropriate numerical techniques, we sought the
particular set of parameters that would minimize the residual between the collected data and the
output of the model. From our model (2), we can see that the model output at time k can be written
as

xk+1 = F(tk,xk,q) (3)

for some function F where q = [F3, G1, G2, P3]. Note that we consider a 15-year period in our model,
as our data spans nearly 15 years. Therefore in our case, k = 1, 2, . . . , 180 (representing time in
months). Therefore, with this time scale, k = 1 represents Jan 1999, k = 2 represents Feb 1999,
and so on. However, we do not have data for each k, nor are they consistently spaced over time.
Therefore, our observations can be written as

yj = f(tj,q), j = 1, . . . , n, (4)

for a function f where n = 24 is the number of observations. For simplicity in notation, we will refer
to the model output corresponding to the jth observation, as xj although this is not truly the jth

model output, as the model is computed for k = 1, . . . , 180. In other words, x1 is the equivalent of
the model output of December 1999, and x2 is the model output of Feb 2000, and so on. When we
minimize the residual (below in (6)), we are simply minimizing the sum of the squared differences
between the model output and the data points at the times at which we have data, and not at all
180 simulations. Let q0 represent the true parameters which hypothetically exist (dependent on the

5



existence and accurate choice of model given the available data, which is almost certainly non-existent
for this simple model). Then we can write our observations as realizations {yk} of the random vector
Y = {Yk} with corresponding absolute observation errors as follows

yk = f(tk,q0) + εk (5)

where εk is a realization of the random vector E = {Ek} where Ek are assumed to be independent and
identically distributed (i.i.d.) with mean zero (E(Ek) = 0) and constant variance ~σ2

0. Let QAD be the
admissible set of parameters. Because of the nature of our model, QAD = [0,∞)× [0, 1]× [0, 1]× [0, 1].
Using the method of ordinary least squares (OLS), let

qOLS(Y) = arg min
q∈QAD

n∑
k=1

[Yk − f(tk,q)]2. (6)

In other words, qOLS minimizes the discrepancy between the data and the model output out of
all possible q ∈ QAD, where all observations for all time and age categories are weighted with equal
importance. At a later stage, we will examine the method of weighted least squares (WLS), which
assigns various weight to the different observations used in calculating the optimal parameter values.
In order to implement the OLS technique, we used fmincon, a constrained optimization function in
MATLAB’s optimization toolbox, which, given an initial guess as a starting point, allows MATLAB
to search for the parameters in (6) within the specified parameter space, QAD.

4 Simulations and Results

When working with ecological data, one often loses the control that laboratory experimental data
offers and mathematicians and statisticians hope for. One of the largest and most unforeseen dif-
ficulties was the problem of the unknown aged birds. In Table 1, one can see the inconsistency of
the presence of unknown aged birds. For instance, in 19 out of the 24 ringing sessions, there are no
unknown aged birds. However, in four sessions, at least 33% of the birds caught were left unaged. A
Rocha Kenya’s team of experts, along with other leading tropical ornithologists are currently trying
to develop a more advanced protocol for determining the age of these birds. Depending on the time
of year the birds are caught, there will be a period where it may be impossible to determine bird
ages. For example, young birds may moult into adult plumage and will look identical to adults even
though they may only be 8 or 9 months old. We emphasize that this is a challenge that, if met,
will critically improve the projection of a bird population. However, when the only categorization of
the species is age, this presents a huge problem in the present formulation. We considered several
options; we tried excluding them, and including them in various ways, and the resulting parameter
estimates varied greatly. Ultimately, we decided to place all unknown aged birds into the full adult
category, as that is where the birds spend the vast majority of their lives. In addition, this inference
is sensible because all “unknown” aged birds captured by ARK appeared to have moulting patterns
of adults, but could not be determined with assurance. Therefore, our modified data (incorporating
the unknown aged birds) is summarized in Table 3.

One may observe from Table 3 that the bird counts are very low. However, because of the current
estimate of birds in the forest, we estimate that the number of birds caught actually represents
approximately 1

1000
of the true population. We will first study the sensitivity of parameter estimation

accuracy to the initial guess of each parameter, by exhaustion (that is, vary each within its admissible
range and study the discrepancy of the resulting estimate). Table 4 depicts relevant results of this
experiment. As we can see, changes in initial guesses within QAD were largely irrelevant, with the
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Session Immature Subadult Full Adult Total
Dec 1999 0 1 0 1
Feb 2000 2 0 0 2
Oct 2000 3 1 5 9
Nov 2000 1 0 1 2
June 2001 0 1 2 3
Aug 2001 0 0 6 6
Aug 2002 0 0 3 3
Sept 2002 0 1 4 5
May 2003 0 0 1 1
Feb 2005 0 1 4 5
Sept 2005 0 2 4 6
Oct 2007 0 0 1 1
Apr 2008 0 0 1 1
June 2008 0 0 2 2
Jul 2008 2 0 0 2
Aug 2008 0 6 3 9
Sept 2008 3 0 0 3
Oct 2008 1 0 2 3
Nov 2008 1 0 2 3
May 2009 0 1 3 4
Feb 2010 0 0 2 2
Sept 2010 1 0 1 2
Feb 2012 3 0 4 7
May 2012 1 0 2 3

Table 3: East Coast Akalat bird captures of 24 ringing sessions organized by life stage, adding
unknown aged birds into full adult category.

exception of changes to P3, the fecundity of full adults. A mere change of initial guess from 0.2 to
0.15 changed the entire trend of the resulting model, as demonstrated in Table 4 and Figure 1. For
all reasonable values within the parameter space (with the exception of all initial guesses such that
the initial guess for P3 is less than or equal to .15), the bird population projection is stable and
even slightly increasing over time. However, when we start our optimization routine with a value of
P3 ≤ .15, the cost functional does not change at all and is frozen at the original guess we chose. This
type of sensitivity suggests that there are several local minima to the cost functional, and the global
minimum is not necessarily found given any initial guess. However, by our definition of qOLS, the
argument that minimizes the discrepancy between the observations and the model output is

qOLS = [0.4489, 0.1853, 0.4313, 0.9901] (7)

with cost of 144.4579. The resulting model fits and residuals are given in Figure 2. We observe that
in each model plot, the data and model output represent the numbers of bird caught in a session,
and not the number of birds in the actual forest.

