
ABSTRACT

NIE, TIANTIAN. Quadratic Programming with Discrete Variables. (Under the direction of Dr.
Shu-Cherng Fang.)

In this dissertation, we study the quadratic programming problem with discrete variables

(DQP). DQP is important in theory and practice, but the combination of the quadratic feature

of the objective function and the discrete nature of the feasible domain makes it hard to solve. In

this thesis, we utilize state-of-the-art continuous optimization techniques to study DQP. A new

relaxation of DQP based on the linear conic approach is proposed. Numerical results support

the high-quality of lower bounds obtained from the proposed relaxation. We then develop a

new linearization method to provide effective 0-1 mixed-integer linear programming (MILP)

reformulations of DQP. The new method uses a minimum number of linear inequalities to

realize the binary representation of the product of discrete variables. It outperforms other known

state-of-the-art linearization methods as supported by intensive computational experiments.

We also extend the research to study a special linearly constrained DQP problem, called l1-

norm constrained convex quadratic programming problem with integer variables (l1-DQP). By

exploiting the embedded first-order cone structure, we develop a new type of nonlinear conic cuts

induced by the discrete nature of the problem. The proposed conic cuts are shown to work more

effectively than other known conic cuts in solving l1-DQP using a branch-and-bound scheme.

The research in this dissertation has revealed the potential of utilizing continuous optimization

techniques and exploring special discrete structures in developing efficient algorithms for solving

DQP. Future research directions are included at the end of this document.
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Chapter 1

Introduction

Quadratic programming with discrete variables (DQP) is an important nonlinear discrete op-

timization problem. Motivated by the progress made in quadratic programming and integer

programming, DQP has recently moved into the focus of optimization research. The aim of this

dissertation is to investigate more effective solution methods for DQP by exploiting its special

structure and utilizing the advanced continuous optimization techniques.

1.1 Problem Statement and Motivation

A quadratic programming problem with discrete variables is a mathematical optimization prob-

lem in which each variable is restricted to a finite set of discrete values and the objective function

is quadratic. DQP can be written in the following form:

min 1
2x

TAx+ cTx

s.t. xi ∈ {di1, . . . , dimi}, i = 1, . . . , n,
(1.1)

whereA ∈ Sn is a symmetric matrix, c ∈ Rn is a cost vector and x ∈ Rn is the vector of decision

variables in which xi may take mi possible values of {di1, di2, . . . , dimi} with di1 < di2 < . . . < dimi ,

for i = 1, . . . , n. Without loss of generality, we may assume that di1 > 0 and m1 = m2 =

. . . = mn. But our work is also applicable to the general case with some di1 < 0 and mi 6= mj ,

i, j ∈ {1, . . . , n} and i 6= j.

DQP has many applications in engineering and system sciences. For example, the problem

of filtered approximation (FA) in signal-processing [23] is to find discrete-time discrete-valued

signals to approximate the given continuous-valued signals such that difference of these two

types of signals, once passed through a filter, exhibits the minimum energy. Since the energy of

a filtered signal can be quadratically characterized, the FA problem can be transformed into an

1



equivalent DQP problem. Other applications include the closest vector problem in communi-

cation systems [57], optimal design in process systems engineering [11] and resource allocation

in distributed computing systems [28]. DQP also has great importance for theoretical research

in discrete optimization. The well-known max-cut problem [65], binary quadratic programming

problem [84] and ternary quadratic programming problem [63] are special cases of DQP, with

xi ∈ {−1, 1}, xi ∈ {0, 1} and xi ∈ {−1, 0, 1}, for i = 1, . . . , n, respectively. So is the integer

quadratic programming problem [56], with xi ∈ Z ∩ [li, ui] and li 6 ui for i = 1, . . . , n, which

has recently attracted lots of attention.

It is known that DQP is nondeterministic polynomial-time hard (NP-hard) in general [58,

62], even for the simple version of binary quadratic programming. With integer variables, linear

programming problems have been extensively studied for many decades [70], while practical

methods for the nonlinear case, even when the objective is quadratic, are still rare and ineffective

[36]. Moreover, since DQP requires variables to be of general discrete values, known methods

of integer quadratic programming may not be directly applicable for solving DQP.

Since it is hard to find exact solutions to DQP (due to the NP-hardness), one may compro-

mise to consider high-quality approximate solutions that can be obtained in polynomial time. In

practice, heuristic techniques search for good candidate solutions, however, they are restricted

to specific subclasses of DQP with special structures [23]. From a global optimization point of

view, the task is to explore tight and polynomial-time solvable approximations for DQP. Along

this direction, both the discreteness and non-convexity of the problem need to be treated. In

the literature, approximations of DQP have been studied but mainly for the subclass of 0-1

binary quadratic programs (BQP) [30, 55, 56, 84]. Note that the 0-1 binary requirement of

variables is equivalent to a set of quadratic equality constraints, hence BQP also belongs to

the class of continuous quadratic programming problems (QP). The difficulty in developing

approximations for BQP is then reduced to handling the non-convexity only. The embedded

continuous nature of BQP also enables researchers to investigate high-quality approximations of

BQP following those of QP, which have been extensively studied using advanced continuous op-

timization techniques in recent decades. When it comes to DQP with general discrete variables,

effective approximate solutions methods that handle both the discreteness and non-convexity

of DQP are still missing.

The approximate solution of DQP obtained could be of high-quality, but is difficult to be

verified as an exact solution due to the NP-hardness of the problem. For general NP-hard prob-

lems, the widely adopted approach of finding exact solutions is a branch-and-bound scheme

that systematically explores the branching nodes of a rooted tree consisting of all feasible so-

lutions [43]. A branching node is checked against some known upper and lower bounds, and is

discarded if it cannot produce a better solution to replace the current incumbent. Otherwise,

the node is further explored. In this way, all candidate solutions are enumerated in a system-
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atic manner. For finding exact solutions, the efficiency of a branch-and-bound scheme is then

impacted by both the complexity of the branching tree and the computational cost at each

branching node. A tighter bounding routine may reduce the number of nodes explored, but at

the same time imply heavier computational burden of node checking. Hence, A trade-off exist

between the computational efficiency and quality of the lower bound obtained for branching.

In the literature, we have seen extensive studies on the branch-and-bound schemes of classical

mixed-integer linear programming problems (MILP). The scheme branches according to the

integer requirement of variables and solves continuous relaxation problems to provide lower

bounds for branching. In the meanwhile, an advanced technique that incorporates valid linear

inequalities induced by the integer requirement (called as “mixed-integer linear cut”) is usually

applied for improving the overall computational efficiency of the branch-and-bound scheme.

For our problem DQP, a sublass of nonlinear discrete optimization, branch-and-bound based

exact solution methods can be explored in two main directions. On one hand, since efficient

branch-and-bound based commercial MILP solvers are available, it remains to develop effective

MILP representations for DQP. In fact, for a continuous nonlinear program, the equivalent

linear representation does not exist in general. It is the discrete nature of DQP that enables

us to reconstruct the nonlinear feature of DQP in a linear manner. Therefore, exploiting the

nonlinear feature’s discrete property may help us design effective MILP reformulations for DQP.

The other exact solution method is to develop efficient branch-and-bound algorithms for DQP

with specific branching rules and bounding routines. Intuitively, one may branch according to

the discrete requirement of variables and then solve convex continuous relaxation problems for

providing lower bounds at branching nodes. Some convex-relaxation-based branch-and-bound

algorithms of DQP can be found in [18, 19, 20]. In the meanwhile, the conventional linear cut

generation method does not apply here since DQP is a nonlinear problem. But in the special

case when DQP has a convex objective function, we have seen some preliminary theoretical

research on the mixed-integer nonlinear cuts in the recent literature [7, 8].

From the above mentioned, we may see that the study of DQP is an emerging research area

yet effective solution methods of DQP are less studied. In particular, the discrete, nonlinear

and non-convex properties have not been fully exploited in current solution methods of DQP.

In this dissertation, we intend to explore more effective solution methods for DQP by exploiting

its special structure and utilizing state-of-the-art continuous optimization techniques.

1.2 Contributions

In this dissertation, several effective solution methods of DQP are obtained.

(1) A linear conic relaxation of DQP has been proposed.

3



A linear conic programming (LCoP) problem minimizes a linear function over the inter-

section of an affine subspace and a convex cone, which may involve special structures

such that the LCoP problem can be solved in polynomial time. The advanced linear conic

relaxation approach was initiated for continuous quadratic programming problems (QP).

It packs all difficulties of QP into a convex cone in a higher dimensional matrix-space

and then relaxes the convex cone to a well-structured one. In this way, a polynomial-time

solvable LCoP relaxation problem is constructed. Several linear conic relaxations for QP

have been shown to be tight for providing high-quality lower bounds [16, 22, 54, 56].

We adopt the linear conic relaxation approach to propose a special linear conic relaxation

for DQP, based on a linearly constrained 0-1 binary quadratic programming reformulation

of DQP. Numerical results verify that the proposed linear conic relaxation is capable of

providing high-quality and robust lower bounds for DQP. Moreover, we find that the

discrete nature of DQP brings a special property to the proposed linear conic relaxation.

The optimal solution of the proposed relaxation problem is in the form of a matrix, whose

rank is defined as the size of the largest collection of linearly independent columns. We

have shown that when the proposed relaxation problem has an optimal solution with rank

one or two, optimal solutions to the original problem DQP can be explicitly generated.

This special property can be further extended to the linear conic relaxations of DQP with

linear constraints. The results of this part of work have been published in [60].

(2) A new linearization method has been developed.

For the purpose of finding exact solutions to DQP, we fully exploit the discrete structure

embedded in the discrete quadratic terms to develop effective 0-1 MILP reformulations

for DQP. Note that the quadratic feature can be generalized to the product of multi-

ple variables. We first investigate the linearization of the following generalized signomial

programming problem with discrete variables (DSP):

min
∑J

j=1

(
cj

n∏
i=1

(xi)
ai,j

)
s.t. xi ∈ {di1, . . . , dim}, i = 1, . . . , n,

where cj , ai,j ∈ R for i = 1, . . . , n, j = 1, . . . , J and the objective is a signomial function

[27]. Linearization methods for DSP have been well studied for many decades [2, 41, 46].

A state-of-the-art method, called Logarithmic Method, that uses a minimum number of

0-1 binary variables in the MILP reformulation was motivated from the binary represen-

tation of discrete variables. We develop a Super Logarithmic Method to further realize the

binary representation of the product of discrete variables by using a minimum number of
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inequality constraints and binary variables. Both the theoretical analysis and numerical

results strongly support its superior performance when compared with known state-of-the-

art linearization methods. Later, we customize the proposed method to provide effective

0-1 MILP reformulations for DQP. In particular, for DQP with special network-structured

coefficients, the reformulation of DQP can be further enhanced for better efficiency. The

results of this work can be found in a published paper [45].

(3) A variation of DQP with l1-norm constraints has been explored.

We further extend our study to a special linearly constrained DQP problem, called l1-

norm constrained convex quadratic programming with integer variables (l1-DQP), which

is commonly seen in real-life applications due to the favorable sparse and outlier-robust

properties of the l1-norm. While the solution concepts of DQP are naturally applicable to

l1-DQP, here we explore the special conic structure of the l1-norm to investigate advanced

solution methods for l1-DQP.

Due to the convexity of the quadratic objective function, second-order conic (SOC) cuts

induced from the integer requirement are usually adopted in solving l1-DQP by a branch-

and-bound scheme [7, 8, 24]. By exploiting the first-order conic structure embedded in the

l1-norm constraint, we develop new ways to generate and manage conic cuts of l1-DQP.

Numerical results show that the proposed conic cuts work more effectively than the SOC

conic cuts in reducing the complexity of branching trees and improving the computational

efficiency of the branch-and-bound scheme. The results of this work have been documented

in a working paper [61].

The research in this dissertation reveals that the combination of the quadratic feature and

the discrete nature, which makes DQP a difficult problem, also provides opportunities to develop

effective solution methods for DQP. We propose a high-quality linear conic relaxation and a more

effective MILP reformulation of DQP for finding approximate solutions and exact solutions,

respectively. These results can be directly extended to more complicated DQP problems with

additional linear constraints and quadratic constraints. In addition, we explore an advanced

solution method that generates conic cuts for solving a linearly constrained DQP problem with

special conic structure embedded. The linear conic relaxation approach and conic cut generation

method both take the conic structure of DQP into consideration, verifying the potential of

using conic optimization techniques to handle nonlinear and non-convex features to which

conventional approaches do not apply. In the meanwhile, we have shown that it is important to

utilize the special discrete structure of DQP for developing effective exact solutions methods for

DQP. The approaches and results in the dissertation can be further extended and may provide

insights for future studies on DQP-related nonlinear discrete optimization problems.
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1.3 Outline of the Dissertation

The rest of the dissertation is organized as follows. In Chapter 2, we provide a literature review

of DQP in detail. Background information and knowledge about linear conic optimization and

quadratic programming with continuous variables are included. In Chapter 3, a linear conic

relaxation for DQP is proposed for generating high-quality lower bounds for DQP. In Chapter

4, a Super Logarithmic Method is developed to linearize DQP as a 0-1 mixed integer linear

programming problem for finding an exact optimal solution. In Chapter 5, mixed-integer conic

cuts of l1-DQP are explored. In Chapter 6, we summarize our findings and provide some future

research directions.
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Chapter 2

Literature Review and Basic

Knowledge

In this chapter, we review the related studies of DQP and some preliminary knowledge. Some

useful notations are first introduced in Section 2.1. In Section 2.2, a literature review of DQP

is presented, while some basic knowledge about the relation between quadratic programming

and linear conic optimization is given in Section 2.3.

2.1 Notation

We denote the set of real numbers and nonnegative real numbers by R and R+, respec-

tively. In the n-dimensional real space Rn, let the set of nonnegative real vectors be Rn+.

Denote the set of nonnegative integer numbers and the set of nonnegative integer vectors

in Rn by Z+ and Zn+, respectively. The lp norm of a vector x ∈ Rn is given by ‖x‖p =

(
∑n

i=1 |xi|p)
1/p, for p ∈ Z+ and the corresponding n-dimensional pth-order cone is defined as{

x ∈ Rn| (|x1|p + . . .+ |xn−1|p)1/p ≤ xn
}

. In particular, the n-dimensional second-order cone

is denoted by Ln.

Let Rm×n be the set of m×n real matrices, Sn be the set of n×n symmetric real matrices,

Sn+ = {A ∈ Sn : A < 0} be the set of n × n positive semidefinite matrices, N n = {A ∈
Sn : A ≥ 0} be the set of n × n entry-wise nonnegative matrices. The set Sn+ ∩ N n is called

a doubly nonnegative cone. For a matrix A ∈ Sn, Aij stands for the element in the i-th row

and j-th column of A. Let 1m×n and 0m×n be m × n matrices with all entries equal to 1 and

0, respectively, and In be a diagonal n× n matrix with all diagonal entries equal to 1. The dot

product operation in Rm×n is given by A •B = trace(ABT).

Given a set F ⊆ Rm×n, the smallest closed set containing F is defined to be the closure of

F , denoted by cl {F}. The convex hull of F is denoted by conv {F}, as the smallest convex set
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that contains F . Whereas, the conic hull of F defined as the smallest convex cone containing

F is denoted by cone {F}. Given two sets A and B, let A\B denote the relative complement

of A with respect to B, i.e., the set of elements in A but not in B.

2.2 Quadratic Programming with Discrete Variables

As a commonly seen practical model in engineering design and system sciences, DQP was

primarily studied using heuristic techniques such as simulated annealing [6] and genetic algo-

rithms [50]. These heuristic techniques find some candidate solutions that may be close to an

optimal one for DQP. In addition, some effective relaxation and reformulation techniques and

branch-and-bound methods have been developed for finding solutions to DQP.

2.2.1 Relaxation Approach

Relaxations of DQP construct polynomial-time solvable problems that provide approximate so-

lutions and high-quality lower bounds for DQP. In the literature, most relaxations of DQP

considered the special case when the discrete variables are binary, in particular, a 0-1 bi-

nary quadratic programming problem (BQP). Linear conic relaxation was originally applied

to quadratic programming with continuous variables (QP) which includes BQP as a special

case. We will review the relationship between linear conic programming (LCoP) and QP in

Section 2.3.

On the linear conic relaxation of BQP, two well-known methods are based on the semidefinite

programming (SDP) [55, 81] and reformulation-linearization technique (RLT) [75, 77], respec-

tively. SDP relaxation is to drop the rank-one constraint in an SDP reformulation. Specifically,

a matrix X is introduced to relax the desired equation X = xxT , which is nonconvex, to a

convex constraint X < xxT by deleting the restriction of rank(X) = 1. The gap between a

BQP problem and its SDP relaxation has been analyzed in [56, 84]. The RLT method is to

provide an equivalent reformulation by introducing new variables to represent product terms

and a convex envelope to cover the lifted feasible domain. A brief review of the RLT method

can be found in Section 2.3. Based on the RLT reformulation, it is applicable to develop effec-

tive conic relaxations for a specific BQP by choosing proper convex tractable cones. The RLT

method also provides a way for constructing valid cuts for a linear conic relaxation to achieve

improved lower bounds [4]. Besides the SDP and RLT relaxations, motivated by [21], BQP can

also be represented as a copositive program. Although the copositive cone is not polynomial-

time detectable, it is indeed a well-structured convex cone and its tractable relaxations have

been explored in [16]. These linear conic relaxations have been shown to be tight for providing

high-quality lower bounds and approximate solutions to BQP [16, 56, 65, 84, 93].
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However, research on the relaxations of the general DQP problem can hardly be found

except [20], which was motivated by the observation that DQP can be modeled as an SDP

plus a rank-one constraint. Embedded in a branch-and-bound framework of DQP, this SDP

relaxation was not designed for providing high-quality approximate solutions and lower bounds

for DQP.

2.2.2 Reformulation Techniques

Although good commercial solvers can directly handle nonconvex mixed integer programming

problems, the computation may still be inefficient. In order to improve the computational

efficiency, an effective representation of DQP is desired for fast computation.

An initial step of reformulating DQP linearly expresses the discrete variables. For a discrete

variable xi ∈ {di1, . . . , dimi}, a naive linearization method is to introduce new binary variables

ul ∈ {0, 1}, l = 1, . . . ,mi, satisfying u1 + u2 + . . . + umi = 1 such that xi can be linearly

represented as xi = di1u1 + di2u2 + . . .+ dimiumi . In practice, however, this linearization method

would require a huge number of binary variables, which significantly limits the computational

efficiency of a branch-and-bound-based solver. Recently, a logarithmic method is developed that

requires a half order fewer binary variables to linearly represent a discrete variable, at the cost

of introducing more continuous variables and linear constraints [12, 46, 89]. Numerical results

showed that the logarithmic method is superior to other linearization methods in terms of the

computational efficiency. With discrete variables linearly expressed, reformulation techniques

of DQP fall into two main categories.

One is linearizing DQP as a 0-1 mixed integer linear programming problem. The main

issue arises from the linearization of quadratic product terms with discrete variables [12, 72].

Expressing the discrete variables by 0-1 binary variables, it suffices to linearize the corresponding

0-1 quadratic programming problem. A most widely used technique of linearizing a quadratic

term xy with x, y ∈ {0, 1} is the RLT method [73, 74, 77, 78], which introduces a binary variable

z ∈ {0, 1} satisfying z 6 x, z 6 y and z > x+ y − 1 to represent the nonlinear term xy.

The other linearization technique is reformulating DQP as a 0-1 mixed integer convex pro-

gramming problem. Different from the linearization technique, the quadratic convex reformu-

lation (QCR) method is simply realized by adding a parameterized perturbation. For instance,

consider the nonconvex quadratic function f(x) = xTAx + cTx with variables x ∈ F ⊆ Rn

and coefficients A ∈ Sn and c ∈ Rn. As long as the parameter λ satisfies A − λIn < 0, the

perturbed function f̄(x;λ) , f(x) +λ
∑n

i=1(vi−x2
i ) becomes a convex quadratic function with

f̄(x;λ) = f(x) under the condition of vi = x2
i , i = 1, . . . , n. However, to find a good parameter λ

that provides the tightest continuous relaxation bound requires solving a semidefinite program-

ming program. For the QCR methods of DQP, there exist different choices for the perturbation
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term. This leads to various 0-1 mixed integer convex quadratic reformulations [13, 14].

2.2.3 Branch-and-Bound Algorithms

Given a representation of DQP, branch-and-bound algorithms develop specific routines of

branching and bounding that may significantly improve the computational efficiency of finding

exact solutions to DQP. Most branch-and-bound algorithms face a trade-off between the quality

of solution and computational time of bounding.

In [91], the canonical duality conditions of DQP were analytically derived for designing an

effective branching routine for branch-and-bound. Recently, Buchheim et al. [18, 19, 20] pro-

posed three different relaxation-based branch-and-bound algorithms for DQP. In [18], a special

case of DQP, when the quadratic objective function is convex, was studied. They showed in this

case the continuous relaxation of DQP can be easily solved during the branching process and

valid cuts can be effectively generated to tighten the bounds. However, this bounding method is

inapplicable to nonconvex DQP since the corresponding continuous relaxation can be NP-hard.

Subsequently, they proposed a new nonconvex relaxation method [19]. Their nonconvex relax-

ation is in the form of a trust region problem, which is an important nonlinear optimization

problem with many efficient algorithms available [66]. In these two branch-and-bound algo-

rithms [18, 19], lower bounds are provided by continuous relaxations of DQP. Differently, an

SDP relaxation of DQP was given by [20], based on which a branch-and-bound algorithm was

subsequently designed. The computational results in [18, 19, 20] showed that the SDP-based

branch-and-bound algorithm is more efficient for solving DQP with many discrete values for

each variable, while less efficient than the other two algorithms when the discrete variables

become binary or ternary.

Under the branch-and-bound scheme of DQP, an advanced technique that has recently

attracted a lot attention is developing effective nonlinear cuts induced from the discrete re-

quirement, which can then be incorporated into branch-and-bound algorithms to tighten the

continuous relaxations at branching nodes. This direction can be viewed as an extension of uti-

lizing mixed-integer linear cuts in solving mixed-integer linear programming problems (MILP).

