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INTRODUCTION

The work reported in this thesis is a continuation of a study

- -

roported by Lillian Ho Madow | 1! &

Mrs. Modow used a two stage sampling plan where the county was tho
primary sampling unit and the Master Sample segments were the secondary
sampling units.;/ If 2 simple unbiasod estimate woro used, it was dotor-
nincd that 20 countiocs wore not sufficient to cstimato most itoms with an
accuracy of a 5 per cent coefficient of variation and even samples of 40
counties would not often yicld estimates within a 5 per cent coefficiont
of variation.

As cost considerations usually limit most surveys to 20 countics or
one~-fifth the total number in North Carolina, Mrs. Madow proceeded to
investigate the accuracy of eostimatoes other than the simple unbiased
estimates
These othor estimatos were

(1) ratio to estimated number of farms at time of survey

(2) ratio to samc charactoristic at a previous census

(8) rogression estimates
Little improvemént was found by using the first estimate, but it was found
that 20 counties were adequate for most items when the second was used.
The third showeod only slight gains over the seconde The chief objection
to thosce estimates is that they arc more laborious to compute and in
estimates (2) and (3) comparable data may not be available at an carlier
Census date.

Since cost congiderations usually limit nost surveys to 20 countiocs

and since estimates (2) and (3) require information which may not be

1/ Refer to King and Jessen | 2_]
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available, how can estimates based on 20 counties be improved? The

rosearch on this subject in this thesis was divided into two parts.

I.

Investigation of the use of area sub-stratification where tho

Minor Civil Division (MCD) is the unit of sub-stratification.

I1.

Investigation of the officiency of the MCD as o primary sampling

unit and Master Sample sognonts as tho sub—-sampling units rather than the

county as a primary unit and Master Sample scgments as sub=sanpling units

as used previously.

In connection with II above, the following corparisons were made:!

1.

2o

3

4,

B

The ratio to 1945 number of farms estimate with an unbiased

ostimate and the bias of the ratio cestimatoce

‘A.regression cstimate with a ratio to 1945 number of farms

cstinatoe

A purely geographic sub-stratificotion with four sub-stratifi-
cations by socio-cconomic charactoristicse

A sub-stratification by current census information with that
of past census information.

A stratification of MCD'!'s in 200 strata with that of 20 strata

where the MCD is the primary sampling units.

The sub~stratification itoms used in these investigations were?

1.
e
3e

4,

days worked off farms in 1940
value of products sold in 1940
average niles from all weather roads in 1945

farns operated by tenants in 1945,

The items to be estimated werec:

1,

2e

3

tobacco acreage in 1945
cotton acreage in 1945

days worked off farms in 1945,



AREL SUB-STRATIFICATION

The purpose of arca sub=-stratification is to adjuét the sample taken
from the prinary sampling unit (a county, in this part of the study) in such
a way so as to make 1t representative of the stratum from which it was
sclectod rather than roproscntative of the primary sarpling unite

In order to usc arca sub-=gtratification, tho population rust be capable
of bheing divided into prinmary sampling units which in turn must boe capablo
of being divided into sub-arecas. Also thesc sub—arcas must be accorpanied
by certain Census information, such as on total farms in 1940 and on gub-
stratification items. In this design the state of North Carolina is the
population, the county is the primary sompling unit and the MCD (township)
is the sub-arcas The MCD will bo used only to determine the sub-strata
within tho primary goographic stratum and the primary sampling unit, as
Master Sample scgments will be the sub~gampling units within the sub-strata
of the primary sampling unitse

For purposes of comparison the same 10 and 20 major geographic strata
wore used as in [:1:] (see Maps 1 and 2)« The design assumes that one
county is selected from each primary stratum with probability proportionate
to the 1940 number of farms (p.pe.se)s Boach MCD within a given primary
stratum was allocated to ono of two sub-strata on the basis of cnec of the
stratification itoms listed proviously. These two sub-stratoa within the
primary stratum contained approximately the same number of farms listed
according to the 1940 Consus. Honce each MCD in a given county wos also
allocated to ono of the two sub-strata on tho basis of the figurcs obtainod
to divide tho prinary stratun into two sub-strata, but the two sub-strata
within a given county would not bo expected to have the same number of

farms. Honce this design would have a difforent sampling rate for the two
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sub=strata within each county soiected. Mastor Sample sognents were the
sub=sarpling units within each sub~-gtratum of MCD's within the cbunty
selectede |

For purposes of illustration the following example is given. Wo will
a;sume that the first stratification iton, "Days Worked Off Farms in 1940,"
was usode The MCD's in prinmery stratum IX3 were put in an array by the
avorage of this item for each MCD and split into two sub~gtrata with
approximately cqual number of farms in cach sub—stratum; Let us assunc

thot a primary stratun IXB has 3 counties, Alloghany (1), Avery (2) and

Mitchell (3). The pertinent data follows.