As one can see, this model produces a very poor fit to the data. In reviewing our procedure,
we consider the possibility of the WLS method. When one closely examines the data, one sees that
several sessions recorded no immature or subadult birds. We thought it was highly unlikely that an
absence of immature bird catches implies that there were actually none in the forest. In addition,
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Initial Guess (varying F3) Number of Iterations Cost Parameter Estimate
[.2 , .9, 1 , .9] 71 144.4579 [0.4489 0.1853 0.4313 0.9901]
[.7 , .9, 1 , .9] 41 144.4579 [0.4489 0.1854 0.4314 0.9901]
[1.3 , .9, 1 , .9] 72 144.4579 [0.4489 0.1854 0.4314 0.9901]
[2 , .9, 1 , .9] 86 144.4579 [0.4489 0.1854 0.4314 0.9901]
[4, .9, 1 , .9] 596 144.4769 [0.4490 0.1290 0.4084 0.9932]

Initial Guess (varying G1) Number of Iterations Cost Parameter Estimate
[.2 , .9, 1 , .9] 71 144.4579 [0.4489 0.1853 0.4313 0.9901]
[.2 , .4, 1 , .9] 67 144.4579 [0.4489 0.1853 0.4313 0.9901]
[.2 , .01, 1 , .9] 51 144.4579 [0.4489 0.1853 0.4313 0.9901]

Initial Guess (varying G2) Number of Iterations Cost Parameter Estimate
[.2 , .9, 1 , .9] 71 144.4579 [0.4489 0.1853 0.4313 0.9901]
[.2 , .9, .5 , .9] 53 144.4579 [0.4489 0.1853 0.4313 0.9901]
[.2 , .9, .01 , .9] 49 144.4579 [0.4489 0.1853 0.4313 0.9901]

Initial Guess (varying P3) Number of Iterations Cost Parameter Estimate
[.2 , .9, 1 , .9] 71 144.4579 [0.4489 0.1853 0.4313 0.9901]
[.2 , .9, 1 , .5] 39 144.4579 [0.4489 0.1853 0.4313 0.9901]
[.2 , .9, 1 , .2] 38 144.4579 [0.4489 0.1853 0.4313 0.9901]
[.2 , .9, 1 , .15] 1 267 [0.2000 0.9000 0.5500 0.1500]

Table 4: Sensitivity of parameter estimation to initial guess using constrained optimization.

our highest counts were usually among the full adults. We also noted that the number of immature
and subadults was suspiciously low considering the current ASF akalat population estimate. A low
representation of non-full adult birds could imply that immature and subadult birds are moulting
into adult plumage while still young. With this added uncertainty in the data, we introduced weights
into the cost functional to account for varying importance and/or reliability of different portions of
the data by letting

qWLS(Y) = arg min
q∈QAD

n∑
k=1

ω1[Y1,k − f1(tk,q)]2 + ω2[Y2,k − f2(tk,q)]2 + ω3[Y3,k − f3(tk,q)]2 (8)

where f = [f1, f2, f3], Yi,k represents the random variable measuring the observation of the ith class
(i = 1 denoting immature, and so on), and ωi is a non-negative weight multiplied by the data from
the ith class. In other words, by weighting the immature and subadult data less than the full adult
data, we are minimizing a different functional. There are formal ways of deriving the appropriate
weights, but for our case, we consider different intuitive methods using our knowledge of the netting
process. We tried various weights Ω = [ω1, ω2, ω3] which are presented in Table 5.

Ω Interpretation
[0, 0, 1] Excluding immature and subadult data from minimization
[0, 1, 1] Excluding immature data from minimization
[0.5, 0.7, 1] Giving increasing weight to the data as age increases.

Table 5: Various weights for WLS method.

We ultimately decided that the third method, Ω = [0.5, 0.7, 1] was the most appropriate choice.
As in our OLS procedure, we chose various initial guesses for the optimization process and while
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(a) Model Fit (b) Residual

(c) Model Fit (d) Residual

Figure 1: Effect of an initial guess in P3: (a) Model fit versus data in full adult population with
initial guess [0.5, 0.9, 1, 0.2] and (b) Residual between model fit and data; (c) Model fit versus data
in full adult population with initial guess [0.5, 0.9, 1, 0.15] and (d) Residual between model fit and
data.

there was sensitivity within changes to the guess for P3 when our initial guess was below .15, (as in
the OLS case), the parameter estimate maintained consistently at

qWLS = [0.4449, 0.1791, 0.4848, 0.9892], (9)

with a cost of 113.0635 (note: we expect this to be lower than the cost of the OLS functional because
the weights, when less than 1, decrease the calculated residual). The comparison of the data versus
the model output using WLS parameter estimation can be seen in Figure 3. By comparing Figure 2
and 3, one can see that although the resulting parameter estimates are using OLS and WLS differ
non-trivially in their estimates of subadult survival probability, G2 (see (7) and (9)), the resulting
model projection is very similar. While this may seem to imply that the WLS method does not
provide an advantage over the OLS method in this particular case, we feel that it should still be used
when there is clear bias in the observation process.
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(a) Model Fit (b) Residual

(c) Model Fit (d) Residual

(e) Model Fit (f) Residual

Figure 2: Model fit versus data using qOLS: (a) Immature model fit, (b) Immature population
residual between model fit and data; (c) Subadult model fit (d) Subadult population residual; (e)
Full adult model fit, and (f) Full adult population residual.
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(a) Model Fit (b) Residual

(c) Model Fit (d) Residual

(e) Model Fit (f) Residual

Figure 3: Model fit versus data using qWLS: ((a) Immature model fit, (b) Immature population
residual between model fit and data; (c) Subadult model fit (d) Subadult population residual; (e)
Full adult model fit, and (f) Full adult population residual.
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5 Bootstrapping

Although our WLS and OLS parameter estimates are most likely inaccurate due to the noise and
inconsistent collection of our data, we would still like to compute confidence intervals. However,
there are some obstacles that prevent us from being able to use asymptotic techniques to compute
these confidence intervals. First, we do not know the empirical distribution of the parameters. In
addition, asymptotic theory holds for n→∞ (or at least n very large), whereas we only have n = 24
observations to estimate p = 4 parameters. Moreover, these methods are built for a continuous
differential equation system, whereas we are utilizing the discrete Leslie matrix model. For these
reasons, we will take advantage of the following bootstrapping algorithm, which provides both an
estimate q̂boot for the true parameter q0 in (5) as well as its empirical distribution. Because, for
the case of our data, the WLS model didn’t provide a much better model projection, we do not
include bootstrapping estimates for the case of WLS here, although it is certainly possible to adapt
the algorithm to suit this situation.