However, due to the nonlinear property of DQP, the conventional linear cuts do not apply

here. Alternatively, the progress was made in developing nonlinear conic cuts of mixed-integer

second-order cone programming problems (MISOCP), an extension of MILP with second-

order cone constraints involved. Note that an n-dimensional second-order cone Ln is given

by Ln = {x ∈ Rn|
√
x2

1 + . . .+ x2
n−1 ≤ xn}. When DQP has a convex quadratic objective

function and integer variables, an equivalent MISOCP reformulation of DQP exists. Therefore,

we may obtain corresponding mixed-integer nonlinear cuts of DQP.

Mixed-integer conic rounding cuts [7] are developed from a two-dimensional polyhedral SOC
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representation of an original SOC constraint. In the meanwhile, disjunctive conic inequalities

for representing the convex hull of a disjunctive conic set are also generated as conic cuts [8].

It is notable that the theoretical research on nonlinear conic cuts has not yet been extensively

studied, not to mention the performance in numerical implementations. However, with the

development of commercial solvers using linear conic programming based branch-and-bound

algorithms, it shall be important to explore effective conic cuts with both theoretical and

numerical support.

2.3 Quadratic Programming and Linear Conic Optimization

A convex set F ⊆ Rm×n is a subset of Rm×n such that

λX1 + (1− λ)X2 ∈ F , for any X1,X2 ∈ F and λ ∈ [0, 1].

A cone C ⊆ Rm×n is a subset of Rm×n such that

λX ∈ C, for all X ∈ C and λ ≥ 0.

If C further satisfies that

“X ∈ C and −X ∈ C” if and only if “X = 0”,

then we call it a pointed cone. C is called a solid cone if it has a nonempty interior. If C is

pointed, solid, closed and convex, then we say C is a proper cone.

Given a set F ⊆ Rm×n, the convex hull and conic hull of F are expressed as

conv {F} =

{
X ∈ Rm×n

∣∣∣∣ X =

r∑
i=1

αiX
i,

r∑
i=1

αi = 1,Xi ∈ F , 0 ≤ αi ≤ 1,

for some r ∈ N and i = 1, . . . , r

}
and

cone {F} =

{
X ∈ Rm×n

∣∣∣∣ X =

r∑
i=1

αix
i,Xi ∈ F , αi ≥ 0, for some r ∈ N and i = 1, . . . , r

}
,

respectively, which directly implies

conv {F} ⊆ cone {F} ⊆ cl {cone {F}} .
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A linear conic programming (LCoP) problem in the matrix space Rm×n is defined by

(LCoP)

min C •X
s.t. Ai •X = bi, i = 1, . . . , I,

X ∈ C,

where C is a closed convex cone and the notation “•” is the dot product. When m = 1 or

n = 1, (LCoP) degenerates to a linear conic programming problem in the vector space. Lin-

ear programming (LP) problems and positive semidefinite programming (SDP) problems are

two commonly seen subclasses of the LCoP problem, with the cone C defined as Rn+ and Sn+,

respectively. Both of Rn+ and Sn+ are proper cones and the corresponding LCoP problems are

polynomial-time solvable. When the cone C is defined as cl {cone {F}} for an arbitrary set F ,

the corresponding LCoP problem is in general NP-hard.

It is not hard to construct an equivalent linear conic programming reformulation for a

quadratic optimization problem. Consider the following quadratic programming problem:

(Q)
min 1

2x
TAx+ cTx

s.t. x ∈ F ,

where ∅ 6= F ⊆ Rn is a feasible domain, convex or not. We first transform (Q) into the following

form:

(QT)

min 1
2

(
0 cT

c A

)
• V

s.t. V =

(
1

x

)(
1

x

)T
, x ∈ F .

Note that the objective function of (QT) is linear in terms of V . Hence, the optimal value of

(QT) can be achieved on the boundary of the closure of the convex hull of its feasible domain.

The closure of the convex hull of the feasible domain of (QT) is defined as

cl

conv


(

1

x

)(
1

x

)T ∣∣∣∣∣∣x ∈ F

 .

Consequently, the optimal value of (Q) is equal to that of the following linear conic programming
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problem:

(QLCoP)
min 1

2

(
0 cT

c A

)
• V

s.t. V11 = 1, V ∈ D∗(F),

where the closed convex cone D∗(F) is defined as

cl

cone


(

1

x

)(
1

x

)T ∣∣∣∣∣∣x ∈ F

 .

Therefore, the quadratic programming problem (Q) and linear conic programming problem

(QLCoP) are equivalent.

However, reformulating a general nonconvex problem (Q) into a linear conic programming

problem (QLCoP) does not make it easier to solve. All the implicit “difficulties” implied from

the original feasible domain F are packed into the cone D∗(F). In [83], Sturm and Zhang

theoretically derived the representability of D∗(F) for a special feasible domain F . Specifically,

if F is defined by one quadratic constraint and one linear constraint, then the cone D∗(F)

can be represented by linear matrix inequalities (LMI) over the positive semidefinite cone,

which indirectly proved that the original problem (Q) is not NP-hard. However, in a general

quadratically constrained case, as long as the original problem (Q) is NP-hard, the linear conic

reformulation (QLCoP) cannot be solved in polynomial time. Then, we may want to relax the

“difficult” cone D∗(F) to a polynomial-time detectable cone such that lower bounds of the

original problem can be efficiently obtained. Effective relaxations depend on carefully exploring

special structures of the cone D∗(F) [16, 56, 65, 84, 93].

The well-known SDP relaxation is a special subclass of linear conic relaxation for quadratic

programming problems with linear and quadratic constraints [55, 81]. In particular, consider

the following binary quadratic programming problem:

(BQP)
min 1

2x
TAx+ cTx

s.t. x ∈ {0, 1}n.

Note that problem (BQP) is equivalent to the following reformulated problem:

min
1

2

(
0 cT

c A

)
• V

s.t. Xii = xi, i = 1, . . . , n, (2.1)
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V =

(
1 xT

x X

)
∈ Sn+1

+ , (2.2)

rank(V ) = 1. (2.3)

The traditional SDP relaxation of (BQP) is derived as below by deleting the nonconvex con-

straint, i.e., the rank-one constraint (2.3).

min 1
2

(
0 cT

c A

)
• V

s.t. Xii = xi, i = 1, . . . , n,

V =

(
1 xT

x X

)
∈ Sn+1

+ .

The SDP relaxation of (BQP) can actually be regarded as a relaxation of the linear conic

reformulation of (BQP). It is realized by relaxing the cone D∗(F) with F = {0, 1}n to the

positive semidefinite cone Sn+1
+ with linear constraints Xii = xi, i = 1, . . . , n.

The other well-known technique for deriving a linear conic relaxation of problem (QP)

is the reformulation-linearization technique (RLT). It enables us to generate some additional

constraints that help tighten the linear conic relaxation of (QP). RLT initially focused on solving

mixed 0-1 linear and polynomial programming problems [73, 74]. It later branched into the

more general family of nonconvex polynomial programming problems with continuous variables

[78, 79, 80]. Essentially, RLT automatically generates additional nonlinear valid inequalities in

a reformulation step, and then replaces each product term by a single continuous variable in

the linearization step. A recent review on RLT can be referred to [72].

Suppose that the set F ⊆ Rn contains the constraints of ai 6 xi 6 bi with ai 6 bi,

for i = 1, . . . , n. It is not difficult to verify that the following quadratic constraints are valid

inequalities with respect to F :

(xi − ai)(xj − aj) > 0,

(xi − ai)(bj − xj) > 0,

(xi − bi)(xj − bj) > 0,

(2.4)

for i, j = 1, . . . , n. These additional nonlinear constraints (2.4) can be further linearized as

Xij − aixj − ajxi + aiaj > 0,

−Xij + aixj + bjxi − aibj > 0,

Xij − bixj − bjxi + bibj > 0,

(2.5)
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by using a single variable Xij to replace the nonlinear term xixj for i, j = 1, . . . , n. Expressions

(2.5) are valid linear constraints with respect to the cone D∗(F), and they are called RLT

constraints. We will use this technique in our study to derive a tight relaxation for DQP.
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Chapter 3

A Linear Conic Relaxation

Approach

In this chapter, a continuous relaxation approach is proposed for the quadratic programming

problem with discrete variables (DQP). We developed a special RLT-based linear conic re-

laxation of DQP. We show that the proposed relaxation is tighter than the SDP relaxation.

Moreover, when the proposed relaxation problem has an optimal solution with rank one or

two, optimal solutions to the original DQP problem can be explicitly generated. This rank-two

property is further extended to linearly constrained DQP problems. Numerical results indicate

that the proposed relaxation is capable of providing high-quality and robust lower bounds for

DQP.

3.1 Introduction

Consider the following problem:

z0 = min 1
2x

TAx+ cTx

(DQP) s.t. xi ∈ {di1, . . . , dim}, i = 1, . . . , n,
(3.1)

where A is a symmetric matrix in Sn, c is a vector in Rn and x ∈ Rn is the vector of decision

variables xi, i = 1, . . . , n, each of which takes m possible discrete values {di1, di2, . . . , dim} with

di1 < di2 < . . . < dim.

With discrete variables, the problem (DQP) seems not suitable for linear conic relaxation

approaches that are designed for quadratic programming with continuous variables. A different

point of view comes from linearly expressing discrete variables by using additional binary 0-1

variables. Accordingly, the problem (DQP) is equivalent to the following linearly constrained
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0-1 quadratic programming problem (P):

z0 = min
1

2

n∑
i=1

n∑
j=1

m∑
l=1

m∑
s=1

(Aijd
i
ld
j
s)u

i
lu
j
s +

n∑
i=1

m∑
l=1

(cid
i
l)u

i
l

(P) s.t.
m∑
l=1

uil = 1, i = 1, . . . , n, (3.2a)

uil ∈ {0, 1}, i = 1, . . . , n, l = 1, . . . ,m, (3.2b)

The transformation is realized by recasting the multi-valued discrete variable xi of problem

(DQP) as

xi = di1u
i
1 + di2u

i
2 + . . .+ dimu

i
m, i = 1, . . . , n, (3.3)

where uil, i = 1, . . . , n and l = 1, . . . ,m, satisfy (3.2a) and (3.2b). The equality constraints

(3.2a) imply that the 0-1 binary variables uil are partitioned into n disjoint vectors ui =

(ui1, u
i
2, . . . , u

i
m), i = 1, . . . , n, such that there is a unique element in ui taking value 1 for

i = 1, . . . , n. Problem (P) can be regarded as a special linearly constrained 0-1 binary quadratic

programming (BQP) problem. Therefore, the techniques for BQP could be applied here to solve

problem (P).

Although the idea of transforming (DQP) into the BQP problem (P) is simple, to the best

of our knowledge, no work has carefully studied the linear conic relaxation of (P). Motivated by

the special structure of equality constraints (3.2a), which distinguish problem (P) from general

BQPs, we propose a specific RLT-based linear conic relaxation of problem (P), same as saying

that of (DQP). To be more specific, we first construct an equivalent RLT reformulation of (P),

denoted as (LCoP). Then, we construct a relaxation problem (LCoR1) by relaxing the convex

envelope of (LCoP) to the doubly nonnegative cone. Finally, we add effective RLT inequality

constraints to (LCoR1) to form the desired linear conic relaxation problem (LCoR2). This

proposed linear conic relaxation approach is applicable to linearly and quadratically constrained

DQPs as well.

The proposed linear conic relaxation (LCoR2) is shown to be tighter than the SDP relaxation

of problem (P). A sufficient condition to guarantee the zero gap between (LCoR2) and (P) is

that there exists an optimal solution of (LCoR2) that is also feasible for (LCoP). However, the

principle of RLT-based relaxation only assures that a rank-one optimal solution of (LCoR2)

is feasible for (LCoP). In this chapter, by analyzing the structure of the feasible domain of

(LCoR2), we show that any rank-two feasible solution of (LCoR2) is also feasible for (LCoP).

Therefore, if (LCoR2) has an optimal solution with rank no more than two, the optimal value

of (LCoR2) is equal to that of (DQP) and we can generate optimal solutions of the original

problem (DQP). As an extension, we derive the rank-two property for the proposed linear conic
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relaxation of linearly constrained DQP problems.

Numerical experiments are conducted to compare the lower bound provided by solving

(LCoR2) with the actual optimal value of (DQP). For randomly generated instances, our results

indicate that on average the gaps between (LCoR2) and (DQP) are near zero with a small

standard deviation. The proposed linear conic relaxation can then be used in a branch and

bound scheme to provide high-quality lower bounds or directly generate an optimal solution of

the original problem.

The organization of the rest of this chapter is as follows. In Section 3.2, we propose a

new linear conic relaxation of (DQP). In Section 3.3, we analyze the structure of the proposed

relaxation and study the rank-two property. In Section 3.4, numerical experiments are conducted

to test the quality of the lower bounds provided by the proposed relaxation. Some extensions

are discussed in Section 3.5. Section 3.6 concludes the chapter with a few remarks.

This Chapter can be referred to a published paper [60]. My contributions in [60] include

proposing a specific linear conic relaxation for DQP, deriving a rank-two decomposition property

of the proposed relaxation and conducting numerical experiments to verify the tightness and

robustness of the proposed lower bounds.

3.2 A new linear conic relaxation problem

For simplicity, we rewrite problem (P) as

z0 = min
1

2
uTQu+ qTu

(P) s.t.

m∑
l=1

uil = 1, i = 1, . . . , n, (3.4a)

(uil)
2 − uil = 0, i = 1, . . . , n, l = 1, . . . ,m, (3.4b)

u = (u1
1, . . . , u

1
m, . . . , u

n
1 , . . . , u

n
m) ∈ Rnm, (3.4c)

where

Q =

 Q11 . . . Q1n

...
. . .

...

Qn1 . . . Qnn

 ∈ Snm and q =

 q1

...

qn

 ∈ Rnm,

with Qijls = dilAijd
j
s and qil = cid

i
l, for i, j = 1, . . . , n and l, s = 1, . . . ,m.

Let N = nm and FP be the feasible domain of problem (P). Based on the RLT method, we

linearize the quadratic term uilu
j
s as U ijls for i, j = 1, . . . , n and l, s = 1, . . . ,m. Define matrices
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U ij = (U ijls )m×m for i, j = 1, . . . , n and

U =


U11 . . . U1n

...
. . .

...

Un1 . . . Unn

 ∈ SN .
Then (P) has the same optimal value as the following linear conic program [30]:

z0 = min
1

2

(
0 qT

q Q

)
• Y

(LCoP) s.t.

m∑
l=1

uil = 1, i = 1, . . . , n,

U iill = uil, i = 1, . . . , n, l = 1, . . . ,m,

Y =

(
1 uT

u U

)
∈ D∗(FP ),

where D∗(FP ) is a convex cone generated by FP defined as

D∗(FP ) = cl

cone


(

1

x

)(
1

x

)T ∣∣∣∣∣∣x ∈ FP

 .

Because (LCoP) is equivalent to (P), it is not polynomial-time solvable unless P=NP. The

equality constraints in (LCoP) can be derived from Y =

(
1 uT

u U

)
∈ D∗(FP ) and all the

difficulties of solving (LCoP) are packaged into the cone D∗(FP ). Since D∗(FP ) ⊆ (SN+1
+ ∩

NN+1) ⊆ SN+1
+ , we may relax (LCoP) by the following polynomial-time solvable problem:

z1 = min
1

2

(
0 qT

q Q

)
• Y

(LCoR1) s.t.
m∑
l=1

uil = 1, i = 1, . . . , n,

U iill = uil, i = 1, . . . , n, l = 1, . . . ,m,

Y =

(
1 uT

u U

)
∈ SN+1

+ ∩NN+1.
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Notice that, given a feasible solution u of (P), Y =

(
1 uT

u uuT

)
is a feasible solution of

(LCoR1). Since (P) is always feasible, so is problem (LCoR1). Nevertheless, the optimal value

of (LCoR1) may be unbounded if its dual problem has no feasible solution. Actually, the lower

bound z1 may not be tight enough even when (LCoR1) is bounded below.

Next, we construct some RLT inequalities for tightening the relaxation (LCoR1). For j =

1, . . . , n and s = 1, . . . ,m, multiplying the equality constraints (3.4a) by ujs and 1 − ujs, re-

spectively, we have a class of redundant quadratic equality constraints over FP . Besides, we

multiply the implicit linear constraints 0 6 uil 6 1, i = 1, . . . , n and l = 1, . . . ,m, by terms of

the form ujs and 1−ujs, respectively, to generate redundant quadratic inequality constraints over

FP . Then, using the identity (uil)
2 = uil and linearizing the term uilu

j
s as U ijls in these quadratic

constraints, we obtain the following redundant linear constraints with respect to (LCoP):

m∑
s=1

U ijls = uil, i, j = 1, . . . , n, l = 1, . . . ,m; (3.5a)

U ijls 6 uil, i, j = 1, . . . , n, l, s = 1, . . . ,m; (3.5b)

uil + ujs − U
ij
ls 6 1, i, j = 1, . . . , n, l, s = 1, . . . ,m. (3.5c)

These RLT constraints are candidates of valid cuts to be added to the relaxation problem

(LCoR1). In fact, as long as Y is feasible to (LCoR1), constraints (3.5b) and (3.5c) are dom-

inated by (3.5a). The non-redundancy of (3.5a) with respect to (LCoR1) can be verified in

polynomial time [30] by checking

V i,j,l /∈ K + SN+1
+ +NN+1,

where V i,j,l is a matrix in SN+1 such that V i,j,l • Y = 0 for i, j = 1, . . . , n and l = 1, . . . ,m,

representing the constraints in (3.5a),

K = cone

{
±

(
−2 pTi
pi 0

)
,±

(
0 − eTj
−ej Ej

)∣∣∣∣∣ i = 1, . . . , n, j = 1, . . . , N

}
,

pi is a vector in RN such that pTi u = 1, i = 1, . . . , n, representing the constraints (3.4a), the

vector ej ∈ RN has a unique nonzero value of 1 at the j-th entry and the matrix Ej ∈ SN has

a unique nonzero value of 1 at the j-th diagonal entry, for j = 1, . . . , N .

Therefore, we add the RLT equality constraints (3.5a) to (LCoR1) as valid cuts and propose
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the following linear conic relaxation problem (LCoR2) for the original problem (DQP):

z2 = min
1

2

(
0 qT

q Q

)
• Y

(LCoR2) s.t.

m∑
l=1

uil = 1, i = 1, . . . , n, (3.6a)

U iill = uil, i = 1, . . . , n, l = 1, . . . ,m, (3.6b)
m∑
s=1

U ijls = uil, i, j = 1, . . . , n, l = 1, . . . ,m, (3.6c)

Y =

(
1 uT

u U

)
∈ SN+1

+ ∩NN+1. (3.6d)

The optimal value z2 of (LCoR2) is the proposed lower bound for the optimal value of (DQP).

We shall study the structure of (LCoR2) and explore a special sufficient condition for the zero

gap between (LCoR2) and (DQP).

3.3 Special structure and properties

The optimal values of linear conic relaxations (LCoR1) and (LCoR2), i.e., z1 and z2, respectively,

are low bounds for the linear conic programming reformulation (LCoP). Comparing with the

exact optimal value z0 of (LCoP), we have the following Proposition.

Proposition 3.3.1. z0 > z2 > z1.

Proof. The linear conic relaxation (LCoR2) differs from (LCoR1) in that (LCoR2) adds RLT

constraints (3.6c). On one hand, (3.6c) is redundant with respect to the feasible domain of

(LCoP), and thus z0 > z2. On the other hand, (3.6c) does not always hold for feasible solutions

to (LCoR1). Therefore, z2 > z1.

Next, we study the structure of the feasible domain of (LCoR2) to explore its special prop-

erties. Denote the feasible domains of (LCoP) and (LCoR2) as G and G2, respectively. Because

the equality constraints in (LCoP) are redundant with respect to G, we rewrite G as

G = {Y ∈ D∗(FP )|Y11 = 1}.

Since (LCoR2) is a relaxation of (LCoP), we know that G2 ⊇ G. Also notice that the feasible

domain FP of (DQP) is bounded, hence we have the next result.

Proposition 3.3.2. G2 and G are convex, closed and bounded sets.
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As an RLT-based relaxation of the linearly constrained 0-1 quadratic programming problem,

the next theorem follows [75].

Theorem 3.3.3. If Y ∈ G2 and rank(Y ) = 1, then Y ∈ G and

Y =

(
1 uT

u uuT

)
, (3.7)

for some u ∈ FP .

The following theorem further shows that any rank-two solution of (LCoR2) is also feasible

for (LCoP).

Theorem 3.3.4. If Y ∈ G2 and rank(Y ) = 2, then Y ∈ G. In this case, there exist ū, v̄ ∈ FP
and λ̄ ∈ (0, 1) such that

Y = λ̄

(
1

ū

)(
1

ū

)T
+ (1− λ̄)

(
1

v̄

)(
1

v̄

)T
. (3.8)

Proof. Since Y ∈ G2, we have Y ∈ SN+1
+ whose eigenvalues are all nonnegative. The fact that

rank(Y ) = 2 leads to the following decomposition:

Y = λ1

(
t1

u

)(
t1

u

)T
+ λ2

(
t2

v

)(
t2

v

)T
,

for some λ1, λ2 > 0, t1, t2 ∈ {0, 1}, and u = (u1
1, . . . , u

1
m, . . . , u

n
1 , . . . , u

n
m),v = (v1

1, . . . , v
1
m, . . . , v

n
1

, . . . , vnm) ∈ RN . Because λ1t
2
1 + λ2t

2
2 = Y11 = 1, at least one of t1 and t2 should be nonzero.

There are two cases.

Case I. t1 = t2 = 1:

In this case, λ1 + λ2 = 1 and

Y =

(
1 λ1u

T + λ2v
T

λ1u+ λ2v λ1uu
T + λ2vv

T

)
∈ G2.