Prinary Stratun IXB

Avorege number

County MCD within 1940 nunmber Curmulated 1940 of days worked
county of farns nurtber of farms off farmg in 1940
1 1 212 212 1.5
1 6 265 477 7e3
1 2 117 594 9e4
1 4 347 941 10.6
2 1 225 1166 15.4
1l 5 227 1393 16.8
1 3 384 1777 1944
3 3 203 1980 214
3 7 101 2081 29.2
3 8 94 2175 297
P 4 341 2516 43.0
2 5 2069 2805 5349
3 9 150 - 2955 Bdel
2 6 170 3125 B55e4
1 7 138 3263 5648
3 5 72 3735 6246
3 6 288 4023 . 63e4
3 2 171 4194 650
P 3 170 4364 875
K] P 176 4540 37.7
2 ? 213 4753 11445
3 4 102 43855 116.6 .
3 1 286 5141 12648



It can be seen that the figure for average number of daJs worked off farms
necessary to div1do the primary qtratum into two sub-strata with approxi—
mately equal nurber of farms is somewhere betwoen 43 and 54« It should be
noted that this figure will vary from primary stratun to primary stratun
for each of the four stratification itoms uscds One county is now sclected
from this primary stratum with probability provortionato to the 1940
nunber of farms (p.p.s.) and this is done by simply cumulating the number
of farms by county and sclecting a random number between 1 and 5141, the
latter being tho total number of farms for this particular primary stratunm.

This technique is shown bolow.

Comnty 1940 number of farms Curlated 1940 numbor of farms
1 1690 1690
2 1584 3274
3 1867 - 5141

If 1807 is the random number gclected, county 2 is the éample countye This
county has 36% of its farmsg in sub=~gtratum I and 64% of its farms in sub-
gtratum II. Lot the within stratum sampling rate be 1/t. and the within
county sarpling rate be l/c, whore c/t is the ratio of the number of farms
in the sampleo county and tho nﬁmber of farms in the primary stratun from
which the county was selected, Thus the sampling rate in Subegtratum I

will be 25/18c and the sampling rate in Sub-stratum II will be 25/32¢c and

36 25
therefore the sampling rate within tho county is — —_—F
64 25 100 18¢c
——— —_—= l/c. It can be secn that two sampling ratos are used

100 3¢
within cach county. The actual number of sub—-strata used within each

primary stratur con be greater than two provided cach primary unit has an
aldequatc ropresentation of cach sub-stratume In this thosis, only two

sub=strata have Dbeoen usede



The following subscript ndtation will be used in the remainder of this

thegis:
Number of subdivision in
Subgcript Subdivision population sarple
o AL—— G G
ol gth county in ath stratun Em 1
aij 3% substratum in (ai) county 2 2
aijs sth Mastor Sample unit in (@i3)
substratun ' Mxij maij

’ i
X will rofer to the charactoristic boing estimated and X to the estimate
of X¢ P will refer to the total number of farms in 1940. For cxample xﬁij

is the total of a particular characteristic being estimated in the jth sub~

th

gstratun of the ith county in the " stratume If it is desirced to indicate

the total summed over an inner subscript, we shall indicate this by a dote

For examnle, Xﬁ.j is the sum over all counties in the Jth sub=gtratun of the

ath stratume

The population total to be estimated can be expressed as

G H 2 ¥
(1) =3¢ =2 3 21“15
a=1 i=1 j=1 s=1

Xﬁijs

A similar expressicn for this ecstimate of X is

¢ 1 =2 M.
(2) x'= 3 — g

o=l ta =1 e=1

1
Xaijs

whore t 1s the sampling rate within the ot gtratun.

ty, can be exprossed as

(3 by, = sy PassMusg Pag



Iy j can be found fron (3) to be

= Y

1
The expected value of X is

by Pa..J/Poaifj'

; 1 P m o,
(5) EX =23383% — &L _aij X 15
aijs tcn Poo' Mooi,j
Substituting tcc, = mo&ij Po:.i,j'/Mcx.i,j Poc.j into (5), wo obtain
! PO(«-J' Pcci .
EX =23 322 it —_— }s’aijs which can be expressed, by
ailjs | Pcni,j Poo

multiplying and dividing by Pag as

P.a P . X
EX'=2PCLEZ ol e (<5 8] .
o i Pc:. Pa. Pooi,j

If we denote the double summation by R, (4), the average of the adjusted

ratios within the mth

Bx' =3 Ry (4)
&%

stratun, wo obtain

where Pon =3 Pai = 5 Pcc.J‘

i J

g i Pm
R@=3 ¥ g5 (n where R, (4) =3 -2d 3
o ol ol aij

1 P j P

o o
here R T X ) = i
where ol - s a.ijs/ oid P

aid



C s
Since X = 2 X, =ZPR and B X =2E (B a)?