1. First estimate q̂0 = [F̂ 0
3 , Ĝ

0
1, Ĝ

0
2, P̂

0
3 ] from the entire sample of data

{
yj
}n
j=1

using OLS. (Note:

in our model, y is a vector).

2. Using q̂ define the standardized residuals

r̄j =

√
n

n− p
(yj − f(tj, q̂

0))

for j = 1, . . . , n. Set s = 0.

3. Create a bootstrap sample of size n using random samples with replacement from the residual
set {r̄i} to form a bootstrap sample {rsi}ni=1. Note: in this case, the residuals are taken as
unified vectors from each observation. In other words, since this is a vector system, and not
a 1-dimensional problem, each ri is a vector, and because the populations of the immature,
subadult, and full adult birds at a given time point are correlated, one cannot separate the
components of each residual vector and mix them together.

4. Create a new set of bootstrap data points

ysj = f(tj, q̂
0) + rsj

where j = 1, . . . , n. Carefully note that although the residual sample changes when we change
s, the function values f(tj, q̂

0) are always evaluated at the original estimate q̂0.

5. Obtain a new estimate q̂s+1 from the bootstrap sample {ysj} using OLS again. Store q̂s+1 in
the matrix Q, which is of dimension s× p (used to store the bootstrap estimates).

6. Let s = s + 1 and repeat steps 3-5 for large M (often M = 1000), resulting in the 1000 × 4-
dimensional matrix Q storing all of your estimates (recall p = 4 is the number of estimated
parameters).

7. Calculate the mean, standard error, and confidence intervals from Q using the following for-
mulas:

q̂boot =
1

M

M∑
s=1

q̂s,
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Cov(q̂boot) =
1

M − 1

M∑
s=1

(
q̂s − q̂boot

)T (
q̂s − q̂boot

)
,

SEk(q̂boot) =
√
Cov(q̂boot)kk for k = 1, . . . , p.

We present the distribution of the parameter estimates using OLS in histograms, which are
presented in Figure 4. We see that the distributions of our 4 parameters are far from normal.
Because of this, we cannot use the standard formulae listed above for means and standard deviation
for all of the parameters. We see that there is clearly one dominant value for F3 (adult fecundity
rate) and we thus calculated its mean and standard deviation in the previously mentioned way. The
distribution of G1 (immature survival probability) has no clear distribution, so we also calculated
this in the standard way described above. However, there are seemingly 3 different dominant values
for G2 (subadult survival probability). For this reason, we separated the distribution into three
subintervals: [0,0.25], (0.25, 0.75), and [0.75,1] and calculated a mean and standard deviation for
the distributions of these three sub-intervals. Similarly, we see 2 dominant values for P3 (full adult
survival probability), and although the greater value is clearly the more dominant, we chose to again
divide this interval into two subintervals, [0,.5), and [0.5, 1] and performed similar analysis. The
results are summarized in Table 6.

Figure 4: Distribution of parameter estimates using bootstrapping algorithm (M = 1000), and OLS
parameter estimation.

We can see that there is great variance in our fecundity rate F3 even though this parameter
had the most clear results from viewing the bootstrapping distribution. In addition, the standard
deviation of G1 is extremely high, which is not surprising, given its unclear distribution. The standard
deviations of the other parameter values may seem small in comparison to that of F3, but one must
remember that the distributions of G2 and P3 were divided into subintervals, leading to smaller
standard deviations, albeit several local minima for these parameters. Because of these multiple
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Parameter Mean Standard Deviation 95% Confidence Interval
F3 1.0205 1.2370 [-1.4040, 3.4449]
G1 0.4723 0.5756 [-0.6558, 1.6004]

G2(a) 0.0277 0.0512 [-0.0727, 0.1281]
G2(b) 0.5111 0.1186 [ 0.2786 , 0.7436]
G2(c) 0.9540 0.0753 [0.8065 , 1.1016]
P3(a) 0.0740 0.0131 [0.0482 , 0.0997]
P3(b) 0.9745 0.0407 [0.8947 , 1.0544]

Table 6: Statistical Results for bootstrapping with M = 1000 iterations and OLS parameter estima-
tion.

local minima, we are not able to report a single estimate q̂boot with one set of confidence intervals.
However, the bootstrapping results were telling because they revealed the underlying distribution
of our parameter space. This leads us to reiterate that our data is far too noisy to obtain reliable
results.

For the sake of understanding, we also simulated data with the parameter values q = [2, 0.3, 0.8, 0.9]
(see next section for details) and added standard Gaussian noise from a distribution with standard
deviation 0.3 (N (0, 0.3)) and implemented the bootstrapping algorithm to demonstrate the useful-
ness of bootstrapping with reliable data. We added this level of noise because simulated data with
little or no noise is highly unrealistic and produced almost non-existent confidence intervals, as the
parameter estimation was extremely accurate. These results are summarized in Table 7 and the prob-
ability distributions are pictured in Figure 5. We can see the vast difference between these results
with simulated, yet noisy data, and the true data. If we had less noisy data, perhaps closer to the
data we simulated in this exercise, it is reasonable to expect results like those in Table 7 which, if
the Leslie matrix model is appropriate for this species, would lend a great amount of insight into the
dynamics of the East Coast Akalat population.

Parameter Mean Standard Deviation 95% Confidence Interval
F3 2.0309 0.1059 [1.7683, 2.1835]
G1 0.3661 0.0323 [0.2681, 0.3948]
G2 0.5930 0.0507 [0.5607, 0.7593]
P3 0.9045 0.0058 [0.8954, 0.9179]

Table 7: Statistical Results for bootstrapping with M = 1000 iterations and OLS parameter estima-
tion using simulated data with q = [2, 0.3, 0.8, 0.9] and Gaussian noise with mean 0 and standard
deviation 0.3.

In conclusion, by purely following the model projections, we could say that the East Coast Akalat
population is stable, and possibly even increasing slightly (these results were produced when different
initial guesses were chosen for the optimization process). However, we know from previous research
and population estimates that the population is, in fact, in decline. bootstrapping lent us more insight
into the distribution of the parameter space, but we are still left without confidence in knowing the
reasons for the declining trend of the East Coast Akalat population. Therefore, further decisions
must be made about the most appropriate model. We suggest two focuses in modeling the East
Coast Akalat: 1) examining the usefulness of the discrete Leslie matrix model for this population
and comparable species, and 2) more closely analyzing the impact of data collection procedures and
experimental design on the resulting fit of a model to a given set of data.
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Figure 5: Distribution of parameter estimates using bootstrapping algorithm (M = 1000), and OLS
parameter estimation using simulated data with q = [2, 0.3, 0.8, 0.9] and Gaussian noise with mean
0 and standard deviation 0.3.