We analyze all the constraints of G2 for Y :

� From (3.6a), we have
∑m

l=1(λ1u
i
l + λ2v

i
l) = 1, which is equivalent to

λ1(1−
m∑
l=1

uil) + λ2(1−
m∑
l=1

vil) = 0, i = 1, . . . , n; (3.9)
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� From (3.6b), we have λ1(uil)
2 + λ2(vil)

2 = λ1u
i
l + λ2v

i
l , hence,

λ1(1− uil)uil + λ2(1− vil)vil = 0, i = 1, . . . , n, l = 1, . . . ,m; (3.10)

� From (3.6c), we have
∑m

s=1(λ1u
i
lu
j
s + λ2v

i
lv
j
s) = λ1u

i
l + λ2v

i
l , which implies that

λ1(1−
m∑
s=1

ujs)u
i
l + λ2(1−

m∑
s=1

vjs)v
i
l = 0, i, j = 1, . . . , n, l = 1, . . . ,m; (3.11)

� From (3.6d), we have Y ∈ NN+1, consequently,

λ1u
i
l + λ2v

i
l > 0, i = 1, . . . , n, l = 1, . . . ,m, (3.12)

and

λ1u
i
lu
j
s + λ2v

i
lv
j
s > 0, i, j = 1, . . . , n, l, s = 1, . . . ,m. (3.13)

Following (3.9) and (3.11) under j = i, we have, for i = 1, . . . , n,

λ1(1−
m∑
l=1

uil)
2 + λ2(1−

m∑
l=1

vil)
2

=

[
λ1(1−

m∑
l=1

uil) + λ2(1−
m∑
l=1

vil)

]
−

m∑
s=1

[
λ1(1−

m∑
l=1

uil)u
i
s + λ2(1−

m∑
l=1

vil)v
i
s

]

= 0−
m∑
s=1

0

= 0,

which leads to

1−
m∑
l=1

uil = 1−
m∑
l=1

vil = 0, i = 1, . . . , n. (3.14)

Next we discuss the structure of ui and vi for fixed i ∈ {1, . . . , n}. According to (3.10),

we know uil ∈ {0, 1} if and only if vil ∈ {0, 1}, l = 1, . . . ,m. If ui /∈ {0, 1}m, there exist

uip(i), v
i
p(i) /∈ {0, 1} for some index p(i) ∈ {1, . . . ,m}. From (3.10), we further know that one of

uip(i) and vip(i) falls into the interval of (0, 1). Since
∑m

l=1 u
i
l = 1, there exists an index q(i) 6= p(i)

such that uiq(i) /∈ {0, 1} and viq(i) /∈ {0, 1}.
Following (3.10), (3.11) under j = i and (3.13), we have

λ1u
i
su
i
l + λ2v

i
sv
i
l = 0, i = 1, . . . , n, s 6= l. (3.15)
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Plugging l = p(i) and s = q(i) into (3.15), we have (uip(i)v
i
p(i))(u

i
q(i)v

i
q(i)) < 0. W.l.o.g, we may

assume that uip(i)v
i
p(i) < 0 and uiq(i)v

i
q(i) > 0. From (3.15), uip(i)v

i
p(i) < 0 implies uilv

i
l > 0 for

any l 6= p(i). According to (3.10), we further have uil > 0 and vil > 0 for any l 6= p(i). Then

uip(i) + uiq(i) 6 1 and uip(i) + uiq(i) 6 1 follow from (3.14). We obtain the following result by

subtracting (3.15) from (3.10) with l = p(i) and s = q(i):

λ1u
i
q(i)(u

i
p(i) + uiq(i) − 1) + λ2v

i
q(i)(v

i
p(i) + viq(i) − 1) = 0. (3.16)

Since uiq(i)v
i
q(i) > 0, the addends in (3.16) have the same signs, which lead to

uip(i) + uiq(i) = vip(i) + viq(i) = 1.

Then, for any l 6= p(i) and l 6= q(i), the nonnegativity of uil and vil leads to uil = vil = 0. From

the above discussions, we conclude that one of the following two situations occurs:

1.1 There exist t(i), t′(i) ∈ {1, . . . ,m} such that uit(i) = vit′(i) = 1, and uil = vil′ = 0 for any

l 6= t(i), l′ 6= t′(i). In this case, ui,vi ∈ {0, 1}m.

1.2 There exist p(i), q(i) ∈ {1, . . . ,m} and p(i) 6= q(i) such that uip(i) +uiq(i) = vip(i) + viq(i) = 1

and uil = vil = 0 for any l 6= p(i) and l 6= q(i). Particularly, uiq(i)v
i
q(i) > 0 and uip(i)v

i
p(i) < 0.

If all the indices of i = 1, . . . , n fall in situation 1.1, then u,v ∈ FP . By taking λ̄ =

λ1, ū = u, and v̄ = v, we get the desired result of the theorem. Otherwise, there exists an

index j ∈ {1, . . . , n} that falls in situation 1.2. Since ujp(j)v
j
p(j) < 0, w.l.o.g, we may assume

that ujp(j) > 0 and vjp(j) < 0. Then, we can claim the following two results:

(i) t(i) = t′(i) holds for any index i falling in situation 1.1.

(ii) uip(i) = ujp(j) and vip(i) = vjp(j) hold for any index i 6= j falling in situation 1.2.

To show (i), suppose that t(i) 6= t′(i) for some index i falling in situation 1.1. Then uit′(i) =

0, vit′(i) = 1 and

λ1u
i
t′(i)u

j
p(j) + λ2v

i
t′(i)v

j
p(j) = λ2v

j
p(j) < 0,

which contradicts (3.13) under l = t′(i) and s = p(j).

To show (ii), we consider any index i 6= j falling in situation 1.2. Plugging l = p(i), s = p(j)

into (3.13), we have

λ1u
i
p(i)u

j
p(j) + λ2v

i
p(i)v

j
p(j) > 0. (3.17)

Since uip(i)v
i
p(i) < 0, we see that uip(i) > 0 and vip(i) < 0 from (3.17). We further derive

ui
p(i)

vi
p(i)

6

−
λ2v

j
q(j)

λ1u
j
q(j)

=
uj
p(j)

vj
p(j)

6 −
λ2viq(i)
λ1uiq(i)

=
ui
p(i)

vi
p(i)

, by plugging l = p(i), s = q(j) into (3.13) for the first
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inequality and l = q(i), s = p(j) into (3.13) for the second inequality, respectively, and using

(3.15) for the equalities. Consequently, we have
ui
p(i)

vi
p(i)

=
uj
p(j)

vj
p(j)

. Under l = p(i), (3.10) can be

rewritten as an equation of uip(i) and the ratio
ui
p(i)

vi
p(i)

, which implies that the value of uip(i) is

determined by
ui
p(i)

vi
p(i)

. Thus uip(i) = ujp(j) and then vip(i) = vjp(j).

Now we can construct ū, v̄ ∈ {0, 1}N by setting ūil = v̄il′ = 1 if and only if l = l′ = t(i) for

index i falling in situation 1.1 or l = p(i), l′ = q(i) for index i falling in situation 1.2. By taking

λ̄ = λ1u
j
p(j) +λ2v

j
p(j), where j is the index that falls in situation 1.2, we have the desired result

of the theorem.

Case II. t1t2 = 0:

W.l.o.g, we may assume that t1 = 1, t2 = 0. Similar to Case I, for any index i, one of the

following two situations holds:

2.1 There exists a t(i) ∈ {1, . . . ,m} such that uit(i) = 1 and uil = 0 for any l 6= t(i); meanwhile,

vil = 0 for l = 1, . . . ,m. In this case, ui ∈ {0, 1}m and vi = 0m×1.

2.2 There exist p(i), q(i) ∈ {1, . . . ,m} and p(i) 6= q(i) such that 0 < uip(i) 6 uiq(i) < 1,

uip(i) + uiq(i) = 1 and uil = 0 for any l 6= p(i) and l 6= q(i); meanwhile, vil = ±
√
uil − (uil)

2

for l = 1, . . . ,m.

If all of the indices i = 1, . . . , n fall in situation 2.1, then u ∈ FP and v = 0N×1. This

contradicts the fact of rank(Y ) = 2. Thus there must exist an index j in situation 2.2. For any

index i 6= j that also falls in situation 2.2, we can then show that vip(i) = vjp(j).

Like in Case I, we can construct ū, v̄ ∈ {0, 1}N by setting ūil = v̄il′ = 1 if and only if

l = l′ = t(i) for index i falling in situation 2.1 or l = p(i), l′ = q(i) for index i falling in

situation 2.2. By taking λ̄ = vjp(j), where j is the index that falls in situation 2.2, we have the

desired result of the theorem.

Remark 1. We see that constraints (3.6c) under j 6= i are not required in the proof of Theorem

3.3.4. Consequently, the rank-two property holds for a more general relaxation problem in the

following form:

min
1

2

(
0 qT

q Q

)
• Y

s.t.

m∑
l=1

uil = 1, i = 1, . . . , n,

U iill = uil, i = 1, . . . , n, l = 1, . . . ,m,
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m∑
l 6=s

U iils = 0, i = 1, . . . , n,

Y =

(
1 uT

u U

)
∈ SN+1

+ ∩NN+1.

Based on Theorems 3.3.3 and 3.3.4, we have the following sufficient condition that guarantees

the zero gap between (LCoR2) and (LCoP).

Theorem 3.3.5. If (LCoR2) has an optimal solution Y ∗ with rank(Y ∗) 6 2, then Y ∗ solves

(LCoP) with z2 = z0. In this case, the optimal solutions of the original problem (DQP) can be

explicitly generated from Y ∗.

Proof. According to Theorems 3.3.3 and 3.3.4, Y ∗ is also feasible for (LCoP). Since the objective

value of Y ∗ in (LCoP) is equal to z2, we have z2 > z0. Notice that z2 is a lower bound for z0,

hence z2 = z0.

If rank(Y ∗) = 1, the vector u ∈ FP generated by (3.7) is an optimal solution of (P). If

rank(Y ∗) = 2, according to the proof of Theorem 3.3.4, we can explicitly generate the vectors

ū, v̄ ∈ FP satisfying (3.8). Therefore, we can generate an optimal solution x∗ of (DQP) from

the optimal solution of (P) using the linear transformation (3.3).

In summary, given a problem (DQP), we may solve (LCoR2) using an SDP solver to obtain

its optimal solution Y ∗ and the optimal value z2. If rank(Y ∗) 6 2, we find an optimal solution

of (DQP) and the optimal value of (DQP) is equal to z2. Otherwise, we return z2 as a lower

bound for the optimal value of (DQP). Next, we present an example to show that optimal

solutions of the original DQP problem can be explicitly generated from a rank-two optimal

solution of the proposed relaxation problem.

Example 3.3.1. Consider the following example:

min x2
1 − 1.5x2

2 − 0.5x2
3 − 2x1x2 − 2x2x3 + 3x1 + 3x2 − 2x3

s.t. x1 ∈ {5, 6, 7, 12},

x2 ∈ {1, 3, 5, 8},

x3 ∈ {4, 7, 9, 11}.

By solving the corresponding linear conic relaxation problem (LCoR2) using an SDP solver, we

obtain an optimal solution
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Y ∗ =



1 0 0.47 0.53 0 0 0 0 1 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0

0.47 0 0.47 0 0 0 0 0 0.47 0 0 0 0.47

0.53 0 0 0.53 0 0 0 0 0.53 0 0 0 0.53

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0.47 0.53 0 0 0 0 1 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0.47 0.53 0 0 0 0 1 0 0 0 1


with an objective value of −372.5. Because rank(Y ∗) = 2, the known rank-one result does

not apply here. However, Theorem 3.3.4 generates ū = (0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1) and v̄ =

(0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 1) which are optimal solutions to the corresponding problem (P) of

Example 3.3.1. Using (3.3), we find (6, 8, 11) and (7, 8, 11) to be optimal solutions of Example

3.3.1 with an optimal objective value of −372.5.

3.4 Effectiveness and robustness of lower bounds

In this section, numerical experiments are conducted to test the effectiveness and robustness

of the lower bounds provided by the proposed linear conic relaxation of DQP problems. To

address this issue, we compare the lower bounds z1 and z2 with the optimal value of (DQP)

by solving (LCoR1) and (LCoR2), respectively. The mixed integer linear programming (MILP)

reformulation of [46, 89] is used to find the exact optimal value z0 of the original problem

(DQP).

All of our experiments were run on a personal computer with 2.50 GHz Intel Core i7-

3537U CPU and 8Gb of RAM. We used the MATLAB R2013a-based SeDuMi [82] solver with a

feasibility/optimality tolerance of 1e-9 to solve semidefinite programming problems and CPLEX

solver with a feasibility/optimality tolerance of 1e-6 to solve mixed integer linear programming

problems.

A set of (DQP) instances with various values of n and m were tested. For each test problem,

dil are different integers randomly generated from the uniform distribution over [1, 3m] for

l = 1, . . . ,m, i = 1, . . . , n. The linear coefficient vector c ∈ Rn of the quadratic function was

randomly generated from the uniform distribution over [−1, 1]n. We generated the quadratic

coefficient matrix by A = PΛPT ∈ Sn, where Λ ∈ Sn is a diagonal matrix with the eigenvalues

of A on its diagonal positions and P ∈ Sn is an orthogonal matrix. The positive and negative

eigenvalues of A were randomly generated from the uniform distribution over [0, 1] and [−1, 0],

respectively. The orthogonal matrix P was obtained by the QR decomposition of a matrix

B ∈ Rn×n, which was generated from the normal distribution over [0, 1]n×n. We chose all the

eigenvalues to be positive for constructing convex quadratic functions, and select half of the
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eigenvalues to be negative for non-convex quadratic functions. Fifty instances were randomly

generated for each combination of n and m.

We tested the problem (DQP) of size n,m = 6, 8, 10, respectively. Notice that we need the

exact optimal value z0 to evaluate the effectiveness of the lower bounds. The largest problem

size of our experiments is limited to n = 8,m = 10 by the difficulty in obtaining z0 by solving

the MILP reformulation involving 108 possible combinations. We conducted experiments on

(DQP) instances with convex and non-convex quadratic objective functions, respectively. The

average values and standard deviations of the gaps are shown in Tables 3.1 and 3.2 with the

following notations:

relgapP1 =

∣∣∣∣z1 − z0

z0

∣∣∣∣ , absgapP1 = |z1 − z0| ;

relgapP2 =

∣∣∣∣z2 − z0

z0

∣∣∣∣ , absgapP2 = |z2 − z0| .

Table 3.1: (DQP) with convex quadratic objective function

z0 absgapP1 relgapP1 absgapP2 relgapP2

n m ave std ave std ave std ave std ave std

6 6 13.65 9.61 150.04 138.05 22.76 40.34 0.00 0.00 0.00 0.00
6 8 15.86 13.71 380.92 240.07 110.33 271.99 0.00 0.00 0.00 0.00
6 10 17.05 16.44 845.33 501.61 451.20 1402.15 0.00 0.00 0.00 0.00
8 6 21.36 13.01 233.17 119.62 45.42 187.38 0.00 0.00 0.00 0.00
8 8 22.12 15.62 661.16 351.22 57.66 87.32 0.00 0.00 0.00 0.00
8 10 20.28 14.90 1357.76 718.65 214.30 515.50 0.00 0.00 0.00 0.00

Table 3.2: (DQP) with non-convex quadratic objective function

z0 absgapP1 relgapP1 absgapP2 relgapP2

n m ave std ave std ave std ave std ave std

6 6 196.67 127.07 436.89 198.14 3.83 5.14 0.00 0.00 0.00 0.00
6 8 395.20 250.03 1093.98 485.16 4.11 4.91 0.07 0.49 0.00 0.00
6 10 657.75 424.55 2438.59 1136.52 5.24 4.98 0.00 0.00 0.00 0.00
8 6 264.71 141.37 652.16 228. 46 4.07 6.90 0.01 0.00 0.00 0.00
8 8 529.32 263.50 1814.21 587.90 4.09 1.91 0.00 0.00 0.00 0.00
8 10 791.09 431.35 3340.62 1245.05 5.02 1.99 0.06 0.27 0.00 0.00
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From Tables 3.1 and 3.2, we have some observations on the lower bounds z1 and z2 depending

on the convexity of objective function of (DQP):

1. The relative and absolute gaps with respect to z1 are large in both convex and non-convex

cases. Therefore, the relaxation (LCoR1) is not tight for general instances.

2. The gaps with respect to z2 are robust and close to zero in both convex and non-convex

cases. This indicates that the proposed RLT equality cuts are effective for tightening

(LCoR1). Solving the proposed linear conic relaxation (LCoR2) can provide a high-quality

and robust lower bound for (DQP).

3. Regardless of whether the objective function of (DQP) is convex or not, as m or n in-

creases, the relative gap between z1 and z0 becomes larger. It fits our general under-

standing that the tractable convex relaxations of the cone D∗(FP ) are less accurate for

larger-size problems.

4. Both of the lower bounds z1 and z2 are more effective and robust for (DQP) with convex

rather than non-convex objective functions. Since the proposed approach is one kind of

convex relaxation, it is reasonable that both of the relaxations (LCoR1) and (LCoR2)

may perform better in the convex case than the non-convex case.

As to the computational efficiency of the proposed relaxation (LCoR2), we present the

computational time t2 of solving (LCoR2) in Table 3.3. We see that in either the convex case

or the non-convex case the computational efficiency of obtaining high-quality lower bounds by

solving (LCoR2) is reasonable and stable.

Table 3.3: Computational time t2 (seconds) of solving (LCoR2)

Convex Nonconvex
n m ave std ave std

6 6 8.19 1.46 5.08 2.27
6 8 34.85 4.80 20.87 5.75
6 10 118.01 18.13 71.42 11.26
8 6 32.08 3.84 30.75 7.31
8 8 158.43 15.59 121.80 25.78
8 10 669.79 339.58 417.08 63.39
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3.5 Extensions to constrained DQP problems

From Section 3.3, we know that the rank-two sufficient condition holds for (LCoR2) to guarantee

the zero gap. Numerical results in Section 3.4 further illustrate the effectiveness and robust-

ness of the lower bounds provided by (LCoR2). Notice that problem (DQP) has no explicit

constraints except each variable being restricted to a finite set of discrete values. In this sub-

section, we would like to extend the proposed linear conic relaxation framework to the discrete

quadratic program with linear or quadratic constraints.

First, we consider the following linearly constrained discrete quadratic programming prob-

lem:

min
1

2
xTAx+ cTx

(DQPL) s.t. bTs x > Ls, s = 1, . . . , S, (3.18a)

xi ∈ {di1, . . . , dim}, i = 1, . . . , n, (3.18b)

where A ∈ Sn, c, bs ∈ Rn and Ls ∈ R for s = 1, . . . , S. Following the approach introduced in

Section 3.1, we can reformulate (DQPL) as

min
1

2
uTQu+ qTu

(DQPL1) s.t. (3.5a), (3.5b),

gTs u > Ls, s = 1, . . . , S, (3.19)

where Q ∈ SN and q, gs ∈ RN , s = 1, . . . , S, i = 1, . . . , n. Based on the relaxation approach

discussed in Section 3.2, we may generate additional RLT inequalities from the inequality

constraints and choose the non-redundant ones as valid cuts. Then the proposed linear conic

relaxation for (DQPL1) becomes

min
1

2
Q •U + qTu

(DQPL2) s.t. (3.6a)− (3.6d),

gTs u > Ls, s = 1, . . . , S, (3.20a)

(gse
T
j ) •U − LseTj u > 0, s = 1, . . . , S, j = 1, . . . , N, (3.20b)

− (gse
T
j ) •U + (Lsej + gs)

Tu > Ls, s = 1, . . . , S, j = 1, . . . , N.

(3.20c)

Notice that (3.6a)-(3.6d) define the feasible domain of (LCoR2). From Theorem 3.3.4, we further
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extend the rank-two property to (DQPL2).

Theorem 3.5.1. If (DQPL2) has a rank-two optimal solution, then the gap between (DQPL2)

and (DQPL) is zero. In this case, the optimal solution of (DQPL) can be explicitly generated.

Proof. Assume that Y =

(
1 uT

u U

)
is a rank-two optimal solution of (DQPL2). Since

rank(Y ) = 2 and Y satisfies (3.6a)-(3.6d), Theorem 3.3.4 explicitly generates λ̄ ∈ (0, 1), ū, v̄ ∈
RN such that

Y = λ̄

(
1

ū

)(
1

ū

)T
+ (1− λ̄)

(
1

v̄

)(
1

v̄

)T
, (3.21)

and ū, v̄ satisfy (3.5a) and (3.5b). We now show that ū, v̄ satisfy constraints (3.19). Plugging

u = λ̄ū+ (1− λ̄)v̄ and U = λ̄ūūT + (1− λ̄)v̄v̄T into (3.20b)-(3.20c), we have

λ̄ūj(g
T
s ū− Ls) + (1− λ̄)v̄j(g

T
s v̄ − Ls) > 0, (3.22)

λ̄(1− ūj)(gTs ū− Ls) + (1− λ̄)(1− v̄j)(gTs v̄ − Ls) > 0, (3.23)

for j = 1, . . . , N and s = 1, . . . , S. Because the 0-1 vectors ū, v̄ satisfy (3.2a) and ū 6= v̄, there

exists an index j∗ ∈ {1, . . . , N} such that ūj∗ = 1 and v̄j∗ = 0. Under j = j∗, (3.22) and

(3.23) are equivalent to (gTs ū − Ls) > 0 and (gTs v̄ − Ls) > 0, respectively, for s = 1, . . . , S.

Therefore, we know that ū, v̄ are feasible solutions of (DQPL1). Notice that ū, v̄ and Y share

the same objective value in (DQPL1) and (DQPL2), respectively. Due to the optimality of Y ,

its objective value is a lower bound for (DQPL1). Consequently, ū, v̄ are optimal solutions of

(DQPL1). In this case, the corresponding solutions of (DQPL) are optimal and there is no gap

between (DQPL2) and (DQPL).

Theorem 3.5.1 shows that the rank-two property holds for (DQPL2). However, when quadratic

constraints are added to (DQPL), the rank-two property may no longer hold for the correspond-

ing linear conic relaxation. Consider the following quadratically constrained discrete quadratic

optimization problem:

min
1

2
xTAx+ cTx

(DQPQ) s.t. (3.18a), (3.18b),

1

2
xTAtx+ cTt x > Rt, t = 1, . . . , T, (3.24)

where A,At ∈ Sn, At 6= 0n×n, c, ct ∈ Rn and Rt ∈ R for t = 1, . . . , T . We propose the following

0-1 reformulation (DQPQ1) and its linear conic relaxation (DQPQ2):
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min
1

2
uTQu+ qTu

(DQPQ1) s.t. (3.5a), (3.5b), (3.19),

1

2
uTQtu+ qTt u > Rt, t = 1, . . . , T, (3.25)

where Q,Qt ∈ SN and q, qt ∈ RN , t = 1, . . . , T ;

min
1

2
Q •U + qTu

(DQPQ2) s.t. (3.6a)− (3.6d), (3.20a)− (3.20c),

1

2
Qt •U + qTt u > Rt, t = 1, . . . , T. (3.26)

Notice that the quadratic constraints (3.25) are relaxed to (3.26) in (DQPQ2), but there is no

related RLT constraint to tighten the relaxation. Following the proof of Theorem 3.5.1, given

any rank-two feasible solution of (DQPQ2), we can generate ū, v̄ that satisfy the constraints

(3.6a)-(3.6d) and (3.20a)-(3.20c). Plugging the decomposition formula (3.21) into (3.26), we

have

λ̄(
1

2
ūTQtū+ qTt ū) + (1− λ̄)(

1

2
v̄TQtv̄ + qTt v̄) > Rt, t = 1, . . . , T,

which do not lead to 1
2 ū

TQtū+ qTt ū > Rt or 1
2 v̄

TQtv̄ + qTt v̄ > Rt. Consequently, we may not

generate feasible solutions of (DQPQ1) from the rank-two feasible solution of (DQPQ2).