- '.. M -
(6) EX -x+ipa RG(A)-Rui .

Hence the estimate X' is biaseds This bias is the sum of the biasos over
all the primary stratas Sec roforence [8‘1 for a more complote discussion
of the preceding theory.

y

The mecan sgquarc error for arca sub~stratification can be expressed as

2
P M -
(" o =3zszp’, -l Mag = My’ %y
o1y ®™p M,,~1) n,, B
o aid ol Toij
s P 2 [ ' 2
2 o ? " (Rdi(A) Y +: 2 F, (Rd(AJ o
(o 20 | L_ \
where
2 X - ‘2
- X M
cdij = : ( ags = a1 ) / oy and is the variance between Mastor

Sample segments within the sub-strata within the county selecteds Also
imij = P&iJ/Mmij'

Thus the mean squarc error is composed of three components (from left
to right): (i) the between Mastor Sarmle segments component, (i1) the
between county within primary strata component and (ii1) the bias come
ponente Previous studies have indicated that (i1i) is the largest component
with the importance of (i) depending on the samplihg ratc useds The bias

component (iii) was expected to be negligible, but it turned out to dbe

1/

This is the same formula givon in [3 3 with minor changes in notation.
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relatively large for some items‘studiod in this thesise.

In the discussion which foilows, coefficients of variation for three
methods of estimation with no sui—stratification and for four methods of
stratification with area sub~stratification will bLe compareds Table 1
presents these seven coefficients of variation and the accompanying
relative efficiencies for three items when the stote was divided into 20
stratae The results for no sub~stratification were previously roported
in [:1:} + For estimating "Days Worked Off Farms" all four methods for
sub=gtratification werc less efficient than the last two with no sub-stra-
tification. Strangely cnough the smallest rolative efficioncy of the four
éub—stratification items was "Days Worked Off Farms", the socio-sconomic
characteristic to bo cstimated. It is believed that the reason for this
is the shift from farm to city during the yonrs 1940 to 1945 when the war
industries were in full swing. For "Tobacco #creage" only the second
nethod with sub~stratification was more officient than the unbiased
estimates The small relative efficiency for the fourth sub-stratification
method is not in accordance with the opinion that per cent tenancy and
tobacco acreage are highly correlated. For "Cotton Acreage" the first and
fourth methods with sub=stratification were slightly more officient thoan the
unbiased estimate.

The bias component contributed a considerable amount to the mean square
error in many cases as shown in Table 2. It 1s belicved that the reason
for the large bias in the case of "™ays Worked Off Farms" is the shift of
farm labor to factory labor during the woar yearse The large biases in
cstimating "Tobacco Acreage" and "Cotton Acreage", when the last two sub-
stratification items were used, were probably attributable to a fairly

consistent positive corrclation betweon E&ijlgmi (the ratio of the number of



Table 1«
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Comparison of the Coefficients of Variation and the Relative
Bfficiencies ¥ of Different Mothods Using 20 Strata, Whore
One County is Solected with D+peses from Fach Stratums

¢ Days worked Tobacco ¢ Cotton
Type of estimate ¢ . off farnm acreage ! acroage
s+ 3In 1945 in 1945 t_ in 1945

CoVeiReE. in %:0.V,iReZs in &

QDVQ ‘ReEs in %

No_arca sub=stratification

s we se ey
v, a0 A®

Urbiased 10182 100  (,086: 100  :.135: 100
Ratio to 1945 number of farms $.143: 113 1,008 ¢ 95 14136 99
Ratio to 1940 charocteristic  :.114: 178 $4020: 1450  :.033: 1655
Area sub-stratification : : : : : :
Number of days worked off farnm @ ! : H : :
in 1940 141602 91  :1,077: 97  :4130: 108
Value of products sold in 1940 :.1569% 91  :.073: 107  :.136: 93
Average niles fronm all weather ¢ : : : : H
roads in 1945 t.151: 102  :,081: 89 :1.146: 86
Farms operated by tenants in @ : H : H s
1945 t.146: 108 :.092: 68 14133 103
i7
Relative officiency (R.E.) of two Aifferent methods, according to
Cochran {:4:} s Is defined as the inverse ratio of their variances. TFor

example under "Days Worked Off Farms in 1945" tho rolative officiency in
per cent of the ratio to 1945 number of farms estimate to the unbiased

estimate is

2 V2 2
(Co¥5) P («152)
——— + 100 = 2=+ 100 = 2.100---11376

£
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Table 2+ Bias of the Estimate in Per Cent of 1945 Gharacter1stic for
Area Sub~stratification with 20 Stratae

