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Let ® be an irreducible root system. The Classification Theorem, ([Hum72, Sec-
tion 11.4]), then states that its Dynkin diagram must be one of A,,, B, C,, D,, Es,
E., Eg, Fy, or Gy. This is fundamental to the study of finite-dimensional semisimple
Lie algebras over algebraically closed fields. In [Hel88] A. G. Helminck established an
analogous result for local symmetric spaces where he identified twenty-four graphical
structures called involution or #-diagrams. Implicit in each of these diagrams are two
root systems ®(a) and ®(t) with a a maximal torus in a local symmetric space p and
t D a a maximal torus in the corresponding semisimple Lie algebra g. In Chapter 2
we describe ®(a) as the image of ®(t) under a projection 7 derived from an involution
6 on ®(t). The weight lattices associated with ®(t) and ®(a) are denoted by A and
A4, respectively. We consider a linear extension of 7 from ®(t) to the lattice Ay It
was shown, again in [Hel88]|, that 7(A¢) C A, for cases where ®(a) is not of type BC,,.
In this thesis we prove the converse of this result. For cases where ®(a) is of type
BC,, it was shown in this same paper that m(A{) = A, = R,. For these cases we offer
a direct proof and for both cases provide explicit formulas for the characters of each

in terms of the other.
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Chapter 1

Introduction

1.1 Symmetric Spaces

Symmetric spaces are of importance in many fields of science, but their main use is in
mathematics and physics. They have been studied for over 100 years. Initially they
were only studied over the real numbers, but in the last 15 to 20 years symmetric
spaces over other fields have become of importance in other areas of mathematics as
well.

Symmetric spaces describe a variety of symmetries in nature. In general one
can think of them as “nice” spaces acted on by a group, where the group is a set
of symmetries or motions (a Lie group). For an easy example consider the group of
translations of the euclidean plane. Within mathematics these symmetric spaces are of
importance in the study of many areas including differential geometry, representation
theory (harmonic analysis on reductive symmetric spaces and the study of Harish
Chandra modules and character sheaves), number theory (the study of Trace formulas,
automorphic functions, cohomology are arithmetic subgroups), and also in algebraic
geometry, invariant theory, and singularity theory.

In this thesis we are concerned with the fine structure of semisimple symmetric
spaces. These symmetric spaces can be defined by an involution on a group. In

particular, let G be a semisimple algebraic group defined over an algebraically closed
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field of characteristic not zero. Let 6 be an involution in Aut(G), i.e. #?=id € Aut(G).
Let K be the fixed point group of 8 and let

P={A0(A) | A€ G}

We refer to P as a symmetric space and make the remark that P = G/K. Similarly
as for Lie groups we can study the fine structure of a symmetric space locally. The
corresponding local symmetric space is defined as follows: Let g be the Lie algebra
of G and let df € Aut(g) be the involution induced by 6 on g. By abuse of notation

we will also write 8 for df. For this case we let
e—{Acg|o(A)— A}

p—{Acg|od) = A}
We have that £ and p are the tangent spaces in the identity of K and P above.
Furthermore as 6 € Aut(g) is a Lie algebra automorphism, then €, (the +1 eigenspace
relative to 6), is a subalgebra of g. While p, (the —1 eigenspace), is not a subalgebra
of g we nevertheless have that g = €@ p with € L p relative to the killing form. We
refer to p as a local symmetric space of g relative to 6.

We note that the definition of symmetric space actually extends to base fields k
of char #2. However, if the char(k)# 0 we do not have the same relationship between
the group and the Lie algebra. Yet, the fine structure of a semisimple algebraic group
G and the corresponding symmetric space is independent of the characteristic of the
field provided it is # 2. So all the results in this thesis derived for the fine structure

of local symmetric spaces hold for symmetric spaces defined over any algebraically
closed field of char # 2.

1.2 Problem Overview

In Section 2.6 we present the Classification Theorem for semisimple Lie algebras

over algebraically closed fields. This theorem states that the Dynkin diagram for
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any irreducible root system must be one of A,, B,, C,, D,, Es, E;, Eg, Fy, or
Go. In [Hel88] A. G. Helminck establishes an analogous result for locally symmetric
spaces. Identified therein are twenty-four diagrams, (called 0-diagrams), that serve to
characterize the fine structure of absolutely irreducible semisimple locally symmetric
spaces over k = k. Implicit in each these diagrams is a root system that comes from
a maximal torus a contained in the symmetric space p. We denote this root system
by ®(a). In general ®(a) is a reduced root system, one for which twice (or half) a root
may also be a root. When this occurs, then ®(a) is of type BC,,.

In Section 2.9 we describe ®(a) as a projection (derived from ) of the root system
®(t) of the related Lie algebra g, where t is a maximal torus (in g) with a C t C g.
This projection maps the root lattice of the Lie algebra to the root lattice of the
symmetric space. Now, denote the weight lattices of the Lie algebra and symmetric
space by A¢ and A, respectively. Extend 7 linearly to the weight lattice of the Lie
algebra so that 7(A) makes sense. In this thesis we consider the relationship between
m(A¢) and A, In particular, from [Hel88] we have that if ®(a) is not of type BC,,
then m(A¢) € Ag, (Theorem 4.1(1)). In Chapter 4 we establish the converse of this
theorem with Theorem 4.2. For the cases where ®(a) is of type BC),, we have already
that m(A¢) = Ay (= Ry), (Theorem 4.1(2)). For these cases we offer a direct proof,
and for both cases give explicit formulas for the characters of each in terms of the
other.

One of the reasons we are interested in such a formulation is to find descriptions
which are algorithmic in nature and can be incorporated as an adjoint to a computer
algebra package for computations related to symmetric spaces. Indeed, the formulas
we derive in this thesis are highly algorithmic and we plan to develop implementations

based on them as a sequel to the work here.
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Preliminaries and Recollections

Our basic references for Lie algebras and Representation theory will be the the books
of Humphreys [Hum72] and Fulton and Harris [FH91]. We shall follow their notation
and terminology. As a preliminary step we consider the root space decomposition of a

finite dimensional semisimple Lie algebra with respect to a maximal toral subalgebra.

2.1 Root Space Decomposition

Let g be a nonzero semisimple Lie algebra over an algebraically closed field k, with

char(k)=0. Let t C g be a maximal toral subalgebra. Then

g=td > ga (2.1)

a€d(t)

where g, = {x € g | [y,2] = aly)r Vy et} and O(t) ={a €t | a#0,g, # 0}

The above decomposition of g is called the root space decomposition of g (with
respect to t). That it exists is due to the fact that t, being ad-semisimple, (i.e. ad(t)
is semisimple in gl(g) where ad : g — gl(g) with ad(h)(z) ;== [h,z] V2 € g, YV h € g),
induces a common eigenspace decomposition of g. The elements a of ®(t) are called

the roots of g with respect to t, and {g, | « € ®(t)} the associated root spaces.
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For each a € ®(t) we have dim(g,)= 1. We also have that gy = t. Note that zero

is not usually considered a root nor is gy regarded as a root space.

2.2 Root Systems

While t* is already a vector space, (over k), it is our ultimate aim here to consider
the roots of g as vectors in a real euclidean space E. Surprisingly, the process to
accomplish this is rather involved, requiring several steps, and is the subject of this
section. However, once done, we can apply our knowledge of the geometry and algebra
of R™ to reveal the symmetries and combinatorial structure of these objects. We begin

with the following definition.

Definition 1 (Killing form). Let g be any Lie algebra over k. We define a bilinear

form k on g by,
K:gXxXg—k
k(z,y) = Tr(ad x - ad y)
Clearly, k is a symmetric bilinear form. &k is also associative in the sense that

k([zy], z) = k(z,[yz]). Furthermore, with regard to its action on t, we have the

following result.
Proposition 1 ([Hum?72]). The restriction of r to t is nondegenerate.

Proposition 1 provides us with a way to identify, by means of an isomorphism, t*
with t. Indeed, for each element o € t* there exists a unique element ¢, € t such that

a(t) = Kk(ta,t) for all ¢ € t, (see [Hum72] section 8.2.) Let
Tt —t
() =to

We see that 7 is an isomorphism. In particular, 7(®(t)) = {t, | a € ®(t)}. With

these remarks we justify transfer of the Killing form to t*.
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Definition 2. Let a and § € t*. We define a bilinear form on t*,

()t xtt =k
(@, B) = Kilta, 15).

Again, (-,-) is a symmetric bilinear form inheriting this property from &, and is non-

degenerate by Proposition 1.

We now proceed to construct the Euclidean Space E of our stated aim. We

cite from [Hum72] two helpful lemmas.
Lemma 1 ([Hum?72, Proposition 8. 3(a)]). ®(t) spans t* (over C).

Lemma 2 ([Hum72, Proposition 8. 4(c)]). If a, 3 € ®(t) then Ba) €Z, and
B — 2290 € d(t).

(a,a)

(ﬁ

The numbers ) of Lemma 2 are called the Cartan integers.

Now, in light of Lemma 1 let A = {aq, as, ...,a,} C D(t) be a basis for t*. Define
Ey as the Q-span of av. We have the following,

Theorem 2.1 ([Hum?72]). Each o in ®(t) is contained in Eg. Moreover, the Q-

dimension of Eq equals the C-dimension of t*.
The second assertion follows immediately from the definition of Egp and Proposi-

tion 1. For the first part, we refer the reader to [Hum?72| section 8.5.

The next proposition shows that the form of Definition 2 transferred now to Eg
has the properties we desire of an inner product. Indeed, thanks to Lemma 2 we have

the following,
Proposition 2 ([Hum?72]). The form (-,-) restricted to Eg satisfies,

(1) (-,-) |By 1 positive definite and symmetric.
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(2) For any o, 3 € Eq then (o, 3) € Q.

To complete our construction we extend the base field of our vector space Ejy
to the real numbers. Specifically, let £ = R ®g Eg and let ¢ : Eg — E be the
inclusion map. Extend the form of Proposition 2 canonically to £ and we now have,
as desired, our real euclidean inner product space to study the geometric properties
of the embedded roots. In particular, we can now define the length of vectors in
and measure angles between them. We will put this to good use soon. First, however,

we give the properties of ®(t) that will eventually characterize it as a root system.

Theorem 2.2 ([Hum?72, Theorem 8.5]). Let E, ®(t), g, t, and (-,-) be defined as

above. Then,
(1) ®(t) spans E, and 0 ¢ t.

(2) The only multiples of o € ®(t) are £1.

(3) For all o, € ®(t) then 3 — S € o(v).

a,q)

For all o, € ®(t then 222 ¢ 7,
(4) :

(a,@)

2.3 Root Systems in R"

Now, from a purely geometric perspective we consider a fixed euclidean space G en-
dowed with a positive definite symmetric bilinear form. As usual we define the length
of a vector a € G by the formula | a |= \/m and the angle between two vectors
a and [ by cos(f) = % A reflection in G is an invertible linear transformation
leaving pointwise fixed some hyperplane and sending any vector orthogonal to that
hyperplane into its negative. Any nonzero vector o determines a reflection s, with
reflecting hyperplane, P, = {# € G | (8,a) = 0}. Explicitly,

2(8,a)

(o, @)

sa(B) = B —

« (2.2)
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For convenience we introduce the abbreviation,

2(8, a)
< >= —71 2.3
ST ) 29
Thus we may rewrite equation 2.2,
Sa(B) = - < B,a >« (2.4)

We now write what we mean by a system of roots in R"™.

Definition 3. A subset ® of the euclidean space G is called a root system in G if the

following axioms are satisfied:
(1) @ is finite, spans G, and 0 ¢ ®.
(2) The only multiples of o € ¢ are £1.
(3) If a € ®, then s, leaves ® invariant.
(4) If a, 8 € & then < f,a >€ Z

Now, because of Definition 3.4 the possible angles between pairs of distinct roots
is extremely limited. Indeed, let a, 8 € ® with a # +3. In light of Equation 2.4 we
have that

< B,a>-<a,B>=4cos(d). (2.5)

Note that < 8,a > and < a,3 > both have the same sign and 0 < cos?(f) < 1.
Without loss of generality let | 8 |>| a |. The condition that < [, >€ Z then
restricts the possible values for 8, < 3,a >, and < «, 3 > to those listed in Table 2.1
from [Hum?72, section 9.4].

Now, in light of Definition 3 and Theorem 2.2 we have the following,
Theorem 2.3 ([HumT72]). ®(t) is a root system in E.

There are exactly four systems of rank 2. They are denoted by, A; x A;, Ag, Bs
and Gy. These arise when the angles between the roots are, respectively, multiples of

5, % 3, and g, (see Table 2.1.)
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Table 2.1: Possible angles between roots

<a,f> <Ba> 0 |B])al
0 0 7/2 undetermined
1 1 /3 1
1 1 27/3 1
1 2 7/4 2
1 2 3r/4 2
1 3 7/6 3
1 3 57/6 3

Remark 1. In practice it can quite tedious to apply the inner product of Definition
2 to vectors in E. Fortunately, there is not always a need to do so. Indeed, let
® be a root system in E, (relative to a given bilinear form). Then any other form
that leaves the Cartan integers invariant maintains the structure of the original root
system changing, in general, only the scale. For example, let ® be a root system in £
relative to the bilinear form F. Let (3 be a basis for £/ and let M be the matrix of I
with respect to 3. Now let ¢ be a real number. Then the bilinear form obtained from

the matrix ¢M magnifies the scale of the ® by | ¢ | but leaves it otherwise unchanged.