Nevertheless, if we obtain a rank-two solution Y ∗ by solving the relaxation problem (DQPQ2)

via an SDP solver, the corresponding ū and v̄ which can be explicitly generated using the proof

of Theorem 3.3.4 are still useful. The best situation is that both of ū and v̄ satisfy the quadratic

constraints (3.25), under which they become optimal solutions of (DQPQ1). If one of ū and v̄ is

feasible to (3.25), the feasible one may be close to an optimal solution of (DQPQ1). If none of ū

and v̄ satisfies the quadratic constraints, they can be used as starting solutions for additional

processing.

3.6 Summary

In this chapter, we have proposed an RLT-based linear conic relaxation for solving discrete

quadratic optimization problems. By analyzing the feasible domain of the proposed relaxation

problem, we further showed that if it has a rank-two optimal solution, then the gap between the

proposed relaxation and the original DQP becomes zero and we can explicitly derive optimal
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solutions to the original DQP problem. We have also conducted numerical experiments on ran-

domly generated DQP problems. The results indicate that the proposed linear conic relaxation

can provide robust high-quality lower bounds for the original DQP problem. These bounds

may be incorporated in a branch and bound scheme for providing optimal solutions to DQP

problems in a more effective manner. The proposed linear conic relaxation approach and the

rank-two property have been extended. We showed that the rank-two property holds for the

corresponding linear conic relaxation of linearly constrained DQP problems.

DQP is a less studied problem. This chapter is the first to propose a special RLT-based

linear conic relaxation for DQP. Numerical results have shown that the proposed relaxation

can provide tight and robust lower bounds. We have derived a rank-two property for explicitly

generating optimal solutions of DQP. The rank-two property has also been extended to DQP

problems with linear constraints.
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Chapter 4

A Linearization Method

In this chapter, we focus on the linearization methods for providing effective 0-1 mixed-integer

linear programming reformulations of DQP. A Super Logarithmic Method is first proposed to

reformulate a signomial programming program with discrete variables (DSP), which includes

DQP as a special case. The proposed method requires a minimum number of binary vari-

ables and inequality constraints to reformulate DSP as a 0-1 mixed integer linear programming

problem. Both the theoretical analysis and numerical results strongly support its superior per-

formance compared with other state-of-the-art linearization methods. In addition, we provide a

class of representable programming problems that can be linearly reformulated by the proposed

method. At last, the application of the proposed Super Logarithmic Method on linearizing DQP

is presented.

4.1 Introduction

Consider the following signomial programming problem with discrete variables:

(DSP)
min

∑J
j=1

(
cj

n∏
i=1

(xi)
bi,j

)
s.t. xi ∈ {di1, . . . , dim}, i = 1, . . . , n,

(4.1)

where cj , bi,j ∈ R for i = 1, . . . , n and j = 1, . . . , J . When each signomial term only involves

two variables and 0-1 valued exponents, (DSP) reduces to a DQP problem. The problem (DSP)

occurs frequently in real-life applications such as engineering design [11, 15], resource allocation

[3, 28, 42] and network planning [86].

For linearizing the problem (DSP) as a 0-1 mixed integer linear programming (MILP) prob-

lem, the key is the linearization of signomial terms with discrete variables. For the purpose of
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illustration, we first consider the following general signomial term:

w = (x1)a1 . . . (xn)an , (4.2)

in which discrete variables xi ∈ {di1, di2, . . . , dim} with 0 ≤ di1 ≤ di2 . . . ≤ dim and real exponents

ai ∈ R, i = 1, . . . , n.

The first technique for linearizing w can be traced back to [33, 41]. We present it as below.

Basic Method 1 :

xi =
m∑
l=1

dilu
i
l, for i = 1, . . . , n, (4.3a)

m∑
l=1

uil = 1, for i = 1, . . . , n, (4.3b)

xi > 0,ui ∈ {0, 1}m, for i = 1, . . . , n, (4.3c)
n∏
i=1

(dil(i))
ai +M(

n∑
i=1

uil(i) − n) 6 w, for l(i) = 1, . . . ,m, i = 1, . . . , n, (4.3d)

w 6M(n−
n∑
i=1

uil(i)) +
n∏
i=1

(dil(i))
ai , for l(i) = 1, . . . ,m, i = 1, . . . , n, (4.3e)

where M =
n∏
i=1

max
l=1,...,m

(dil)
ai .

Basic Method 1 introduces m binary variables to exactly represent each discrete variable

xi, i = 1, . . . , n. Conditions (4.3a)-(4.3c) ensure that for each i = 1, . . . , n, xi = dil(i) if and only

if there exists an l(i) ∈ {1, . . . ,m} such that uil(i) = 1 and uil = 0, for l 6= l(i). Inequalities

(4.3d)-(4.3e) are the so called Big-M constraints [37, 90]. Here the constant M , denoted as

the Big-M value, is an upper bound of w. The required number of Big-M constraints in Basic

Method 1 is 2
n∏
i=1

m, which is twice of the total number of possible values that vector x may

take.

Several studies reported that Big-M constraints are not tight in the continuous relaxation

and thus the way of forming Big-M constraints significantly affects the computational effective-

ness [9, 90]. The more Big-M constraints we have, the slower the MILP solvers function. A way

to reduce the number of Big-M constraints in Basic Method 1 was investigated by [22, 77]. The

corresponding linear system used for linearizing w is given below.

Basic Method 2 :

(4.3a)− (4.3c),
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v1 =

m∑
l=1

(d1
l )
a1u1

l , (4.4a)

Mi(u
i
l − 1) + (dil)

aivi−1 6 vi, for l = 1, . . . ,m, i = 2, . . . , n, (4.4b)

vi 6Mi(1− uil) + (dil)
aivi−1, for l = 1, . . . ,m, i = 2, . . . , n, (4.4c)

v2, . . . , vn > 0, (4.4d)

where Mi =
i−1∏
j=1

max
l=1,...,m

(djl )
aj for i = 2, . . . , n and vn , w.

While keeping the same number of binary variables, Basic Method 2 introduces new contin-

uous variables vi to represent the sub-terms wi = (x1)a1 . . . (xi)
ai of w, i = 1, . . . , n. Based on

(4.3a)-(4.3c), Big-M constraints (4.4b)-(4.4c) can guarantee that vi = (xi)
aivi−1. Consequently,

sub-terms wi are inductively linearized in the sequence of i = 1, . . . , n. In this way, the required

number of Big-M constraints decreases to 2
n∑
i=2

m.

Recently, [2, 46, 49, 89] developed a logarithmic technique to further reduce the number of

binary variables required for representing a discrete variable. The basic concept of the logarith-

mic method is that for any integer r with 1 6 r 6 m, the following expression is unique:

r = 1 +
h∑
k=1

2k−1λk, (4.5)

where h = dlog2me and λk ∈ {0, 1} for k = 1, . . . , h. Consequently, the integer r ∈ {1, . . . ,m}
and the binary h-vector λ = (λ1, . . . , λh) have a one-to-one correspondence. For a given integer

k with 1 6 k 6 h, let Gk be the subset of all indices r ∈ {1, . . . ,m} with λk = 1 in (4.5). Then,

the logarithmic method is formally presented as follows [46].

Theorem 4.1.1. For a positive integer m ∈ Z, let h = dlog2me. An n-vector δ = (δ1, . . . , δm)

with δr > 0 and
m∑
r=1

δr = 1 is a binary vector, if there is a binary h-vector λ = (λ1, . . . , λh)

satisfying the following linear system:∑
r∈Gk

δr = λk, k = 1, . . . , h,

δr > 0, r = 1, . . . ,m,

λk ∈ {0, 1}, k = 1, . . . , h.

This technique was applied to improve Basic Method 2, leading to the following linear

system with fewer binary variables:

Logarithmic Method :
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(4.3a)− (4.3b), (4.4a)− (4.4d),∑
l∈Gk

uil = λik, for i = 1, . . . , n, k = 1, . . . , h, (4.6a)

xi, u
i
l > 0, λik ∈ {0, 1}, for l = 1, . . . ,m, k = 1, . . . , h, i = 1, . . . , n, (4.6b)

where h = dlog2me, Gk = {l : gk,l = 1} and the values of gk,l are binary numbers satisfying

l = 1 +
h∑
k=1

2k−1gk,l for l = 1, . . . ,m.

In the Logarithmic Method, variables ui that are used to linearly express xi are no longer

binary. For a given binary vector λi = (λi1, . . . , λ
i
h), equality constraints (4.6a) imply that there

exists an l(i) ∈ {1, . . . ,m} such that uil(i) = 1 and uil = 0, for l 6= l(i). Therefore, the number

of binary variables in this method is reduced to
n∑
i=1
dlog2me, a half order of

(
n∑
i=1

m

)
in Basic

Method 2. Among the above three methods, the Logarithmic Method linearizes a signomial

term w with the fewest binary variables.

Based on the Logarithmic Method, we consider to further improve the way of linearizing the

signomial terms in the problem (DSP). The Big-M constraints are redefined in terms of vectors

λi instead of ui. Consequently, the required number of Big-M constraints can be reduced to

2
n∑
i=1
dlog2me for linearizing a single signomial term w, while that of binary variables remains

to be
n∑
i=1
dlog2me. Hence, we call the proposed method as the Super Logarithmic Method.

A 0-1 mixed integer linear programming (MILP) reformulation of (DSP) can be obtained

by gathering all of the linear systems that represent different signomial terms. This allows us

to further compare the Super Logarithmic Method with the Logarithmic Method in terms of

the effectiveness for linearizing multiple signomial terms. An interesting observation is that the

Super Logarithmic Method enables more variables and constraints to be shared by different

linear systems. As a direct consequence, the 0-1 MILP reformulation of (DSP) using the Super

Logarithmic Method may require much fewer Big-M constraints than using the Logarithmic

Method.

Following this mechanism, we can use the Super Logarithmic Method to linearize more

complicated problems involving product and fractional terms with free-sign discrete variables,

which consist of a class of “representable programming problems” [40]. For linearizing “repre-

sentable programming problems”, our comparable results indicate that the Super Logarithmic

Method requires fewer Big-M inequality constraints than the Logarithmic Method, and thus is

expected to be more effective. Computational experiments on the large-size (DSP) problems

and “representable programming problems” are conducted. The numerical results clearly show

that the computational time for solving the corresponding 0-1 MILP reformulations using the

Super Logarithmic Method is much less than using the Logarithmic Method.
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At last, we apply the Super Logarithmic Method to effectively reformulate DQP as a 0-1

mixed-integer linear programming problem. Compared with the Logarithmic Method and a

Conventional Method that follows the linearization of quadratic terms in 0-1 binary variables,

the Super Logarithmic Method requires fewer inequality constraints, especially when the prob-

lem size m is large in practice. In addition, we propose to enhance the reformulation of DQP

by the Super Logarithmic Method. We show that the Big-M constraints for different quadratic

terms could be aggravated and may be further reduced by taking the problem coefficients’

structure into consideration.

The rest of this chapter is organized as follows. Section 4.2 proposes the Super Logarithmic

Method for treating a signomial term with discrete variables. In Section 4.3, the Super Log-

arithmic Method is compared with other methods for the effectiveness of linearizing a single

signomial term as well as that of multiple signomial terms. Section 4.4 extends the Super Log-

arithmic Method to treat more complicated terms and summarizes the class of representable

programming models. Numerical experiments on some engineering optimization problems are

tested in Section 4.5. The application of the Super Logarithmic Method on reformulating DQP

is presented in Section 4.6. Section 4.7 concludes this chapter.

This Chapter can be referred to a published paper [45]. My contribution in [45] is investi-

gating the principle, conducting theoretical analysis and exploring extensions of the proposed

linearization method, and also documenting the results in the format of a paper.

4.2 Proposed Super Logarithmic Method

In this section, we propose an effective method to linearize the signomial term w with dis-

crete variables defined by (4.2). The proposed method intends to reduce the number of Big-M

constraints in currently known methods.

To illustrate the idea, we first consider the following simple case with n = 2:

w = (x1)a1(x2)a2 ,

where xi ∈ {di1, . . . , dim} with 0 6 di1 < . . . < dim and ai ∈ R, for i = 1, 2. Our procedure is to

linearize the sub-terms w1 = (x1)a1 and then w2 = (x1)a1(x2)a2 in sequence.

Recall that the Logarithmic Method uses h = dlog2me binary variables to indicate the index

choice of each discrete variable xi, i = 1, 2. The corresponding linear system is expressed as

xi =

m∑
l=1

dilu
i
l,

m∑
l=1

uil = 1, for i = 1, 2, (4.7a)∑
l∈Gk

uil = λik, for k = 1, . . . , h, i = 1, 2, (4.7b)
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uil > 0, λik ∈ {0, 1}, for l = 1, . . . ,m, k = 1, . . . , h, i = 1, 2, (4.7c)

Firstly, w1 can be represented by a continuous variable v1 =
m∑
l=1

(d1
l )
a1u1

l . Consequently, w2 =

v1(x2)a2 can be uniquely determined by the value of x2. The Logarithmic Method uses the

following Big-M constraints to guarantee that v2 is a valid representation of w2:

M(u2
l − 1) + (d2

l )
a2v1 6 v2 6M(1− u2

l ) + (d2
l )
a2v1, for l = 1, . . . ,m, (4.8)

where M = max
l=1,...,m

(d1
l )
a1 . Each of these m Big-M constraints is defined in terms of the con-

tinuous variable u2
l , for l = 1, . . . ,m. However, as shown in (4.7a)-(4.7c), the index choice of

x2 is determined by binary variables λ2
k, k = 1, . . . , h. Hence, w2 = v1(x2)a2 can actually be

linearized in terms of λ2
1, . . . , λ

2
h instead of u2

1, . . . , u
2
m. In this way, the corresponding Big-M

constraints may be reduced.

With the linear system (4.7a)-(4.7c) and the continuous variable v1 =
m∑
l=1

(d1
l )
a1u1

l in mind,

the key of the proposed Super Logarithmic Method comes with the introduction of a new

nonnegative vector p = (p1, . . . , pm) for defining

v2 =

m∑
l=1

(d2
l )
a2pl. (4.9)

To force v2 to be a valid representation of w2 = v1(x2)a2 , p should be able to indicate the index

choice of x2 and yield the value of v1 as well. The former implies that p has a unique nonzero

element whose index corresponds with the value of x2 while the latter requires the nonzero

element takes the value of v1, i.e.,

pl∗ = v1 and pl = 0 for all l 6= l∗ ⇐⇒ x2 = d2
l∗ for some l∗ ∈ {1, . . . ,m}. (4.10)

The next step is to linearly express p in terms of λ2
1, . . . , λ

2
h and v1. From (4.10), we see that

vectors p ∈ Rm+ and u2 ∈ Rm+ share the same structure, except that different values of respective

nonzero elements are used. Referring to (4.7a)-(4.7c) that connect u2 with λ2, we propose the

following linear system for p to satisfy:

m∑
l=1

pl = v1, (4.11a)

M(λ2
k − 1) + v1 6

∑
l∈Gk

pl 6Mλ2
k, for k = 1, . . . , h, (4.11b)

pl > 0, λ2
k ∈ {0, 1}, for l = 1, . . . ,m, k = 1, . . . , h. (4.11c)
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Combining (4.7a)-(4.7c) and (4.11a)-(4.11c), we are sure that (4.10) holds. Consequently, the

continuous variable v2 defined by (4.9) is a valid representation of w2. Therefore, the proposed

Super Logarithmic Method linearizes the term w = (x1)a1(x2)a2 with discrete variables x1 and

x2 in the system of (4.7a)-(4.7c), (4.9) and (4.11a)-(4.11c), where expressions in (4.11b) are

regarded as Big-M constraints.

For linearizing w = (x1)a1(x2)a2 , the real difference between the Logarithmic Method and

the Super Logarithmic Method happens in the second step of linearizing w2 = v1(x2)a2 , where

v1 is the continuous variable that represents w1 = (x1)a1 . The Logarithmic Method requires

2m Big-M constraints, while the Super Logarithmic Method requires only 2dlog2me Big-M

constraints with additional m continuous variables and one equality constraint.

Now, we consider the linearization of a general signomial term w = (x1)a1(x2)a2 . . . (xn)an

with discrete variables x1, . . . , xn by the proposed Super Logarithmic Method. As before, the

basic idea is to linearize the sub-terms wi = (x1)a1 . . . (xi)
ai , i = 1, . . . , n of w in sequence. Using

the induction formula of wi = (xi)
aiwi−1, we introduce a non-negative vector pi = (pi1, . . . , p

i
m)

to linearly express wi based on the linearization of wi−1 for i = 2, . . . , n. A key proposition is

presented below.

Proposition 4.2.1. Given 0 6 di1 < . . . < dim, i = 1, 2, . . . , n, let w = (x1)a1(x2)a2 . . . (xn)an be

a signomial term with discrete variables xi ∈ {di1, . . . , dim} and exponents ai ∈ R, i = 1, 2, . . . , n.

Then w = vn, where vn is part of a solution to the following linear system:

xi =

m∑
l=1

dilu
i
l, for i = 1, . . . , n,

m∑
l=1

uil = 1, for i = 1, . . . , n,∑
l∈Gk

uil = λik, for i = 1, . . . , n, k = 1, . . . , h,

v1 =

m∑
l=1

(d1
l )
a1u1

l ,

m∑
l=1

pil = vi−1, vi =

m∑
l=1

(dil)
aipil, for i = 2, . . . , n,

Mi(λ
i
k − 1) +

m∑
l=1

pil 6
∑
l∈Gk

pil 6 λikMi, for i = 2, . . . , n, k = 1, . . . , h,

xi, u
i
l > 0, λik ∈ {0, 1}, for i = 1, . . . , n, l = 1, . . . ,m, k = 1, . . . , h,

pil > 0, for i = 2, . . . , n, l = 1, . . . ,m,
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in which Mi =
i−1∏
j=1

max
l=1,...,m

(djl )
aj , for i = 2, . . . , n, h = dlog2me, Gk = {l : gk,l = 1} and the

values of gk,l are binary numbers satisfying l = 1+
h∑
k=1

2k−1gk,l for l = 1, . . . ,m and i = 1, . . . , n.

Remark 2. In Proposition 4.2.1, the variables v1, v2, . . . , vn are explicitly listed in the lin-

ear system such that the proposed Super Logarithmic Method may be better understood. In

practice, they are not actually required to be variables for linearizing w and we may omit them.

The main result is presented in the next theorem:

Theorem 4.2.2. Given 0 6 di1 < . . . < dim, i = 1, 2, . . . , n, let w = (x1)a1(x2)a2 . . . (xn)an be a

signomial term with discrete variables xi ∈ {di1, . . . , dim} and exponents ai ∈ R, i = 1, 2, . . . , n.

Then w can be linearly represented by w =
∑m

l=1(dnl )anpnl , where {pnl }ml=1 is part of a solution

to the following linear system:

xi =
m∑
l=1

dilu
i
l, for i = 1, . . . , n, (4.12a)

m∑
l=1

uil = 1, for i = 1, . . . , n, (4.12b)∑
l∈Gk

uil = λik, for i = 1, . . . , n, k = 1, . . . , h, (4.12c)

m∑
l=1

p2
l =

m∑
l=1

(d1
l )
a1u1

l (4.12d)

m∑
l=1

pil =

mi−1∑
l=1

(di−1
l )ai−1pi−1

l , for i = 3, . . . , n, (4.12e)

Mi(λ
i
k − 1) +

m∑
l=1

pil 6
∑
l∈Gk

pil 6 λikMi, for i = 2, . . . , n, k = 1, . . . , h, (4.12f)

xi, u
i
l > 0, λik ∈ {0, 1}, for i = 1, . . . , n, l = 1, . . . ,m, k = 1, . . . , h, (4.12g)

pil > 0, for i = 2, . . . , n, l = 1, . . . ,m, (4.12h)

in which Mi =
i−1∏
j=1

max
l=1,...,m

(djl )
aj , for i = 2, . . . , n, h = dlog2me, Gk = {l : gk,l = 1} and the

values of gk,l are binary numbers satisfying l = 1+
h∑
k=1

2k−1gk,l for l = 1, . . . ,m and i = 1, . . . , n.

Proof. Denote sets

S1 = {(x, w) : w = (x1)a1(x2)a2 . . . (xn)an , xi ∈ {di1, . . . , dim} for i = 1, . . . , n}
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and

S2 = {(x, w) : x defined by (4.12a)− (4.12h), w =
m∑
l=1

(dnl )anpnl }.

We need to prove that S1 = S2.

Suppose that (x, w) ∈ S1, say xi = dil(i) for some l(i) ∈ {1, . . . ,m}, i = 1, . . . , n. Addition-

ally, we define that

(i) a nonnegative vector ui = (ui1, . . . , u
i
m) satisfying uil(i) = 1 and uil = 0 for l 6= l(i) and

i = 1, . . . , n;

(ii) a nonnegative vector pi = (pi1, . . . , p
i
m) such that pil(i) =

i−1∏
j=1

(djl(j))
aj and pil = 0 for l 6= l(i)

and i = 2, . . . , n;

(iii) a 0-1 binary vector λi = (λi1, . . . , λ
i
h) with λik = 1 if and only if l(i) ∈ Gk, for i = 1, . . . , n.

It can be easily verified that variables x,u1, . . . ,un,p2, . . . ,pn,λ1, . . . ,λn satisfy the linear

system of (4.12a)-(4.12h) and w =
m∑
l=1

(dnl )anpnl . Thus we have (x, w) ∈ S2.