1945 Egtimate

Sub-gtratification item: Days woiked H :
¢ off farms ¢ Tobacco acreage ¢ Cotton acreage

Number of days worked : 0.48 : 1.77 : 19
off farms in 1940 : : :
Value of products sold : 3420 : 45 : «86
in 1940 : : :
Average miles from all : 4.63 : 323 : 224
weather roads in 1945 : : H
Farms operated by 5484 : 4.18 H 354

tenants in 1945

de ov ee ve s
“r e

.o
v
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farms in the sub~stratum to the number in the county), and R, ; (the mean

i
characteristic per farm for the Eub-straﬁum) within each sub~stratume

Hansen and Hurwitz point out that if there were no correlation, Rd would
equal Rd(A): hence, there would be no bias {:3'1 .

Table 3 shows a comparison of area sub-stratification with the unbiased
estimate when 10 strata are used. For ™ays Worked Off Farms® only the
second sub-stratification method was less efficient than the unbiased
estimate. For "Tobacco Acreage" only the third sub-stratification method
was as efficient ag the unbiased estimatec. The fourth method again had a
very low relative efficiency. TFor "Cotton Acreage" the first and fourth
methods were more efficient than the unbiased estimatece

In the case of both 10 and <20 strata thore is no covidence that any of
the 4 sub-stratification methods used in this invostigation is consistontly
more efficiont than the unbiascd estimatce Honce it would appcar inadvige
able to recommond arca sub-stratification for the following two reasons:

(1) The estimate using arca sub-stratification is genorally biased,
often by a large amount. Further the magnitude of this bias can not be
estimated in an actual surveye.

(i1). There is a certain amount of extra computing in drawing a sample

whon arca sub~stratification is usocds



Table 3« Comparison of the Coefficients of Variation and the Relative
Efficiencios of Different Designs Using 10 Strata Where One
County is Selected with p.pe.s. from each Stratume.

Days worked @ Tobacco : Cotton
Type of estimate off farn : acreage :  acroage
in 1945 H in 1945 ¢  in 1945

CoVeiReE. in $:CeVeiReE. in %:C4VeiReEs in %

o] 6o co g0 we

»
[ ]

No_arca sub-stratification :

4
.

Unbiased 12238

e wa e
s 90 v on
#r on ss e

*
It
KN

*e Wr &% g os we

100 100

*e 48 os R as

100 122

Areca sub-stratification :

ae b o
. e ®

Number of days worked off 10R38 1 105
farm in 1940 :

«129: 90 1212 102

e de B e

-

.

Value of products sold in 1940.245: 94 1.133: 84 1sR219: 95
Average miles from all weather 3 : : : :

roads in 1945 12322 105 :.122: 100 TeBR7: 89
Farms operated by tenants in : : H : : :

1%45 142312 106 :.152: 64 $+198: 117

es oe
s w4

(ea
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INVESTIGATION OF THE ZFFICIENCY OF THY MINOR CIVIL DIVISION (M.CaDs)
AS A PRIMARY SAMPIING UNIT WITH MASTER SAMPLE SEGMENTS AS THE
Soessesases s g Paa s WAt Aol B oaliblay SHGMENTS AS THE
SUB=SAMPLING UNITSw.

Methods of Stratification
The state of North Carolins was first divided into 12 major geographic

strata according to type of farming arecas. These 12 strata are shown in
Map 1.« It was possible to improve upon these original 12 strata by following
MeCeDe bounderies rather than county boundarios and then using the M.CeDs as
the primary sampling unite

For the purcly geographic gstratification, contiguous M.C.D.'s were
combined within each major geographic stratification in such a way that
cach stratum contained approximately 5 M.C.D.'s and 1400 farms. This re-
sulted in obtaining approximately 200 strata within the 12 najor gecographic
stratacy For the other four types of stratification the M.C.D.'s within
each of the 12 major geographic strata were put into an array by the
magnitude of the type of stratification and combined in such a manner that
cach stratunm contained approximatcly 1400 farms. It was believed that the
size of sample with one M.C.D. drawn from each of the 200-0dd strata would
be approximately the same as with one county drawn from each of 20 strata
(sub=sampling ratec assumed to be equal)e Dare and Swain counties woro

2/
onitted from the population leaving 98 counties and 941 M.C.D.'se

1/

It was not possible to obtain exactly the samec numbor of strata for cach
of the scveral types of stratification used in this investigation. This
number varied from 194 %o 197, but will be referred to as approxinately 200
in tho text.

