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1. General Summary

Results concerning the exponential convergence to zero of the probability of
large deviations of the sample mean have already been obtained in the literature
for instance, in Cramer / 5/, Chernoff / 47/, Babadur and Rao /1], ete. We esta=
blish similar results about the exponential convergence to zero of the probability
of large deviations of the sample distribution function, and more generally, of
families of sample means.

2. Introduction and Summary:

Let ( (") , 8, P) be a probability measure space. Let X (w), X (w), cee
be a sequence of B-measurable random variables with values in X vhich are inde-
pendently and identically distributed with cemmon distribution p(.). Here ¥ is
a separable complete metric space and 36515 the class of all Borel subsets,
u{nm .) 1s the sample distribution function of Xl(m),... Xn(w), namely, the
probability measure that assigns masses % at each of the points Xlﬁé),...XnCmD,

Let f£(x) be any real valued measurable function on A with

gf(x) p(dx) < = ., Then the strong law of large numbers due to Kolmogorov

states that

~,
\

f(Xl(W)) + eee ¥+ f(xn(w)) _ f(x) p,(d.X) > 0 { = 1 .

(l) Pgu): o

1This research was supported by the Mathematics Division of the Air Force Office
of Scientific Research.
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Again, when Xetf(x) pw(dx) <e. for all + , the above result has been improved

upon as follows, by Cramer (1938), Chernoff (1952), Bahadur end Rao (1960), etc.

(2) Zer S\w ; f0q() + oo+ #lD) £(x) w(ax) * 2¢ k

L n
-=-=> log p(f,€)
vhere 0 < p(f,+) < 1 and will be defined in (14). We interpret this result
in words by saying that the probability of large deviations of the sample mean
tends to zero exponentially.
Let X = Rk, be the Euclidean space of k dimensions. ILet F(x) and
F(n,u,ﬁ) represent the distribution functions corresponding to u(.) and

p(m,m,.) respectively. The Glivenko~Cantelli theorem states that

(3) P % ws %Sp ‘ F(n,w,f) - rF(f) ) s> 0 } = 1

-~

We now ask the question whether the probability of large deviations of the sample
distribution function w1l tend to zero exponentially. We answer this question
by the following theorem .

Thesrem 1. For € > 0 .

() % log P g w: sup \F(n,w,f) -Fx)| > e } — log p*(2,€)
%

vhere 0 < p* (F,e) <1 and . p¥(F,e) will be defined in (26).

Now we can interpret F(n,wgf) as the sample mean of a certain real valued
function or as the sample probabllity measure of a certain subsgt of }( . Corres-
ponding to each of these interpretations we can generalise the above theorem as
follows. The proofs of all these theorems are given in section k4,

Theorem 2.

Let :;' be an equicontinuousl class of continuous functions from af to the

real line. ILet g(x) be a continuous function such that {f(x)] < g(x) for

1For a definition see section 3.
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‘ each f in 3' and such that. getg(x) pldxj <e for all t, Then for ¢ >0,

Fasrw | (f00 uaodn) - e wen 2
fe |

> o{ Y €)

where pf j , €) will be defined in (15).
Theorem 3. Ao

Let :} be a class of continuous functions fromX N Rk that is compact under
the uniform convergence on compa.ctal (u.c.c) topology.  Let f‘“‘i be a non-atomic

k

for each each £ in J . Foreach a in R° and £ in F 1et A(£,a) ve

the set

{x: fl(x)'s 8y 5 eee fk(x) <a, f .

. Then for € >0,

;11- log Plwt sup sup ! u(n,w,4(£,8) - u(A(f,g))‘ > e i-—-—> log p*(e)

UfeFd @
where O < p* (e) <1 and p*(e) will be defined in (26).

These résults are allied to those of Sanov 1#;;7 and could be possibly dew
duced from them.., However elementary and straightforward proofs are presented
here.