Theorem 2.3 is of enormous importance to the study of semisimple Lie algebras.
Indeed, we have the fact that every nonzero finite-dimensional semisimple Lie algebra
g s characterized, up to isomorphism, by its system of roots. Thus, information we
obtain regarding the roots of g can be transferred back to facilitate understanding of

the structure of g itself.

2.4 Bases and Weyl Groups

Definition 4. A subset A is called a base of & if
(1) Ais a basis of F

(2) Each root 5 € ® can be written as 3 =Y k, a(a € A) with integral coefficients
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k. all nonnegative or all nonpositive.

The roots in A are called simple and the rank of ® (i.e. the dimension of E) is
equal to the number of roots in A. Definition 4.2 induces a natural partition on the
set of roots: Let ®T be the set of roots with coefficients, k, > 0. Define &~ similarly.
O and &~ are called, respectively, the positive and negative roots of ® relative to

A. Moreover, ¥ N®~ = and & = dT U D~.

Definition 5. Let ® be a root system in E. The Weyl group of ®, denoted by W (),
is the subgroup of GL(FE) generated by the reflections, s, (« € D).

Actually, it turns out that W (®) can be generated by the elements, s, with o € A.

We also have
Theorem 2.4. Let A be a base of . Then,

(1) If « is any root, there exists w € W(®P) such that w(a) € A.

(2) If A’ is another base of @, then w(A') = A for some w € W(®) (so W acts

transitively on bases).

2.5 Cartan Matrices and Dynkin Diagrams

Fix an ordering (a1, o, ..., ;) of the simple roots of ®. The matrix (< «;, o; >) with
1 <4,7 < nis called the Cartan matriz of ®. Its entries are the Cartan integers,
(cf. Lemma 2). Now since A = {ay, ag, -+ ,a,} is a base, then the Cartan Matrix is
nonsingular. This is extremely important in all that follows. We also have that the

Cartan Matrix characterizes ®.

Proposition 3 ([Hum72, Proposition 11.1]). Let " C E’ be another root system,
with base A" = {aq, o, -+ ap . If < g, 05 >=< o, a); > for 1 <i,j <n, then the
bijection o — o extends (uniquely) to an isomorphism ¢ : E — E' mapping ® onto
O’ and satisfying < ¢(), p(B) >=< a, > for all o, € ®. Therefore, the Cartan

matrix of ® determines ® up to isomorphism.



Chapter 2. Preliminaries and Recollections 11

For the systems of rank 2, the matrices are,
Ay x Ay (2 O) A2<2 _1)
0 2 -1 2
o1 3) o)
-1 2 -3 2
The matrix, of course, depends on the ordering of the roots but not on the choice of
A. This is due to the fact that for all w € W(®) < w(a),w(f) >=< a, > for all
a, f € ® and, Theorem 2.4, that W (®) acts transitively on the set of bases of ®.
Now, If a and (3 are distinct roots, then we know from Table 1 that < o, 3 > - <
B,a > =0,1,2, or 3. Define the Coxeter Graph of ® to be the multigraph having n
vertices corresponding to the simple roots of A with < oy, a; > - < o, a; > edges
from v; to v;. Now when a double or triple edge occurs in the Coxeter graph of
® it means that one of the vertices corresponds to a root that is shorter than the
other. If we add an arrow pointing to the shorter root we can now recover the Cartan
integers without ambiguity. This directed multigraph is called the Dynkin diagram.
The Dynkin diagrams for each of the matrices above are all directed multigraphs on
two nodes, vy and ve. For A; x A; the Dynkin diagram consists of two isolated nodes.

For A, it is P,, the undirected path on two nodes. The diagrams for By (G) have

two (resp. three) directed edges from vy to vs.

2.6 Irreducible Root Systems and the Characteri-
zation

Theorem

Let @ be a root system in a euclidean space E. ® is called irreducible if it (and hence

A) cannot be partitioned into two proper orthogonal subsets. Obviously the Dynkin



Chapter 2. Preliminaries and Recollections 12

diagram is connected (as a multigraph) if and only if ® is irreducible. (For the two
dimensional root systems of the previous section, we see that A, By, and Gy are
irreducible, while A; x A; is not.) Let m be the number of connected components in

the Dynkin diagram. We have the following proposition.

Proposition 4 ([Hum?72, Proposition 11.3]). ® decomposes (uniquely) as the
union of irreducible root systems ®; (in subspaces E; of E) such that E = @), E;

In light of this proposition, (and Proposition 3) to characterize any root system, it
suffices to classify the irreducible root systems, or equivalently, the connected Dynkin

diagrams. In this regard we have the next remarkable result.

Theorem 2.5 ([Hum?72, Theorem 11.4]). If ® is an irreducible root system of

rank n, its Dynkin diagram is one of the diagrams in Table 2.2.

The restrictions on n for types A,, B,, C,, and D,, are imposed to avoid duplica-

tion. Relative to above labeling of the simple roots we have the corresponding Cartan

matrices:

2 -1 0 0 O 0

-1 2 -1 0 0 0

0O -1 2 -1 0 0

A, 0
0

0 0 o -1 2 -1

0 0 -1 2

2 -1 0 0 O 0

-1 2 -1 0 O 0

0O -1 2 -1 0 0

B, : 0
0

0 0 o -1 2 =2
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o o O O

o O o o o

o O o o O

13
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2 0 -1 0 0 O 0 O
o 2 0 -1 0 0 0 O
-1 0 2 -1 0 0 0 O
o -1 -1 2 -1 0 0 O
Egl

o 0o o0 -1 2 -1 0 O
o 0 o o0 -1 2 -1 0
o o o o0 0 -1 2 -1
o o0 o o0 o0 0 -1 2

2 -1 0 0

-1 2 -2 0
F4Z

o -1 2 -1

0 0 -1 2

2.7 Example: sl,(C)

Let g = s1,,(C). Recall that g is the semisimple Lie algebra of matrices in M, (C) with

trace zero. The product, [, -], on g is just the commutator. That is, for all z,y € g

[, y] =2y —yz (2.6)

Let t C g be the diagonal matrices. Now define the functionals (on t), e;,7 € {1,2,...n}
by the formula, e;(diag(ay, as, - ,a,)) = a;. A straightforward computation reveals
that ®(t) = {e; —e;,1 <1 # j < n} is the set of roots of g. Now define a; = €; — €41,
with ¢ € {1,2,...,n — 1}. The reader can easily verify that, A = {1, @9, ..., 0,1} 18
a base for ®(t). In particular, we have that ®(t)* = {e; —¢; | 1 <i < j < n} and
P(t)” ={e; —e; | 1 <i < j<n} are, respectively, the positive and negative roots of
g (with respect to t and relative to A.)
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Now for the root spaces of g we have that,

Jei—e, = spancie;;}, 1 <i#j <n. (2.7)

where the matrices e; ; are the usual standard basis vectors of M, (C). We record this

correspondence symbolically in the form of a matrix:

0 G Yai+as ’ ’ ’ ’ Yoy ++an—1
1 0 Jay Jaotas : ) ' Hao+-+an_1
J—a1—ay H—ay 0 Yoy Jaztas - ’ Bas+-+an_1
O-o1——ap_a B—as——an_s ’ ’ ) ’ 0 Gy
J-o1——an1 B—ao——an_1 : ’ ’ © P-an 0

Now let E’ be the span (over R) of {ej,es, -+ ,e,}. In this way we identify F’
with R". Let E be the subspace of E’ defined by the quotient,

E = spang{{ei, e, - ,e,}/(e1 + - +en)} (2.8)

and identify F with R"~!. We claim that A = {e; —e3, -+ ,€,_1—e,} is a basis for E.
Indeed, let a; be scalars in R. Then a;(e; —ez)+ag(ea—e3)+--+a,_1(en_1—€,) =0
if and only if a; = 0. Now let v be any vector in £’ and let S be the one dimensional
subspace (of E’) generated by e; + e + - -+ + e,. We must show that there exists a
vector e € spang(A) such that the cosets € = e+ .S and 7 = v+ S are equal. In other
words that,

v=ai(e; —e) +asles —e3)+ -+ ap1(en1—€n)+tler+ea+--+e,) (2.9)

has a solution for ay, as, -+ ,a,-1, and tin R. Let v = (b1, by, - -+ , b,). Then Equation
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2.9 is equivalent to,

1 0 0 0 1
ay bl
-1 1 0 0 1
as b2
0 -1 1 0 1
as bs
0 0 -1 0 1 = (2.10)
Ap—1
1 1
¢ b,
0 0 o --- —11

As the matrix of Equation 2.10 is nonsingular, (with its determinant equal to n), a
solution is guaranteed thereby establishing the claim.

Now, ®(t) is clearly contained in E. Moreover, we have, by Theorem 2.3, that
®(t) is a root system in E relative to the inner product of Section 2.2. However,
as mentioned earlier, while this result is of theoretical significance, in practice the
computations are forbidding and finding the elements of the Cartan Matrix can be
extremely tedious. Instead, we choose an inner product on E defined by the following:

Let the inner product on E’ be defined, as usual, by the equation,
(€i,e;) == 0;; (2.11)
Now, if we project this down to E we obtain,
(€ — €ir1,€5 = €jp1) i= 2055 — bijp1 — Oita (2.12)

Clearly, it is easier to compute lengths and angles with this choice of inner prod-
uct. (Indeed, we may regard F as a hyperplane in E’ perpendicular to the vector
(1,1,---,1)). But additionally we have the remarkable fact that the inner product
here produces the same set of Cartan integers as the inner product of Section 2.2. In
particular, we have the Cartan Matrix A, ;. We also have that the Dynkin diagram
for ®(t) is P,_;, the undirected path on n — 1 nodes.
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Figure 2.1: Dynkin Diagram for A,_;

n—2 n—1

1 2
Ap oO—O - -0—0

2.8 Representations and Weights

We now turn our attention to representations of Lie algebras. Throughout this section
we let g be a finite dimensional semisimple Lie algebra over an algebraically closed

field k of characteristic zero.

Definition 6. Let V' be a finite dimensional vector space over k. A representation

of g on V' is a homomorphism,

p:g— gl(V).

where gl(V') is the linear Lie algebra of endomorphisms of V. It is immediate that

such a map gives V the structure of a g-module. That is,
(1) plaz + by)(v) = ap(z)(v) + bp(y)(v)
(2) p(z)(av + bw) = ap(z)(v) + bp(z)(w)
(3) p(lz,y])(v) = p(x)(p(y)(v)) — p(y)(p(z)(v))

for any z,y € g, v,w € V, and a,b € k.

Now, let t C g be a maximal torus. If p is a representation of g on a vector space
V', then p(t) is diagonalizable in gl(V'), [Hum72, corollary 6. 4]. Accordingly, we have

the common eigenspace decomposition V' = @V, where A runs over t* and

ia={veV|py)(v)=Ay)(v) Vy € t}. (2.13)
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As before, whenever V), is nontrivial we call it a weight space, and A a weight of t on
V. (Note that the operation of t on g in Section 2.1 is just the adjoint representation.
Thus the root space decomposition of a finite dimensional semisimple Lie algebra over
k = k is a special case, and is subsumed by the material here).

Now the question arises: How do we locate the weights for an arbitrary represen-
tation V' other than to say that they are elements of t*?7 We answer this in due course

but first we make the following definition.

Definition 7. Let ®(t) be the roots of t. Let R be the integer lattice of points
spanned by ®(t). We call Ry the root lattice of t.

In general, the weights of a representation are “outside the reach” of the root

lattice.

Ezxample 2.1. Let g = sl3(C). Then every irreducible g- module has the following
structure:

Vi @ Voo @+ @ Vi ® Vi, (2.14)

Now the only roots of g are the one dimensional vectors, {£2}. Thus Ry here is just
the set of points {2n | n € Z}. Clearly, if m is odd then the weights {—m, —m +
2,---,m—2,m} are not in Ry.

Let Ac={A et |[< \a>€Z (o € (t))}. We call A, the weight lattice of O(t).
Observe that this lattice is dependent only on the root system, ®(t). It can be shown
that the weights for an arbitrary representation p of g are contained within A¢. This
definition for A, however, is of little practical value. Fortunately, we have the next

very useful result.