2/

If an MsC.D. had less than 100 farms in 1940 it was combincd with an
adjacent M.C.Ds so that cach of the 941 combined M.C.D.!'s had at loast
100 farmg in 1940. Therc were a total of 1018 original M.C.De's in 1945.
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Basic Sarmpling Plan

In an actual survey, from eech of the approximately 200 strata one
M.CeDe would be sclected with probability proportional to the 1940 number
of farms, and Master Sample scgmonts then chosen systematically from cach

of the solected M.CuD.ls.

Calculations and Results

The total to be ostimated can bo expressed as

¢
(8 x= g g“i -0
o=l 1=1 s=1 s

where Xobis is the total of the characteristic in the sth Master Sample

is the total number of
th

segnent in the 1%8 M,C.D. in the a*® stratunm, M 4

Master Sample segmonts in the i'® M.C.D. of the o
th |

stratun, Hor. is the total
nurber of M.CeDe's 4in the o~ stratun, and G is the total number of strata,
We shall conslder three different cstimates of X in this investigatione

(1) Unbiased Estimate The unbiasel estinmatc can be oxpresscd as

1 G 1 m
() x*== 3 5 x'i
t o=l i1=1 g=1 %18

where § is the over~all sampling rate and m_, is the number of segments in

ol
the sample for the ith M.C.D. of the ob? stratume Thus in equation forn
t Pco
Pt © ;—— s Yopo
ol

where P“ is the total number of farms in the octh stratun in 1940 and Pa:i is

the total number of farms in the ith county of the octh stratun in 1940.

&



The variance of the unbiasced ostimate, as derived in the appendix isy

(10) c;: = T gﬁ al . gi Lol ol %:1 %
=1l I=1 P £ M. -1 i
- @ ol i

¢ | , B P, _ 5 |

+ 2 Ps EG'__G_‘i.;(Xi_X) ;

o=l i=1 P . [/ {

S [0 .J

whoro h

4 1945 choractoristic in the 172 M.CuDe of the ool stratun

al 1940 nurher of farns in the ith MeCoele of the mﬁh stratun

— 1945 characteristic in the ath

X =

stratun

1940 number of farms in tho a®B stratun

h

variance within the it MeCeDe of the ath stratune

Q
it

Only the socond part of (10) has been corputed in this investigatione This
part is called the "between primery sampling unit corponent® of the total
varianceos

(11) Ratio Zstimate To estimate X we can also usc the ratio estimate,

which nay be slightly biased. This estinmate is
1
1
(11) X =Y 4 =
r t

Y
where x is an unbiasod estimate of the population total for some specified
characteristic and is given by
1 G

v =
(12) x STz it
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‘ '
~ ' ‘ and ¥ and ¥ are the population total and sample total of an auxiliary
variate that is ¢orrelatod with X'.

An approxinmation of the variance of the ratio estimate is given by

the cquation

'R0 B s \
2 2 ! G C. G 1,1
(13) o, T3 | G+ G- 2L .
T WX Y XY

2 2 .

; b a1 O 1 g 1.1

(14) (c.v.Xg) ?=‘_>2€_+ ’§~ XY
r X Y Xy

The bias of the ratio estimate is approximated by

X

2
. (15) "; (CoVoY - COV.X‘Y') .

2
The derivations of the bias, variance and (C.V.) of the ratio ecstimate arc
presented in the appendix.

(111) Regression Estinmate The estimation equation for a population

total, X, for the regression estimate can be expressed as

g 1.1
3
(16) ¥ =x'-EL ' -y
Ir 02
. 1
Y

where X' and Y' are unbiascd estimates of the population total.

The variance of the regression estimate as derived in the appondix, is

2
X X 2
Ir CYI



Table 4 presents the betwoen primary sampling unit component of the
(C.V.)z for three difforent items cstimated for 1945, Two sets of com=
parisons have been made: (i) corparison of throe different methods of
cstimation, (ii) comparison of five difforent types of stratification.
Little differonce can be obscrved betwoen the unbiased and ratio ostinatos.
As the unbiased ostimatc is casior to corpute, it is recormended over tho
ratio cstinato. In all casos the regrossion estimate showed slight gains
over the upbiased estimates It is not believed that this slight gain is
worth the added costs of computing the regression coefficiente The nost
imporfant conclusion that can be drawn fron Table 4 1s that the geographic
stratification is better than the othor four types considered in all cascs
for the unbiased estimate. In an actual survey, geographic stratification
is not only casior to use from a corputational point of view but also
infornation on the stratification items is not necessarye

Table 5 shows the bias of the ratio estinmate in per cente The largest
bias obtained was anproximately 1/2 of 1 per cent; so for practical purposes
this bias is negligible and can be neglected in tho comparison of the ratio
with the unbiased cstimate.