6 Usefulness of the Model: A Closer Look with Simulated

Data

The Leslie matrix model has a number of limitations. It does not describe any influence of other
species, environmental changes, or changes in resources, which are clearly influential in the survival
and growth of the species ([2, 4, 5]). In addition, a continuous ordinary differential equation model
is often preferred, but the sparsity of the data does not support such a model. However, the Leslie
matrix model does have value for gaining understanding of this species and others. Unfortunately, it
is clear that the sparsity and excessive noise of the given data does not demonstrate the potential of
this model. In order to demonstrate this, we will produce simulated data, introduce increasing levels
of noise, and increasingly inaccurate first guesses and examine when the parameter estimation loses
its power and worth. We chose not to include results relating to the WLS method, as it does not
give any further information about the sensitivity of the model or the optimization routine.

We created “data” by simulating the model over 15 years with time unit of 1 month. We chose
initial conditions of x0 = [1, 1, 2], which reflected the average number of birds caught per session
overall and the average ratio between each age class, rounded to the closest integer value. In order
to relate this simulation to that of the akalat, we chose the “true” hypothetical parameters that
seemed realistic given the breeding patterns of an American Robin, but with relatively lower survival
rates given the threats to the akalat species in ASF. An American Robin typically lays 3-5 eggs per
set of young, with typically 3 sets per breeding season [9]. However, tropical species often do not
lay as many eggs as temperate species. Therefore, we assume the akalat lays 2-4 eggs. Recall that
we must halve this estimate, because our model assumes that every individual is breeding, when in
reality, only the females are breeding. Therefore, we let F3 = 2 (assuming the higher estimate of
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4 young/year). That is, q = [F3, G1, G2, P3] = [2, 0.3, 0.8, .9]. It is worth comparing the resulting
model which used qOLS from (7) with the model using this parameter choice. The change in overall
population growth or decline is tremendous and can be seen clearly by comparing the plots in Figures
2(a), (c), and (e) with Figures 6(a), (b), and (c), respectively.

We began by simulating the data and subsequent parameter estimation with no noise. We first
chose an initial guess very close to the true parameters. We then repeatedly worsened the initial
guess for the parameters. The study of the sensitivity by exhaustion to the initial guess is important
for problems like that of the akalat population, where a true parameter is very much unknown and
the literature is limited. The resulting parameter estimates are summarized in Table 8. Note that not
all initial guesses are recorded here, but the ones that most vigorously pushed the boundary of the
admissible parameters are included in Table 8 in order demonstrate the accuracy of the optimization
process. As we pushed our initial guess beyond the reasonable limits of the admissible parameter
space, the correct true parameters were still found. This should be of no surprise, as this merely
demonstrates the performance of a ordinary least square optimization given noise-free data.The model
fits for the immature, subadult, and full adult populations were all comparable and can be seen in
Figure 6.

Initial Guess Cost Parameter Estimate
[4 , .01, .01 , .01] 4.1211 ×10−9 [2.000, 0.3000, 0.8000, 0.9000]

[10, .001, .001, .001] 4.1869 ×10−9 [2.000, 0.3000, 0.8000, 0.9000]
[100, .0001, .0001, .0001]; 4.3168 ×10−9 [2.000, 0.3000, 0.8000, 0.9000]

Table 8: Sensitivity of parameter estimation to initial guess using constrained optimization.

We will now incorporate Gaussian noise into the simulated data at various levels and examine
the results. Using MATLAB, we can add a random m−dimensional vector of error rj, taken from
the standard normal distribution to each observation, with noise level nε of the form

ŷj , yj + nεrj (10)

with varying values for nε. We use Matlab’s function randn to create a random noise vector nεrj
whose elements are randomly selected from a normal distribution with mean 0 and standard deviation
nε. Clearly, the random assignment of error implies that the results vary to a certain degree with
each simulation. However, we can observe the general effect of an increased level of noise on the
accuracy of the resulting parameter estimate. For these simulations, we chose a reasonable initial
guess of [1.5, 0.4, 0.7, 0.8]. The results are summarized in Table 9. The effects of the noise level
can be seen very clearly in Figure 7. The noise of the data plays a large role in the accuracy of the
parameter estimation. The estimates changed to a small degree as we increased the level of noise.
However, given the very high level of noise (nε ≥ 0.3 is very large, considering our low numbers of
birds per time point), the parameter estimation process still remained fairly accurate.

Comparing the cost associated with the parameter estimation using the actual data collected by
ARK, we may infer that there is a great deal of noise in the true data. In addition, the data collection
process was much more sparse than in this simulation. Some years were skipped completely in the
data collection, the sessions were spaced inconsistently over the 14 years, and when a ringing session
was carried out, the akalat population was very sparse. While the actual number of catches cannot
be controlled, increased and more consistent ringing effort could allow for results closer to that of this
simulation, and hence more reliable. In addition, one of the largest sources of error that cannot be
ignored is the process by which the team determines the ages of the birds. As there is little literature
in methods on determining the age of the East Coast Akalat, the team was forced to make inferences
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(a) Model vs data (b) Model vs data

(c) Model vs data

Figure 6: Model fit versus data in (a) immature population, (b) subadult population, and (c) full
adult population; no noise added to simulated data.
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nε Cost Parameter Estimate
0.01 0.04085 [2.0011 0.3004 0.8003 0.8999]
0.03 0.3938 [1.9983 0.3014 0.8027 0.8996]
0.05 0.9940 [2.0178 0.3002 0.8159 0.8982]
0.1 3.895 [2.0298 0.2897 0.8099 0.9005]
0.2 14.25 [1.9934 0.3318 0.7359 0.8995]
0.3 51.451 [2.0697 0.3011 0.8817 0.8914]
0.5 99.6164 [1.9102 0.3117 0.8383 0.8979]
0.8 253.3379 [1.8950 0.1894 0.8068 0.9260

Table 9: Sensitivity of parameter estimation to random noise using constrained optimization.

and formulate a new method using their previous experience. While their method may be reliable, the
issue of birds which cannot be categorized proves problematic for mathematical modeling. However,
with a more frequent netting regimen or higher numbers of catches overall, ARK could lower their
total level of error and false conclusions from the data. Therefore we turn our attention now to the
data collection schedule.
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(a) Model Fit (b) Residual