Proposition 5 ([Hum72]). Let ®(t) be a root system of rank n and let A(t) be
an ordered base for ®(t). Let C(A) be the Cartan matriz for ®(t). Define a set of
vectors, {1, Ao, -, A}, in t° such that the components of \;, with respect to A(t),
are given by the i-th row of C(A)™1. In other words,

n

A=) (C(A) )y ie{1,2,---,n} (2.15)

J=1
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(These are called the fundamental weights relative to A(t)). Then
At - SpanZ{)\17 /\2’ Tty )\n}

Ezample 2.2. Consider the root system ®(t) of type A7 and let A(t) = {ay,as, -+ , a7}
be a base. We see from the example of Section 2.7 that this root system arises from
the Lie algebra g = slg(C) with t = {h € g | Tr(h) = 0}. We have again from this

example that the Cartan matrix is given by

L

)

|

—_

o

o
o o o o

(2.16)

o o o o O

o O o o O

so that
6 5 4 3

7

6 12 10 8 6

5 10 15 12 9
1 4 8 12 16 12

3

2

1

o O = N

(2.17)
9 12 15 10

6
4 6 8 10 12
2 3 4 5 6

N O Ot s W N -
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Let a = A(t). In accordance with Proposition 5 we have that

A = %[7,6,5,4,3, 2, 1]a

Ao = é[ﬁ, 12,10,8,6,4, 2],
A3 = é[5, 10,15,12,9,6, 3],
At = é[4,8, 12,16,12, 8, 4],
As = é[?), 6,9,12,15,10, 5],
As = %[2,4,6,8, 10,12, 6],

1
)\7 == g[la 27 37 47 5a 67 7]&

with
A¢=span{Ay, Ao, -+, A7} (2.18)

2.9 Local Symmetric Spaces and #-diagrams

We now turn our attention to a description of symmetric spaces. To motivate this
topic we briefly consider symmetric spaces related to Lie groups. In particular, let G
be a linear algebraic group. Let 6 be an involution in Aut(G), i.e. #*=id € Aut(G).
Let K be the fixed point group of 8 and let

P={A0(A)'| Ac G}

We refer to P as a symmetric space and make the remark that P = G/K.
Example 2.3. Let G = GL,(R) with §(A) = (AT)~!. In this case K = O,(R) and P

is the set of symmetric matrices with positive eigenvalues. This example gives rise
to the polar decomposition: For any A € GL,(R) we have that A = O - X where
0O € 0,(R)and X € P.
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To define symmetric spaces on Lie algebras we proceed as follows: Let 6 € Aut(g)

be an involution. In this case we let
t={Acg|b(A) =A}

p={Aecg|0(A)=-A}
Here p is called a local symmetric space of the Lie algebra g. Clearly, € and p are,
respectively, the +1 and —1 eigenspaces of g relative to #. Using these symmetric
spaces we obtain a decomposition of g reminiscent of the root space decomposition
of Section 2.1. Indeed, let a be a toral subalgebra maximal in p. We have that a is

ad-semisimple as it inherits this property from g. Then as before we have that

9=00 Y (2.19)

weP(a)
where g, = {r € g | [t,2] =w(t)r Vt € a} and (a) ={w € a* | w # 0,9, # 0}. In
this setting the eigenspaces, g,, are multidimensional, in general. We also have that
®(a) is a reduced root system, one for which twice (or half) a root may also be a root.
When this occurs, then ®(a) is of type BC,,. The analysis and explicit formulation
for the elements of ®(a) is carried out in [Fowler03].

Analogous to the situation in 2.6 we present the methodology of A. G. Helminck
for characterizing the fine structure of irreducible locally symmetric spaces. This char-
acterization is realized through graphical structures derived from Dynkin diagrams.
We carry this out in several steps. First, it is a well known fact that for any operator
¢ on a (finite dimensional) vector space V' there exists an (induced) operator ¢* on
the algebraic dual V*. In fact, let 3 = {01, 52, - , Bn} be an ordered base for V' and
let 5" = {01,055, ---,0,} be a base for 5’ dual to 3 in the sense that 3;(3;) = d;;. Let
[M] be the matrix of ¢ relative to 3. Then [M]T is the matrix of ¢* relative to 3.
As g is itself a finite dimensional vector space, then for any involution 6 € Aut(g),
we similarly construct the induced involution 6* € Aut(g*). To maintain consistency

R 3

with the literature, we drop the on ¢*. The underlying space will be clear from

the context. Next we make the following definitions.
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Definition 8. Ag(d) = {X € A¢| 0(A) = A} and $¢(0) = Ap() N P

Evidently, Ag(0) and ®y(0) are, respectively, the characters and roots fixed by .

Note that ®y(6) is itself a root system. Now let m be the canonical projection,
o At — At/AO(e)

so that Ay = 7(A) and ®(t) = m(D(t)).
The next proposition, due to A. G. Helminck, relates the roots of t and a.

Proposition 6 ([Hel88]). Let t and a be as above. Then ®(a) = ®(t). Moreover,
let

Then 7 is onto and ®(a) = {n(a) | m(a) # 0, a € O(t)}.

We now focus on the choice of base for ®(t). In particular, we develop the notion
of a “O-base”, i.e. a base for ®(t) that is, in a specific way, compatible with the action

of 6. We require the following

Definition 9. An order > on ®(t) is called a @-order if whenever x € Ay, with
X = 0, x & Ag(f), then 6(x) < 0.

The base we derive from this order is called a 6-base. The next proposition gives

a useful characterization.

Proposition 7 ([Hel88]). Let A(t) be a base for ®(t). A(t) is a O-base if and only
of
(1) m(A(t)) is a base of P(a).

(2) AN Dy(0) is a basis of Py(0).
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Note that this proposition implies the existence of a #-order since one can always

choose a base for ®(a) and also one for ®y(¢) thereby inducing a §-base for ®(t).

For the next step let W (t) be the Weyl group of ®(t), (Section 2.4). For a subset
S C ®(t), denote by W(.S) the subgroup of W (t) generated by s,, a € S. Let Wy(0)
be the Weyl group of ®4(6). Then Wy(0) = W(Py(t)). Now let A(t) be a 6-base of
O (t) and let Ag(0) = A(t) N Dy(A) be a base of $y(#). Let wy(f) be the longest Weyl
group element of W(0) (with respect to the base Ag(#). Then

wo(6)[2g (0)] = @ (0)
This equation implies that wg(#)? leaves Ag(6) fixed. And since the Weyl group acts

simply transitively, we have that wy(6)? is the identity on Wy(6).

For the next step we define (another) map 6* on ®(t) by
0* = —id of) o wy(0) (2.20)
As each involution on the right hand side of Equation 2.20 commutes we have that

id
0" =
Dynkin Diagram automorphism of order 2

In light of this and Equation 2.20 we may recover . Indeed,
0 = —id of* o wy(0) (2.21)
We are now ready to define and describe the #-diagram.

Definition 10. Let A(t) be a #-base for ®(t) and let D be the corresponding Dynkin
Diagram. Color black each ov € Ag(f). Denote the action of * on D by arrows. We

call these enhanced diagrams involution diagrams or 6-diagrams for short.
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First we make the remark that the existence of a #-order implies the existence
of a f-diagram. Next, in light of Equation 2.21, we can from the #-diagram, recover
the action of 0. Indeed, Ay(f) and 6* are evident upon inspection of the diagram.
Then, construct Wy(0) and locate within it wy(¢). Computing with 6 in this way
simplifies enormously the task of finding explicit formulas for the projections of the

roots defined in Proposition 6. Again we refer the reader to [Fowler03] for the details.

Remark 2. We can associate a f#-diagram with every semisimple local symmetric
space by choosing a maximal toral subalgebra a contained in p and a maximal toral
subalgebra t containing a. This will be called the #-diagram of the triple (g, t, a). It
was shown in [Hel88] that the #-diagram of a semisimple local symmetric space is

unique up to isomorphism, i.e. it does not depend on our choice of a and t.

In Section 2.6 we presented the irreducible root systems and their Dynkin dia-
grams. For symmetric spaces we define an irreducible 6-diagram to be one for which
the root system (and hence the Dynkin diagram of) ®(a) is irreducible. An abso-
lutely irreducible 0-diagram is one for which the root systems (and Dynkin diagrams)
for both ®(t) and ®(a) are irreducible. We call a #-diagram semi-irreducible if it
is irreducible but not absolutely irreducible. The absolutely irreducible and semi-
irreducible #-diagrams are the building blocks for the irreducible #-diagrams since
every irreducible #-diagram is either an absolutely irreducible #-diagram or a semi-
irreducible #-diagram. Similar to the Classification Theorem we have from [Hel88]

the following landmark result.
Theorem 2.6 ([Hel88]).

(1) There is a one to one correspondence between semisimple local symmetric spaces

and the associated 6-diagrams of the triples (g, t, a).

(2) There are, respectively, nine semi-irreducible and twenty-four absolutely irre-

ducible 0-diagrams.

The semi-irreducible #-diagrams can be constructed in the following way: Let D

be the set of the nine (irreducible) Dynkin diagrams of Section 2.6. Let D € D be
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Figure 2.2: Subcase A2(II)

1 2
3.
Az e—O—eo (O —e
2 4

o () w
]

the Dynkin diagram associated with ®(t). Let 6* be the diagram automorphism that
identifies the corresponding nodes of two copies of D. In this case, then, ®(a) is
also of the same type. The twenty-four absolutely irreducible #-diagrams are given in
Tables 2.3 through 2.7.

We proceed with an explanation of the labeling of the #-diagrams. First observe
that the diagram on the left for each case is the #-diagram. What appears to its
right is the Dynkin diagram for the projected reduced root system, ®(a). Let A(t) =
{a1, 09, ,a,} be a (f)-base for ®(t) and let A(a) = {wy,wa, -+ ,w,} be a base for
®(a). Now, from the fact that A(t) is a 6-base, we have that 7 maps A(t) to A(a).
To ascertain the specifics of these projections observe first that labels for the a’s do
not appear in the #-diagram at all. These are fixed by convention and purposefully
excluded so as to not clutter the #-diagram, (see Section 2.6.) The numbers that do
appear over the nodes of these directed multigraphs are the indices of the w’s in the

target. To help avoid any confusion we consider the following

Ezample 2.4. We consider the case, AIl. The 6-diagram for this case is a (modified)
path on 2n + 1 nodes. From left to right, these nodes correspond to the simple roots,
a; with i € {1,2,--- ,2n 4+ 1}. Thus, a4, is represented by the leftmost node and so
on. We see from this diagram that every odd node is colored black. Thus, 7(ax) =0
for k € {1,3,---,2n + 1}. On the other hand, for k = {2,4,--- ,2n} we have that
(o) = w k since these nodes are explicitly affixed with the labels g If we apply this
to the subcase A3(I1), (n = 3), we have that 7(a;) = 7(a3) = 7(as) = 7(ay) = 0.
And for the nontrivial elements we have that 7(ag) = wy, m(y) = we, and 7(ag) = ws,

(see Figure 2.2).

At this point we are now able to define the structures we will need for the main
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result of this thesis. First, from the linearity of = and Proposition 6 we have that
R = R,. We may, however, extend the domain of 7 to include the weight lattice of
the Lie algebra giving meaning to the expression 7(A¢). In particular, recall from the

last section (Equation 2.15) that

n

>\i :Z<O(A)_1)Z] 'Oéj 1€ {172, ,n}
j=1
where C'(A)™! is the Cartan matrix of ®(t) relative to the ordered base A(t). We
define vectors v; with ¢ € {1,2,--- ,n} by applying 7 to both sides of this equation.
So that

n

=7 = D (C(A) )y - ) (2.22)

j=1
with

m(Ay) = spang{y1, 72, -+, W} (2.23)

Next let A(a) = {wi, w2, -+ ,w,} be a base for ®(a). Let C'(A(a)) be the Cartan

matrix of ®(a) relative to A(a). Using Proposition 5 we define

P

p=3(CAE) Dy wy e {12, ,p) (2.24)

j=1
We refer to the integer span of the u’s as the weight lattice of the symmetric space
and denote it by A,.

Evidently, 7(Ay) is in the Q-span of A(a). In fact we can say more. Later we will
see that m(A¢) C A4, (see Theorem 4.1(1)). In the next example we compute the 7’s
and p’s for the special case A2 of AIL.