In comparing the stratificatiop by current Census information with
that of past Consus information, it was found that there is an improvement
in using currenf information over past information. Information in 1940
and 1945 was available for only two of the stratification itemse The
results appear in Table 6« For "Days Worked Off Farms" the stratification
by curront‘Censué information gavo 2 higher (G.V.)2 than for past Census
information. This nay be cxplained by the fact that this characteristic

was nore variable in 1945 than in 1940.
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Table 5« Bias of Ratio Estimaté in Per Cent

+ *
.

1945 Estimate {Tobacco acreage:Cotton acreago

Days worked
off farm in 1945

in 1945 in 1945

Type of stratification

2% ¢ ev *» v oa] as

Geographic : 047 «064
Days worked off farms ¢

in 1940 : «023 2024
Valuc of products sold : :

in 1940 : 016 : 037
Average miles from all ¢ :

weather roads in 1946 @ «020 : 024
FParmg operated by H :

tenants in 1945 H 2024 : 030

®e e» se 20 ec sv ee os ¢+ os or o] 00 os e

412
v449
«308
+023

o544




' Table 6+ Comparison of the Between Primary Sampling Unit Component of the

(Coofficicnt of Variaﬁion)z for Stratification by Current Census
Information with that for Past Census Information Using the
Unbiased Bstimato.

: 1945 Bstimate
Type of stratification t  Tobacco : Cotton ¢ Days worked
: acreage ! acrcagc ¢ off farms
Y Days worked off farms in 1940 : 000931 : .003147 : 005616
Days worked off farms in 1945 : 000877 ¢ #003044 «005913
Value of products sold in 1940 001016 ¢ 001329 «006083
Value of products sold in 1945 : 001104 s 001274 ¢ +005728




For the efficiency of the county and the M.C.Ds 8 a primary sampling
unit, several considerations must be made in comparing estimates based on
our sampling plan with estimates obtained by Madow [:1:1 « Thess considera~
tions include gains due to stratification, cost, and size of primary sampling
unite We assume, as Madow does, that the betwcen primary sampling unit
variance is the dominant term in the total variances It is also rcasonablec
to assume that the betweon sognment within county variance is at lcash as
large as the betweon scgment within M.CuD. variances This becomes clear
when the scatter of seclocted Mastor Sample scgmonts within the county is
compared with the scatter of scleocted segments within tho MoC.De

It can be scen from Table 7 that the betwoon corponent is about twice
as large for thoe M.C.De with 20 strata as for thc county with 20 stratas The
difficulty in making this comparison is that theo within variances arc not
known, and no consideration is made as to the rclative costs of cach methode
It would scem that tho coﬁnty is more efficiont than the Me«CeDe using 20
gtratas The reasoning follows:

(i) If tho number of subesamples is the same in each case, it is
believed that the costs would be practically the same. The reasoning here
is that the between primary sampling unit travel would be about the same
since 20 are visited in cach casce The between sub-unit travel within the
primary sampling unit would slightly favor the M«CsDey but this would not
be very great as the same number of sub-units must be visited.

(ii) The within variance for M.C.D.'s would be reduced by two factors?

(a) elimination of the betwecen M.C.D. variation within county
(b) the finite population correction would reduce the variance
nore for the M.C.De.y as the sarmling rate would be highere

However if we assume that tho between component is dominant as was assumed
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in E 115 + 1t is not bolieved that the reductions mentioned in (a) and (b)
would compensate for the differences between columns 1 and 3 and columns 2
and 4.

To cormparc the method whore one county is selocted from cach of 20 7
strata with the mothod where onc M.C.D. is selectod fron cach of 197 strata
is even more difficult without 1nforﬁation on the within variances and
relative costse If an oqual number of sub-units are sclocted, tho sampling
rate can be assumed to bo the sames Thus the within variance for the
MeCuDels would be reduced by only the factor (i1) (a) aboves. However it
should be lecss than that for the within county. Thus it would scen
roasonable for the 197 strata to have a smaller total variance than the
20 stratas As it is nore costly to cnurorate segments in 197 M.CeD.ls
than for the samé numbor of sogmonts in 20 countios, it is not possiblec to
nake a dofinito statoment as to tho rolative efficiencies of thoso two
methodse However it scoms rcasonable that this comparison might be in
favor of 197 strata.