Section 3 deals with the necessary preliminaries and some well known lemmas.
Section 4 gives the proofs of theorems 1,2 and 3 and section 5 contains some
of their applications,

A result related to theorem 1, giving some upper bounds to the probabllity

on the left hand side of (4) may be found in Kiefer and Wolfowitz [ 27. Weaker

J'Fo::' a definition see section 3.



forms of theorems 2,3,4 and 5 have been obtained by Rao / 10/. A result ex-
tending theorem 4 but weaker in other respects may be found in Wolfowitz [ l}_}7 .
Theorem 6 extends the results of Blum / 3/.
3. Preliminaries:

A sequence of measures ? vn} on (£ ,%) 1s sald to converge weakly to

Voo v, :?, v in symbols, if for every bounded continuous function h on % ’

!

Sh(x) vl@r) —e>  Ymlx) v(a) .

In such a case, for any § > 0, there is a compact set K in { such that
Vn(K) 2 l - 6 for n= 1,2,0'0 .

v(K) > 1 - 5. This result may be found in Billingsley

ey
A famlly of functions j’ is said to be equicontinuous, if for every § > O,

there is an r such that

‘f(x) - f(x‘)\ < § forall f in :_ILwhenever d(x,x?) <r
vhere d dis the metric on }f . A sequence of functions ifnz( on % is saild
té converge uniformly on compacta (u.c.c) to a functions £, if fn(x) converges
to f(x) for each x é,nd the convergence is uniform on each compact sé¢t. in 1’ .
A theorem due to Ascoll, for instance dee Kelley [ §7, Chap. T, states that an
equicontinuous family of functions 5(’ bounded by a function g is conditionally
compact under the u.c.c. topology. In this case for ény § > 0 and compact set
K in )} , ve can find a finite collection of functions { fysees £ ] 1o
such that for any function f in 5" s ‘there is an index:'sucp that

sup ‘ £(x) - fi(x), < 5. |
£EK



Let

(5) -(_-)-o = {w Doy, wy, W) S u(.))‘( .

An interesting result due to Varadarajan [ lg7 vhich 1s a generalization of the

Glivenko-Cantelli theorem states that

(6) R(i—lo) = 1,

A conclusion that we draw from this is that for each § >0 and ® in [_)o ’

there is a compact set Kw in 7\(— such that

(7) [J.(n, Wy Kw) Z 1-5 V n = 1’2;000

and m (Km) > 1-5.

Let g(x) be any measurable function with Sg(x) pldx) < o,

Let
(8) -(—ll = {w : gg(x) u(n, w, ax) ---> (‘ff (x) pax) % .

The relation (1) can now be rewritten as

(9) P( S—.l]_) = 1.

Another conclusion that we can draw from this is the following. For each § > 0

and o € f'_ll » there ds a compact set K~ such that

(.lO) SS(X) M(n: w, &x) < §, n=1, --‘-
¥-K

ad (

J g(x) P(dx) < 5 .
¥ -K
For any function f %e define E(f) by the relation

and

(1) 2 - {00 a0 .
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. Let f£(x) be a function for which E(etf) <o for all t. Define for ¢ > 0,

5 H (£,t,6) = E(exp (t£ - B(£) - te))
( 12 ) and :

\ H, (£,t,e) = E(exp (tf - tE(f) + te)) .
Define

1 p.(£,€) = inf H.(f,%,¢)
(13) 1 >0 L

and '

pe(f,e) = inf He(f,t,e)
t <0

Define
(1%) o(f,e) = max (p,(£5€), p(fse)) .

For any class of functions JL such that E(etf) < o for all t+ vhenever f

is in F , define

(15) o( fse) = fszgg’p(f:e) .

The following are well knéwn and are given here only for completeness.
Lerma 1.

If f£ dis any function such that E(etf) < » forallt>0,and ¢>0,
then one of the following two i1s true.

(1) F’%f - E(f) > ¢ %- >0 and

(16) min Hl(f,t,e) = pl(f,t,e)
0<t<T

where T is finite

\

e (i1) ;1>{f - E(f) < e } =1 and



pl(f:t:e) = P §f - E(f) = € i

and glven any © > 0, there is @ T such that

{11y min Hl(f,t,e) < pl(f,e) + 0 o
0<t < g T
- T AN Yy
Proof: (i) may be found in Wald /° 1_\'9:7,\ oo T follows from similar

analysis, Thal sibhex (1 oeqn) must be Tvug is obvinus.
Lemma 2, If f is any function for which "E(etf) <o forall t, and €>0

then given any © > 0, there is a T such that

(18) min H(g,te) < p(f,t,e) + ©

min Hg(t,t,e) < pa(f,t,e) +0 .