(c) Model Fit (d) Residual

(e) Model Fit (f) Residual

Figure 7: (a) Model fit versus data in full adult population; noise level: nε = 0.01, and (b) Residual
between model fit and data; (c) Model fit versus data in full adult population; noise level: nε = 0.05,
and (d) Residual between model fit and data; (e) Model fit versus data in full adult population; Noise
level: nε = 0.3, and (f) Residual between model fit and data.
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7 Data Collection Schedule

In Table 3, one can see that the schedule of data collection is extremely sporadic. For example,
between May 2003 and October 2007, there were only 4 sessions. On the other hand, there were 7
sessions in 2008 alone! It is a common belief that “more is better” when it comes to using data to
estimate parameters in a given model, but this often does not hold. However, more than the issue
of the number of data points, inconsistent sampling can be extremely misleading. We carry out a
simple exercise to demonstrate how problematic this can be. We first simulate data, with no noise
(i.e. nε = 0), over a 5 year period with the parameters we used in the previous noise experiment
(i.e. q = [2, 0.3, 0.8, .9]). The data is pictured in Figure 8. However, it is unrealistic, and probably
unnecessary, to expect the data collection team to go out and collect data every month for 5 years, let
alone longer. Assume that this simulated data is actually the number of birds in a given population
at those particular netting times (in other words, no observation error). We examine the effect of
observing the data with different netting schedules over those 5 years and making assumptions based
on the pattern of the resulting data alone.

(a) Simulated immature data (b) Simulated subadult data

(c) Simulated full adult data

Figure 8: 5 years of simulated data using q = [2, 0.3, 0.8, .9] in Leslie matrix model.

First we consider the netting schedule of ARK from 2000 to 2004. We simulate the effect of
collecting at the corresponding times that ARK netted over those 5 years. In other words, Figure
9(d)-(f) portray the effect of blindly choosing the observations corresponding to the schedule of
ARK from 2000-2004 and drawing conclusions from these observations alone. We can see that the
conclusions are extremely misleading, when compared to the total simulated data in 9(a)-(c). It
appears as if the immature and subadult populations completely die out after 1 year, where as
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the full adults may be increasing again after 3 years. Clearly, however, this is not the case when
we examine the population trends using all of the simulated data over those 5 years. Figure 10,
which represents inferences made from data taken from ARK’s 2004-2008 schedule tells a similar
story although it does not give the false implication of a resurgent full adult population. Figure
11, representative of ARK’s 2008-2012 schedule, gives a very false picture of immature and subadult
populations, while the full adult population projection is crude, yet more accurate.

There are several options for collecting data in a more systematic schedule. We consider the case
of netting 4 times per year every year for 5 years, and wish to determine the optimal choice for ARK.
We first consider the case of quarterly observations, conducted in January, May, July and October
for 5 years. This covers one month of the breeding season and 3 non-breeding observations. The
resulting inference, seen in Figure 12, is remarkably similar to that of observing monthly for 5 years.
Although this is still a crude observation, this leads us to hypothesize that bird netting quarterly could
produce fairly representative data, and requires 1/3 of the netting effort that monthly observations
would require.

We next consider the case of netting in January, February, March, and December. In this case,
we expect to see more immature birds (as this schedule includes two breeding months) and subadult
birds (since February and March are both observed, and the immature life stage is expected to be
very short). We see the results in Figure 13, which are less clear than the trend we see in quarterly
observations. With the addition of noise, we hypothesize that this may lead to some misinterpretation
of the data, but clearly a greater level of understanding is gained using this scheme than a random
observation schedule.

Finally, we consider the case of missing the breeding season completely. This is a valuable exercise
because an organization like A Rocha may have limited staff or volunteers in certain seasons. It
is important to determine if observing consistently during a breeding season is necessary for the
data to be useful for parameter estimation and modeling. We see that the results are dramatically
misleading. By completely excluding the breeding season, we may draw a false conclusion that there
are no immature or subadult birds entirely (see Figure 14), which we know is impossible. Therefore,
we suggest that it is imperative to study the birds consistently, and include observations during and
possibly shortly after the breeding season.

While these results are quite revealing, we would like to quantify the benefit of using these
various schedules. We return to the process of parameter estimation to determine the value of each
observation schedule. We still consider the case of no noise, i.e., there is a true parameter vector,
q = [2, .3, .8, .9] for which the model satisfies the complete set of data. We consider each “new”
set of data (created using the above schedules) and perform the inverse problem to explore the
accuracy of the resulting parameter estimation. We first consider the OLS method. The results are
summarized in Table 10. Curiously, the parameter estimates from the ARK schedules were accurate
up to 3 decimal places. In addition, the quarterly schedule produced accurate parameter estimates.
For the case of the breeding season schedule, the parameter estimates were fairly accurate (with the
exception of G2), but the cost is higher, because the data completely misses any immature or subadult
population. Finally, the method of excluding the breeding season produced a low cost but a very
inaccurate parameter estimate. We next implement the WLS method, with weights Ω = [0.5, 0.7, 1]
and perform the same task as above. The results are summarized in Table 11 and are very similar
to the results of the OLS method. Because of these results, we suggest that there may be several
local minima in this schedule, and for this reason, this schedule should be avoided as it produces
misleading first inferences and incorrect parameter estimates, even in the presence of no noise.

In conclusion, we propose that quarterly observations produce the most reliable parameter esti-
mation in the absence of noise. Combined with the fairly reliable projection in Figure 12(d-f), we
conclude that the quarterly observations are the best procedure out of the options considered here.
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(a) (b) (c)

(d) (e) (f)

Figure 9: Comparison of (a)-(c): data collected monthly versus (d)-(f): ARK’s 2000-2004 schedule.

(a) (b) (c)

(d) (e) (f)

Figure 10: Comparison of (a)-(c): data collected monthly versus (d)-(f): ARK’s 2004-2008 schedule.

However, we know that it is entirely unrealistic to expect an absence of noise. For this reason, we
add noise (nε = 0.3) into our data and again implement bootstrapping to compute confidence intervals
for the methods listed in Table 10. To avoid redundancy, we chose to only compute confidence
intervals for the ARK schedule from 2000-2004. We see in Table 12 and Figure 15 that in the case of
a moderate amount of noise, data using ARK’s schedule from 2000-2004 (which was fairly sporadic)
led to a very large confidence interval for G1 and G2 and non-normal distributions for F3. Recall that
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(a) (b) (c)

(d) (e) (f)

Figure 11: Comparison of (a)-(c): data collected monthly versus (d)-(f): ARK’s 2008-2012 schedule.