In order to calculate the relative gains duc to stratification whore
the size of the primary sampling unit is the sane, wo comperc columns 3
and 4 with columns 5 and 6 in Table 7« The per cont gain of 197 strata
over 20 strata where the M.C.D. was used as the prinary sarmpling unit is
indicated in columns 7 and 8. Considerable gains arc indicated on all
itoms for both the sirple unblased estimato and the ratio estimates Groater
gains were obtained for the sirple unbiased estimato than for tho ratio
ostimate. Incrcased stratification was more effecctive than the use of a moro
cormplicated cstimation equation, neglccting costse

At the present time research is being done on the within M.G;D. and
county contribution to the over—-all variancese When these calculations

arc cormplete, 1t will be possible to make nore definite statenents about



the efficiency of the M.C.D. and the county as a prinary sampling unite
Little data are available on costs at present, but it is hoped to obtain

such data in the nesar futurce



APPENDIX

Portinent notation for this thesis is presented in tabular form helowe

MeCuDe in .
State Stratum _stratum  Sampling unit in MeCeDe

Subscript o ol ais
Number in lation 1 G H M
popu 2 ol
Numbor in sample 1 G 1 oy
Total number of farms
in 1940 P P P P,
o al ais

Total of agricultural
characteristics in

9 X X X _
1945 o ol chis
Tstinate of total x' x! x! x'
svinate o ° v oi tisg
Total of character- ~ " .
istics in 1945 X X X
Total number of @ ol
farms in 1940
Mesn peor sampling = X
ai M
al
Other Notation
t = sampling rate
XﬂEX@=EZXmi=ZEEXaiS
, Y
Proof that X' 1is unblased estinate of X
16 1 =n T 1 ¢ '_ 1 n
EX':—.E}-—E s My |2l 35|z g x"]
‘ als | 4 gy O Li=l g1 i als|

1t o=l i=1 s=1

i/

This proof is prosonted in reference [-5___‘ .
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th

wherc B s is the expected value for the a”" stratum and E,y 1s the expected

th

value of X&i s within tho county selected from the o’ stratum.

n ! 5 e = b
Nows, B, X_. z Xais Xa.i

1 T 1 —'l 1
E“Z gaima x! !_%rz z“ixaiisrbz s X

i L1471 e=1

To got rfai, or tho 1945 nean per 1940 number of farms, remcmber that

t P
n, 2 e—
ol ol
Pcz.i
Thus,
= t l‘-’OG =
Tod et T3 Mo ¢ o © 8 % %y
al :
Thereforo,

——— w———

1 G 1 »
ZPXC(.:!.: PBEX

G
Tx'= g T,
a=1

z o ol
| i=1 o=l % 4=1
Now,
H P
2 %, = 9% =%,
o ol $=1 P ol @
o
F i th th
where —= = the probability of seleccting the 1™ county from the &
P
&

stratunm, using probability proportional to the 1940 number of farmse

Thus,
G G H M
1 A o ool .
EX = Z PmAmw Z T3 Xcuis=

o=l i=1 e=1
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Berivation of Variance of Unbiasod Estimates. We may write x'= 3 X:o s

o=l
. 1l 1 mi
where X! =— 3z 3¢ Xt;is
t i=1 s=1
Then
G
nx'= 2z £x',
=1 G

and if tho samplo is sclected independently from cach stratumy we have

G
0‘.}2{: = 3 c;:
o=l g

Thus, we nced to cvaluate c)‘?g;. By the definition of variance, we have

«

e !‘ 1‘“«'2 t"“ 1 2
= T ' w3 x ] -
1) ... ch; z x05 uzaj =E B, ixa EX@]

s,

We may write

+rz x'-mx'.} 2
Lol oy !

U 1

T -
. -2 . X -; 3 x' . 'V i=o0
Eai L,X@ ot o | == constant X L 1 B i Xco__f
Fron (1) and (2), we thon have
Tt ] 2 e 3 1
B an - 7 X@J = E@ L Emi (xa -5, x@) 1 “[}3@ Emixa E.'Xu) ‘}

=3 (1) + 2 (II)

This proof is presented in reforence [5] .