Conversely, given (x, w) ∈ S2, then there exist nonnegative vectors ui = (ui1, . . . , u
i
m), i =

1, . . . , n; pi = (pi1, . . . , p
i
m), i = 2, . . . , n and 0-1 binary vectors λi = (λi1, . . . , λ

i
h), i = 1, . . . , n

such that w =
m∑
l=1

(dnl )anpnl and (4.12a)-(4.12h) hold.

For i = 1, . . . , n, let Ki = {k ∈ {1, . . . , h} : λik = 1} be an index set and define l(i) =

1 +
∑
k∈Ki

2k−1. Obviously, l(i) is the unique index that ensures k ∈ Ki if and only if l(i) ∈ Gk.

For any l′ ∈ {1, . . . , n} with l 6= l(i), there exists some k′ /∈ Ki such that l′ ∈ Gk′ . Hence, (4.12c)

implies that

uil′ 6
∑
l∈Gk′

uil = λik′ = 0, i = 1, . . . , n.

The non-negativity of uil′ further leads to

uil′ = 0, for l′ 6= l(i); i = 1, . . . , n. (4.13)

Plugging (4.13) into (4.12b), we have uil(i) = 1. Then xi = dil(i) is obtained by carrying the

values of {uil}ml=1 into (4.12a), for i = 1, . . . , n.

Similarly, from (4.12f) we have

pil′ 6
∑
l∈Gk′

pil = λik′ = 0, i = 2, . . . , n,
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and the non-negativity of and pil′ implies

pil′ = 0, for l′ 6= l(i); i = 2, . . . , n. (4.14)

Following to (4.14) and (4.12d), we get p2
l(2) =

∑m
l=1(d1

l )
a1u1

l = (d1
l(1))

a1 . Then, for i =

3, . . . , n, the value of
m∑
l=1

pil is obtained by taking p(i−1) into (4.12e). Hence, we have pil(i) =

(di−1
l(i−1))

ai−1pi−1
l(i−1) = . . . =

i−1∏
j=1

(djl(j))
aj . Finally, w is calculated by w = (dnl )anpnl(n) =

n∏
i=1

(dil(i))
ai .

Therefore, x and w satisfy w = (x1)a1(x2)a2 . . . (xn)an , which means that (x, w) ∈ S1.

Note that the Super Logarithmic Method is designed for linearizing general terms in the

form of w = (x1)a1 . . . (xn)an with discrete variables x1, . . . , xn and real exponents a1, . . . , an.

Subsequently, while involving additional constraints defined by signomial functions, the problem

(DSP) can also be transformed into a 0-1 MILP problem by the Super Logarithmic Method.

In real applications, the values that discrete variables may take are usually equidifferent,

i.e., xi ∈ {bi + ril : l = 1, 2, . . . ,m} with bi, ri ∈ R+, for i = 1, . . . , n. In this special case, xi can

be linearly expressed by using the binary variables λi only, without introducing the continuous

variables ui [89].

Lemma 4.2.1. Given that xi ∈ {bi + ril : l = 1, 2, . . . ,m} with bi, ri > 0, then the discrete

variable xi can be linearly represented as

xi = bi + ri

(
1 +

h∑
k=1

2k−1λik

)
,

in which h = dlog2me and λik ∈ {0, 1}, for k = 1, . . . , h.

Notice that the Big-M constraints in the Super Logarithmic Method do not use ui either.

Hence, when the discrete variables take equidifferent values, the proposed Super Logarithmic

Method no longer requires those continuous variables ui to linearize a signomial term. From

Lemma 4.2.1 and Theorem 4.2.2, we have the next corollary that shows the linearization of a

signomial term with special discrete variables in the Super Logarithmic Method.

Corollary 4.2.3. Given bi, ri > 0, i = 1, 2, . . . , n, let w = (x1)a1(x2)a2 . . . (xn)an be a signomial

term with discrete variables xi ∈ {bi + ril : l = 1, 2, . . . ,m} and exponents ai ∈ R, i = 1, . . . , n.

Then w can be linearly represented by w =
∑m

l=1(bn + rnl)
anpnl , where {pnl }ml=1 is part of a

solution to the following linear system:

xi = bi + ri

(
1 +

h∑
k=1

2k−1λik

)
, for i = 1, . . . , n,
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m∑
l=1

p1
l = 1,∑

l∈Gk

p1
l = λ1

k, for k = 1, . . . , h,

m∑
l=1

p2
l =

m∑
l=1

(b1 + r1l)
a1p1

l ,

m∑
l=1

pil =
m∑
l=1

(bi−1 + ri−1l)
ai−1pi−1

l , for i = 3, . . . , n,

Mi(λ
i
k − 1) +

m∑
l=1

pil 6
∑
l∈Gk

pil 6 λikMi, for i = 2, . . . , n, k = 1, . . . , h,

xi, p
i
l > 0, λik ∈ {0, 1}, for i = 1, . . . , n, l = 1, . . . ,m, k = 1, . . . , h,

in which Mi =
i−1∏
j=1

max
l=1,...,m

(djl )
aj , for i = 2, . . . , n, h = dlog2me, Gk = {l : gk,l = 1} and the

values of gk,l are binary numbers satisfying l = 1 +
h∑
k=1

2k−1gk,l for l = 1, . . . ,m.

From the above discussions, we see that the proposed Super Logarithmic Method signifi-

cantly reduces the required number of Big-M constraints for linearizing a signomial term with

discrete variables. When the discrete variables take equidifferent values, both of the numbers of

continuous variables and equality constraints required by the Super Logarithmic Method can

be further reduced.

4.3 Comparison with other methods

In this section, we compare the proposed Super Logarithmic Method with other referred meth-

ods for linearizing a single signomial term. The comparison can be easily extended to that for

(DSP) problems involving multiple signomial terms.

For linearizing a signomial term w = (x1)a1(x2)a2 . . . (xn)an with a1, . . . , an ∈ R, Table 4.1

lists the required numbers of binary variables, continuous variables, linear equality constraints

and inequality constraints required by Basic Method 1, Basic Method 2, Logarithmic Method

and Super Logarithmic Method (referring to Theorem 4.2.2).

From Table 4.1, we have the following observations:

(i) The Basic Method 2 improves Basic Method 1 by significantly reducing the required

number of inequality constraints at the cost of using more continuous variables.

(ii) Compared to Basic Method 2, the Logarithmic Method further reduces the required num-

ber of binary variables by half an order, while more continuous variables and equality
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Table 4.1: Comparison of four methods for linearizing one signomial term

Methods
# of 0-1 # of continuous # of equality # of inequality
variables variables constraints constraints

Basic Method 1 nm 1 + n 2n 2mn

Basic Method 2 nm 2n 2n 2(n− 1)m
Logarithmic ndlog2me 2n+ nm 1 + 2n+ ndlog2me 2(n− 1)m

Super Logarithmic ndlog2me n+ (2n− 1)m 3n+ ndlog2me − 1 2(n− 1)dlog2me

constraints are included.

(iii) Following the Logarithmic Method, the proposed Super Logarithmic Method again re-

duces the required number of inequality constraints by half an order, at the expense of

requiring more continuous variables and equality constraints.

Among the above four methods, the Super Logarithmic Method requires the fewest binary

variables and inequality constraints at the cost of using more continuous variables and equality

constraints to linearize a signomial term with discrete variables and real exponents. According

to [9], the performance of MILP solvers is dominated by the numbers of binary variables and

inequality constraints, and less affected by the numbers of continuous variables and equality

constraints. Therefore, it is reasonable to expect that the proposed Super Logarithmic Method

could run much faster than other referred methods for solving (DSP) problems.

4.4 Extensions of the Super Logarithmic Method

The comparison results in Section 4.3 showed that, for linearizing signomial terms with discrete

variables, fewer binary variables and Big-M inequality constraints are required by the proposed

Super Logarithmic Method than other known linearization methods. Solving the 0-1 MILP

reformulation of problem (DSP) by the Super Logarithmic Method is expected to be more

efficient. In this section, we show that the Super Logarithmic Method is applicable linearize

more complicated terms and provide a class of “representable programming problems” using

the Super Logarithmic Method.

4.4.1 General product term

Recall that Theorem 4.2.2 generates a linear system of continuous variables v1, . . . , vn such that

vn represents a signomial term w = (x1)a1 . . . (xn)an with discrete variables xi ∈ {di1, . . . , dim},
by using the proposed Super Logarithmic Method. Defining a function f∗i (xi) = (xi)

ai for i =

1, . . . , n, we observe that the linear system with (dil)
ai being replaced by f∗i (dil), i = 1, . . . , n, still
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guarantees that vn = w. If the function f∗i is further extended to a general nonnegative valued

function fi : R+ 7→ R+, i = 1, . . . , n, we claim that the modified system can linearly express a

corresponding product term with discrete variables in the form of w′ = f1(x1)f2(x2) . . . fn(xn).

Note that the key of linearizing w′ shall be using continuous variables pi1, . . . , p
i
m to linearly

express f1(x1) . . . fi(xi), for i = 2, . . . , n. This mechanism motivates us to consider a more

general term w′′ = f1(x1) . . . fn(xn)y, where y is a bounded nonnegative continuous variable.

To linearize w′′, we may require additional continuous variables p1
1, . . . , p

1
m to represent f1(x1)y,

and then, the linearization of f1(x1) . . . fi(xi)y follows in sequence for i = 2, . . . , n. We present

the system that linearizes w′′ by using the Super Logarithmic Method in the next theorem.

Theorem 4.4.1. Let fi(·) : R+ 7→ R+ be any nonnegative valued function and 0 6 di1 < . . . <

dim, for i = 1, . . . , n, and 0 6 y 6 ȳ. If

w′′ = f1(x1)f2(x2) . . . fn(xn)y (4.15)

is a product term of fi(xi) and y with xi ∈ {di1, . . . , dim}, i = 1, . . . , n and y ∈ [y, ȳ], then w′′ can

be linearly represented by w′′ =
m∑
l=1

fn(dnl )pnl , where {pnl }ml=1 is part of a solution to the following

linear system:

xi =
m∑
l=1

dilu
i
l, for i = 1, . . . , n, (4.16a)

m∑
l=1

uil = 1, for i = 1, . . . , n, (4.16b)∑
l∈Gk

uil = λik, for i = 1, . . . , n, k = 1, . . . , h, (4.16c)

y =

m∑
l=1

p1
l ,

m∑
l=1

f1(d1
l )p

1
l =

m∑
l=1

p2
l , (4.16d)

m∑
l=1

pil =

m∑
l=1

fi−1(di−1
l )pi−1

l , for i = 3, . . . , n, (4.16e)

ȳ(λ1
k − 1) + y 6

∑
l∈Gk

p1
l 6 λ1

kȳ, for k = 1, . . . , h, (4.16f)

Mi(λ
i
k − 1) +

m∑
l=1

pi−1
l 6

∑
l∈Gk

pil 6 λikMi, for i = 2, . . . , n, k = 1, . . . , h, (4.16g)

y 6 y 6 ȳ, xi, u
i
l, p

i
l > 0, λik ∈ {0, 1}, for i = 1, . . . , n, l = 1, . . . ,m, k = 1, . . . , h,

(4.16h)
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in which Mi =
i−1∏
j=1

max
l=1,...,m

fj(d
j
l ), for i = 2, . . . , n, h = dlog2me, Gk = {l : gk,l = 1} and the

values of gk,l are binary numbers satisfying l = 1+
h∑
k=1

2k−1gk,l for l = 1, . . . ,m and i = 1, . . . , n.

Proof. Denote sets

S1 = {(x, y, w′′) : w′′ defined by (4.15), y ∈ [y, ȳ], xi ∈ {di1, . . . , dim} for i = 1, . . . , n}

and

S2 = {(x, y, w′′) : x, y defined by (4.16a)− (4.16h), w′′ =

m∑
l=1

fn(dnl )pnl }.

We need to prove that S1 = S2.

Suppose that (x, y, w′′) ∈ S1, say xi = dil(i) for some l(i) ∈ {1, . . . ,m}, i = 1, . . . , n.

Additionally, for i = 1, . . . , n, we define that

(i) a nonnegative vector ui = (ui1, . . . , u
i
m) satisfying uil(i) = 1 and uil = 0 for l 6= l(i);

(ii) a nonnegative vector pi = (pi1, . . . , p
i
m) such that p1

l(1) = y and p1
l = 0 for l 6= l(1);

pil(i) =
i−1∏
j=1

fj(xj)y and pil = 0 for l 6= l(i), i = 2, . . . , n;

(iii) a 0-1 binary vector λi = (λi1, . . . , λ
i
h) with λik = 1 if and only if l(i) ∈ Gk.

It can be easily verified that variables x, y,ui,pi,λi, i = 1, . . . , n satisfy the linear system of

(4.16a)-(4.16h) and w′′ =
m∑
l=1

fn(dnl )pnl . Thus we have (x, y, w′′) ∈ S2.

Conversely, given (x, y, w′′) ∈ S2, then there exist nonnegative vectors ui = (ui1, . . . , u
i
m),

pi = (pi1, . . . , p
i
m) and 0-1 binary vectors λi = (λi1, . . . , λ

i
h), i = 1, . . . , n such that w′′ =

m∑
l=1

fn(dnl )pnl and (4.16a)-(4.16h) hold.

For i = 1, . . . , n, let Ki = {k ∈ {1, . . . , h} : λik = 1} be an index set and define l(i) =

1 +
∑
k∈Ki

2k−1. Obviously, l(i) is the unique index that ensures k ∈ Ki if and only if l(i) ∈ Gk.

For any l′ ∈ {1, . . . , n} with l 6= l(i), there exists some k′ /∈ Ki such that l′ ∈ Gk′ . Hence, (4.16c)

implies that

uil′ 6
∑
l∈Gk′

uil = λik′ = 0.

From (4.16f) and (4.16g), we have

pil′ 6
∑
l∈Gk′

pil = λik′ = 0.
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The non-negativity of uil′ and pil′ further leads to

uil′ = pil′ = 0, for l′ 6= l(i). (4.17)

Plugging (4.17) into (4.16b), we have uil(i) = 1. Then xi = dil(i) is obtained by carrying the

values of {uil}ml=1 into (4.16a), for i = 1, . . . , n.

From (4.16d) and (4.17), we see that p1
l(1) = y. Following to (4.17) and (4.16e), the value

of
m∑
l=1

pil is obtained by taking p
(i−1)
l(i−1) into (4.16e). Hence, we have pil(i) =

i−1∏
j=1

fj(d
j
l(j))y for

i = 2, . . . , n. At last, w′′ =
m∑
l=1

fn(dnl )pnl is calculated by w′′ =
n∏
i=1

fi(d
i
l(i))y =

n∏
i=1

fi(xi)y.

Consequently, x, y and w′′ satisfy (4.15), which means that (x, y, w′′) ∈ S1.

4.4.2 Fractional term

In this subsection, we show that the Super Logarithmic Method can be extended to treat the

following fractional term with a discrete valued denominator:

w′′′ = G(x,y)/F (x),

where y is a bounded nonnegative continuous vector, function G(x,y) is a linear combination

of terms in the form of w′′ = f1(x1)f2(x2) . . . fn(xn)y and function F (x) is a nonzero linear

combination of terms in the form of w′ = f1(x1)f2(x2) . . . fn(xn).

Since w′′′ satisfies the equation of G(x,y) = F (x)w′′′, it suffices to simultaneously linearize

G(x,y) and F (x)w′′′. Notice that both of G(x,y) and F (x)w′′′ are linear combinations of

product terms in discrete variables and a continuous variable, which are representable by the

Super Logarithmic Method and the Logarithmic Method. Hence, the fractional term w′′′ can be

linearly expressed by both methods. From previous comparisons, it is expected that the Super

Logarithmic Method is more effective for linearizing w′′′ than the Logarithmic Method. For

illustration purposes, we present the following example:

Example 4.4.1. Consider the following fractional term:

w̄ =
g1(x1)y

f1(x1) + f2(x2) + f3(x3)
, (4.18)

where xi ∈ {di1, . . . , dim} with 0 6 di1 < . . . < dim, i = 1, 2, 3, y ∈ [y, ȳ] with 0 6 y 6 ȳ and

g1, f1, f2, f3 : R+ 7→ R+ are nonnegative valued functions.

The idea is to consider g1(x1)y = f1(x1)w̄+f2(x2)w̄+f3(x3)w̄ by regarding w̄ as a continuous

variable. In this way, we can linearize g1(x1)y, f1(x1)w̄, f2(x2)w̄ and f3(x3)w̄ simultaneously
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using the Super Logarithmic Method. Consequently, the system that linearizes w̄ becomes

(4.16a)− (4.16c),

w̄ =

m∑
l=1

pil, for i = 1, 2, 3,

y =

m∑
l=1

q1
l ,

m∑
l=1

g1(d1
l )q

1
l =

3∑
i=1

m∑
l=1

fi(d
i
l)p

i
l,

M(λik − 1) + y 6
∑
l∈Gk

pil 6 λikM, for k = 1, . . . , h, i = 1, 2, 3,

ȳ(λ1
k − 1) + y 6

∑
l∈Gk

q1
l 6 λ1

kȳ, for k = 1, . . . , h,

w̄ ∈ [0,M ], y ∈ [y, ȳ], q1
l , p

i
l > 0, λik ∈ {0, 1}, for l = 1, . . . ,m, k = 1, . . . , h, i = 1, 2, 3,

in which h = dlog2me and M is a calculable upper bound of w̄.

4.4.3 Representable programming problems

Our Super Logarithmic Method was initially proposed for linearizing signomial terms with dis-

crete variables that are involved in the problem (DSP). In Sections 4.4.1 and 4.4.2, we extend the

proposed method to treat more complicated terms in the forms of w′, w′′ and w′′′, respectively.

Therefore, the proposed Super Logarithmic Method becomes applicable to linearize more com-

plicated programming problems, which we gather into a class of “representable programming

problems” in this subsection.

Given 0 6 di1 < . . . < dim, i = 1, . . . , n and 0 6 y
j
6 ȳj , j = 1, . . . , J , let discrete variables

xi ∈ {di1, . . . , dim} and continuous variables yj ∈ [y
j
, ȳj ]. The first type of representable functions

using the Super Logarithmic Method can be expressed as

F (x) =
∑
p∈P

cpfp,1(x1)fp,2(x2) . . . fp,n(xn),

where P is a finite index set, cp ∈ R and fp,i(·) : R+ 7→ R+, for p ∈ P and i = 1, . . . , n.

Complicating with continuous variables, the first type of representable functions can be extended

to

G(x,y) =
∑
q∈Q

bqgq,1(x1)gq,2(x2) . . . gq,n(xn)(yαq)
βq , (4.19)
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where Q is a finite index set, αq ∈ {1, . . . , J}, βq ∈ {0, 1}, bq ∈ R and gq,i(·) : R+ 7→ R+, for

q ∈ Q and i = 1, . . . , n. Combining them, we may further consider the fractional term of

F̄ (x,y) =
G(x,y)

F (x)
, (4.20)

where function F (x) does not achieve zero value.

Therefore, the Super Logarithmic Method is applicable to linearize a programming problem

whose objective and constraint functions take the form of F̄ (x,y) defined by (4.20). Notice that

any constraint F̄ (x,y) 6 b with constant b ∈ R can be transformed into G(x,y)− bF (x) 6 0,

i.e., G1(x,y) 6 0 for some function G1 in the form of (4.19). Consequently, we have the following

class of “representable programming problems” to which the Super Logarithmic Method applies:

min F̄ (x,y)

(P) s.t. Gt(x,y) 6 0, t ∈ T,

Gs(x,y) = 0, s ∈ S,

xi ∈ {di1, . . . , dim}, i = 1, . . . , n,

yj ∈ [y
j
, ȳj ], j = 1, . . . , J,

where T and S are finite index sets, 0 6 di1 < . . . < dim for i = 1, . . . , n, 0 6 y
j
6 ȳj for

j = 1, . . . , J , F̄ is a function in the form of (4.20), and Gt, Gs are functions in the form of (4.19)

for t ∈ T and s ∈ S.

4.5 Numerical experiments

Various practical engineering design optimization problems are tested in this section. The ex-

periments are run on a PC equipped with the Intel Core2 Duo CPU, 4GB RAM and Windows

7 (32 bit) operating system. These programs are solved by [35] using the MIP Solver for solving

integer LP-formulations of the Logarithmic Method and the Super Logarithmic Method.

4.5.1 Compression spring design optimization problem

A spring design optimization problem in industrial engineering minimizes the weight of a ten-

sion/compression spring (shown in Figure 4.1) subjected to feasible constraints of minimum

deflection, shear stress, surge frequency and limits on outside diameter. There are three design

variables including: (i) the wire diameter x, (ii) the mean coil diameter y , and (iii) the number

of active coils z. By referring to [5, 87], the problem can be modified as a signomial programming
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problem with positive discrete variables as follows:

min f(x, y, z) = x2y(z + 2)

s.t. 7178x4 − y3z 6 0,

4x2y2 +
1

5108
(7458x3y − x4)− 12566x5y + x6 6 0,

y2z − 140.45x 6 0,

y + x− 1.5 6 0,

x ∈
{

0.05 +
2− 0.05

m− 1
l : l = 0, 1, . . . ,m− 1

}
,

y ∈
{

0.25 +
1.3− 0.05

m− 1
l : l = 0, 1, . . . ,m− 1

}
,

z ∈ {2, 2.5, 3.1, 4, 5.2, 6.3, 7.1, 8.5, 9, 10, 11.7, 12.1, 12.3, 13.7, 14.3, 15},

where m means the number of discrete points of x between 0.05 and 2, and the number of

discrete points of y between 0.25 and 1.3.

Figure 4.1: Compression spring design optimization problem

The above problem is indeed an example of (DSP). Table 4.2 lists the problem size, 300 6

m 6 700, the number of 0-1 variables, the number of continuous variables, the number of

equality constraints, the number of inequality constraints, the number of iterations, the CPU

time, the solution and the objective value from GUROBI (2014) for the Logarithmic Method

(Log) and the Super Logarithmic Method (Super Log).