Example 2.5. From Example 2.2 we have that the fundamental weights for this case
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are given by
A= %[7,6,5,4,3, 2,1]a
Ao = é[ﬁ, 12,10, 8, 6,4, 2],
A3 = %[5, 10,15,12,9,6, 3],
A = é[4,8, 12,16, 12,8, 4],
A5 = é[?), 6,9,12,15,10, 5],
Ag = %[2,4,6,8, 10,12, 6],

1
)\7 == g[la 27 37 47 5a 67 7]01

Applying 7 to these weights and using the information of Example 2.4 we obtain

1

M= 1[37 2, 1]0.)
1

Y2 = 1[67 47 Q]w
1

V3= 1[57 67 3]w
1

Y4 = 1[47 87 4](4)
1

1= 13.6,5l,
1

Y6 = 1[27 47 6]0.)
1

Y= 1[17 27 3]w

To compute the weight lattice of the symmetric space observe that for this case ®(a)
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is A3. Again by invoking Proposition 5 we have that

1
H1 = 1[3) 27 1]w
1
Ho = 1[27 47 2]0.)
1
M3 = 1[17 27 3]«)
Now, observe that
Y1 = M1
Yo = 2#1
V3 = {1+ o
Ya = 242
V5 = Mo + 3
Yo = 2143
Y7 = M3
We also have that
H1 ="
Mo = =71+ 73

M3 =71 —73+7

Thus for this (sub)case we have that m(A{) = A,. That this is always the case is

part of the main result of this thesis.
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Table 2.2: Dynkin Diagrams of Irreducible Root Systems

Ay (n>1): OO 0B
Bu tn2) b ok
1 2 n—1 n
Cp (n>3) O—O - -O==0
1 2
D,, (n>4) O—O

5 6
O O
2
E; 1 3 ?4 5 6 7
O O O O O O
2
Eg : 1 3 4 5 6 7 8
O O O O O O O
1 2 3 4
F4 :
Gy - 1 2
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Table 2.3: #-diagrams

30

Type 0 f-Diagram O (a)
o——:0 - -O0—=0 --O0—O
ATT 1 l -1 l
1 2 P
O—O0 -
Alll,
(AIV(p=1) o | R
(1<2p<) '
1 2 -1
O—0 -
AT, l =
O—0O -
BI ) »
(Bll(p=1)) O—O - O0—@ - =@ N
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Table 2.4: §-diagrams (continued)

Type 6 0-Diagram O (a)
ZC’II% 1 2 -1 l 1 p—1
> o——:0 - -0==0 O O O_ -0
1< (< e 3—1
(I<p<sl-1) I
Cll, o O @ O @<O
(l=2)
@(a) 1 2 N -1 l
DI,
DII (p = 1) .
p
(>4 o -O—e -
(1<p<i-1)
1 2 p—1
®(a) O—0 - -O==0
l l
O O
DI, 1 2 -3 1-2 1 2 -3 1-2
(1>4) O—O o—0 -
-1 -1
l
D111, 1 -1 L2 =1

(1=2)
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Table 2.5: #-diagrams (continued)

Type 6 f-Diagram O (a)
!
DIIIb 1 ] —1 0 1 2 p—1 P
(1>2) : - : oO—0C - - -O==0
2 2
Bl T f
1 3 4 5 6 1 3 4 5 6
o—O0——0O—_0C—0O O0—"0O—"—0O—0—=0
1
1 2 3 4
ET1 i 3 4 O—C=—=0C0—"=20
o—0O0——0O—_0C——=0
t -t
0*
1
1 2
ETII f 2 =0
Oo—e e—O
' }
0*
1 2
ETV I Oo—=O
1 2
O @ { O
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Table 2.6: #-diagrams (continued)

Type 6 g-Diagram O (a)
2
BV T
1 3 45 6 7
O—O0—""C0—"0C—"—C0O—=0
2
®(a) f
1 3 45 6 7
O—O0—"C0O0—"0C—"—A0—=0
3
EVI I O—OC—=——0—"-=o0
1 2 3 4
Oo—0O0—=0 ® O o
2
EVII I O=——0—"-=20
3 2 1
o—e o—O—=O
EVIII

e
ol
O—O0w
of
ol
Q=
O
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Table 2.7: #-diagrams (continued)

Type 0 f-Diagram O (a)
1 2 3 4
FIX I O—C——0—"-20
4 3 2 1
O | L O O O
o 1 2 3 4 1 2 3 4

FII ! O




Chapter 3

Inverses of Cartan Matrices

As was mentioned in Section 2.8 expressions for the fundamental weights of an ir-
reducible representation of a Lie Algebra, g, can be found by inverting the Cartan
matrix of g. In this section we provide explicit formulas for the inverses of each of

the Cartan matrices of the Classification Theorem, (Section 2.6).

3.1 Casel: A,

Lemma 3. Consider the Cartan matriz A,, of Section 2.6. Then the inverse is given

by,

(3.1)

J=5e) 1>
Proof. As A, is invertible, (Section 2.8), it suffices to show that the matrix given in

equation 3.1 is a right inverse of A,,. Specifically we need to show that

D (A (A kg = 01 (3.2)

k=1

forall i, € {1,2,--- ,n}. Let [ € {1,2,--- ,n} denote the row of A,. Observe that
the rows of A, have three obvious partitions: We have the top row with [ = 1; the

middle rows where 2 <[ < n — 1; and finally, the last row with [ = n.

35
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Figure 3.1: Partitions of the rows of Ay

2 -1 0 0 0 0 O
-1 2 -1 0 0 0 O
0o -1 2 -1 0 0 O
0o 0 -1 2 -1 0 O
o 0 0 -1 2 -1 O
o 0 0 0 -1 2 -1
0o 0 0o 0 0 -1 2

Consistent with this partition we structure our proof. In particular, if [ = 1 then

Equation 3.2 is upheld as

2(1_71.—11-1)_(1_7142.—1): J=1
- -0 -
For 2 <[ <n —1 we have,
= ) 21 ) = - ) = j<i
—1(5—1)(1—nil)+2z(1—n+;1)—'(1—7%11):1 j=1
—(z—1)(1—ﬁ)mm—#l)—(zﬂ)a—n%l):o i

Finally for [ = n the product of Equation 3.2 evaluates to

In each of these cases we see that Equation 3.2 is upheld thus completing the proof. [

The inverses for the A, cases have a particularly nice form. After factoring out
#1 from each element of the matrix we have that each of the columns, starting from

the right and up to the diagonal, have successive multiples of the integers n — j + 1.
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For example for n = 7 we have that

7T 6 5 4 3 2 1
6 12 10 8 6 4 2
5 10 15 12 9 6 3
(A7) 1 4 8 12 16 12 8§ 4 (3.3)
3 6 9 12 15 10 5
2 4 6 8 10 12 6
1 2 3 4 5 6 7

3.2 Case 2: B,

Lemma 4. Consider the Cartan matriz B, of Section 2.6. Then the inverse, B, ",
15 the matrix given by,
1 1<j<n
(B, ")ij =

n

j<i<n (3.4)

<.

1=n

N[

Proof. As before we show that the above matrix is a right inverse of its counterpart

B, i.e. that

n

> (B (By kg = 01 (3.5)

k=1
for every [,j € {1,-,n}. Again we consider several separate cases depending on the
value of [. For [ = 1 Equation 3.5 is clearly upheld for any j € {1,--- ,n}. If
2 <1 <n — 2 the product on the left hand side of 3.5 evaluates to

—J+2)—=7=0 J<l
—(-1)+20-1=1 j=1
—(l-1)+20—(1+1)=0 Jj>1
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Now, if [ =n — 1 then

—j+2j—2%:0 J<n-—1
=2 +2n—1)—2" Ly j=n—1
—(n—2)—|—2(n—1)—2%=0 j=n
Finally, for [ = n then
—j+2‘%=0 j<n-—1
—(n—1)+2"51:o j=n-1
—(n—l)—i-Zg:l j=n
Again in each instance Equation 3.5 is upheld. O

For an example, let n = 6. We then have that

(3.6)

NN NN

N T o T
e W W W N =
N = e W N
ot O s W N
W Ot s W N =

3.3 Case 3: C,

Recall from Section 2.6 that C,, = (B,)". It follows that C;' = (B,')". For com-

pleteness we record a formula in the lemma below.
Lemma 5. Let C,, be the Cartan matriz of Section 2.6. Then the inverse, C ', is
the matrix given by,
J Jj<i<n
(Cohig=4i i<j<n (3.7)

|

Jj=n
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Here for an example we again let n = 6. Notice that C;' = (B; )",

e e Y
NN NN NN
W W W w N =
i N S
ot ot = W [\ =
LY oot N Nolw — N

3.4 Case 4: D,

Lemma 6. Consider the Cartan matriz D,, of Section 2.6. Then the inverse of this

matriz 1s given by

1 1<73<n—2
¥ 1<i1<n-—2
I die{n—-1n}j<n-2
(D)., = 1 je{n—1,n},i<n-—2 (39)
T t=n—1,7=n-1
"T_2 1=n—1,7=n
22 j=nj=n-1
\% 1=n,]=n

Proof. Again we show that the above matrix is a right inverse of its counterpart D,,,

i.e. that

n

> D)k - (D i = 615 (3.10)

k=1
for all ,j € {1,---,n}. Once more we consider several cases. First, if [ = 1 then

Equation 3.10 is clearly upheld for any j € {1, -+ ,n}. Now if 2 < [ < n — 3 then the
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product of Equation 3.10 becomes

—j+2j—j=0
—(-1)+20-1=1
—(l-1)+21—-(1+1)=0

Next if | =n — 2 then

—j+2j—%—%:0
n—3 n-—3
—(n—=3)+2(n-3)— 22— 2220
n— n—
—(n—3)+2;n—2)—22 - 22—1
BEGa e el
et

For if | = n — 1 we have that

o J
— 22 =0

J+ 5

-2
—(n—2)+2”2 =0

n— 2 n
— 2— =1

2 + 4

n—2 n—2
— 2 =0

2 + 4

Finally, if [ = n the product of equation 3.10 evaluates to

o]
422 =0
J+ 9
—9
—(n—2)+2n2 ~0
n— 2 n—2
— 2 =0
5 T
n—2+ n_1
2 4

40

g <l
jg=1
jg>1
j<n—4
j=n-—3
j=n—2
j=n—1
j=n
Jj<n-3
Jj=n-—2
j=n—1
j=n
j<n—-3
j=n-—2
j=n—1
j=n

Once again Equation 3.10 is upheld in every case thus completing the proof. O
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Remark 3. Observe from the above formulas that (A,)~! and (D,,)~! are symmetric
matrices. This is expected of course as their respective counterparts A, and D,, are

themselves symmetric.

We present D;' as an example.

1 1
11111 %!
1222211

3 3
1233323
1 2344 2 2 (3.11)

5 b5
12345 23
1 3 5 7 5
2 L5 2 5 7 3
1 3 5 5 7
2 L5 235 1 4

3.5 The Remaining Cases: FEg4, E7, Eg, F4, and G

Recall that the matrices of this section are all of fixed dimension and we simply
compute the inverse for each case. First for the matrices F,, with n = 6, 7, and 8, we

have that the inverses are respectively,

4 5 4 2
3 1 3 2 3 3
12 2 3 2 1
5 9 10 4 8 4
(Be) ' =17 ; 53 (3.12)
23 4 6 4 2
49 8 4 W0 5
3 3 3 3
2 4 5 4
3 1 3 2 3 3
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— [\) [\ W~ w [\] [\
Njw W o Oy R NN DN
N = O 00 O = W

~J

10 14

12 16

For the remaining matrices we have that

N W N

and

10
15
20
30
24
18
12

N =~ O W

© O No W

pion Ot R

12
16
24
20
15
10

w O 00 B~
N W s~ N

N = Tt O = W N

12
18
15
12

Nl DN ojor W DN W =

12
10

N = s Ot O e W N
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(3.13)

(3.14)

(3.15)

(3.16)
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Relations between Characters of Lie

Algebras and Symmetric Spaces

Let Ay, A4, and R, be the lattices of Section 2.9. On their inter-relationship we have
the following theorem due to A. G. Helminck.

Theorem 4.1 ([Hel88]). Let ®(t) and its projection ®(a) be irreducible. If
(1) ®(a) is not of type BC,, then Ry = m(Ry) C m(A¢) C A,.
(2) ®(a) is of type BC,, then w(A{) = Ry = A,.
The main result of this thesis is the converse of Theorem 4.1.(1).
Theorem 4.2. Let ®(t) and its projection ®(a) be irreducible. Then w(A¢) = A,.

We not only seek to establish this result but also to provide explicit formulas for
the characters of each in terms of the other. In addition, for the cases where ®(a) is
of type BC,,, we offer a direct proof of Theorem 4.1.(2) again with formulas for the
characters.

Remark 4. For root systems of type Eg, Fj, or G5 the weight lattice and the root
lattice of ®(t) are the same, i.e. A¢ = Ry. For either one of these we have as a direct
consequence of Theorem 4.2, (and Proposition 6), that the same result is true for

®(a), i.e. that Ay = R4, which of course is, in general, a root system of a different

type.

43
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Our proof will be comprised of twenty-four parts corresponding to each of the
absolutely irreducible theta diagrams of Section 2.9. There are, however, two basic
proof strategies depending on whether or not ®(a) is of type BC,. We provide an

outline for each type.

Type 1. ®(a) is not of type BC,,

Step 1 Use Proposition 5 to compute the fundamental dominant weights, A;, i €
{1,---,n} with respect to the base A(t) = {1, g, ,a,}. Recall that the integer
span of these vectors is the lattice Ay, (see Section 2.8, Equation 2.15.)

Step 2 Use the implicitly defined projection map of the #-diagram to compute ; =

m(Ai), @ € {1,2,--- ,n} with respect to the base A(a) = {w;,wsq,- - ,w,} where
p =| A(a) |. The integer span of the ~’s is the lattice m(Ay), (see Section 2.9, Equa-
tion 2.22.)

Step 3 Again use Proposition 5 to compute the fundamental dominant weights y;, © €
{1,2,---,p} with respect to the base A(a) = {wy,ws, -+ ,w,}. Recall that the integer
span of the u’s is the lattice A4, (see Section 2.9, Equation 2.24.)

Step 4 Show explicitly that 7(A¢) C A, by finding integers b; such that ; = > Vi
Vi ={1,2,--- ,n}. That this is possible is guaranteed by Theorem 4.1(1).

Step 5 Use the result of Step 4 to prove the theorem for the (particular) symmet-
ric space; i.e. show that m(A{) D A, explicitly by finding integers a; such that
pi =% aiy Vi ={1,2,--- p}.