To evaluate E (1), we calculate

B,
al | (o4 2 al M
e
where
— =
1l ¥ : ;
2 Poad ot = @ |
Cai 3_4.— ! § (Fuis "Xooi) !
wt |57 i
Thusg,
1 -n 2
= o ol
EC& (I) = ECL l‘;—z- mai . o1 c@i
i ol
To evaluate
PR
= X -EX
Eoo (1) 'Ec,__Eai o d.__! ’
we note that
! ns
k)] = &=
A‘ch Xa, P@ Xou
Also
DX, =8, (B %)
and

{
td
™

e
}g
et
(%

I

4

Thus, we have, finally -

o1 & I Ol = Z Y Y
X 2
X el % oe1 | ie1 P %
G-r iPr 2
+ % | p° z“'-—‘i‘i(xi-xa)
=1 =1 p “




where
- -,; 2
_1.. = Eo_v_. 349_1_ !
t2 P ) m '
el ol _t

1
Derivation of the Variance of the Ratio Estimate.

The ratio estimate of X ié
: 1

X
X' = Y . - where Xt is an unbiased estimate of the population
Y

T
total of a characteristic and Y and Y' are the population total and sample
total of an auxiliary variate that is correlated with Xe

The variance of the ratio estimate can be approximated as followse

]

. I'X+AX .
Xr=Y.‘ where X’ =X + A X
\Y+AY/ '

Y =Y+ AY
This can be writton as
-]
\/ AY
Xr!’ =X {1 + — ;{ 1+ and expanding the last term
X }'\ Y_
Ax\i Ay (x T)"

X; =X ( 1 - { 1l o=+ .. and eliminating terms

X/ Y T

1
of orcler =3 etce the expression can be written as
A Y
x‘ & — + 1= —
Since
1 nt ”
B Xr X
. " AX AY
X, ~BX 28X | —~—|, neglocting the torm in (A X)(A ¥).
T r X Y

1/

This proof is presonted in roforonce !:4] .



Also
| 2 2
. AX: AY Oy t 20,y
Bk, -Bx) fxp| —-— | ¥¥ X L XX
Xy x° ¥ XY
2 2
(c.v.X')z e S e & &
T ¥ 1° XY

Derivation of tho Bias of tho Ratio ITstimate:

The estimation equation as shown proviously is

X'l

Since B — # —— the approximate bias can be found by expanding ~— in an

Yt o=y
infinite seories about E X' and IY',

Thus /1
x* X ! X
B—w==2|—f -=
Y oy Y Y
This can be expressed as
[ x' \ox
E . o
‘Y'—EffEY‘/ Y
X
A s
- 7 EY o
1 1 b
Y -ZY / Y
\1 + 1
TY
) i : e
[ x' \ ;Y -rY @ -nYhH
= T B — & 1 = + P " sse
\EY'}\ z vy (x 1"
Therefore ' '
¥ X ) /EX X\ :
E — ey W = b gigy - - i
! 3
'y oy v (zx'y j |
\ I\ i \

1/

-
i

This proof is presented in roference | 53 .

-

Yl

X

—

Y

2
.d*lX'(Y'»EY')\ /m'(y‘_m‘) A
,+ i

(zx")S



Since E X' = X and EY' =Y, the first term vanishes and

¥ x 5x' (' -z2Y") px' (v' -z2Yh)?
B - = - + % = see
T A \ T2 Y 2
: : chYx
The first term is the covariance and can be expresscd as =~ P
Y

e m—

rJ

zx' 5y -£71")?
Adding and subtracting - ~ o the sccond torm may be writton as
Y

2
X -zxH@E' -z 1Y) T X B(Y

_ 3 3
' 1
The first term is of order -—5 and can be discardeds
Y

The second can be writtoen as

X 0’%1

s

An approximation to thc bias can then be written as

r' R 2

X X _ GXtYI X oYt
B - - = - + —

vy Y° Y

2
C.V-Yx - CQVOX!YI

£
Wl

1/

Deorivation of the Variance for the Regrossion Estimate:~

The estimation equation for a population total, X, for the regression

cstimate can be exprossed as

o..t1
X;r = x' - XzY (Y' -~ Y) where X( and Y' arc unbiased estimates of
(o 2K { :
Y

1/

This proof is prescntod in refeorence L5__{ .
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the population total and thus X' = EX] =X and B =7

2
50 U}Z{x = E(X{'r - X)" and substituting the following results
Lr '

2

UXFY!
Bl &' -X%) -5~ (v -7 and taking the expectod value the
og

2

following is found

2 2
2 2ogrgr) 2 (0',:Yr)
ox! - —=5— + oyt —=5~= which is equal to

o (o
! ¥
(Gron)”
(o)
02 - UZ' _ X’Y‘
x! X 2
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