Proof: This follows from lemms 1 and & similar result for H2(f,t,e).

Lemma 3. If 3‘ is a class of continuous functions that is conditionally under
the w.c.c. topology then the function p( F, €) is continuous from the left
at each € >0,

Proof:

ILet & > 0., Ve note that

Hl(’c, t, €-5) > Hl(f,'b,e) for t> O

508 m (£, t, e-5) > Hy(f,t,e) for t< O
Hence
p(f, e = 8) > p(f,e) for each f.
Thus - ‘
o{ F,es) > o(Fe).
Hence

(19) um jef o(F ,e-8) > o(F,€) .
§ ==> O+ ‘



" Now, let €, be a sequence of numbers tending to e. For any © > 0, we can

find a sequence %:fn} of functions in 3‘— such that

(20) P(fnyen) > p( }: en) -6 ,0=1,25000 ¢

- )
Since ;:)L is compact, there is a subsequenge of { fnj)say {fn% itself, for simpli-

city, that converges to f uniformly on compact sets. Hence
B (£, t, &) —> H/(£,te)
uniformly on bounded intervals to +t. Further
p.(£,€) < min H(£,%t )
1¥n’ "n 0<t<T 1'"n n
and

p(f.,€) < min B.(f, t, )
2' ' n n Of’bfT 2'"n n

for each finite T, Again given © > 0, we can find a T +to satisfy relation (18)

of lemma 2, We thus obtain

(21) lim Sup p(fn,en) < p(fse) + 0,

for arbitrary ©. Combining (21) and (20) with the fact that p(f,e) < p( jz,e)

we obtaln
(22) limaug o JZ', en) < p(j', €) .

(19) and (22) establish lemma 5'.

We now require some properties of p( } , €) vhere 7(‘ is restricted to cer-
tain classes of functions. Let £ be the indicator function of a set and let
P{ F=1 }: p. Then p(f,e) depends only on p and is written as p¥ (p,e).

. We can now regrite result (2) as follows. If Xl(w), Xa(w),,.. is a sequence



of independent and identical binomial random variables with mean p, then

f

log 7 1 N Xl(w) + ees Xn(w:)

n

(23)

Bl

-p > e} w==> log p*(p,€).

We can find an explicit expression for p¥(p,e) from (14) as follows.

(24) p¥(p,€)

max(pi(p,e), DE(PJG))

vhere )
\ lep 1-p-¢
pi(p’e)=\},(p+) (=== e 0SPSl-ce
L O l-g-p< 1
(25) -
d l- -
an S ( ) pte Q..;E___)p'e
pk(p,e) = Tove P-€’ weee<p<1
0 ' 0<p<e .

Let F(x) be any distribution function in Rk. We define

g‘ p(F, &) = swp p*(F(x), €)
\ ' X -
(26) {
tand p*(e) = sup p*(p,e) .
0<p<l1l

We now state a few results concerning the function p*(p,e),
Lemma 4. (Hoeffding)

If €e>0 and 0<p<1/2, then

' 2
2 € i
(27) p*(p’e) S exp [ - l-2p log K __7

and hence,

(28) 1im  p*(p,e) = O .
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Proof: This result may be found in Hoeffding (1963, relation (2.4))

Lemma 5.

The function p*(F,e) is left continuous at each € > 0 .
Proof: The proof is elementary and proceeds through steps analogous to lemmas
1, 2 and 3 and will therefore be omitted.

We now proceed to a Peir wellwknown lemmas which are connected with uniform
convergence of distributions.
Lemma 6.