It illustrates that the proposed Super Logarithmic Method needs to use more continuous

variables. However, it is computationally more efficient than the current Logarithmic Method

for large m. Taking m = 700 as an example, solving the Logarithmic Method takes 96.7 CPU

seconds while solving the Super Logarithmic Method takes 0.4 CPU seconds only. The advantage

of working on the Super Logarithmic Method is apparent.
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Table 4.2: Experimental results of compression spring design optimization problem

m Methods
# of 0-1 # of continuous # of # of

Iterations
CPU Time Solutions Objective

variables variables equalities inequalities (seconds) (x, y, x) value

300
Log 22 628 28 5,404 52,049 12.7 (0.05, 0.28282,

0.002828
Super Log 22 1,826 28 76 464 0.1 2)

400
Log 22 828 28 7,204 53,751 13.1 (0.05, 0.2826,

0.002826
Super Log 22 2,426 28 76 605 0.1 2)

500
Log 22 1,028 28 9,004 57,300 20.1 (0.05, 0.28247,

0.002825
Super Log 22 3,026 28 76 667 0.2 2)

600
Log 24 1,228 30 10,804 63,075 21.3 (0.05, 0.28239,

0.002825
Super Log 24 3,626 29 84 848 0.2 2.0101)

700
Log 24 1,428 30 12,604 267,756 96.7 (0.05, 0.28233,

0.002822
Super Log 24 4,226 29 84 618 0.4 2)

4.5.2 Pressure vessel optimization problem

For designing a pressure vessel depicted in Figure 4.2, an engineer needs to decide the values of

the spherical heal thickness x1, the shell thickness x2, the radius x3, and the length of the shell

x4 thus to minimize the cost of manufacturing this pressure vessel subjected to the constraints

such as tolerable pressure and feasible sizes. For the cases that x1, x2, x3 and x4 are continuous

variables, this problem has been discussed by [69, 87]. For the purpose of demonstration, here

we modify this problem as a mixed discrete problem where x1, x2, x3 are discrete variables and

x4 is a continuous variable. The modified vessel design problem is expressed as

min 0.6224x1x3x4 + 1.7781x2x
2
3 + 3.1661x2

1x4 + 19.84x2
1x3

s.t. − x1 + 0.0193x3 6 0,

− πx2
3x4 −

4

3
πx3

3 + 1, 296, 000 6 0,

− x2 + 0.00954x3 6 0,

x1, x2 ∈
{

2.919

m− 1
(l − 1) : l = 1, . . . ,m

}
,

x3 ∈
{

500

m− 1
(l − 1) : l = 1, . . . ,m

}
,

10 6 x4 6 240,

where m means the number of discrete points of x1, x2 and x3.

This problem contains signomial terms with discrete variables and a continuous variable,

and thus is an example of (P). Instances with various m values, 200 6 m 6 400, are tested for

the Logarithmic Method and the Super Logarithmic Method. The computational results are

reported in Table 4.3. The results illustrate that the Super Logarithmic Method uses much fewer

inequality constraints and its computational time is over 10 times shorter than the Logarithmic

Method.
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Figure 4.2: Tube and end section of pressure vessel

Table 4.3: Experimental results of compression spring design optimization problem

m Methods
# of 0-1 # of continu- # of # of

Iterations
CPU Time Solutions Objective

variables ous variables equalities inequalities (seconds) (x1, . . . , x4) value

200
Log 24 1,009 16 1,004 9,228 6.9 (0.777, 0.396,

5,925.454
Super Log 24 1,209 22 83 3,868 0.4 40.201, 201.65787)

300
Log 27 1,509 16 1,504 19,228 7.9 (0.752, 0.371,

5,911.765
Super Log 27 2,809 23 93 14,313 0.7 38.462, 227.58066)

400
Log 27 2009 16 2,004 97,107 26.2 (0.05, 0.28247,

5,877.141
Super Log 27 2409 23 93 15,796 0.9 38.847, 221.56726)

4.5.3 Speed reducer design problem

The design of the speed reducer in Figure 4.3 is considered with the face width x1, module of

teeth x2, number of teeth on pinion x3, length of the first shaft between bearings x4, length of

the second shaft between bearings x5, diameter of the first shaft x6, and diameter of the second

shaft x7. The weight of the speed reducer is to be minimized subject to feasible constraints on

bending stress of the gear teeth, surface stress, transverse deflections of the shafts and stresses

in the shaft. The problem is formulated as below:

min 0.7854x1x
2
2(3.3333x2

3 + 14.9334x3 − 43.0934)− 1.508x1(x2
6 + x2

7)

+ 7.47777(x3
6 + x3

7) + 0.7854(x4x
2
6 + x5x

2
7)

s.t.
27

x1x2
2x3

> 1,
397.5

x1x2
2x

2
3

> 1,

1.93x3
4

x2x3x4
6

> 1,
1.93x3

5

x2x3x4
7

> 1,

1

110x3
6

√(
745x4

x2x3

)2

+ 16.9× 106 6 1,

1

85x3
7

√(
745x5

x2x3

)2

+ 157.5× 106 6 1,

x2x3

40
6 1,

5x2

x1
6 1,

x1

12x2
6 1,

1.5x6 + 1.9

x4
6 1,

1.1x7 + 1.9

x5
6 1,
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2.6 6 x1 6 3.6, 0.7 6 x2 6 0.8, 17 6 x3 6 28,

7.3 6 x4, x5 6 8.3, 2.9 6 x6 6 3.9, 5 6 x7 6 5.5,

where each variable xi takes m discrete equidifferent values between the respective lower and

upper bounds, for i = 1, . . . , 7.

Figure 4.3: Speed reducer

Consisting of fractional terms with discrete variables, the above problem is an example of

(P) as well. Instances with various values of 100 6 m 6 1000 are tested. We report the computa-

tional results in Table 4.4. The results also clearly indicate that solving the Super Logarithmic

Method is much more computationally efficient than solving the Logarithmic Method, espe-

cially when m become large. Taking m = 100 as an example, solving the Logarithmic Method

takes 103.6 CPU seconds while solving the Super Logarithmic Method takes 0.5 CPU seconds

only. For m > 500, solving the Logarithmic Method simply failed to produce a solution in over

10 hours of CPU time, while the Super Logarithmic Method can still find the exact solution

within a short time.

Table 4.4: Experimental results of compression spring design optimization problem

m Methods
# of 0-1 # of continu- # of # of

Iterations
CPU Time

variables ous variables equalities inequalities (seconds) value

100
Log 42 621 6 2,811 136,4060 103.6

2,996.551
Super Log 42 1,821 77 35 1,985 0.5

130
Log 48 801 6 3,651 26,001,169 2,471.4

2,996.473
Super Log 48 2,361 83 35 2,379 1

150
Log 48 921 6 4,211 49,113,425 5,937.9

2,997.439
Super Log 48 2,721 83 35 3,215 1.5

500
Log 54 3,021 6 14,011 - -

2,995.266
Super Log 54 9,021 89 35 4,158 3.5

1000
Log 60 6,021 6 28,011 - -

2,994.641
Super Log 60 18,021 95 35 5,604 9.7
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4.6 Linearization of DQP

In previous sections, we have proposed a Super Logarithmic Method for linearizing signomial

programming problems with discrete variables (DSP). Its superior performance on the computa-

tional efficiency of solving the resulting reformulation has been supported by numerical results.

In this section, we intend to customize the Super Logarithmic Method to linearly represent

DQP in an efficient manner.

4.6.1 A single discrete-valued quadratic term

Note that DQP can be viewed as a DSP problem whose objective function consists of quadratic

terms only, hence, the Super Logarithmic Method can be naturally extended to treating DQP.

As a direct result of Theorem 4.2.2, the linearization of a single quadratic term using the Super

Logarithmic Method is presented in the next theorem.

Theorem 4.6.1. For discrete variables xi ∈ {di1, . . . , dim} with 0 6 di1 < . . . < dim, i = 1, . . . , n,

we have xixj = wij, where wij is a solution to the following linear system:

xi =
m∑
l=1

dilu
i
l, xj =

m∑
l=1

djlu
j
l ,

m∑
l=1

uil = 1,
m∑
l=1

ujl = 1, (4.21a)∑
l∈Gk

uil = λik,
∑
l∈Gk

ujl = λjk, for k = 1, . . . , dlog2me, (4.21b)

xi =

m∑
l=1

pijl ,

m∑
l=1

djl p
ij
l = wij , (4.21c)

dim(λjk − 1) + xi 6
∑
l∈Gk

pijl 6 dimλ
j
k, for k = 1, . . . , dlog2me, (4.21d)

xi, xj , wij , u
i
l, u

j
l , p

ij
l > 0, λik, λ

j
k ∈ {0, 1}, for l = 1, . . . ,m, k = 1, . . . , h, (4.21e)

in which i, j ∈ {1, . . . , n} with i 6= j, Gk = {l : gk,l = 1} and the values of gk,l are binary

numbers satisfying l = 1 +
h∑
k=1

2k−1gk,l for l = 1, . . . ,m, k = 1, . . . , dlog2me.

Based on the logarithmic representation (4.21a)-(4.21b) and (4.21e) of discrete variables,

there are other state-of-the-art linearization methods that guarantee the continuous variable

wij to be a valid representation of xixj . As introduced in Section 1, one is using the following

Big-M inequality constraints provided by the Logarithmic Method:

(dimd
j
m)(ujl − 1) + djlxi ≤ wij ≤ (dimd

j
m)(1− ujl ) + djlxi, for l = 1, . . . ,m.

Besides, the Conventional Method of linearizing quadratic terms in 0-1 binary variables [22]
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provides the following linear system in which wij is a valid representation of xixj :

vijls ≤ u
i
l, vijls ≤ u

j
s, vijls ≥ u

i
l + ujs − 1, for l, s = 1, . . . ,m.

wij =

m∑
l=1

m∑
s=1

dild
j
sv
ij
ls , vijls ≥ 0, for l, s = 1, . . . ,m.

The comparison of above three methods for linearizing a quadratic term with discrete variables

in m possible discrete values is given in the next table.

Table 4.5: Comparison of three methods for linearizing one quadratic term

Methods
# of 0-1 # of continuous # of equality # of inequality
variables variables constraints constraints

Conventional 2dlog2me 3 + 2m+m2 5 + 2dlog2me 3m2

Logarithmic 2dlog2me 3 + 2m 4 + 2dlog2me 2m
Super Logarithmic 2dlog2me 3 + 3m 6 + 2dlog2me 2dlog2me

From Table 4.5, we see that the Super Logarithmic Method outperforms the Logarith-

mic Method for linearizing a discrete-valued quadratic term due to the half-order reduction

of Big-M inequality constraints. Adopting the conventional approach of treating 0-1 valued

quadratic term, the Conventional Method requires O(m2) continuous variables and inequalities

constraints, which is one-order more than those by the Logarithmic Method and the Super Log-

arithmic Method. As m becomes large, the large number of continuous variables and inequalities

in the Conventional Method may significantly aggravate the computational burden.

4.6.2 DQP with multiple discrete-valued quadratic terms

When it comes to reformulating DQP, we need to linearize multiple discrete-valued quadratic

terms. The linearization of each quadratic term using the Super Logarithmic Method follows the

linear system of (4.21a)-(4.21e) in Theorem 4.6.1. The corresponding 0-1 mixed-integer linear

reformulation of DQP is then given in the next theorem.

Theorem 4.6.2. Given A ∈ Sn, c ∈ Rn and 0 6 di1 < . . . < dim, i = 1, . . . , n, the following

DQP problem:

min 1
2x

TAx+ cTx

s.t. xi ∈ {di1, . . . , dim}, i = 1, . . . , n,
(4.22)
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has an equivalent 0-1 mixed-integer linear programming reformulation as below.

min
1

2

n∑
i=1

m∑
l=1

Aii(d
i
l)

2uil +
n−1∑
i=1

∑
j>i

Aijwij + cTx (4.23a)

s.t. xi =
m∑
l=1

dilu
i
l,

m∑
l=1

uil = 1, for i = 1, . . . , n, (4.23b)∑
l∈Gk

uil = λik, for i = 1, . . . , n, k = 1, . . . , h, (4.23c)

xi =
m∑
l=1

pijl ,
m∑
l=1

djl p
ij
l = wij , for i, j = 1, . . . , n, i < j, k = 1, . . . , h, (4.23d)

dim(λjk − 1) + xi 6
∑
l∈Gk

pijl 6 dimλ
j
k, for i, j = 1, . . . , n, i < j, k = 1, . . . , h, (4.23e)

x ∈ Rn+, ui ∈ Rm+ , λi ∈ {0, 1}h, for i = 1, . . . , n, (4.23f)

wij ≥ 0, pij ∈ Rm+ , for i, j = 1, . . . , n, i < j, (4.23g)

where h = dlog2me, Gk = {l : gk,l = 1} and the values of gk,l are binary numbers satisfying

l = 1 +
h∑
k=1

2k−1gk,l for l = 1, . . . ,m, k = 1, . . . , h.

The comparison of the Super Logarithmic Method, the Logarithmic Method and the Con-

ventional Method for reformulating a DQP problem follows the results in Table 4.5. Next we

shall further exploit the structure of reformulation in this simple quadratic case to improve the

effectiveness of the Super Logarithmic Method for linearizing DQP.

4.6.3 Enhancement

From Theorem 4.6.2, the linearization of each quadratic term xixj with i < j requires a con-

tinuous vector pij ∈ Rm+ and corresponding 2h Big-M inequality constraints in terms of λi.

We find that the Big-M constraints for different terms x1xj , . . . , xj−1xj that share the same

variable xj can be further aggregated, for j = 2, . . . , n.

Theorem 4.6.3. The DQP problem (4.22) is equivalent to a modified 0-1 mixed-integer linear

programming problem (4.23a)-(4.23g) with (4.23e) replaced by the following constraints:∑
i<j

dim(λjk − 1) +
∑
i<j

xi 6
∑
i<j

∑
l∈Gk

pijl 6
∑
i<j

dimλ
j
k, for j = 2, . . . , n, k = 1, . . . , h, (4.24)

Proof. Denote sets

S1 = {(x,w) : wij = xixj , xi ∈ {di1, . . . , dim} for i, j = 1, . . . , n}
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and

S2 = {(x,w) : x,w defined by (4.23a)− (4.23d), (4.23f)− (4.23g) and (4.24)}.

We need to prove that S1 = S2.

Following the proof of Theorem 4.2.2, it is easy to know that any (x,w) ∈ S1 satis-

fies (x,w) ∈ S2. Conversely, given (x,w) ∈ S2, then there exist nonnegative vectors ui =

(ui1, . . . , u
i
m), i = 1, . . . , n; pij = (pij1 , . . . , p

ij
m), i, j = 1, . . . , n with i < j and 0-1 binary vectors

λi = (λi1, . . . , λ
i
h), i = 1, . . . , n such that (4.23a)-(4.23d), (4.23f)-(4.23g) and (4.24) hold. Next

we verify that (x,w) ∈ S1 , similar to the proof of Theorem 4.2.2.

For i = 1, . . . , n, let Ki = {k ∈ {1, . . . , h} : λik = 1} be an index set and define l(i) =

1 +
∑
k∈Ki

2k−1. Obviously, l(i) is the unique index that ensures k ∈ Ki if and only if l(i) ∈ Gk.

For any l′ ∈ {1, . . . , n} with l 6= l(i), there exists some k′ /∈ Ki such that l′ ∈ Gk′ . Then,

(4.23b)-(4.23c) implies that uil(i) = 1, uil′ = 0 for l′ 6= l(i), and xi = dil(i), for i = 1, . . . , n.

Similarly, given j = 2, . . . , n, we have the following results for all l′ 6= l(j):

pijl′ 6
∑
i<j

∑
l∈Gk′

pijl 6
∑
i<j

dimλ
j
k′ = 0, i = 1, . . . , n with i < j,

and the non-negativity of pijl′ implies

pijl′ = 0, for l′ 6= l(j); i = 1, . . . , n with i < j. (4.25)

Plugging (4.25) into (4.23d), we get pijl(j) = xi and wij =
∑m

l=1 d
j
l p
ij
l = xid

j
l(j) = xixj , for

i = 1, . . . , n with i < j. Therefore, we obtain (x,w) ∈ S1.

Compared with the reformulation in Theorem 4.6.2, the number of Big-M constraints in the

refined reformulation is reduced from n(n− 1)h/2 to (n− 1)h. This improvement motivates us

to further investigate the connection among multiple quadratic terms.

In practice, it is very likely that not all of the variables xi and quadratic terms xixj appear

in DQP. A special case is when the coefficients of A and c are sparse. Note that each quadratic

term xixj associates with a set of Big-M constraints in terms of either λi or λj , and the Big-M

constraints for quadratic terms sharing variables may be aggravated as shown in Theorem 4.6.2.

Therefore, given a DQP problem with partial quadratic terms, properly choosing λi or λj to

construct Big-M constraints for each term xixj could possibly reduce the total number of Big-M

constraints required in the reformulation by the Super Logarithmic Method.

Given a DQP problem with coefficients A ∈ Sn and c ∈ Rn, we design a minimum vertex

cover problem to minimize the number of Big-M constraints required in the reformulation of

58



DQP by the Super Logarithmic Method. Specifically, define a graph G = (V,E) with vertex set

V = {i ∈ {1, . . . , n}| ci 6= 0 or Aij 6= 0 for some j = 1, . . . , n} and edge set E = {(i, j)| Aij 6=
0, i, j = 1, . . . , n, i < j}. A vertex cover of graph G is a subset V C ⊆ V such that each

edge of G is incident to at least one vertex of V C. Then, a minimum vertex cover of G is a

vertex cover G with the smallest number of vertices, denoted by V C∗. The problem of finding a

minimum vertex cover of a graph is a typical example of NP-hard optimization problems with

efficient approximation algorithms available. Given the minimum vertex cover V C∗ of G, for

any quadratic term xixj appeared in DQP, we have either i ∈ V C∗ or j ∈ V C∗. Therefore, we

only need to generate Big-M constraints using variables λj , j ∈ V C∗ for linearizing DQP. The

corresponding reformulation of DQP is stated in the next theorem.

Theorem 4.6.4. Given the DQP problem (4.22) and its corresponding graph G = (V,E), let

V C∗ be a minimum vertex cover of G. For each j ∈ V C∗, define Vj = {i ∈ V C∗| (i, j) ∈
E} ∪ {i ∈ V \V C∗| (i, j) ∈ E or (j, i) ∈ E}. Then DQP is equivalent to the following 0-1

mixed-integer linear programming problem:

min
1

2

∑
i∈V

m∑
l=1

Aii(d
i
l)

2uil +
∑

(i,j)∈E

Aijwij +
∑
i∈V

cixi (4.26a)

s.t. xi =
m∑
l=1

dilu
i
l,

m∑
l=1

uil = 1, for i ∈ V (4.26b)∑
l∈Gk

uil = λik, for i ∈ V, k = 1, . . . , h, (4.26c)

xi =
m∑
l=1

pijl ,
m∑
l=1

djl p
ij
l = wij , for j ∈ V C∗, i ∈ Vj , k = 1, . . . , h, (4.26d)∑

i∈Vj

dim(λjk − 1) +
∑
i∈Vj

xi 6
∑
i∈Vj

∑
l∈Gk

pijl 6
∑
i∈Vj

dimλ
j
k, for j ∈ V C∗, k = 1, . . . , h,

(4.26e)

x ∈ R|V |+ , ui ∈ Rm+ , λi ∈ {0, 1}h, for i ∈ V, (4.26f)

wij ≥ 0, pij ∈ Rm+ , for j ∈ V C∗, i ∈ Vj , (4.26g)

Proof. Denote sets

S1 = {(x,w) : xi ∈ {di1, . . . , dim} for i ∈ V, wij = xixj , for (i, j) ∈ E}

and

S2 = {(x,w) : x,w defined by (4.26b)− (4.26g)}.

The proof of S1 = S2 follows that in the proof of Theorem 4.6.3.
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The number of Big-M constraints required in the reformulation given by Theorem 4.6.4 is

|V C∗|h, compared to (n − 1)h as in Theorem 4.6.3. Note that |V C∗| ≤ (n − 1) always holds.

In particular, the difference between |V C∗| and (n − 1) could be large for DQP with sparse

or network-structure involved coefficients. Next we use a small-size example to illustrate the

process of generating the reformulation of DQP in Theorem 4.6.4 and compare with the other

two reformulations in Theorems 4.6.2 and 4.6.3, respectively.

Example 4.6.1. Consider the following example:

min 5x1x4 − x2x3 + x2x5 − 4x4x5

s.t. xi ∈ {1, . . . , 10}, i = 1, . . . , 5.

This DQP problem only involves partial quadratic terms. The associated graph G = (V,E) with

V = {1, 2, 3, 4, 5} and E = {(1, 4), (2, 3), (2, 5), (4, 5)} is drawn in the Figure 4.4. We can easily

find a minimum vertex cover {2, 4} for G. According to Theorem 4.6.4, the corresponding 0-1

mixed-integer linear programming reformulation of this DQP example is presented as below.

Figure 4.4: The graph G associated with DQP example

min 5w14 − w23 − w25 + w45

s.t. xi =

10∑
l=1

luil,

10∑
l=1

uil = 1, for i = 1, . . . , 5,∑
l∈Gk

uil = λik, for i = 1, . . . , 5, k = 1, . . . , 4,

x1 =

10∑
l=1

p14
l ,

10∑
l=1

lp14
l = w14, x5 =

10∑
l=1

p45
l ,

10∑
l=1

lp45
l = w45,

x3 =
10∑
l=1

p23
l ,

10∑
l=1

lp23
l = w23, x5 =

10∑
l=1

p25
l ,

10∑
l=1

lp25
l = w25,
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200(λ4
k − 1) + x1 + x5 6

∑
l∈Gk

p14
l +

∑
l∈Gk

p45
l 6 200λ4

k, for k = 1, . . . , 4,

200(λ2
k − 1) + x3 + x5 6

∑
l∈Gk

p23
l +

∑
l∈Gk

p25
l 6 200λ2

k, for k = 1, . . . , 4,

xi, u
i ∈ R10

+ , λ
i ∈ {0, 1}4, for i = 1, . . . , 5,

wij ≥ 0, pij ∈ R10
+ , for (i, j) ∈ {(1, 4), (2, 3), (2, 5), (4, 5)},

where G1 = {2, 4, 6, 8}, G2 = {3, 4, 7, 8, 10}, G3 = {5, 6, 7, 8} and G4 = {9, 10}.
Two other related reformulations using the Super Logarithmic Method can be derived ac-

cording to Theorems 4.6.2 and 4.6.3, respectively. The comparison of these three reformulations

is shown in the next table. From Table 4.6, we see that the number of required Big-M constraints

can be significantly reduced by using the aggravation technique and taking problem’s network

structure into consideration.