(a) (b) (c)

(d) (e) (f)

Figure 12: Comparison of (a)-(c): data collected monthly versus (d)-(f): a quarterly schedule.

the parameter estimates (in the absence of noise) using this data set were extremely accurate, but for
the case of noisy data, the precision of some parameter estimates was lost. This result demonstrates
the importance of analyzing not only the parameter estimates, but also their confidence intervals. For
quarterly observations, we see normal distributions for all parameters and small standard deviations,
as well as accurate parameter estimates in Table 13 and Figure 16. In Table 14, we see accurate
estimates and small confidence intervals for G1 and P3 but higher standard deviations for F3 and G2

with a breeding season schedule. In addition, we see fairly normal distributions for all parameters,
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(a) (b) (c)

(d) (e) (f)

Figure 13: Comparison of (a)-(c): data collected monthly versus (d)-(f): a breeding season schedule.

(a) (b) (c)

(d) (e) (f)

Figure 14: Comparison of (a)-(c): data collected monthly versus (d)-(f): a non-breeding season
schedule.

as shown in Figure 17. The parameters estimated from breeding season data are more precise than
those using ARK’s schedule, but less accurate than those derived from the quarterly observations.
Finally, in the case of non-breeding season observations, we see a very high standard deviation for F3

and inaccurate estimates for both F3 and G1 (see Table 15), with fairly normal distributions depicted
in Figure 18.
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Observation Schedule Num Iterations Cost Parameter Estimate

ARK 2000-2004 47 5.8482e-10 [2.000 0.3000 0.8000 0.9000]
ARK 2004-2008 44 5.9145e-10 [2.000 0.3000 0.8000 0.9000]
ARK 2008-2012 38 3.892e-10 [2.000 0.3000 0.8000 0.9000]

Quarterly 35 1.3804e-09 [2.0000 0.3000 0.8000 0.9000]
Breeding Season 28 42.3482 [1.9799 0.3017 0.6309 0.9125]

Excluding Breeding Season 140 1.0363e-10 [1.5286 0.4942 0.6354 0.9000]

Table 10: OLS parameter estimates using data from various observation schedules.

Observation Schedule Num Iterations Cost Parameter Estimate

ARK 2000-2004 69 3.7771e-10 [2.000 0.3000 0.8000 0.9000]
ARK 2004-2008 43 3.5102e-09 [2.000 0.3000 0.8000 0.9000]
ARK 2008-2012 46 2.8087e-10 [2.000 0.3000 0.8000 0.9000]

Quarterly 35 9.3483e-10 [2.0000 0.3000 0.8000 0.9000]
Breeding Season 40 25.3702 [1.9765 0.3015 0.6143 0.9139]

Excluding Breeding Season 140 1.0363e-08 [1.5286 0.4942 0.6354 0.9000]

Table 11: WLS parameter estimates using data from various observation schedules.

Parameter Mean Standard Deviation 95% Confidence Interval
F3 2.0902 0.0829 [1.9164 2.2415]
G1 0.3665 0.1560 [-0.0055 0.6061]
G2 0.8909 0.2149 [0.5788 1.4212]
P3 0.8834 0.0110 [0.8602 0.9032]

Table 12: ARK 2000-2004 observation schedule: statistical results for bootstrapping with M =
1000 iterations and OLS parameter estimation using simulated data for discrete model with q =
[2, 0.3, 0.8, 0.9] and Gaussian noise with mean 0 and standard deviation 0.3.

Parameter Mean Standard Deviation 95% Confidence Interval
F3 1.8927 0.0617 [ 1.7856, 2.0272 ]
G1 0.3139 0.0320 [ 0.2509, 0.3765 ]
G2 0.7179 0.0723 [ 0.5654, 0.8489]
P3 0.9086 0.0038 [ 0.9010, 0.9158 ]

Table 13: Quarterly observation schedule: statistical results for bootstrapping with M = 1000 itera-
tions and OLS parameter estimation using simulated data for discrete model with q = [2, 0.3, 0.8, 0.9]
and Gaussian noise with mean 0 and standard deviation 0.3.

Parameter Mean Standard Deviation 95% Confidence Interval
F3 2.0210 0.1917 [ 1.5742 , 2.3255 ]
G1 0.2847 0.0182 [ 0.2562 , 0.3277 ]
G2 0.6300 0.1293 [ 0.3855 , 0.8923]
P3 0.9155 0.0134 [ 0.8882, 0.9406 ]

Table 14: Breeding observation schedule: statistical results for bootstrapping with M = 1000 itera-
tions and OLS parameter estimation using simulated data for discrete model with q = [2, 0.3, 0.8, 0.9]
and Gaussian noise with mean 0 and standard deviation 0.3.
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Parameter Mean Standard Deviation 95% Confidence Interval
F3 1.6069 0.4837 [ 0.4468 , 2.5485 ]
G1 0.4837 0.0695 [ 0.3434 0.6156 ]
G2 0.6161 0.0755 [ 0.4797 0.7755]
P3 0.8932 0.0053 [ 0.8932 0.9141 ]

Table 15: Non-breeding observation schedule: statistical results for bootstrapping with M = 1000
iterations and OLS parameter estimation using simulated data with for discrete model q =
[2, 0.3, 0.8, 0.9] and Gaussian noise with mean 0 and standard deviation 0.3.

Figure 15: Distribution of parameter estimates using bootstrapping algorithm (M = 1000), and OLS
parameter estimation using ARK’s schedule (2000-2004) of simulated data for discrete model with
q = [2, 0.3, 0.8, 0.9] and Gaussian noise with mean 0 and standard deviation 0.3.
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Figure 16: Distribution of parameter estimates using bootstrapping algorithm (M = 1000), and
OLS parameter estimation using quarterly observation simulated data for discrete model with q =
[2, 0.3, 0.8, 0.9] and Gaussian noise with mean 0 and standard deviation 0.3.