It {) fn } is a sequence of continuous functions converging to a function £
uniformly on compact subsets then

-1 1

N n
B fn = pt
and, moreover, if p £L 15 non-atomic, then

(20)  sup | u(a(z,,a)) - u(A(£,a)) | — o

v e

where A(f,a) is the set

(30) { x: £(x) <a }J"

Proof: The first part of the lemma is well known. The second part is equally
well known and is usually referred to as Polya's theorem.
Lemma 7. Let ji be a class of continuocus functions that is compact under the

u.c.c. topology and -Hf'l is non-atomic for each f in } . Thenas § ==>0

(51) sup sup | w(ale + 5,0)) - w(a(g,e)) | >0
feF aceid

where f + § is the function #£(x) + 6 and A(f,a) is as defined in (30).
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Proof: The lemma is easily proved by contradiction using lemma 6.
Lemms 8, Let % = Rk and OQ be the class of lineaf functions from X into R' -

of norm unity. Then as § ~~> 0

(32) sup  sup i p(A(L + 5, 2)) - u(A(L;a))i — 0 ,
Lef a ,

Proof: This is immediate from lemma T since c(\ is compact under the u.c.c. .-
topology.

Whenever } =R and L in di. we will sometimes call _A(L,a) a half
space, ,ﬁm will denote the class of all sets that are formed by the intersection
of m halfw-spaces, \x\ represents the norm of x in the Euclidean space.

S(e_a. ,» ) is the closed sphere ;_}\c: jx=a| < r} . For any subset D in ¥ )
s(a, r) = x:zeD,}\;\;—y\fr}.

We will also need some properties of convex sets in Rk. For the general
properties of convex sets, the itreatise of Eggleston (1958) is an excellent
reference, but Section 4,1 of a recent paper by Rao [ 1_97 covers the material ade~
quare for our purposes and we shall reproduce that section with slight a_ltera&ions.

Let C be a convex set with non-empty interior, Let a be an inner point
of C. Then the guage funct::::r.xf; H(x), ofC with respect to a 1is defined as
follows:

H(x) = infl%.' a + -’%—% 5 G}
Tt is clear that if H(x) is the gauge function of C, then ¢® = interior of

Q
i
]

x ¢ H(x) < 1} and C = closure of C = % x 3 B(x) _<__l}and the boundary

Q
H
Q
!

- {E: H({) = 1} . The following properties of a gauge function are well
knowvn and can be immediately deduced from its definition
(1) Ir H(x) is the g.f. of C with respect to the origin then
(a) H(x) > 0, and H(x) = 0 if and only if x=0 , (b) H(ex) = cH(x), for all
¢ >0, and (c) H(gc-l;gr) < H(f) + H(z), for each pair X, y . Conversely any function

H(x) with the above properties is the gauge function of the convex se't?l x:H(icl) < l)( .
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(ii) Suppose that H(}E) is the gauge function of C with respect to the

Lx!
r

origin and that S(Q,r) < C. Then for each X, H(x) < .
For any convex set C, the inradius of C, denoted by r(C), is defined to
be

r(C) = supir: s(a , r) & C, for some & in C} .

Then it follows from definition that r(C) =0 if and only if C has empty
interior and that r(C) < « , if C is bounded.
(1i1) If C 4is a convex set with non-empty interior then there is a gauge

function H(x) associated with C for which

) - 5 | < |z -y |/ =€)
for all x, y in Rk. We shall call this the primary gauge function of C.
(iv) If C 4is a convex set with inradius < o +then there is a linear
‘ function L such that

e ¥
CC.Etx:_afL(x) < a+206‘§ .

Let K be any bounded set in Rk. ‘C (X) denotes the class of all closed
convex sets contained in XK. for o > 0, "C (K, 1, @) denotes the class of all
closed convex sets contained in X and of inradius > a. C (K, 2, o) =

1 &) - e (K, 1, @). The final results about convex sets that we shall use
in section L4 can now be stated as two lemmas.
Lemma 9, |

The class j’l of primary gauge functions, H, of the elements in C/ (K, 1, @)

is compact under the u.c.c, topology. Further if the boundary of every convex

set has p-measure zero then u H"':L is non-atomic for each H in Jl/ .
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Proof: The proof is immediate from property (iii)

Lemma 10, As O ===> 0 ,

ce T"(K,Q,Oz u(s(C,a)) ~=>0 .

Proof: We note from (iv) that
had —‘) .
s(c,a) < »{x: a~0 < IL(x)< a+5a}* .