Table 4.6: Comparison of three SLM based reformulations of DQP example

Reformulations
# of 0-1 # of continuous # of equality # of inequality
variables variables constraints constraints

Theorem 4.6.2 20 99 38 80
Theorem 4.6.3 20 99 38 16
Theorem 4.6.4 20 99 38 8

From the above discussions, the Super Logarithmic Method can be customized to provide

an effective 0-1 mixed-integer linear programming reformulation for DQP. In the case when the

coefficients of DQP are sparse or have special network structures, the Big-M constraints in the

formulation may be further reduced for better efficiency.

4.7 Summary

In this chapter, we have proposed a Super Logarithmic Method for linearizing signomial pro-

gramming problems with discrete variables (DSP). The proposed method requires half an order

fewer Big-M inequality constraints to formulate a 0-1 mixed integer linear program than the Log-

arithmic Method, which is the state-of-the-art method for linearizing DSP problems. Since the

Big-M inequality constraints significantly affect the computational effectiveness, the proposed

Super Logarithmic Method is shown to be more effective. In addition, the Super Logarithmic

Method has been applied to treat more complicated product terms that may contain continuous
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variables and fractional terms. Accordingly, we provide a class of “representable programming

problems” to which the Super Logarithmic Method is applicable. The computational results

support our theoretical findings. We have also customized the Super Logarithmic Method to

linearly represent DQP problems and proposed potential enhancement of the reformulation by

examining network structures embedded in the DQP problem.
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Chapter 5

l1-norm Constrained Convex

Quadratic Programming with

Discrete Variables

In previous chapters, we have studied two important methods for quadratic programming with

discrete variables (DQP). One is a linear conic relaxation approach for finding approximate

solutions to DQP, while the other is a linearization method that provides effective reformula-

tions for finding exact solutions to DQP. For a closely related DQP problem, called l1-norm

constrained convex quadratic programming with integer variables (l1-DQP), the proposed two

methods are naturally applicable. In this chapter, a new type of mixed-integer conic cuts is

further developed for solving (l1-DQP) by exploiting the conic structure embedded in the l1-

norm constraint. We incorporate the proposed conic cuts into a branch-and-bound scheme to

find exact solutions. Numerical results show that the new conic cuts dominate the known cuts

for improving the computational efficiency of the branch-and-bound scheme.

5.1 Introduction

Since the last two decades, the l1-norm optimizer has been widely applied in statistics and

engineering areas due to the favorable properties of sparsity and outlier-robustness associated

with the l1-norm. Consider the following l1-norm constrained convex quadratic programs with

integer variables:

min
1

2
xTQx+ qTx

(l1-DQP) s.t. ‖Ax− b‖1 6 r (5.1)
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x ∈ Zn ∩ [l,u],

where Q ∈ Sn is a positive semi-definite symmetric matrix, A ∈ Rp×n is a matrix, q ∈ Rn

and b ∈ Rp are vectors, r ∈ R+, l,u ∈ Rn and Zn is the set of n-dimensional integer vectors.

Without loss of generality, we may assume that l,u ∈ Rn+, and hence x ∈ Zn+ ∩ [l,u]. Since

the l1-norm function is piecewise linear, we may reformulate (l1-DQP) as a linearly constrained

DQP problem. The DQP solution concepts reviewed in Chapter 2 can then be considered. In

particular, the linear conic relaxation approach and linearization method that we have proposed

in Chapters 3 and 4 are directly applicable here.

However, (l1-DQP) is more than a general linearly constrained DQP problem. Geometrically

speaking, the l1-norm constraint represents a cross section of a “first-order cone” (FOC in short),

which shares similar conic structures with the “second-order cone” (SOC in short) that has been

extensively studied in linear conic programming theory. The solution concepts of mixed-integer

second-order cone programming (MISOCP) may become valuable to the study of (l1-DQP). In

addition, exploiting the conic structure embedded in the l1-norm constraint may allow us to

develop new solution methods for solving (l1-DQP).

MISOCP has wide applications in engineering and operations management, such as net-

work design, portfolio optimization and transportation scheduling. As a result of the advanced

research on polynomial-time interior-point algorithms of second-order cone programs (SOCP),

commercial SOCP-solvers have been specifically designed and widely adopted for solving prac-

tical problems. To find an exact solution to MISOCP, a branch-and-bound scheme that solves

an SOCP as a continuous relaxation at each node of the branching tree can be adopted. For

computational efficiency of the branch-and-bound scheme, an important technique is incorpo-

rating effective conic cuts induced by the integer requirement to generate better lower bounds

for branching. In the recent literature, several nonlinear conic cuts of MISOCP have been devel-

oped. One is a class of mixed-integer SOC rounding cuts [7], developed from a two-dimensional

polyhedral SOC representation of an original SOC constraint. And the other is the so-called

“disjunctive SOC inequality” designed for representing the convex hull of a disjunctive SOC

set [8]. It is notable that these mixed-integer nonlinear cuts are specific to the nonlinear(conic)

structure of MISOCP.

Motivated by the research on mixed-integer conic cuts of MISOCP, in this chapter, we

explore some new mixed-integer conic cuts for (l1-DQP) and investigate the computational

efficiency of incorporating the conic cuts into a branch-and-bound scheme. Since the convex

quadratic objective function of (l1-DQP) is SOC representable, replacing the objective function

by an auxiliary variable and adding a corresponding SOC constraint, we may obtain some

mixed-integer SOC cuts of (l1-DQP) easily. Note that the l1-norm constraint captures an FOC-

based conic structure and can be represented by a set of two-dimensional polyhedral FOC
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constraints, which is similar to the representation of an SOC constraint for deriving mixed-

integer SOC rounding cuts. Hence, we extend the method in [7] to generate mixed-integer FOC

cuts based on the l1-norm constraint and integer requirement of the problem. Observe that a

two-dimensional polyhedral FOC constraint is also an SOC constraint. We further aggregate

the quadratic objective function and l1-norm constraint to derive comprehensive mixed-integer

conic cuts for (l1-DQP). The proposed comprehensive conic cuts are expected to be more

effective than the conventional SOC cuts.

Numerical experiments are conducted to test the impact of adding conventional SOC cuts

and new comprehensive conic cuts on the computational efficiency of a branch-and-bound al-

gorithm. Numerical results show that the comprehensive conic cuts are more effective than the

SOC cuts in improving the computational efficiency of solving (l1-DQP).

The contributions of this study are two-fold. First, we initiate the research of exploring

mixed-integer conic cuts that are specific to the conic structure of (l1-DQP). Second, our pre-

liminary numerical results provide insights for incorporating the proposed conic cuts to design

effective branch-and-bound algorithms for solving (l1-DQP).

The rest of this chapter is organized as follows. In Section 5.2, we introduce some basic prop-

erties of l1-norm constraint and mixed-integer conic rounding cuts. In Section 5.3, we propose

a new type of mixed-integer conic cuts of (l1-DQP). In Section 5.4, numerical experiments are

conducted to test the performance of proposed cuts for solving (l1-DQP). Section 5.5 concludes

this chapter with several remarks.

5.2 Preliminaries

In this section, we introduce some basic properties of l1-norm constraints and review the meth-

ods of generating mixed-integer SOC rounding cuts [7].

5.2.1 Basic properties of l1-norm constraints

For easy illustrations, here we consider a simple l1-norm constraint ‖x‖1 ≤ 1. The discussions

may naturally apply to the general l1-norm constraint shown in (5.1).

Recall that the lp-norm of a vector x ∈ Rn is given by ‖x‖p = (
∑n

i=1 |xi|p)1/p, for p =

1, 2, 3, . . .. Consequently, the l1-norm function is piecewise linear. In general, we have three

different ways to linearly represent the l1-norm constraint ‖x‖1 ≤ 1:

(i) From the linear realization of |x1|, . . . , |xn|, an equivalent linear system with 2n facet

constraints can be expressed as

wTx ≤ 1, for w ∈ {−1, 1}n.
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(ii) For each variable xi, introducing a two-dimensional l1-norm constraint |xi| ≤ ti with

the auxiliary variable ti ∈ R+, i = 1, . . . , n, we have
∑n

i=1 ti ≤ 1. The two-dimensional

constraints can also be written as

−ti ≤ xi ≤ ti, for i = 1, . . . , n.

(iii) Since the feasible domain of ‖x‖1 ≤ 1 is a bounded polyhedron formed as the convex hull

of its extreme points [34], the constraint can then be replaced by x = λ− µ, where

n∑
i=1

(λi + µi) = 1, and λi, µi ≥ 0, for i = 1, . . . , n.

The above three linear systems are equivalent, yet with respective meanings. We shall adopt a

proper system to represent the l1-norm constraint in later sections.

The cone induced by the l1-norm is called a first-order cone (FOC) defined by {(x, t0) ∈
Rn × R+ : ‖x‖1 ≤ t0}. Notice that FOC is a closed, convex and pointed polyhedral cone and

the domain of the l1-norm constraint ‖x‖1 ≤ 1 is the cross section of FOC with t0 = 1.

5.2.2 Mixed-integer conic rounding cuts

In this subsection, we briefly review a method of generating mixed integer conic rounding cuts

[7]. Consider the following mixed-integer second-order cone (SOC) set:

C := {(x, t0) ∈ Zn+ × R+ : ‖Ax− b‖2 ≤ t0},

where A ∈ Rp×n is a real matrix and b ∈ Rp is a real vector. The continuous relaxation domain

of C is defined as relax(C) := {(x, t0) ∈ Rn+ × R+ : ‖Ax − b‖2 ≤ t0}. A valid inequality of

C induced by the integer requirement that may cut off some portion of relax(C) is called a

mixed-integer cut of C.

Introducing auxiliary variables t = (t1, . . . , tp) ∈ Rp, the SOC constraint ‖Ax − b‖2 ≤ t0

can be reformulated as

|Aix− bi| ≤ ti, i = 1, . . . , p (5.2a)

‖t‖2 ≤ t0, (5.2b)

where Ai denotes the ith row of matrix A, i = 1, . . . , p. Constraints in the form of (5.2a)

are called “polyhedral SOC constraints”. Based on this reformulation, mixed-integer rounding

procedures are conducted on each polyhedral SOC constraint of (5.2a) to generate rounding

inequalities for C. For i = 1, . . . , p, consider the mixed-integer domain Ci := {(x, ti) ∈ Zn+×R+ :
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|Aix− bi| ≤ ti} associated with the i-th polyhedral SOC constraint. The continuous relaxation

Ci is given by relax(Ci) := {(x, ti) ∈ Rn+ × R+ : |Aix− bi| ≤ ti}.

Definition 1 (Ref. Definition 1, [7]). For 0 ≤ f < 1, the mixed-integer conic rounding function

φf : R→ R is defined by

φf (c) =

{
(1− 2f)bcc − (c− bcc), if c− bcc < f,

(1− 2f)bcc+ (c− bcc)− 2f, if c− bcc ≥ f.

Here we may directly extend the domain of φf to a vector space such that for any given c ∈ Rn,

y , φf (c) ∈ Rn with yi = φf (ci), i = 1, . . . , n. The main result of SOC rounding inequalities is

then given below.

Theorem 5.2.1 (Ref. Theorem 1 and Proposition 4, [7]). Given A ∈ Rp×n and b ∈ Rp, for

i = 1, . . . , n, the mixed-integer domain Ci := {(x, ti) ∈ Zn+ × R+ : |Aix − bi| ≤ ti} has a valid

inequality (
φfα(

AT
i

α
)

)T
x− φfα(

bi
α

) ≤ ti
|α|

(5.3)

with α 6= 0 and fα = bi
α − b

bi
α c. Moreover, the valid inequalities (5.3) with α = Aij , j = 1, . . . , n

are sufficient to cut off all fractional extreme points of the continuous relaxation of domain Ci.

Plugging the valid inequalities (5.3) to the reformulation (5.2a)-(5.2b), we may obtain non-

linear conic rounding inequalities for the original mixed-integer set C. Take a simple example

C := {(x, y, t0) ∈ Z× R× R+ :
√

(x− b)2 + y2 ≤ t0} for instance. Here the integer polyhedral

SOC set is C1 := {(x, t) ∈ Z × R+ : |x − b| ≤ t}. The conic rounding inequality with α = 1 is

then given by (1− 2f)(x− bbc) + f ≤ t, where f := b− bbc. From Figure 5.1, we see that the

conic rounding inequality cuts off all points in relax(C1)\conv(C1). It further yields a nonlinear

mixed-integer conic rounding inequality
√

[(1− 2f)(x− bbc) + f ]2 + y2 ≤ t0 for C, which is

valid and cuts off all points in relax(C)\conv(C).

In theory, the mixed-integer conic rounding inequalities (5.3) based on the reformulation

(5.2a)-(5.2b) are not guaranteed to provide a valid cut-off of the continuous relaxation of the

original mixed-integer domain C. However, numerical results in [7] support that the mixed-

integer conic rounding inequalities are capable of providing effective conic cuts that can reduce

the continuous relaxation gap and improve the solvability of conic mixed-integer programs. We

shall extend the work in [7] to generate some new mixed-integer conic cuts for (l1-DQP).
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Figure 5.1: Simple conic rounding cut for |x− b| ≤ t

5.3 Conic Cuts of (l1-DQP)

Since the problem (l1-DQP) involves integer variables, a branch-and-bound scheme is most

likely to be employed for finding exact solutions of (l1-DQP). When such a scheme is applied,

at each node of the branching tree, we need to solve a continuous relaxation problem based on

the linearization of l1-norm constraint for finding a lower bound. To improve the efficiency of the

branch-and-bound scheme, we propose some new conic cuts induced by the integer requirement

of variables to tighten the continuous relaxation at the root node.

For the purpose of illustration, we use the following form of (l1-DQP) in which the convex

quadratic objective function is written as an l2-norm function:

min ‖Bx− g‖2 (5.4a)

(l1-DQP) s.t. ‖Ax− b‖1 6 r (5.4b)

x ∈ Zn+ ∩ [l,u] i = 1, . . . , n,

where B ∈ Rn×n, g ∈ Rn and A, b, r, l,u follow those defined in (5.1).

5.3.1 Conventional SOC cuts

Since the convex quadratic objective function is SOC representable, mixed-integer SOC round-

ing cuts can be first derived from the objective function (5.4a) following [7]. More specifically,

we may introduce an SOC constraint from the original objective function and rewrite (l1-DQP)

as

min v0
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s.t. ‖Bx− g‖2 ≤ v0

‖Ax− b‖1 6 r

v0 ∈ R+, x ∈ Zn+ ∩ [l,u].

Note that the SOC constraint ‖Bx− g‖2 ≤ v0 has the following reformulation:{
|Bjx− gj | ≤ vj , j = 1, . . . , n

‖v‖2 ≤ v0, v = (v1, . . . , vn) ∈ Rn+,
(5.5)

where Bj is the j-th row of matrix B ∈ Rn×n, j = 1, . . . , n. For each j = 1, . . . , n, based on

the integer requirement on x, we can then generate mixed-integer linear rounding inequalities

in terms of (x,v) as below according to Theorem 5.2.1.(
φfα(

BT
j

α
)

)T
x− φfα(

gj
α

) ≤ vj
|α|

, (5.6)

where fα =
gj
α − b

gj
α c with α > 0. In the reformulation (5.5) there remains a simple SOC

constraint ‖v‖2 ≤ v0 on the auxiliary variable v ∈ Rn+. Therefore, projected onto the space

of (x, v0), the rounding inequalities (5.6) turn to be in a quadratic form, called “SOC conic

inequalities”. An SOC conic inequality that may cut off a fractional solution is denoted as a

mixed-integer SOC conic cut.

5.3.2 New conic cuts

In this subsection, we show that the l1-norm constraint (5.4b) provides a new source to generate

mixed-integer conic inequalities for (l1-DQP). From Section 5.2.1, ‖Ax−b‖1 ≤ r can be linearly

reformulated as {
|Aix− bi| ≤ ti, i = 1, . . . , p

eT t ≤ r, t = (t1, . . . , tp) ∈ Rp+,
(5.7)

where e = (1, 1, . . . , 1)T ∈ Rp andAi is the i-th row of matrixA ∈ Rp×n, i = 1, . . . , p. The linear

system (5.7) uses similar polyhedral constraints as that in (5.5). For each i = 1, . . . , p, we may

then follow Theorem 5.2.1 to generate the following mixed-integer linear rounding inequalities

in term of (x, t):

(
φfα(

AT
i

α
)

)T
x− φfα(

bi
α

) ≤ ti
|α|

, (5.8)
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where fα = bi
α − b

bi
α c with α > 0. The piecewise linearity of l1-norm constraint is thoroughly

delivered to the polyhedral constraints in terms of (x, t), while the remaining restriction on the

auxiliary variable t ∈ Rp+ is linearity only. Consequently, the rounding inequalities with respect

to x are called “FOC conic inequalities”. An FOC conic inequality that cuts off a fractional

solution is denoted as a mixed-integer FOC conic cut.

Both SOC and FOC conic cuts preserve the structure of constraints where they are derived

from. Given a continuous relaxation solution of (l1-DQP), an SOC conic cut generated from

the objective function ‖Bx−g‖2 guarantees a direct improvement of the objective value, while

an FOC conic cut derived from ‖Ax − b‖1 6 r tightens the relaxation of the integral feasible

domain. The improvement of the objective value and a tighter approximation of the feasible

domain are both important in a branch-and-bound scheme. Next we propose a new type of

conic cut for (l1-DQP) that may capture both features.

The idea is motivated by a conic aggregation strategy that was introduced in [7] for practical

implementations. For instance, given A ∈ Rp×n and b ∈ Rp, consider the polyhedral SOC

constraints |Aix − bi| ≤ ti, i = 1, . . . , p with variables x ∈ Zn+ and t ∈ Rp+. For i = 1, . . . , p,

taking µi and λi as the multipliers on the left and right terms of −ti ≤ Aix−bi ≤ ti, respectively,

we have −µiti ≤ µi(Aix− bi) and λi(Aix− bi) ≤ λiti. The p polyhedral SOC constraints can

then be aggregated into the following single polyhedral SOC constraint:∣∣∣∣∣
(
µ+ λ

2

)T
Ax+

(
µ− λ

2

)T
t−

(
µ+ λ

2

)T
b

∣∣∣∣∣ ≤
(
µ− λ

2

)T
Ax+

(
µ+ λ

2

)T
t−

(
µ− λ

2

)T
b,

(5.9)

where µ,λ ∈ Rp+. Subsequently, we may derive the corresponding mixed-integer conic rounding

inequalities from (5.9) as below.(
φfα(

Ā

α
)− A

|α|

)T
x−

(
φfα(

b̄

α
)− b

|α|

)
≤ (µ+ λ)T t

|α|
, (5.10)

where Ā,A ∈ Rn and b̄, b ∈ R are given by

[
ĀT b̄

AT b

]
= 1

2 [µ + λ µ − λ]T [A b], and

fα = b̄
α − b

b̄
αc with α > 0.

The conic aggregation (5.9) utilizes multiple polyhedral SOC constraints in deriving conic

rounding inequalities. In the special case when µ and λ with µ = λ are unit vectors in Rp,
(5.9) degenerates into an original polyhedral SOC constraint |Aix − bi| ≤ ti, for some i =

1, . . . , p. More discussions of the impact of aggregation multipliers µ and λ on the resulted

conic inequality (5.10) shall be presented in the next subsection.

With the conic aggregation strategy in mind, observing that an FOC polyhedral constraint
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is also an SOC polyhedral constraint, we may connect the objective function with l1-norm

constraint to derive more comprehensive conic inequalities. We gather all the polyhedral SOC

constraints |Bjx − gj | ≤ vj , j = 1, . . . , n, from the objective function and polyhedral FOC

constraints |Aix − bi| ≤ ti, i = 1, . . . , p, from the l1-norm constraint, and then conduct conic

aggregations according to (5.9). The resulting linear rounding inequalities in terms of (x,v, t)

can be regarded as nonlinear conic inequalities in the original space of (x, v0). A comprehensive

conic inequality that may cut off a fractional solution is denoted as a mixed-integer compre-

hensive conic cut. Involving the information of both the objective function and the l1-norm

constraint, this new type of conic cut is promising to tighten the continuous approximation of

the integer feasible domain along “good” directions that improve the current objective value.

In this subsection, we have developed new mix-integer conic cuts for (l1-DQP), namely, the

FOC cuts and comprehensive conic cuts. Since the comprehensive conic cuts are more general

than FOC cuts, we shall focus on the comprehensive conic cuts in the rest of this study.

5.3.3 Analysis of conic aggregation strategy

Recall that the conic aggregation strategy unitizes several polyhedral SOC/FOC inequalities

by using multipliers. In the numerical experiments of [7], the conic aggregation strategy was

adopted on all possible pairs of constraints with all possible 0-1 valued multipliers. In this

subsection, we examine the impact of multipliers (λ,µ) on the effectiveness of the resulting conic

cuts to provide more insights for numerical implementation. For the purpose of illustration, we

only discuss 0-1 valued multipliers as in [7].

Consider the following two-dimensional l1-norm constraint on Z2
+:

|2.5435x1 − 0.1738x2 − 0.6685|+ |1.0182x1 + 0.9930x2 − 0.8946| ≤ 1, (5.11)

where x1, x2 ∈ Z+. Let (λ1, µ1) be the multipliers for |2.5435x1 − 0.1738x2 − 0.6685| ≤ t1 and

(λ2, µ2) be the multipliers for |1.0182x1+0.9930x2−0.8946| ≤ t2, respectively, where t1, t2 ∈ R+

satisfying t1 + t2 ≤ 1, i.e.,

(λ1, µ1) : |2.5435x1 − 0.1738x2 − 0.6685| ≤ t1, (5.12a)

(λ2, µ2) : |1.0182x1 + 0.9930x2 − 0.8946| ≤ t2. (5.12b)

The continuous relaxation domain of (5.11) and the conic inequalities under various choices of

λ1, µ1, λ2, µ2 ∈ {0, 1} are drawn in Figure 5.2. The top row and left column indicate the non-

zero multipliers in {µ1, µ2} and {λ1, λ2}, respectively, which are called “active multipliers”.

In particular, the subfigure on the top left corner shows the continuous relaxation domain of

(5.11), which contains a unique integer point (0, 1) ∈ Z2
+. And the four sides of this domain
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are actually given by the aggregated inequalities with attached active multipliers, respectively.