Type 2. ®(a) is of type BC,

Step 1 As before use Proposition 5 to compute the fundamental dominant weights,
i, 1 € {1,--+ ,n} with respect to the base A(t) = {a1,as, -, a,}.

Step 2 Again use 0-diagram to compute v; = w(A;), 7 € {1,2,--- ,n} with respect
to the base A(a) = {wi,ws, - ,w,}. Show that the coefficients for the 7’s rela-
tive to ®(a) are integers. This gives immediately an explicit formula verifying that

m(A¢) C Ry = A, as guaranteed by Theorem 4.1(2).
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Step 3 Use the result of Step 2 to verify again Theorem 4.1(2), (this time in the other
direction), with an explicit formulation to show that 7(A{) 2 Ry = A4 ie. find
integers a; such that w; = > 7 a;v;Vi = {1,2,--- ,p}.

We begin our proof with the following remark.

Remark 5. Recall that an involution 6 of g is called 6-split if a = t. From [Hel88]
it follows that for each type of simple Lie algebra there exists a unique isomorphy
class of #-split involutions. In these cases ®(a) = ®(t). They are as follows: Al, BI
(p =n), C1, DI, E1, EV, EVIII, G, and FI1. For each of these cases we have that 7
is identity so that 7(®(t)) = ®(a) and 7(A¢) = A,.

We partition the remainder of this proof into two main sections starting with the
(nontrivial) cases for which ®(a) is not of type BC,,. At this point, the reader may
wish to review the particular characteristics of the f#-diagrams of Section 2.9. The

action of 7 on the elements of ®(t) for each case will be of special importance.

4.1 Case AII

1 l

We require the following lemma.

Lemma 7. Let A;' be the inverse Cartan matriz of Lemma 3. Let k € {1,2,--- n—
1} and let s be a row vector whose components are the sums of the entries of the k-th

and (k + 1)-th rows of this matriz, i.e. s; = (A, + (A, k415. Then

R (L I
sj = k(1 — )+ k(1 — k) j=k (4.1)

k1-—2)+(k+1)(1—-75) k+1<j<n
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The proof of this lemma is a direct consequence of Lemma 3 and is omitted. We
are now ready to state explicitly the formulation for the containment of 7w(A¢) in A,

as guaranteed by Theorem 4.1.(1).

Proposition 8. Let v and p be as above (relative to the case All). We then have
that

(

M1 k=1

20k k = even

Vi = 2 (4.2)
a1+ fes k= odd, and # 2n+1

L, k=2n+1

Proof. Let A(t) = {ay, g, -+, a9n+1} be a base for (t) and A(a) = {wy,wa, -+ ,wp}
be a base for ®(a). In accordance with our aforementioned strategy, we start by

computing coefficients for the weights, \;, with respect to A(t). For this case we have

that
2n+1

A= (Ayla)i - ay ie{l,2,--- 2n+1} (4.3)
j=1
Next, to compute the v;’s, observe from the #-diagram for AII that
0 j=odd ,
(o) = je{L,2,--- ,2n+1} (4.4)
wj J =even
Thus, with respect to A(a), we have that

n

i =7(A) = Y (Ag)ins - wj i€{l,2,-- ,2n+1} (4.5)

=1
For convenience, we define [['],, to be the (2n + 1) x n matrix whose rows are the

coefficients of ~; relative to A(a).

([Tlo)is = (ilw)s (4.6)

From Equation 4.5 we have that

Iy, = 2(n+1 = (4.7)



Chapter 4. Relations between Characters of Lie Algebras and Symmetric Spaces 47

with 1 <7 <2n+1and 1 < j < n. The next step is to compute the coefficients for
the weights, p;, with i € {1,2,--- ,n}. Again we refer to the f-diagram for AII. For
this case we have that ®(a) is of type A,. Thus,

n

= (A w 1<ij<n (4.8)
j=1
As before let [M], be the n x n matrix whose rows are the coefficients of the u;’s
relative to A(a). Here we have that
: il-77) i<
=AW= T (4.9)
Jl=g) 1>

with 1 < 4,7 < n. We claim that for each &k € {1,2,---,2n + 1}, the 7, can be
written as an integer linear combination of the uis. Indeed, for k =1 or 2n + 1 the
result is immediate. Let k& < 2n be even. From Equations 4.7 and 4.9 we have that

. k(1--4)  k<2j
ki —
. k .

= 2My ;.

For the third case of the proposition, let k € {1,2,--- ,n—1}. We make the equivalent

claim that

Vok41 = Mk + M1 (4.10)

To establish this claim, we must show that for each k € {1,2,--- ,n — 1}
F2k+1,j = Mkﬂ‘ + Mk+1,j 1 Sj S n. (411)

Fix k € {1,2,--- ,n — 1}. Obviously, we invoke Lemma 7 to show that in each case,

Equation 4.11 is upheld. In accordance with the structure of this lemma we consider
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the following three cases: First, if j < k — 1 then 25 < 2k 4 1 so that

k E+1
My + Mpor; = jl(1— —— )4 (1 -
i+ Miay =510 - 2y p - B2
. 2k +1
=gl —
2(n+1)
= Doy
Next, if j = k, then (again) 2j < 2k + 1, and
k kE+1
M.+ Moot — El(1 — 1—
kg T Met1,) k[( n—i—1)+( n—i—l)]
) 2k+1
— a1 - AL
2(n+1)
= Doy
Finally, if 7 > k 4+ 1 then 25 > 2k + 1, and
My + Myyr; = k(1= —2—) + (k4 1)(1 — —L—)
7 7 n+1 n+1

J
= 2k +1)(1 - =)

= Dopq1,5-

The main result for case AII follows.

Theorem 4.3. Let v, u, m(Ay), and Ay, be as above (relative to the case AII). We

then have that

(1)

(2) m(A¢) 2 Aq

(4.12)
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Proof. For Part 1 we use induction on k. From Proposition 8 we immediately have
the result for &k = 1. Assume that Equation 4.12 holds for k¥ € {1,2,--- ;n — 1}.
Again by Proposition 8 we have that

Pit1 + [k = Yok+1 ke{l,2,n—1}

Thus, by the inductive hypothesis, we obtain

k
Hk+1 = V2k4+1 — Z(—l)j+k72j_1 ke{l,2,n—1}
j=1
or
k+1
o1 = Z(_1)1+k+1%j_1 ke{l,2,---,n—1}
j=1

This establishes the result for any k € {1,2,--- n}. Part 2 follows immediately. [

Example 4.1. We consider the special case, A3(IT). Let A(t) = {1, 9, -+ , a7} and
A(a) = {w1,wq,w3}. Again, in keeping with our strategy, we proceed with the usual
steps.

Step 1 Compute the weights, \;, i € {1,2,---, 7}, with respect to A(t) for the lattice
A

A = é[7,6,5,4,3, 2, 1],

Ay = %[6, 12,10,8,6, 4, 2],
A3 = %[5, 10,15,12,9, 6, 3]a
At = %[4, 8,12,16,12,8,4],
As = é[s, 6,9,12,15, 10, 5,
Ao = %[2,4,6,8, 10,12, 6],

1
Ar = £[1.2,3,4,5.6. 7
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Step 2 Now use the #-diagram for this case to compute the projections of the above

weights, v, = w(\;), @ € {1,2,---, 7}, with respect to A(a).

1

M= 1[37 2, 1]0.)
1

Y2 = 1[67 47 2]0.)
1

V3= 1[57 67 3]w
1

Y4 = 1[47 87 4](4)
1

1= 3.6,5l,
1

Y6 = 1[27 47 6]0.1
1

Y= 1[17 27 S]w

Step 3 Compute the fundamental dominant weights, p;, i € {1,2,3} with respect to
A(a) for the lattice A,.

1

H1 = 1[37 27 1]0.)
1

H2 1[2) 47 2]0.)
1

H3 = _[17 27 3]0.)
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Step 4 Show explicitly that m(A¢) C A, as guaranteed by Theorem 4.1(1).

M= M

Yo = 21

V3 = pr 2
Ya = 2412

V5 = M2+ [3
Yo = 2413
V7= M3

Step 5 Show explicitly that m(A¢) 2 A, thereby verifying Theorem 4.2 for this par-

ticular case.

H1=m
P2 = —71+ 73
M3 =" =73+

4.2 Case AIIl,

As before we begin this section with a proposition stating that 7(A¢) is contained A,.

Proposition 9. Let v and u be as above (relative to the case Alll,). We then have
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that
M kEk<n

Vi = (4.13)

ok N<k<2n-—1
Proof. Let A(t) = {1, a9, - -+, a2,—1} be a base for ®(t) and A(a) = {wy,wa, -+ ,wy}
be a base for ®(a). In this case for the fundamental dominant weights of the lattice

A¢ we have
2n—1

Ai = Z(Agnlfl)w O (S {17 2, 2n — 1} (414)

j=1
Next, the #-diagram for case AIIl, from Section 2.9 implies that

W 1 S j S n
Waon—j n+1§j§2n—1
Applying this map to the weights of Equation 4.14 we obtain
n—1
i =Y {(Ag )i+ (Al Dign-ibwi+(Ag Dinwn i€ {1,2,-++ ,2n—1} (4.16)
j=1

As was done in the previous section we let [['],, be the matrix of coefficients of the

~’s relative to the base A,. We claim that in this case,

(

J j<t1<n
1 1<J<n
i i<ji<n
7 J<2n—i4,1>n+1

2n—i 2n—i<j<n, (i>n+1)

et j=n,i>n+1

\
To establish this claim let, s;; = (A5 })i; + (A5 1 )i2n_;. We consider several cases.

First if ¢ < n then

Ml)y=j 1<j<i-1

n

1 —5=)+i(l -

il—L)+il-20) =i i<j<n-1

Sz‘j =
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Next, if 7 = n then

4 n 2n— 3 4
Sij:](l_%)_’_n(l_ on ) =J.
If i >n+1 then
J(1—55) +i(l — 22) = 1<j<2n—i

Sij = ) .
j(l—ﬁ)+(2n—j)(1—2i):2n—i 2n—1+1<73<n—-1.

n

Finally, we have that

1< <n

[N

(A2_n1—1)in =

It op+1<i<2n-1

thereby finishing the proof of the claim.

Now, for the fundamental weights, u;, we return again to the #-diagram for AIII,,.

We see that ®(a) is of type C),. Thus,

As before we let [M], be the matrix of coefficients for the p’s relative to A(a).
Obviously,
M;; = (C 1) 1<4,5<n. (4.19)

n

We are now ready to establish Proposition 9. Observe from Equations 4.17 and
4.19 that
ij:Mkj 1§]€,j§n

So that for k € {1,2,3,--- ,n} then v, = . For ke {n+1,n+2--- 2n—1}, we
have that
Lij = Tonk; l<j=<n

Thus Ve = Von—k = H2n—k- O

We state the main result for this section whose proof is now immediate.
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Theorem 4.4. Let v, p, m(Ay), and A4, be as above (relative to the case AIllL,). We
then have that

(1) pre = Ve 1<k<n
(2) m(A¢) D A,.

Ezample 4.2. We consider the special case, A3(I1l;). Let A(t) = {a1, a9, - , a7} and
A(a) = {wr,ws, ws, ws}. Again, in keeping with our strategy, we proceed as usual.
Step 1 Compute the weights, \;, i € {1,2,---, 7}, with respect to A(t) for the lattice
Ay

A = %[7,6,5,4,3, 2, 1],

Ao = é[ﬁ, 12,10,8,6,4, 2],
A3 = %[5, 10,15,12,9,6, 3],
At = é[4, 8,12,16,12,8,4],
A5 = é[s, 6,9,12,15,10, 5],
A6 = é[2,4,6,8, 10,12, 6],

1
)‘7 - g[la 27 37 47 5a 67 7]04

Step 2 Now use the #-diagram for this case to compute the projections of the above
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weights, v; = w(N\;), ¢ € {1,2,--- |7}, with respect to A(a).

1
T = []-7 ]-7 17 _]w

2
T2 = [17 2727 1]0.)
3
V3= [17 2737 5]0.1
Y4 = [1a27372]w
3
V5 = [1a 2737 5]0.1
Y6 = [17 2727 1]w
1
Y= []-7 ]-7 17 é]w

Step 3 Compute the fundamental dominant weights, p;, i € {1,2,3} with respect to
A(a) for the lattice A,.

1

H1 = [17 17 17 5]0.1

Ho = [1727 27 ]-]w
3

H3 = [172737 5]("}

Mg = [17 27 37 Q]w
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Step 4 Show explicitly that m(A¢) C A, as guaranteed by Theorem 4.1.

1=
Y2 = M2
V3 = U3
V4 = Ha
V5 = M3
V6 = He
Y7 =

Step 5 Show explicitly that m(A¢) 2 A, thereby verifying Theorem 4.2 for this par-

ticular case.