The lemme follows from lemma 8 .
Again et ¥ = B, Tet ‘?1 be the clase of sets A each of which

possesses the following prope;‘jby. I X = (xl,‘ vee) xk) € A and 'Er = (,3’.1.’"’ Yk)

k

1s such thet y, <X, 1=1,... %, then ye A, Iet Qj s 322 3, eeey 2

i,
be the 2k -1l classes Of sets which can be obtained by reversing, one a’c a time,
the k inequalities occuring in the definition of & Let Q U J<
For two classes of sets B and E let [:}@{0 denote the class os sets

DM E vwhere D isin /) and E in [ . Let

{

(33) - gde .. oA

the 'product! containing a finite number, say m, terms.
Lemma 1l. (Blum) Let u be absolutely continuous w.r.t. the Lebesgue measure.
Given any & > 0, there is a finite class of sets (?) (6) such that for each A

in a there exist two elements B, and B

1 , in {8(5) such that

ByC AC B, end u(B < 8 .

2 = By)
Proof: The proof of this lemma follows from elementary considerations of the

properties of the sets in Q and may be found in Blum [ 27 .
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Lemma 12,
Let p be absolutely continuous with respect to the Lebesgue measure. Then
: N % o ¥
for each § > 0, there is a class of sets G% (6) such that for each A in {Q;

\ %
there exist sets B in (h (s) such that

1 and B.

e

Blc;:‘AC B, and u(Be-Bl) < 5§ .

Proof: This follows immediately from lemma 11 and the definition of LK_% .
L., Proofs of Theorems 1, 2 and 5;
Proof of theorem 1,
Let Gl(x), ves Gk(x) be the right-continuous marginal distribution func-

tiosn of F(x). For amy & > 0, we can choose k sets of (m+l) points

(xlo, Xyq9 e xhn), cosses (xko’ Xq vees ka)

corresponding to the k wmarginals so that

)( ® %0 Xy S e Xim e

s

(34) l

G(xis - 0) - o(x < 3

is-l)
i"-:l,ocok and s=l,... m .
Any point x = (xl,... xk) in R will satisfy the relations

(35) xi(si - l) < xi < Xi Si i = l}ac. k

for some integers Byreees S5 1< Si-f m 1i=1y.e. ke A straight-forward

analysis then shows that

(36) s |Flowy x) - ()]
X

sy

< sup [Flogwo, 2¥) - Fx¥) |+ 6
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* = 5 H = ev e ) M i soe
where 1_ 135* x* | ,(xlil s )ka or some integers i,,...1
With O 5 is S m F) s = l, soe k . } -

Also from (23) we have

4

(37) % log Piw: \F(n, W) ??‘)'F(i‘*)} > 3-5.}

~> log p¥(F(x*), € - 8) < log p¥(F, € - §) .

(36) and (37) yield
(38) lim sup % log P‘Iw : suplF(n, wy X) - F(§)‘ > ei < log p*(f, €-5).
\ Y

Since 6 > 0 is arbitrary and p*(F,e) is left comtinuous from lemmae 5 we have

(39) 1im sup -Jﬁ' log P{w: sup ’F(nl, W, 35) - F(:‘g)\ > e}f log o*(F,e).
X

~

Also

b2 Sftu sup \F(n, w, X) - F(:ﬁ)\ > e}z P {w: l (o, v, x) - F(X)t > € f
. ¥4 ~ ~

-

for any x in RS, Thus using (23) and noting that x is arbitrary we obtain

(40) 1im inf % log P(u : sup F(n, w, ;5) - F(f)l > e] > log p*(F,e) .

17 %

~~

(39) and (40) prove the theorem.

Proof of theorem 2,

Define -g-—-)-l as in (8). We have P(-C-zl) = 1 from (9). For each £

in 3’ » let

(1) (C)(ge) = % i we () end

f f(x)u(n’,é»dx) - ff(x)u(dx)\ > e}'.
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It is enough to show that

% log PEU,. )=, e)l --=> log pf 3’,6);
fe t S

Choose and fixa 6 > O, Forany o #n (° there is a compact set K we
)
4 w

satisfying relation (10), namely,

(10) g f(X) ]J,(n,C.),dX) < § n= l, 2, oo,
¥ K,
and ' —
g £f(x) p(ax) < 6§, forall £ in jL .
K,

—

Further since j‘ is conditionally compact we have a finite collection { fl,...fm}

of functions in 3L such that 1f £ is in 3(' there is an index 1 such that

. (42) SUp ‘f(x) - fi(x)l < & .

x € K,
Relations (42) and (10) yeild the inequality

(43) . zuzcéz [gf(X) u(n, v, ax) . jf(X) u(ax) ‘

51 ;ug < Jl(fi(X) w(n, w, dx) - 5fi(x) u(ax) I + 68

for each ® in f—)-l .