27



Figure 17: Distribution of parameter estimates using bootstrapping algorithm (M = 1000), and
OLS parameter estimation using breeding season observation simulated data for discrete model with
q = [2, 0.3, 0.8, 0.9] and Gaussian noise with mean 0 and standard deviation 0.3.
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Figure 18: Distribution of parameter estimates using bootstrapping algorithm (M = 1000), and OLS
parameter estimation using non-breeding season observation simulated data for discrete model with
q = [2, 0.3, 0.8, 0.9] and Gaussian noise with mean 0 and standard deviation 0.3.
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8 Continuous model

All previous simulations and accuracy of parameter estimation techniques were validated given a
very bold and unreasonable assumption: the Leslie matrix model is an accurate model of the akalat
population. However, it is clear that fecundity rates and transition probabilities between stages are
not the only factors that build the underlying dynamics of the population. Food sources, predators,
pesticides in farms surrounding the forest, weather, and forest clearing can all have a notable impact
in the survival of this species, all of which are not directly considered in this model. In addition,
a common misconception is that a discrete observation process implies a discrete biological process.
However, for this model and many others, this is not the case. The survival and death of individual
birds do not happen instantaneously on a monthly schedule, but rather happen continuously, and are
thus better described using a continuous model. Moreover, the previous model did not incorporate
the first stage of life, the fledgling class. Birds in the fledgling class cannot fly and are thus not
caught in nets and observed. However, including this class when modeling may be important for
accurate population projections. We can make inferences about the number of birds in the fledgling
stage based on knowledge of clutch size.

Consider the following model, a 4-dimensional system of ordinary differential equations

dx0(t)
dt

= f1(x) = −(d0 + s0)x0(t) + F (t)x3(t)
dx1(t)
dt

= f2(x) = s0x0(t)− (s1 + d1)x1(t)
dx2(t)
dt

= f3(x) = s1x1(t)− (d2 + s2)x2(t)
dx3(t)
dt

= f4(x) = s2x2(t)− d3x3(t)

, (11)

where x0(t), x1(t), x2(t), x3(t) are the populations of the fledgling, immature, subadult, and full adult
stages respectively, di is the death rate of the ith stage, si is the transition rate from the i to the i+ 1
stage, and F (t) is the fecundity of the full adult population, defined by

F (t) =

{
l, if t ∈ breeding season

0, if t 6∈ breeding season.
(12)

The breeding season, T can be defined as

T = {t | n+ .75 ≤ t < n+ 1} (13)

for some n ∈ N ∩ {0}. In other words, this breeding season is identical to that used in the discrete
model, and we assume birds reproduce at a constant rate l during October, November, and December.
However, this first attempt at representing the reproduction season is crude and problematic in the
continuous model, both biologically and for the purposes of the inverse problem. With this simple
design, we assume that no birds reproduce in September, but begin reproducing immediately in
October, which is highly unrealistic. In addition, the discontinuity of the function F (t) severely
limits the accuracy of the parameter estimation process. We propose the following (more realistic
and smooth) function F (t) defined by

F (t) =

{
0, if t ∈ R1

1
σ
√
2π

exp(− ((t−tfl)−µ)2
2σ2 ), if t ∈ R2,

(14)

where the regions R1 and R2 are defined to be

R1 = {t | t ≤ tfl + a}, R2 = {t | t > tfl + a}, (15)
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choosing a = 0.4 to allow for smoothness. As one can see, this function mimics a Normal distribution
during the period R2, defined by mean µ, standard deviation σ, and number of years, tfl (the “floor
value”) at time t (i.e., at time t = 2.75, tfl = 2) and is zero otherwise. Therefore, we can estimate
the parameter σ to estimate the akalat fecundity. See Figure 19 for a visual aid of the full adult
fecundity function simulated over 5 years.

Figure 19: Sample fecundity function, F (t) with µ = 0.7, σ = 0.075.

Therefore the parameters to be estimated are q = [d0, d1, d2, d3, s0, s1, s2, σ]. For now, we assume
that the effect of predators and food sources/deficits are accounted for by each death rate di. Each
transition rate si is inversely proportional to the amount of time spent in that stage. We expect that
the akalat has 3 distinct clutches during the breeding season, of which the first is presumably the
largest. However, for now we simplify the model by keeping σ constant. We have certain expectations
of the appropriate parameter values given knowledge of the species. For instance, we expect that the
death rate of the fledgling birds will be greater than that of the three remaining classes, as fledglings
are far more susceptible to prey, including snakes, monkeys, and birds of prey. In addition, we expect
the transition rate of fledgling and immature birds to be greater than the transition rate of subadult
birds, as the times spent in the first two life stages are assumed to be shorter than the time spent
as a subadult akalat. Finally, given our knowledge of the American Robin, we expect a full adult
female akalat will have approximately 3 clutches per breeding season, and an average of 2-4 birds
per clutch. Thus, we expect the fecundity of a full adult female to fall between 6-12 birds/year. In
other words, we expect the full adult fecundity to fall between 3-6 birds/year (dividing by two to
account for an approximately equal male/female population) for a healthy akalat population at the
peak time of reproduction, simulated by σ ≈ 0.075, as seen in Figure 19.

Before we can begin the parameter estimation process, we must discuss the first evident issue
with this model. The model assumes there are four state variables, where we only have data for the
final three stages. Therefore, we introduce an observation operator into our cost functional. Whether
using OLS or WLS methods, an observation operator, C, can be used with data when minimizing
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the cost functionals in (6) and (8). Therefore, our parameter estimate takes the form

qOLS,WLS(Y) = arg min
q∈QAD

n∑
k=1

[Yk − f(tk,q)]TCOLS,WLS[Yk − f(tk,q)], (16)

where

f = [f1, f2, f3, f4]
T , COLS =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , and CWLS =


0 0 0 0
0 ω1 0 0
0 0 ω2 0
0 0 0 ω3

 ,
with weights ωi. We first considered the OLS method and found that the resulting parameter
estimates were highly variable. After performing the same analysis for the WLS method, with
Ω = [.5, .7, 1], we see very similar results: lack of consistency in parameter estimates given different
initial guesses and unclear distributions after implementing the bootstrapping algorithm. These
results suggest that there are several local minima in the parameter space, and given our data, none
are providing insight into the dynamics of the akalat population (see Figures 20 and 21).