H1 ="

H2 = 72

M3 =73

Ha = 74
4.3 Case Bl (p < n)

In this section we assume that p < n. Again we begin with a proposition giving

formulas for the (guaranteed) containment of 7(A¢) in A,.
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Proposition 10. Let v and p be as above (relative to the case BI). We then have

that
pe  ke{l,---,p—1}
Te=192u, ke{p-,n—1} (4.20)
pp k=mn

Proof. Recall from the #-diagram for this case, (Section 2.9), that n > p + 2 where
n=|A(t) | and p =| A(a) |. Let A(t) = {aq, a9, -+, } be a base for ®(t) and let
A(a) = {wy,wa, -+ ,wy} be a base for ®(a). Here the fundamental weights for the

lattice Ay are given by

n

A=Y (B )iy ie{1,2,---,n} (4.21)

j=1
Again we refer to the #-diagram to obtain
wj 1<7<p

W(Oéj) = (422)
0 p+1<j<n

Applying this map to the weights of Equation 4.21 we obtain

p

=Y (B )i - w ic{1,2,---,n} (4.23)

j=1
Define [I'],, as before. In this case I' is the matrix obtained from the first p columns

of B;t. Thus I is he n X p matrix given by
i 1<j(<p)
iyj=9j j<i<n(j<p) (4.24)

i=n(j<p)

NS

Next we compute the fundamental weights p;, with ¢ € {1,--- ,p}. As ®(a) is of
type B, we have that,
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As before, we let [M], be the matrix of coefficients for the p’s relative to A(a).

Obviously, in this case

_ n-1
M =B,

To prove the proposition observe that for 1 < k < p — 1 then

Iy = My,
So that vx = pg. For p <k <n —1 then
Lyj = 2M,,
and 7y, = 2ug. Finally for £ = n then
L= (B,"

and v,, = p, thus completing the proof.

(4.26)
I1<j<p
1<j<p
1<j<p
O

The main result for this section is (again) an immediate consequence of Proposition

10.

Theorem 4.5. Let 7, u, m(Ay), and Aq, be as above (relative to the case BI). We

then have that

(1)

Ve
Ui =
Tn
(2) m(A¢) D A,.
4.4 Case C1I,
o O o

We require the following

1<k<p-1
(4.27)
k=p
-1 1
- -O—@===0
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Lemma 8. Let C;;! be the inverse Cartan matriz of Lemma 5. Let k € {1,2,--- ;n—
1} and let s be a row vector whose components are the sums of the entries of the k-th

and (k + 1)-th rows of this matriz, i.e. s; = (C; )k + (Cy)ks14. Then

n n

27 J<k<n

5;=492k+1 k<j<n (4.28)
k N
5 i=n

Similar to Lemma 7 the proof of this lemma is a direct consequence of Lemma 5

and is omitted. Proceeding as before we have the following

Proposition 11. Let v and p be as above (relative to the case CII,). We then have

that
1 k=1
Tk = pt + pen ke{3,5,--,2n—1} (4.29)
Q,ug ke{2,4,---,2n}

Proof. For this case the #-diagram specifies that | A(t) |= 2n and | A(a) |= n. Let
A(t) = {aq, a9, -+, a9, } be a base for @(t) and let A(a) = {wy,wa, -+ ,w,} be a base
for ®(a). As ®(t) here is of type Cy,, then the fundamental weights for the lattice A¢

are given by
2n

A=) (Col)ij - oy ief{1,2,---,2n} (4.30)
j=1

Proceeding as before we have that

0 je{1,3,-,2n—1
m(aj) = { J (4.31)
w, je{2,4,--- 20}

J
2

Thus

n

7= (Co)iaj - wy i€{1,2,---,n} (4.32)

i=1
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with
2j
Liyy=14q1

N,

As ®(a) is of type C,, we have that,

n

With

M =

2j <i<2n
i<2j<2n

2j = 2n

C«fl

Now for k£ = 1 the proposition is immediate. Let k € {2,4,---,2n}. Then

(

2j
Lrj =19k

2j < k<2n
k<2j<2n

2j = 2n

(4.33)

(4.34)

(4.35)

Finally, to complete the proof of the proposition we make the equivalent claim that

for k ={1,2,--- ,n — 1} then

Vok+1 = Mk + Mk+1-

Indeed,
2j
2k+1

2k+1
2

Iopt1; =

2j <2k+1<2n
2k+1<2j<2n

2j = 2n

(4.36)
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Now

2] <2k+175<k
2k+1<2j&k<y

2] =2nsj=n.

Therefore, Lemma 8 implies that
Dopt1; = My; + Myiq 5

proving the claim. [

We now give the main result for this section.

Theorem 4.6. Let v, p, m(Ay), and Ag, be as above (relative to the case CIIb). We
then have that

(1)

k
= (=1, ke{l,2,---n} (4.37)

(2) m(A¢) D A,.

The proof is this theorem is analogous to that of Theorem 4.12 and is omitted.
Ezample 4.3. We consider the special case, Cg(I1;). Let A(t) = {1, 9, , a7, ag}
and A(a) = {wy, ws, w3, wy }.

Step 1 Compute the weights, \;, i € {1,2,--- 8}, with respect to A(t) for the lattice
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A
1
>\1 - [1) 17 17 ]-7 ]-) 17 17 5]0&
N =1[1,2,2,2,2,2,2,1],
3

A3 =1[1,2,3,3,3,3,3, 5](1
A =1[1,2,3,4,4,4,4,2],
X =1[1,2,3,4,5,5,5, g]“
X =[1,2,3,4,5,6,6, 3],
A =11,2,3,4,5,6,7, ;]a

>\8 = [17 27 37 4a 57 67 77 4]04

Step 2 Now use the #-diagram for this case to compute the projections of the above

weights, v; = w(N\;), ¢ € {1,2,--- 8}, with respect to A(a).

1
"1 = [1a 17 1 _]w

"2

Y2 = [27 27 27 1]w
3

Y3 = [27 37 37 é]w

Y4 = [27 47 47 2]0.)
5}

Vs = [27 47 57 5]0.1

Yo = [2a 47 67 3]w
7

Y7 = [Qa 47 67 5]0.1

V8 = [27 47 67 4]w

Step 3 Compute the fundamental dominant weights, p;, 7 € {1,2,3} with respect to
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A(a) for the lattice A,.

1
H1 = []-7 ]-7 17 _]w

2
Mo = [17 2727 1]0.)

3
H3 = [172737 5]
Ha = [1a27372]w

Step 4 Show explicitly that w(A;) C A, as guaranteed by Theorem 4.1(1).

Y1 =

Yo = 241

V3 = pr 2
Ya = 242

V5 = M2+ 3
Yo = 2443

V7 = p3 + Ha
V8 = 244

Step 5 Show explicitly that m(A{) 2 A, thereby verifying Theorem 4.2 for this par-

ticular case.

H1 =M

M2 = =71+ 73

M3 =71 =73+
Ba=—"1+73 =7+
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4.5 Case DI,

Again we begin with a proposition,

Proposition 12. Let v and p be as above (relative to the case DI,). We then have
that

o ke{lp—1)

Ye=192u, ke{p,---,n—2} (4.38)

p, ke{n—1n}
Proof. For this case we have that | A(t) |=n and | A(a) |=pwith1 <p <n—2. Let
A(t) ={ai, a9, - ,a,} be a base for ®(t) and let A(a) = {wy,ws, -+ ,w,} be a base
for ®(a). As ®(t) here is of type D,,, then the fundamental weights for the lattice A¢

are given by

A=Y (DY ay ie{1,2,---,n} (4.39)

j=1
Proceeding as before we have that

o) =4 . | (4.40)

Thus
= (D igw ie{l,2n) (4.41)

j=1
I' in this case is the n X p matrix given by
i 1<J<p
Fij=%j j<i<n-—2 (4.42)

ie{n—1,n}

N[
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Now as ®(a) is of type B, we have that,

p

pi=> (B w; 1<i<p. (4.43)

J=1

Thus we have that M is the p x p matrix given by

i 1<j<p
M=B1=Sj j<i<p (4.44)
; 1=Dp

To prove the proposition first observe that for k € {1,--- ,p — 1} then

For k € {p,---,n — 2} we have that

Fk]’ = 2ij .
Finally,

Fn—l,j = Fnj = ij’
[

We now give the main result for this section whose proof, once again, is an imme-

diate consequence of the preceding proposition.

Theorem 4.7. Let v, p, m(Ay), and Ay, be as above (relative to the case DI,). We
then have that

(1)
v 1<k<p-1
[k = (4.45)
T k=p

(2) m(A¢) D A,.
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Example 4.4. We consider the special case, D3(1,). Let A(t) = {ay, as,- -+ , a7} and
A(a) = {wh Wa, Ws, w4}-

Step 1 Compute the weights, A;, i € {1,2,---, 7}, with respect to A(t) for the lattice
A¢.

11
L1 1,1, -, 2],
)\1 [7 ) Ly Ly 7272]
)\2 - [1727272727 17 ]-]oz
3 3

As = [1,2 22,
3 [7 7373737272]
)\4 = [172737474727 2]a
5 5

As = [1,2,3.4.5. 2 2],
5 [7 ) Iy Xy 7272]
1 3 5 T75H

)‘6_[ 717_72a_7_7_]04
2 2 2°4°4

1 3 557

N=[51,2,2,22 5
7 [27 727 727474]

Step 2 Now use the #-diagram for this case to compute the projections of the above

weights, v; = w(N\;), ¢ € {1,2,--- |7}, with respect to A(a).

T = [1a 17 17 1]0.1
Y2 = [1a 27272]0.1
V3= [1a 27373](4)
Y4 = [17 27374]w
V5 = []-7 27374]0.)
1 3
—[=.1,2 9],
Y6 [2a 727 ]
1 3
—,1,2,2],
V7 [27 727 ]

Step 3 Compute the fundamental dominant weights, p;, i € {1,2,3,4} with respect
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to A(a) for the lattice A,.

1 = []-7 ]-7 17 1]0.)
Ho = []-7 27272]w
M3 = [17 27373]w
1 3
—[,1,2,9],
2 [27 727 ]

Step 4 Show explicitly that m(A¢) C A, as guaranteed by Theorem 4.1(1).

M =M
Yo = M2
V3 = M3
Ya = 244
Vs = 2[4
Yo = M4
V7= Ha

Step 5 Show explicitly that m(A¢) 2 A, thereby verifying Theorem 4.2 for this par-

ticular case.

H1 ="
M2 = 72
M3 =173

Ha = V7
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4.6 Case DIII,

In this case we have the following

Proposition 13. Let v and p be as above (relative to the case DIII,). We then have

that )
Ha k=1
2,u§ ke{2,4,---,2n—2}
Ve = presa - pen ke {35 ,2n—3}
fhn—1 k=2n-—1
[ Lin k=mn

Proof. Here we have that | A(t) |=2n and | A(a) |=n. Let A(t) = {ay,aq,---

(4.46)

9 a2n}

be a base for ®(t) and let A(a) = {wy,ws, -+ ,w,} be a base for ®(a). As ®(t) in this
case is of type Day,, then the fundamental weights for the lattice A¢ are given by

2n

)\Z:Z(Dgnl)z]@j i€{1,2,---,2n}

J=1

Proceeding as before we have that

@) 0 ke{l,3,-- ,2n—1}
7TOZj =
ke{2,4,---,2n)

Thus

n

Y = Z(Dgnl)iﬂj - Wj i€{1,2,---,2n}

j=1

(4.47)

(4.48)

(4.49)
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I' in this case is the 2n X n matrix given by

(
i i<2j<2n—2

2/ 2j<i<2n—2

i ie{2n—1,2n},2<2n—2
5 2je{2n—1,2n},i <2n—2
2

n2 j=9n—1,2j=2n

= 1=2n,27 =2n

\

Now as ®(a) is of type C,, we have that,

n

j=1

Thus we have that M is the n x n matrix given by

Jj Jj<i<n
M=Cl=4¢i i<j<n (4.52)
U —
To prove the proposition we first observe that I'y ; = M, ;, I'ep—1; = M,,—1, and

F2n,j = Mn,j‘ Now let k € {1,2, N 1}, Then

)
2%k 2k <2j<2n—2

Porj=1927 25 <2k<2n—2

Kk 27 =2n,2k <2n—2
(

2] j<k<n-—1
=q2% k<j<n-—1

kK j7=n

\
= 2M,;.
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For the next step we make the equivalent claim that for k € {1,2,--- ,n — 2} then

Yok+1 = M + pr + 1

Indeed, for these values of k, we have by Lemma 8 that

2k+1 2k+1<27<2n—2
F2k+1,j =425 2] <2k+1<2n-—2
2kl 2k4+1<2n—2,25 =2n

2

= Myj + Myt
thus completing the proof. ]

We now give the main result for this section.

Theorem 4.8. Let v, u, m(Ay), and Aq, be as above (relative to the case DIII,). We
then have that

(1)
k k+j
(=) ked{1,2,---n—1
i — D i (m1) g, { } (4.53)
Yon k':TL

(2) m(A¢) 2 A,

For the proof use induction on n and Proposition 13
Example 4.5. We consider the special case, Da(Il1,). Let A(t) = {a1, 9, -+ ,ag}
and A(a) = {wy,wa, w3, wy }.