Thus

wy UOmoc U ), e-68).
¢ 3 =

Relation (2) can be rewritten as

(45) 2 10g B((7) (£5€)) —> 1og e(2se) ‘-
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From {44) and (45) we have

(46) lim sup -i-' log P(j U ) (f,e)} _<_l r<na;c <1og p(fi, € -656)
. n .
fe'} ' -7

< logp(},€-66) .

Since § > 0 is arbitrary, and p }, €) 1is left continuome from lemma 3 we
have

(&7 1im sup —i log Pi iu)'_. ()(£5¢) } < log o 37‘ s €) .

fe 4

Again, U CUze) D C)zye) for each £ in 57( . Using (45), we have
fe

(48) 1im inf %log P{ UL ) (£, €) } > log ol F,¢) )

fe

The theorem now follows from (47) and (48).
Proof of theorem 3.
Define _(_—_)_O as in (5). From (6) we have P;(_(‘_)o) = 1. Choose and fix a
5 > 0. Then for each v in (~ )-6’ there is a campact set K in X* satisfying

redation (7), namely,

“(n, Wy Kw) Z l-3 » 0 = l, 2’ soe

(7)5 |

and ‘
wk, ) > 1-8 .

¢ _ o ,
Let A(f, E)_ = 1 X fl(x) S agsess fk(x) S 8 . Since ? is .compact
under the u.c.c. topology, there is a finite collection { fl, see fm} of
members of f“ such that for each f in S/’L there is an index i such that

sup }f(x) - fi(x)l < 6 ..
xeKw
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Using this fact and relation (7) we have
wlosw , ACL; + 8, 8)) = wla(fy -5,3)) - ks

< ulnsw, AL, ,9;,)) - ula(e, ’a_,))

< ulmpr, A(Ty - 8, 2)) - u(alf, + 8, 8)) + 48
for eachu in (7) o

Now choose and fix any © > O, Using lemma T we choose § so that

(49) g swp | w(mao, AE; 2)) - wa(,2) |
fe} 8

< sup mex sup \ w(ner , AL, + ¢j 5y a))
K ih €42 a : :
. r~ _u(A(fi+¢ja,%))‘+ll-6+29.

where ¢l =1 and ¢2 = =1,
I? £ 1s any function from % into Q\k with non-atomic induced distribu-

tion, we have from theorem 1 that,

1 [ q
(50) £ 1og Piw sup \u(n,f«,A(f,g)) - u(A(f,e))_} > e }-—~> log p*(e)
a .
where p*(e) is as defined by (26) .
Since £, + ¢36 has non-atomic induced distribution we have

(51) 1im sup %logP g‘n; sup sup p(n,myA(fa))-n(a(f,8)) > e}
€ a

Lard

< log p¥ (e =48 -209) .
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Since p*(e) 1s left continuous by lerme 5 we can replace the right hand side

of (51) 'Ey log p*(e).

Now

sup sup p(n,',-,',A(f,a:)) - M(A(f:i))‘

fe 7 a

> sup | wln,is, AL, 8)) - u(a(f,a)) |
a

~~

for each f in j_(’ . This together with relation (50) gives

(52) 1lim inf % log Pgu.o*: sup sup | p(n, ,A(£,a)) - p(A(f,a))' P E%
{ fe} a ~ ~

-~

> leg o*(e) .

The theorem follows from (51) and (52) .
5. Scme Applications of the Results of section 4:

We now state and prove three further theorems which are applications of the
above and are of immediate applicability to p_ractiéal problems. From now on we
shall assume that % = Kk '.

Theorem 4.

For each linear function L let pL'l be non-atomic.