Given only 24 data points and the presence of observation error, it is most likely unfeasible to
estimate 8 parameters. Therefore, we present the following simplified model with only 5 parameters:

dx0(t)
dt

= f1(x) = −(d0 + s)x0(t) + F (t)x3(t)
dx1(t)
dt

= f2(x) = sx0(t)− (s+ d0)x1(t)
dx2(t)
dt

= f3(x) = sx1(t)− (d2 + s)x2(t)
dx3(t)
dt

= f4(x) = sx2(t)− d3x3(t)

. (17)

In other words, we assume one transition rate s = s0 = s1 = s2 for the fledgling, immature,
and subadult classes, and assume the death rates of the fledgling and immature classes are equal
(d0 = d1). Given a simpler model, we hope to have more confident parameter estimations. Although
this greatly simplifies the population dynamics, we felt it was a valuable experiment to gain a better
understanding of the continuous model. We simplify the model further by fixing σ = 0.075, given
our knowledge of species similar to the akalat. Therefore, we are simplifying the inverse problem
to the estimation of 4 parameters: q = [d0, d2, d3, s]. We performed OLS and WLS methods to
estimate these parameters, and we saw inconsistent and highly varying parameter estimates given
different initial guesses. These results are reported in Tables 16 and 17. Similarly, after performing
the bootstrapping algorithm, we saw highly random non-normal probability distributions for the 4
parameters, and could not report our parameters with any reasonable degree of confidence. For this
reason, we chose not to include the bootstrapping parameter estimates and the resulting parameter
estimate distribution histograms.

As in the discrete model, the use of simulated data and bootstrapping can provide insight per-
taining to observation schedules and data collection procedures. In the case of the continuous model,
one can simulate data by selecting reasonable parameters (letting q = [0.5, 0.4, 0.2, 0.5]), and using
one of MATLAB’s ordinary differential equation solvers to produce the corresponding “data”. In the
case of the highly oscillatory and sometimes stiff data (particularly for the fledgling and immature
classes), we chose to use ode15s in our computations, as well as fmincon (although fminsearch
or lsqnonlin may also be suitable). As in the discrete case, we chose to simulate both a noise-free
and a minimally noisy (ε = 0.1) monthly collection of data over a five year period, using the sim-
plified model (17), estimated parameters using the OLS method, and performed the bootstrapping
algorithm with M = 1000 iterations. The fit of the model to the simulated data, both without noise,
and with noise is depicted in Figure 22. The results of the parameter estimates using the boot-
strapping algorithm are summarized in Tables 18 and 19, as well as Figure 23. By examining the
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standard deviations for each parameter in these 2 tables, we can see that by simply adding a small
amount of noise to the data, the standard deviations, while small, increase by one order of magni-
tude. Therefore, we infer that this model is sensitive to observation error and other sources of noise.
We implemented the same strategy of computing bootstrapped means and confidence intervals given
different observation schedules for this continuous model and found very similar results to that of
the discrete model. This implies that a routine, possibly quarterly, observation greatly improves the
parameter estimation with both a discrete Leslie matrix model and an ordinary differential equation
model.

(a)

(b)

Figure 20: (a) Continuous model fit to data, and (b) residual, using OLS method.
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(a)

(b)

Figure 21: (a) Continuous model fit to data, and (b) residual, using WLS method.

Initial Guess Iter. Cost Parameter Estimate

[.35, .25, .85, .75] 89 126.167 [ .7377, .2024 , .6595 , .6381]
[.1,.25,.85,.75] 89 126.168 [.6586 , .1849 , .5851 , .5700]
[.35,.65,.85,.75] 272 126.169 [.5537 , .2159 , .7072 , .6777]
[.35,.25,.15,.75] 62 126.167 [.7603 , .1913 , .6157 , .5983]
[.35,.25,.85,.25] 33 126.169 [.4113 , .1910 , .5886 , .5879 ]

Table 16: Simplified continuous model OLS estimates given various initial guesses, using real data.
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Initial Guess Iter. Cost Parameter Estimate

[.35, .25, .85, .75] 52 101.620 [ .1932 , .0630 , .1208 , .1759 ]
[.1,.25,.85,.75] 313 101.567 [.6747 , .2026 , .6479 , .6351 ]
[.35,.65,.85,.75] 40 101.567 [.5567 , .2071 , .6608 , .6439]
[.35,.25,.15,.75] 56 101.567 [.7098 , .1886 , .6017 , .5882 ]
[.35,.25,.85,.25] 72 101.587 [.1260 .0767 , .1733, .2192 ]
[.35,.25,.85,.75] 81 101.567 [ .7852 , .2236 , .7392 , .7151]

Table 17: Simplified model WLS estimates given various initial guesses, using real data.

Parameter Mean Standard Deviation 95% Confidence Interval

d0 0.4994 0.0002 [0.4990, 0.4998]
d1 0.3985 0.0008 [ 0.3968, 0.4001 ]
d2 0.1992 0.0004 [ 0.1984, 0.2000 ]
s 0.4978 0.0012 [0.4955, 0.5001 ]

Table 18: Simplified continuous model OLS bootstrapping estimates (M = 1000) and confidence
intervals using simulated noise-free data.

Parameter Mean Standard Deviation 95% Confidence Interval

d0 0.4996 0.0065 [ 0.4969, 0.5122]
d1 0.3971 0.0430 [ 0.3103, 0.4839]
d2 0.1886 0.0164 [ 0.1545, 0.2188 ]
s 0.4644 0.0476 [ 0.3713, 0.5574]

Table 19: Simplified continuous model OLS bootstrapping estimates (M = 1000) and confidence
intervals using simulated noisy data (ε = 0.1).
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(a)

(b)

Figure 22: Fit of simplified continuous model to simulated data with q = [0.5, 0.4, 0.2, 0.5], (a)
noise-free and (b) with Gaussian noise with mean 0 and standard deviation 0.1.
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(a)

(b)

Figure 23: Distribution of parameter estimates using Bootstrapping algorithm (M = 1000), and OLS
parameter estimation using monthly observation simulated data for simplified continuous model with
q = [0.5, 0.4, 0.2, 0.5], (a) noise-free and (b) with Gaussian noise with mean 0 and standard deviation
0.1.
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Summary

In conclusion, we can see that the Leslie matrix model, while a good building block for modeling the
East Coast Akalat, was still inadequate in truly capturing the trend of the population using the data
from A Rocha Kenya. However, changes in data collection are likely to be the most promising effort
made to more confidently predict the future state of this near threatened species. By examining the
effect of noise on the simulated data, one can loosely understand the value of abundant, consistent
data. We suggest that A Rocha Kenya implements a new data collection schedule, in which bird
netting is conducted quarterly throughout the year and includes one session during the breeding
season. From our experiments with noise-free and noisy simulated data, we find that the quarterly
schedule is superior to a sporadic schedule, monthly breeding season schedule, and regular non-
breeding season schedule, for both accuracy and precision of parameter estimation. It would be
valuable to continue this area of observation schedule analysis, and determine the effect (if any) of
netting 3 times a year, or even 2 times per year, including one session of netting during the breeding
season. The continuous model provides an opportunity to continually develop the akalat population
model as we gain further understanding of the population dynamics and the optimal data collection
procedure.
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