Step 1 Compute the weights, \;, i € {1,2,--- 8}, with respect to A(t) for the lattice
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A

11

111,11 =, =],
>\1 [7 5 4y Ly Ly 7272]
Ao =11,2,2,2,2,21,1],
3 3

A3 =11,2 .
3 [7 737373737272]
)\4 = [1727374a4747272]o¢
3 3

= 1,2 22
)\5 [7 735373737272]
5 5

Ao =[1,2.3.4.5.5.2 2]
6 [7 737 a5757272]
1 3 5 _ 86

A=51,2,2,2.3 252,
7 [27 727 727 7474]
1 3 .5 68
—[,1,2,2,2,3,>,°

>‘8 [27 727 a2737474]a

Step 2 Now use the #-diagram for this case to compute the projections of the above

weights, v; = w(N;), ¢ € {1,2,--- 8}, with respect to A(a).

1
Y= [L 17 17 5]0.1
T2 = [17 27 27 1]w
3
Y3 = [27 37 37 é]w
Y4 = [27 47 47 2]0.)
5}
Vs = [27 47 57 5]0.1
Yo = [2a 47 67 3]w
6
Y7 = [1a 27 37 Z]w
8
T8 = [17 27 37 Z]w

Step 3 Compute the fundamental dominant weights, p;, i € {1,2,3,4} with respect
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to A(a) for the lattice A,.

1
H1 = []-7 ]-7 17 _]w

2
Mo = [17 2727 1]0.)

3
H3 = [17 2737 5]0.)
Mg = [1a27372]w

Step 4 Show explicitly that w(A;) C A, as guaranteed by Theorem 4.1(1).

1=

Y2 = 241

V3 = pat ple
Ya = 242

V5 = M2+ 3
Yo = 2443
V= K3

V8 = Ha

Step 5 Show explicitly that m(A{) 2 A, thereby verifying Theorem 4.2 for this par-

ticular case.

1=

H2 = —71 173
H3 =" — 73+ 75
Ha =178
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4.7 Case EI11

4

1
I
Oo—0O0—=0 O

.

Qe

Being of fixed dimension, the treatment for this case, (and the next five to follow), is
similar to that of the previous examples. Indeed, we have that A(t) = {ay, a9, -+ , a6}
and A(a) = {wy, wa, w3, wy }.

Step 1 Compute the weights, A;, @ € {1,2,---,6}, with respect to A(t) for the lattice
A¢

4 5 4 2
)\1 = [_717_727_7_](1

373 33
>\2 = [1727273a 27 1]04

5 10 8 4

As= 12,2, =, 4,2, 2]a
3 [377377373]

)\4 - [27 37 47 67 47 2]&

4 8 10 5
)‘5: [_727_7 ) 7_]04
373 3°3
2 4 54
Xo=12,1,2,2,2, 0]
6 [37 737 7373]

Step 2 Now from the #-diagram for this case we have that

(o) = m(ag) = wy
m(ag) = wi
m(az) = m(as) = ws
m() = wy
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We therefore have that

7 =11,2,3,2],
Y2 =12,3,4,2],
73 =[2,4,6,3,
v4 = [3,6,8,4],
V5 =[2,4,6,3,
v = [1,2,3,2],

Step 3 Compute the fundamental dominant weights, p;, i € {1,2,3,4} with respect
to A(a) for the lattice A,.

w =12,3,4,2|,
e = [3,6,8,4],
s =1[2,4,6,3|,
pa = [1,2,3,2],

Step 4 Show explicitly that m(A¢) C A, as guaranteed by Theorem 4.1(1).

Y1 = Y6 = M4
Yo = 1
Y3 = Y5 = U3

Yo = M2
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Step 5 Show explicitly that m(A¢) 2 A, thereby proving Theorem 4.2 for this partic-

ular case.

M1 =2
M2 = Y4
M3 =75
M4 = e

4.8 Case E1V

For the situation here we have that A(t) = {1, s, -+ , a6} and A(a) = {wy,ws}.
We proceed, as before, with the following steps:

Step 1 Compute the weights, \;, i € {1,2,--- ,6}, with respect to A(t) for the lattice
A

4 4 2
)\1 - [_7 17 §727 By _]a
373 33
>\2 = [1727273a 27 1](1
5) 10 8 4
N =22, =, 4,2, 7]
3 [37 737 7373]
)\4 = [2737476a4) 2](1
4 8 10 5
)‘5 = [_727 _74a 5 _]Oé
373 3°3
2 5 4
X =1[5,1,2,2,2 00
6 [37 737 7373]
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Step 2 Now from the #-diagram for this case we have that

m(ag) = wy
We therefore have that

2,2
’Yl 37 3 w

72 = [17 1]w

B [5 4]
V3 37 3 w

V4 = [272]w

B [4 5]
V5 = 37 3 w

2,3
e 37 3 w

Step 3 Compute the fundamental dominant weights, u;, i € {1,2} with respect to
A(a) for the lattice A,.
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Step 4 Show explicitly that m(A¢) C A, as guaranteed by Theorem 4.1(1).

Y1 = 21
Yo = Hi+ p2
V3 = 241 + po

Yo = 2(p11 + p2)
Vs =t + 242
Yo = 2/t2

Step 5 Show explicitly that m(A¢) 2O A, thereby proving Theorem 4.2 for this partic-

ular case.

H1 =73 — 72
M2 =5 — V2

4.9 Case EVI

1

2 I:a 4
O—O0—COC—8—0O0—@

In this case we have that A(t) = {oy, g, -, a7} and A(a) = {wy, wo, w3, wy}.
We proceed, as before, with the following steps:
Step 1 Compute the weights, A;, i € {1,2,---, 7}, with respect to A(t) for the lattice
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Ay

)\1 - [2)2737473727 1]&
7 9 3
A =12,-,4,6,=,3, =],
2 [727 76a2a372]
)\3 = [374767876747 2](1

A =[4,6,8,12,9,6,3].

9 15 _ 5
As =13,-,6,9, —,5, =],
5 [727 ) 727 72]
)\6: [2737476a57472]04
3 5 3
—11.2.2.3 2922,
>\7 [727 73a2a 72]

Step 2 Now from the #-diagram for this case we have that

m(an) = wi
m(ag) =0
m(as) = ws
m(au) = w3
m(as) =0
() = wa
m(ay) =0
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We therefore have that

2,3,4,2].,
2,4,6,3].,
3,6,8,4],,

3,6,9,5).,

=
=
=
= [4,8,12,6].,
=
2,4,6,4],
=

1,2,3,2].,

Step 3 Compute the fundamental dominant weights, p;, i € {1,2,3,4} with respect

to A(a) for the lattice A,.

M1 =
M2 =
H3 =
Mg =

Step 4 Show explicitly that m(A¢) C A,

2,3,4,2]

3,6,8,4]

2,4,6,3].,
]

1,2,3,2

as guaranteed by Theorem 4.1(1).

Y1 =

Y2 = M3

V3 = M2

Yo = 2p3

V5 = M3t fla
V6 = 2ft4

Y7 = M4
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Step 5 Show explicitly that m(A¢) 2 A, thereby proving Theorem 4.2 for this partic-

ular case.

4.10 Case EVII

M1 =M
M2 =73
M3 =72
Ha = 7

I 2 1
® —O—oO

In this case we have that A(t) = {ay, a9, -+ , a7} and A(a) = {wy, ws, ws}.

We proceed, as before, with the following steps:

Step 1 Compute the weights, \;, i € {1,2, -

A

-, 7}, with respect to A(t) for the lattice

>\1 = [2727374a3727 1]04
7 9 3
~4.6,2,3,2],
9’ 76727372]

A3 = [3,4,6,8,6,4,2]

Ag = [27

A =[4,6,8,12,9,6,3]a

9 15 5)

s =[3,2,6,9,2.5,2],
5 [37276797 27572]
)\6 = [273747675747 2]a
3 5 3

)\7 = [17 273 _727 5]0(

2% g



Chapter 4. Relations between Characters of Lie Algebras and Symmetric Spaces 81

Step 2 Now from the #-diagram for this case we have that

m(aq) = ws
m(ag) = m(ag) = (o) = 7(as) =0
m(ag) = wy
m(ar) = ws
We therefore have that
Y1 = [L 27 Q]w
3
Y2 = [éa 37 2]0.1
V3 = [27 47 S]w
Va4 = [37 67 4]w
5)
Vs = [57 57 S]w
Yo = [2a 47 2]w
3
Y7 = [57 27 1]w

Step 3 Compute the fundamental dominant weights, u;, i € {1,2,3} with respect to
A(a) for the lattice A,.

3
231 [5, 2, 1]w
H2 = [17 27 1]w
1
M3 [_7 1) 1]w
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Step 4 Show explicitly that m(A¢) C A, as guaranteed by Theorem 4.1(1).

Y1 = 2u3
Yo = H2 + [3
V3 = po + 2p3

Ya = 2(p2 + p3)

V5 = 22 + p3
Yo = 22
Y7 = M1

Step 5 Show explicitly that m(A¢) 2O A, thereby proving Theorem 4.2 for this partic-

ular case.

H1 = 7
M2 =73 —m"
U3 =73 — 72

4.11 Case FIX

4 I 3 2 1
o—e o—O—0CO—=0

In this case we have that A(t) = {a1, a9, -+ ,as} and A(a) = {w, ws, w3, w4}
We proceed, as before, with the following steps:
Step 1 Compute the weights, \;, i € {1,2,---,8}, with respect to A(t) for the lattice
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Ay

= [4,5,7,10,8,6,4, 2],
=[5,8,10,15,12,9,6, 3],

= [7,10, 14,20, 16, 12,8, 4],
Ay = [10, 15,20, 30,24, 18,12, 6],
= [8,12, 16,24, 20, 15, 10, 5],
= [6,9,12,18,15,12,8, 4],

= [4,6,8,12,10,8,6, 3],

= [

2,3,4,6,5,4,3,2],

Step 2 Now from the #-diagram for this case we have that

m(a) = wy
m(ag) = m(ag) = (o) = 7(as) =0
() = w3
m(ar) = wy
m(as) = wi
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We therefore have that

Step 3 Compute the fundamental dominant weights, u;,

to A(a) for the lattice A,.

T =
Y2 = |
v = |
~4 = [6,12,18,10],
¥ = |
Y6 = [
77 =
Vs =

2,4,6,4].,
3,6,9, 5
4,8,12,7],

= [5, 10, 15, 8],,

= [4,8,12, 6],

= [3,6,8,4],,
2,3,4,2].,

w = 1[2,3,4,2|,
w2 = [3,6,8,4],
ps = [2,4,6, 3.,
e =[1,2,3,2],

i€ {1,2,3,4} with respect
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Step 4 Show explicitly that m(A¢) C A, as guaranteed by Theorem 4.1(1).

Y1 = 2p4
Yo = {3+ fha
V3 = p3 + 24

Ya = 2(ps + pa)

Vs = 23 + fia
Yo = 2443

V7 = M2

Y8 = M1

Step 5 Show explicitly that m(A¢) 2O A, thereby proving Theorem 4.2 for this partic-

ular case.

H1 =8
M2 = 77
H2 =5 — 72
H3 =73 — 72
4.12 Case AIII,
1 2 B p
®
0* :
®
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We alert the reader to the fact that this is the first case such that ®(a) is of type
BC,,. We therefore apply the “type 2”7 method of proof outlined at the beginning of
this chapter. We have the following

Proposition 14. Let v and w be as above (relative to the case Alll,). We have that
for each k € {1,2,--- ,n} then

p
Yo=Y Trjw; (4.54)
j=1

where T'; ; is the n X p matriz (with 2p < n) given by

/

J J<i<p
i i<j<p
Iij=147 p+1<i<n-—p

n—i+1 n—i1<jn—p+1<i<n

\j j<n—i,n—p+1<1<n

Proof. For this case we have that | A(t) |= n and | A(a) |= p with 2p < n. Let
A(t) = {a1, a9, -+, } be a base for ®(t) and let A(a) = {wy,ws, -+ ,w,} be a base
for ®(a). As ®(t) here is of type A,, then the fundamental weights for the lattice A,

are given by

A=) (A ief{1,2,---,n} (4.55)

j=1

Proceeding as before we have from the #-diagram for this case that

I<j=<p

m(oj) =40 p+1<ji<n-—p (4.56)
Wnojr1 n—p+1<j<n

Thus
Y=Y A0+ (An)ini ) wi i€{l,2,--,n} (4.57)
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To prove the proposition it suffices to show that

Fi,j = (An)_l + (An)i_,;-s-l—j (4-58)

i?j
for each j € {1,2,--- ,p} and i € {1,2,--- ,n}. Let s;; = (An)i_,j1 + (An);iﬂfj.
We consider several cases for the values of ¢ and j corresponding to those for I';; in

Proposition 14. First, let j < #(<p < %). Then i <n + 1 — j. Thus by Lemma 3,

n+1-—y
n+1

)=

i
=il —)+i(1
sig =J(1— )+l

Next, let ¢+ < j(< p < ). Then i <n 41— j so that

n+1—-y
n+1

si;=1( n+1)+z(

) =i
again by Lemma 3. If p4+1 <7 <mn —pthenas 1 < j < p we have that ¢+ > j and
1 <n+1—j. Thus
n+1-y
n+1

i = J1 = (1 = 7.
i =30 = — =) il )=

Now, if n —i < j <pand n—p+1<1i<n then clearly i > max{j,n+1— j}.