(53) % log P%u}: sup \ p(n,wo, A) - p(A)\ > e} ---> log p*(e).'
AcH._, -

where H m is the collection of all sets formed by the Intersection of m half=-
spaces,

Proof: This theorem is immediate from Theorem 3 and the observation that

‘

L = all linear functions of norm 1 is compact under the u.c.c. topology,.
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Theorenm 5.
Let C be the class of all closed convex sets., ILet u(bd C) = 0 for each

gset € [ f ; wvhere ‘bda C = boundary of C. Then

(54)

Bl

log P{w‘ “ supf‘ u(n,tﬁ,. c) -p(C)‘ > e f -:-> log p¥(e) ‘.
C=i

P

Proof:
Choose and fix a § > O, We can find a bounded closed convex set Kl in

such that

(55) wKy) 2 1-8 :

We diylde finto three classes, for some «, with 1> a > 0, which we will choose

later,

g ? / ) “ *
C = C (Kl, 1; a) U f (Kl, 2) CZ)U (i, N
* .
vhere C = class of all convex sets C with C(1K! not empby ,

and Ki is the complement of Kl .

Let K = S(Kl, 1). Then trivially

(56) _Sup ‘H(H: 4y C) - P‘(C)‘$ Bup t u(n,us, C) - u(c) ‘ l-

ce € (Kl,l,a) ccC (K, 1, @)

Iet C < f(zcl, 2, a) . Then @, with 1> &> 0, can be chosen from lemma 10
so that '

p(c) < 6 .-

Thus
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(57) -8 < u(n,ur, €) - p(C) < p(n,w, 8(C,a)) - u(s(s,x)) + & .
Now S(C,a) is convex, has inradius > o and is contained in K and so is a

member of C (x, 1, ). Thus

() e | wlmar, ©) - w(©] < swp [wlan 0) - ule) | .
¢ < (Kp,2,0) ¢ C (k,1,0)

Combining (56) and (58) we have

(59) _ sup | wlnsuz, ©) - u(c) | < sup | plnyui, €) - we)| o+ s .
co el ¢ c (X,1,0)

*
et C< ¥ . Then

o

(60)  wlmw, KN 0) - wkNe) -
< H(n:‘ﬂ": c) - P-(C)

< o, K N €)= uk (o)

+ wloyw K- w(&]) + 8

Here C [ K, 1is convex and is in £ (k). Thus combining (59) and (60)

we have

(61) Céuxge [ uwlosuds €) - u(e) ‘

< s | wlow, ©) - u(©) |+ fula, k) - wD! + 6 '-
ccT(K,1,a)

Consider ]‘( the class of primary gauge functions of elements of t (x,1,0). This

class is compact under the u.c,c. topology from lemma 9. Each CC t (K,l,oz) is
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the set { xt H(x) < l} for some H(x) in j{ and from the conditions of
~ "~ - ~s .

the theorem”S H has non-atomic induced distribution. Thus from theorem 3 we have

(é8) 1lim sup %log P%u}: sup t pln,m,C) - u(C)\ > B} < log p*(B) ‘.
cel (x,1,2) :

Again, from relation (23) we have

(63) —Ili log P-{w =_ \u(n,tﬂ:: K}]) - u(Ki)‘ > G}

~> log p¥ (u(k}), @) .

From (61), (62) and (63), for each fixed ©, with € - § > @ > 0, we have

~
-

6l }: e sl s C - Cc >
(64) 1imsupnlogP{ Céu%‘u(n ) u()‘_e}

< log max (p¥(e - § ~ 0), D*(IJ(K]'_): e)) '-

From lemma 4 we know that for each 6 >0, p*(p,6) => 0 as p —> O. Hence

for sufficiently small §
p#(e - 5 - @) > pr(u(k?), @) .

Again since p*(e) is left continuocus from lemma 5 we cen replace the right hand
side of (64) b}} log p*(e). The corresponding inequality for the lim inf is
trivial. Hence the theorem is proved.
Theorem 6.

Let p(.) be absolutely continuous with respect to the Lebesgue measure, Let

*
a} be as defined in (33). Then
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Proof: The proof of this theorem follows immediately by the application of lemma

12.
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