Therefore,

)+(n+1—j)(1—#):n—|—1—j.

L= (1—
S,] .]( +1

n+1
Finally, let j <n —tand n—p+ 1 <i <n. Clearly 7 < i. Also, j < n — i implies
that : <n+1—j. Then

n+1-y
n+1

i = J1 = (1 = 7.
i =30 = —=) i )=

]

Remark 6. Observe that I' (above) is an integer matrix, verifying, in this case, that

7T(At> g Ra.

We now give the main result for this section.
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Theorem 4.9. Let v, w, m(Ay), and Ry, be as above (relative to the case AIIl,). We
then have that

(1)

271 — 72 k=1
We =9 =M-1+2% —M+1 2<k<p-1 (4.59)
Yo — Vp-1 k=p

(2) ©(At) D R,.

Proof. Let G, ; be the p x p matrix defined by

Gi;j=T; 1<4,7<p
Thus
J J<i<p
Gz’]_
i 1<j<p

Observe that for each ¢ € {1,2,--- p}

P
Vi = ZGm‘ T Wy
J

In other words, G; ; gives the coefficients for the first p 7;’s, relative to the base A(a).
Now for £ = 1 or p the result is obvious. Let k = {2,3,--- ,p — 1}. We have that

—Gro1,j +2Gr; — Gryrj = )
for each j € {1,2,---,p}. This implies that

Vi1 + 29 — Vk41 = W



Chapter 4. Relations between Characters of Lie Algebras and Symmetric Spaces 89

Example 4.6. We consider the special case, A3(I11,). Let A(t) = {a1, a9, -+ , a7} and
A(a) = {wl, WQ,w?,}.

Step 1 Compute the weights, A;, i € {1,2,---, 7}, with respect to A(t) for the lattice
A¢.

A = é[7,6,5,4,3, 2, 1],

Xy = %[6, 12, 10,8, 6,4, 2],
A3 = é[5, 10,15,12,9,6, 3],
At = é[zx, 8,12,16,12,8, 4],
As = %[3, 6,9,12,15,10, 5],
Ao = é[2,4,6,8, 10,12, 6],

1
)‘7 - g[la 27 37 47 57 67 7]Ot

Step 2 Using the #-diagram we compute the projections v; = 7(\;), ¢ € {1,2,---, 7T},
with respect to the base A(a). This gives an explicit formulation for the relationship
between the lattices w(A¢) and Ry, verifying, for this example, the fact that w(A;) C
R,.

7 =[1,1,1],
v =11,2,2],
v =11,2,3],
va=11,2,3],
v =11,2,3],
7% = [1,2,2],
v =[1,1,1,
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Step 3 Show explicitly that m(A¢) D R, thereby verifying Theorem 4.2 for this exam-
ple.

w1 =271 — 72
Wy = =71+ 27 — 3

W1 =73 — 72

4.13 Case CI11,

1 p

As in the previous case, we have here also that ®(a) is of type BC,,. We again apply
the “type 2”7 method of proof outlined above and begin with the following

Proposition 15. Let v and w be as above (relative to the case CIl,). We have that
for each k € {1,2,--- ,n}, then

p
Tk = Zrk,jwj (4.60)
=1
where I'; ; is the n X p matriz (with 2p +2 < n) given by

2] 25<1<n
oY usis
i i<2j<n
Proof. For this case we have that | A(t) |[=n and | A(a) |= p with 2p 4+ 2 < n. Let
A(t) ={a1, a9, - ,a,} be a base for ®(t) and let A(a) = {wy, w2, -+ ,w,} be a base
for ®(a). As ®(t) here is of type C,,, then the fundamental weights for the lattice A¢

are given by
n

A=) (CN)i - oy ief{1,2,---,n} (4.61)

J=1
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Proceeding as before we have from the #-diagram that

0 je{1,3,5,---,2p—1}

m(aj) =Sw; j€{2,4,6,--,2p} (4.62)

J
2

0 2p+1<j53<n

Thus »
Y=Y (CyV)ing - w) ief{1,2,---,n} (4.63)

j=1
The proposition follows at once from this equation and Lemma 5. O]

Remark 7. As T is an integer matrix, then thanks to this proposition, we again have

that 7(A) C Ra.
We now give the main result for this section.

Theorem 4.10. Let v, w, m(Ay), and Rg, be as above (relative to the case CII,). We
then have that

(1)
o — —Yok—1+ 272k —Yokr1 1< k<p-—1 (4.64)
Y2p—1 — V2(p—1) k=p
(2) (A 2 Ra.
Proof. The second case follows at once from the definition of I" in the proposition

above. To establish the first case fix k € {1,2,--- ,p — 1}. We have that

—2j+2(2§) —2j=0 2<2j <2k—2
—Lop—1 + 2005 = Dogr1 = —(2k — 1) + 2(2k) — 2k =1 2j = 2k
—(2k—1) —2(2k) — (2k+1) =0 2k+2<2j

As T gives the coefficients for the 7;’s relative to A(a) the result follows. O
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Example 4.7. We consider the special case, C%,(Il,). Let A(t) = {ay, a9, -, a2}
and A(a) = {wy, -+ ,ws}.

Step 1 Compute the weights, \;, ¢ € {1,2,--- 12}, with respect to A(t) for the lattice
Ay

1
AL = [L L1,1,1,1,1,1,1, 1, 1, 5]04

Ao =1[1,2,2,2,2,2,2,2,2,2,2,1],
As =1[1,2,3,3,3,3,3,3,3,3,3, g]a
A o=[1,2,3,4,4,4,4,4,4,4,4,2],

As = [1,2,3,4,5,5,5,5,5,5, 5, g]a

Xs = [1,2,3,4,5,6,6,6,6,6,6,3]
Ar=1[1,2,3,4,5,6,7,7,7,7,1, ;]a

As = [1,2,3,4,5,6,7,8,8,8,8,4],

Ao = [1,2,3,4,5,6,7,8,9,9,9, g]a
Ao = [1,2,3,4,5,6,7,8,9,10, 10, 5,
A =[1,2,3,4,5,6,7,8,9,10, 11, %]a

A2 =[1,2,3,4,5,6,7,8,9,10,11, 6],

Step 2 Using the #-diagram we compute the projections v; = w(\;), i € {1,2,--- ,12},
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with respect to the base A(a). In this way we verify that 7(A¢) C R,.

L1, 1,11,

2,2,2,2,2],
3,3,3, 3w

4,4,4,4

) Y Y )

]
]
]
]
,4,5,5,5],,
]
]
J
]

w

[
2,
2,
2
2
= [2,4,6,6,6].,
=[2,4,6,7,7].,
=[2,4,6,8,8],
=[2,4,6,8,9].,
ym—p4681m
1 = [2,4,6,8,10],,
2

712 — 47 67 87 10]w

Step 3 Show explicitly that 7(A¢) 2 R, thereby verifying Theorem 4.2 for this exam-
ple.

w1 =—7+ 27—
wp=—Y3+27 -
w3 = —"75 + 27 — V7
Wy = =77+ 298 =7
W5 = %9 — 78
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4.14 Case DIII,

l
1 -1

The formulation for the containment of m(Ay) in the root lattice R, for DIII, is given

herewith.

Proposition 16. Let v and w be as above (relative to the case DIII,). We have that
for each k € {1,2,--- ,2n + 1}, then

Ve = Zrk,jwj (4.65)
j=1
where T'; ; is the (2n 4+ 1) x n matriz given by

T 1<2)

Fij=142j 2j<i<2n—1

jooie{2n,2n+1}

Proof. For this case we have that | A(t) |= 2n+ 1 and | A(a) |= n. Fix a base
A(t) = {on, a9, ,agpy1} for (1) and let A(a) = {wy,wa, -+ ,wy} be a base for
®(a). As ®(t) here is of type Do, 1, then the fundamental weights for the lattice A¢

are given by
2n+1

N= Y (Dph)ira; ie{lL2 2041} (4.66)

J=1

Proceeding as before we have from the #-diagram that

0 je{1,3,5--,2n—1}
m(aj) = qw;, je{2,4,6,---,2n—2} (4.67)

NS

wn jeE{2n,2n+1}



Chapter 4. Relations between Characters of Lie Algebras and Symmetric Spaces 95

Thus
n—1
Yi = Z(D2_7z1+1)i,2j Wi+ {(D2_n1+1)i,2n + (D2_nl+1)i,2n+1} *Wn i € {17 2,---,2n+ 1}
j=1
(4.68)
The proposition follows at once from this equation and Lemma 6. ]

Remark 8. As T is an integer matrix, then thanks to this proposition, we again have

that 7(A¢) C R,
We now give the main result for this section.

Theorem 4.11. Let v, w, 7(A), and Ry, be as above (relative to the case DIIL).
We then have that

(1)
o — —Yok—1+ 272k —Yoky1 1< k<n-—1 (4.60)
Yon—1 — V2(n—1) k=n
(2) W(At) 2 Ru'
Proof. The second case follows at once from the definition of I" in the proposition
above. To establish the first case fix k € {1,2,--- ,n — 1}. We have that
—2§+2(27) —2j =0 2<2j <2 -2
—Dop1j + 225 — Tokg1; = § —(2k — 1) + 2(2k) — 2k = 1 2j = 2k
—(2k—1)—2(2k) — (2k+1)=0 2k+2<2j

= ;-
As T gives the coefficients for the v;’s relative to A(a) the result follows. O

Ezample 4.8. We consider the special case, Dg(I11;). Let A(t) = {ay, 9, -+ , a9} and
A(Cl) = {wl, ce ,w4}.
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Step 1 Compute the weights, \;, i € {1,2,---

,9}, with respect to A(t) for the lattice

A
11
A1 = [171717 ]-7 ]-a ]-717 a) _]a
2°2
N =1[1,2,2,2,2,2,2,1,1],
3 3
A3 1,2,3,3,3,3,3, =
[7 ) 2 2]
M= [1,2,3,4,4,4,4,2,2].
5 5
1,2,3,4,
As = [1,2:3,4,5,5,5, 2, 7]
e =[1,2,3,4,5,6,6,3,3],
77
A 1.2, 3,4,
P =11,2,3,4,5,6,7.5. 2
1.3 _5_97
= [—.1.= a
)\8 [27 727 2737474]
1 3 5 _ 79
No=[5,1,2223 5"
9 [27 727 72a37474]a

Step 2 Using the 6-diagram we compute the projections v; = w(\;), i € {1,2,---

79}7

with respect to the base A(a). In this way we verify that 7(A¢) C R,.

1,1,1,1],
2,2,2,2],
737373w

w

= [ ]
= [2, ]
2 ]
= [2,4,4,4]
=[2,4,5,5].,
= [2,4,6,6],,
= [2,4,6,7].,
=[1,2,3, 4],
= [ ]

1,2,3,4],
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Step 3 Show explicitly that m(A¢) D R, thereby verifying Theorem 4.2 for this exam-
ple.

wi=-—71+27%—7
Wy =—73+27 — s
ws = —7+27% — 7

We =797 — 76

4.15 Case FEI1I11

Being of fixed dimension, the treatment for this and the next case is similar to that
of the previous examples. Indeed, we have that A(t) = {a, s, -+, a6} and A(a) =
{wh WQ}-

Step 1 Compute the weights, A;, ¢ € {1,2,--- 6}, with respect to A(t) for the lattice
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A

4 4 2
>‘1 = [_7 17 §727 ) _]a

373 33
>\2 = [17272737 27 1]a

5) 10 8 4
s = 12,2, =,4,2, 2]
3 [37 737 7373]
)\4 = [2737476a47 2]04

4 8 10 5
N=152,2,4 =, 2,
5 [37 737 a373]

2 4 5 4
X=151,2,2,2.2.
6 [37 737 7373]

Step 2 Using the 6-diagram we compute the projections v; = w(\;), i € {1,2,---,6},
with respect to the base A(a). This gives an explicit formulation for the relationship

between the lattices m(A¢) and Ry, verifying, for this case, the fact that 7(A¢) C R,.

7= (2,1
72 = [2,2],
7 = [3, 2
74 =[4,3,
75 = 3,2
Y6 = [2,1]o

Step 3 Show explicitly that m(A¢) D R, thereby verifying Theorem 4.2 for this exam-
ple.

W1 =793 — 72

W2 =72 —MN
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4.16 Case F11

1

o—0——0 O

For the case FII we have that A(t) = {aq, as, as, s} and A(a) = {w:}.
Step 1 Compute the weights, \;, ¢ € {1,2, 3,4}, with respect to A(t) for the lattice
A

A =[2,3,4,2]a
Ay = [3,6,8,4],
A3 = [2,4,6,3]a
A =1,2,3,2]a

Step 2 Using the #-diagram we compute the projections v; = w(\;), i € {1,2,3,4},
with respect to the base A(a). This gives an explicit formulation for the relationship

between the lattices m(A¢) and Ry, verifying, for this case, the fact that 7(A¢) C R,.

71 =[2]
V2 = [4]
73 = (3]
Y= [2]

w

S

€

w

Step 3 Show explicitly that m(A¢) D R, thereby verifying Theorem 4.2 for this exam-
ple.

Wi =7-"N
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