From Figure 5.2, we have the following observations:

Figure 5.2: Conic inequalities based on various 0-1 multipliers

(i) Consider the subfigure with active multipliers {λ1, µ1}. The aggregated constraint is ac-

tually the polyhedral inequality (5.12a), whose corresponding conic inequality cuts off

the top and down corners of the continuous relaxation domain as shown in the subfigure.

Similarly, in the subfigure with active multipliers {λ2, µ2}, the conic inequality derived

from (5.12b) cuts off the left and right corners of the continuous relaxation domain.

(ii) In the four subfigures whose active multipliers are those indicated on the four sides of

continuous relaxation domain, respectively, the conic inequality are skewed along the

associated side of the continuous relaxation domain. This type of conic inequalities does

not always provide a valid cut-off.

(iii) Given a continuous solution, for instance, (x1, x2) = (0.1585, 0) on the left side of the con-
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tinuous domain, the conic inequalities serve as conic cuts in six subfigures only, i.e., those

with active multipliers {µ1}, {µ1, µ2}, {λ1, µ1}, {λ1, µ1, µ2}, {λ2, µ1, µ2} and {λ1, λ2, µ1, µ2},
respectively.

(a) Note that the realization of the l1-norm vector is (−0.2667,−0.7332), i.e., t1 = 0.2667

and t2 = 0.7332. Since t1 < t2, this point is closer to the corner associated with

the first polyhedral inequality (5.12a). The conic inequality with active multipliers

including λ1 and µ1 has high potential to cut off this continuous point, as verified in

the corresponding subfigure.

(b) The continuous point stands on the left side of the continuous relaxation domain

associated with multipliers including µ1 and µ2. Correspondingly, the subfigures in

the right column all provide valid conic cuts.

The above observations imply that the performance of conic inequalities highly depends on

the choice of multipliers. We can selectively choose multipliers to generate important conic

inequalities for a given continuous solution, rather than considering all the possible multipliers.

A separation heuristic of generating conic cuts from the conic inequalities shall be derived

accordingly for numerical implementations in the next section.

5.4 Numerical Experiments and Results

In this section, we conduct numerical experiments to test the performance of the proposed

comprehensive mixed-integer conic cuts and compare with that of conventional mixed-integer

SOC cuts for solving (l1-DQP). The impacts of conic cuts on the complexity of the branching

tree and overall computational efficiency of finding an exact solution shall be examined.

The problem (l1-DQP) in the form of a mixed-integer second-order cone program is given

below.

min v0

s.t. − vj ≤ Bjx− gj ≤ vj , j = 1, . . . , n,

− ti ≤ Aix− bi ≤ ti, i = 1, . . . , p,

eT t 6 r,

x ∈ Zn+ ∩ [l,u], (v, v0) ∈ Ln+1, t ∈ Rp+,

where e = (1, 1, . . . , 1)T ∈ Rp and Ln+1 = {(v, v0) ∈ Rn × R : ‖v‖2 ≤ v0} is the (n + 1)-

dimensional second-order cone. Without loss of generality, we may assume that l1 = l2 =

. . . , ln = 0 and u1 = u2 = . . . = un, i.e., x ∈ [0, u]n for some u ∈ R+. A set of (l1-DQP) instances
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with various values of n, p ∈ {40, 80} and u ∈ {1, 5, 10} are tested. For each test problem, the

matrix B is randomly generated from the uniform distribution over [0, 1]n×n and g = Bz0 with

z0 randomly generated from the uniform distribution over [0, 2u]n. The matrix A and vector b

are from the uniform distribution over [0, 1]p×n and [0, n]p, respectively. Meanwhile, to guarantee

the feasibility of (l1-DQP), r is given by r = (1 − s)r1 + sr2, where r1 = min
Zn+∩[0,u]n

‖Ax − b‖1,

r2 = min{‖b‖1, ‖A(u, . . . , u)T − b‖1} and s ∈ (0, 1). We later find that the choice of s ∈ (0, 1)

does not make a difference regarding to our conclusion of numerical results, hence s = 0.8 is

adopted here. Accordingly, two hundred instances are randomly generated for each combination

of n, p and u.

All experiments are run on a personal computer with 3.20 GHz Intel Core i7-5600U CPU

and 8Gb of RAM. We implement the program in MATLAB R2015a using Gurobi [35] MISOCP

solver with a feasibility/optimality tolerance of 1e-6. Gurobi solver is run with default options

except that the cut generation option is turned off. In the experiments, we use a separation

heuristic to generate conic cuts at the root node, from the SOC conic inequalities and compre-

hensive conic inequalities, respectively. The separation heuristic is a partial conic aggregation

procedure that we propose in the next subsection.

5.4.1 Partial conic aggregation procedure

Recall the two types of mixed-integer conic cuts introduced in Section 5.3:

� SOC cuts: from |Bjx− gj | ≤ vj , j = 1, . . . , n;

� Comprehensive conic cuts: from |Bjx−gj | ≤ vj , |Aix−bi| ≤ ti, j = 1, . . . , n, i = 1, . . . , p.

In generating each type of conic cuts for the continuous relaxation at the root node, a direct

way is using each single polyhedral constraint to construct a corresponding mixed-integer conic

rounding inequality in the form of (5.6) or (5.8), and check for violation for each integer variable

xi with a fractional value. This pure procedure provides n2 and n2+np inequalities as candidates

for SOC and Comprehensive conic cuts, respectively. To improve the quality of conic cuts, we

may follow [7] to apply conic aggregation on pairs of polyhedral constraints using multipliers

λ,µ ∈ {0, 1}2. In this way, the total numbers of conic inequalities as candidates of SOC and

FOC cuts increase to 8n2(n−1) and 8n2(n−1)+8np(p−1), respectively. Compared with the pure

procedure, this complete conic aggregation procedure will possibly aggravate the computational

burden with much more inequalities to check and also much more cuts added in the continuous

relaxation.

To address this numerical issue, from our discussion in Section 5.3.3, we may selectively

choose polyhedral constraints for aggregation and use proper aggregation multipliers to separate
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a given continuous solution. We first propose the following partial conic aggregation procedure

to generate SOC cuts with a given continuous solution x̄ ∈ Rn:

Step 1: Let the index set I = {i ∈ {1, . . . , n}| xi /∈ Z}. Calculate the norm-vector v̄ = Bx̄−g ∈
Rn and sort |v̄j |, j = 1, . . . , n ascendingly. Find an index set J ⊂ {1, . . . , n} such that

|v̄j |, j ∈ J are the first quarter among the arranged values of {|v̄j |, j = 1, . . . , n}.

Step 2: For each i ∈ I, generate conic cuts following the procedures as below.

(2.1) For each j ∈ J , generate the conic rounding inequality (5.6) from |Bjx− gj | ≤ vj
with α = Bij .

(2.2) Conduct conic aggregation on each pair of constraints among |Bjx − gj | ≤ vj ,

j ∈ J , using multipliers that are associated with v̄. For instance, given j, j′ ∈ J
with j 6= j′, if v̄j > 0 and v̄j′ < 0, we select λj and µj′ as active multipliers, i.e.,

λ = (λj , λj′) ∈ {0, 1}2 and µ = (µj , µj′) ∈ {0, 1}2 with λj = µj′ = 1, to aggregate

the two constraints of |Bjx− gj | ≤ vj and |Bj′x− gj′ | ≤ vj′ .

(2.3) For each aggregated polyhedral constraint with index pair (j, j′) and multipliers

λ,µ ∈ {0, 1}2, generate the corresponding conic rounding inequality with α = B̄i,

where B̄ = 1
2(µ+ λ)T [Bj ; Bj′ ] is an n-dimensional row vector.

(2.4) Among all of the conic rounding inequalities generated from (2.1)-(2.3), pick up

those that are violated by the given continuous solution x̄. If the number of

violated inequalities is larger than five, then we choose those with the largest five

violated values.

To generate the comprehensive conic cut, we slightly adjust the above partial conic aggregation

procedure. At Step 1, calculate the norm-vector t̄ = Ax̄− b ∈ Rp and index set K ⊂ {1, . . . , p}
such that |t̄k|, k ∈ K are the smallest quarter among {|t̄k|, k = 1, . . . , p}. Update J = J ∪K,

B = [B;A], g = [g; b], v̄ = [v̄; t̄] and then go to Step 2.

This partial conic aggregation procedure selects representative conic inequalities among those

generated from complete conic aggregation strategy. So the cost of generating conic cuts and

the computational burden of solving the tightened problem will be relieved. In our numerical

experiments, the SOC cuts and comprehensive conic cuts are added at the root node using this

partial conic aggregation procedure as the separation heuristic, respectively.

5.4.2 Numerical results

For each problem size of n, p ∈ {40, 80} and u ∈ {1, 5, 10}, the 200 randomly generated (l1-DQP)

instances shall be solved in three different ways: without adding any cut (Original in short),

adding conventional SOC cuts (SOC-cut in short) and adding new comprehensive conic cuts
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(Comp.-cut in short), respectively. We shall analyze the computational results from the following

three aspects: (i) the possibility that conic cuts can be separated from the SOC inequalities

and comprehensive conic inequalities, respectively, (ii) the computational cost of generating

each type of conic cuts, and (iii) if SOC cuts or comprehensive conic cuts are generated, the

reductions of the number of nodes explored in the searching tree and total CPU time of branch-

and-bound algorithm, respectively.

Binary-valued instances

We first test the instance set with integer variables taking 0-1 binary values, i.e., u = 1. Among

the 200 randomly generated instances of problem size n = p = 40, there are 134 instances (type-

I) in which both the SOC rounding inequalities and comprehensive conic inequalities provide

conic cuts at the root node, while the comprehensive conic cuts can be obtained in additional

15 instances (type-II). For the remaining 51 instances (type-III), no SOC cut or comprehensive

conic cut is generated at the root node.

Table 5.1 presents the average results of using three different ways to solve (l1-DQP), respec-

tively. In particular, the CPU time of solving (l1-DQP) with conic cuts added shown in Table

5.1 is the summation of cut generation time and branch-and-bound CPU time. One observation

Table 5.1: Computational results (average), n = 40,m = 40, u = 1

Instances Results Original SOC-cuts Comp.-cuts

Type-I # of cuts 0 8 9
(134) # of nodes 300 281 282

CPU time 0.50s (0.31+0.41)s (1.17+0.44)s

Type-II # of cuts 0 0 3
(15) # of nodes 6 6 5

CPU time 0.15s (0.07+0.15)s (0.38+0.14)s

Type-III # of cuts 0 0 0
(51) # of nodes 875 875 875

CPU time 1.13s (0.20+1.13)s (0.83+1.13)s

from Table 5.1 is that adding SOC cuts and comprehensive conic cuts could reduce the average

number of nodes explored in the searching tree, respectively. In the meanwhile, the cut gener-

ation procedure (using our proposed separation heuristic) takes the same order of CPU time

as that of solving (l1-DQP) by Gurobi solver without adding any cut, though the CPU time of

solving the resulting branch-and-bound scheme is reduced. To explore the impact of conic cuts
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on the branch-and-bound algorithm, we shall focus on the branch-and-bound CPU time rather

than the total time including generating conic cuts. In the later numerical experiments, we

will see that the branch-and-bound CPU time dominates the cut-generation time in larger-size

instances. It is worth improving the separation heuristic such that the extra computational cost

of generating cuts may be reduced, yet it is beyond the scope of this study.

Besides the average results, for more detailed information, we draw the box plot of reductions

of node number and branch-and-bound CPU time from the 134 type-I instances, respectively,

in the next figure. Figure 5.3 shows that by adding either type of conic cut, the number of

Figure 5.3: Impact of adding conic cuts, n = 40,m = 40, u = 1

nodes explored in the searching tree and the branch-and-bound CPU time are indeed reduced

in almost half of the type-I instances. The performance of comprehensive conic cuts in type-II

instances is similar to that in type-I instance, so we do not show the corresponding box plot

here.

From the above discussions, we know that for (l1-DQP) with binary variables, (i) it is very

likely to generate conventional SOC cuts and new comprehensive conic cuts at the root node, (ii)

the performance of comprehensive conic cuts is compatible to that of SOC cuts for improving

the computational efficiency of solving (l1-DQP), and (iii) comprehensive conic cuts exist in

some instances where the conventional SOC cuts cannot be successfully generated.
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As the problem size (n and p) increases from 40 to 80, the average branch-and-bound CPU

time of solving binary-valued (l1-DQP) instances with or without adding conic cuts is still

around 1 second. Since no other new observation is obtained, we shall move on to the numerical

experiments that test (l1-DQP) instances with general integer-valued variables.

General integer-valued instances

To further investigate and compare the performances of SOC cuts and comprehensive conic

cuts for solving general integer-valued (l1-DQP), we consider the instances of problem size

n, p ∈ {40, 80} and u ∈ {5, 10}. Recall that in the binary-valued instances (u = 1), there are

three outcomes with respect to whether or not SOC cuts and comprehensive conic cuts are

successfully generated: type I (both), type II (comprehensive conic cuts only) and type III

(neither). Table 5.2 lists the percentage of each type appeared in the 200 randomly generated

instances of each problem size tested. A direct observation is that SOC cuts have never been

generated at the root node, while comprehensive conic cuts exist in about 30% of the instances

with u = 5 and 13% of the instances with u = 10.

Table 5.2: Outcome percentage of the 200 instances

u n p Type-I Type-II Type-III

5 40 40 0% 40% 60%
5 40 80 0% 31% 69%
5 80 40 0% 30% 70%
5 80 80 0% 22% 78%

10 40 40 0% 13% 87%
10 40 80 0% 12% 88%
10 80 40 0% 14% 86%
10 80 80 0% 14% 86%

Since the conventional SOC cut generation method does not work here, we continue to

explore the performance of proposed comprehensive conic cuts in the remainder of this part.

Table 5.3 shows the results in the average level of solving type-II (l1-DQP) instances with and

without adding comprehensive conic cuts, respectively. We find that adding comprehensive conic

cuts is capable of reducing the number of nodes explored in the searching tree and further leads

to a shorter CPU time of branch-and-bound algorithm. Moreover, as the problem size increases,

it takes longer CPU time to solve (l1-DQP) without adding any cut, while the reduction of CPU

time by adding comprehensive cuts is more significant. It is notable that in the general integer-
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Table 5.3: Computational results of Type-II instances (average)

u n p Original Comp.-cuts
# of nodes CPU time # of nodes CPU time

5 40 40 40350 53.94s 41154 (1.23+51.78)s
5 40 80 69202 81.40s 68143 (2.93+79.18)s
5 80 40 120486 396.33s 103282 (5.01+304.72)s
5 80 80 418870 1518.85s 322900 (10.75+961.65)s

10 40 40 27410 27.37s 24147 (1.01+22.81)s
10 40 80 97754 192.24s 90914 (2.49+161.89)s
10 80 40 153308 576.43s 118370 (3.73+365.65)s
10 80 80 296968 3238.91s 254169 (9.62+986.29)s

valued instances, the cut-generation computational time actually takes a quite small portion of

the total CPU time, especially when the problem size is large.

Figure 5.4: Impact of adding comprehensive conic cuts, u = 5

For more specific results, we present the box plot of node number reduction and branch-

and-bound CPU time reduction in type-II instances of each problem size with u = 5 and

u = 10, in Figure 5.4 and Figure 5.5, respectively. In the case of u = 5, in more than half
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Figure 5.5: Impact of adding comprehensive conic cuts, u = 10

of the type-II instances, the number of nodes explored decreases and the branch-and-bound

algorithm with comprehensive conic cuts added is more computationally efficient. It is notable

that the average reduction levels of node number and CPU time are higher than those in the

binary-valued instances, though the variations are augmented. When it comes to the instances

with u = 10, i.e. each variable may take more integer values, the difficulty of solving (l1-DQP)

actually increases. From Figure 5.5, we see that when comprehensive conic cuts are generated at

the root node, there is a higher possibility of about 0.75 that adding these cuts could lead to a

reduction of branch-and-bound CPU time. And the average reduction level is at 40% comparing

with 20% in the case of u = 5. The comprehensive conic cuts perform better in improving the

computational efficiency of branch-and-bound algorithm in the case of u = 10 than u = 5.

Note that there still exist type-III instances in which we fail to generate SOC cuts and

comprehensive conic cuts. The average computational results in type-III instances are presented

in Table 5.4. Comparing the results in Table 5.3 and Table 5.4, we find that type-III instances

are much easier to solve than type-II instances, especially when the problem size is large. On

the other hand, the computational cost of generating cuts is consistent for these two types of

instances. Therefore, implementing the cut-generation procedure has the potential to relieve

the computational burden of solving difficult (l1-DQP) instances, although it may increase the

computational time of solving easy instances.

From the above discussions, we know that for general integer-valued (l1-DQP), conventional
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Table 5.4: Computational results of Type-III instances (average)

u n p Original Comp.-cuts
# of nodes CPU time Cut-generation time

5 40 40 46796 68.96s 1.63s
5 40 80 51243 67.54s 4.37s
5 80 40 31891 42.68s 7.28s
5 80 80 28928 30.18s 15.87s

10 40 40 17418 25.23s 1.79s
10 40 80 37971 56.84s 4.30s
10 80 40 32231 38.86s 6.33s
10 80 80 17501 17.01s 15.61s

SOC inequalities fail to provide conic cuts, yet our proposed comprehensive conic cuts still exist

in some instances. Though the possibility of obtaining comprehensive conic cuts may decrease

as the problem size u increases, adding the successfully generated cuts is more likely to improve

the computational efficiency of the branch-and-bound algorithm for finding an exact solution.

5.5 Summary

In this chapter, we have extended the study to l1-norm constrained convex quadratic programs

with integer variables (l1-DQP), a special linearly constrained DQP problem. The combination

of the l1-norm feature and discrete nature in quadratic optimization provides new insights to the

study of (l1-DQP). By exploiting the structure of the first-order cone embedded in the l1-norm

constraint, we have developed new ways to generate and manage the conic cuts induced by the

integer requirements of the problem. Effective conic cuts can be incorporated into a branch-

and-bound scheme for solving (l1-DQP). Preliminary numerical results have indicated the new

conic cuts exist in some instances where conventional SOC cuts fail to be generated. Moreover,

adding the new conic cuts is of a high possibility to reduce the complexity of branching trees

and improve the overall computational efficiency of the branch-and-bound scheme.

This study has initiated the research of exploring mixed-integer conic cuts that are specific

to the structure of the original DQP problem. In order to utilize the new conic cuts in practical

applications, several issues need to be further studied in the future. First, theoretical analysis on

the effectiveness of using conic cuts is necessary for a better understanding of the new method of

generating conic cuts. Second, it may be worth exploring more effective separation heuristics to

relieve the computational burden of cut-generation. Finally, examining some explicit conditions

under which the new conic cuts can be successfully generated may provide more insights for

practical implementations.
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Chapter 6

Conclusions

In this chapter, we summarize the research results of this dissertation, highlight its contributions

and suggest some future research directions. Section 6.1 first summarizes the results obtained

in Chapters 3-5 and then highlights the contributions of this dissertation. Directions for future

research are discussed in Section 6.2.

6.1 Summary and Contributions

DQP is an important mathematical optimization problem in both practice and theory. We

have seen extensive DQP models in real-life applications in engineering and system sciences.

However, the combination of the quadratic feature and discrete nature makes the problem

difficult to solve. Since DQP is NP-hard in general, one may obtain approximate solutions

of DQP from polynomial-time solvable relaxation problems or find exact solutions to DQP

via efficient branch-and-bound algorithms. In this dissertation, we have utilized up-to-date

continuous optimization techniques and exploited the discrete structure embedded to study

more effective solution methods for DQP.

In Chapter 3, we have proposed an RLT-based linear conic relaxation for finding approximate

solutions to DQP. By analyzing the feasible domain of the proposed relaxation problem, we

derived a new rank-two condition under which we may explicitly derive optimal solutions to

DQP. The new condition is stronger than the known rank-one condition of general linear conic

relaxations for binary quadratic programs. Numerical results have shown that the proposed

relaxation can provide tight and robust lower bounds for the original DQP problem. The linear

conic relaxation approach have been further extended to linearly and quadratically constrained

DQP problems. For the linear conic relaxation of a linearly constrained DQP problem, the

special rank-two property still holds. This work has shown that conic optimization techniques

could provide new insights into developing more efficient approximate solution methods for
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DQP.

In Chapter 4, we have developed a Super Logarithmic Method to derive effective 0-1 mixed-

integer linear reformulations of DQP for finding exact optimal solutions. The Super Logarithmic

Method was first proposed for linearizing a generalized signomial program with discrete vari-

ables (DSP). Compared with the state-of-the-art linearization method, the proposed method

requires half an order fewer inequality constraints in the reformulation. Numerical results have

supported the conclusion that solving the reformulation provided by the Super Logarithmic

Method is more effective. Later, we customized the Super Logarithmic Method to treat DQP.

By exploring the network structure embedded in DQP, we have further enhanced the reformula-

tion of DQP provided by the Super Logarithmic Method. In this new linearization method, we

have exploited the discrete structure of the product of discrete variables and provided a more

effective reformulation that may significantly improve the computational efficiency of finding

exact solutions.

In Chapter 5, we have extended our study to a special linearly constrained DQP problem,

called l1-norm constrained convex quadratic programming with integer variables (l1-DQP). We

explored an advanced solution method that incorporates mixed-integer cuts into a branch-and-

bound scheme for solving l1-DQP. Exploiting the first-order conic structure embedded in the

l1-norm constraint, we have developed new conic cuts of l1-DQP that are expected to be more

effective than the conventional second-order conic (SOC) cuts. Numerical results have shown

the promising performance of proposed conic cuts in improving the computational efficiency of

the branch-and-bound scheme for solving l1-DQP. This work has provided insights for exploiting

conic structures of nonlinear discrete optimization problems to generate effective conic cuts in

a branch-and-bound scheme.

DQP as a special subclass of nonlinear discrete programs is known to be NP-hard. The re-

search in this dissertation has developed two effective solution methods for finding approximate

and exact solutions to DQP, respectively. For a special linearly constrained convex DQP prob-

lem, we have further explored a branch-and-bound based solution method that utilizes more

comprehensive conic cuts from the embedded conic structure. The results have demonstrated

that the advanced linear conic optimization technique has the potential of treating difficult

nonlinear discrete programs by exploiting conic structures embedded in the problem. In the

meanwhile, we have shown that the discrete nature of DQP could be handled in three different

ways: (i) In the linear conic relaxation approach, the discrete requirement of variables is trans-

formed into special structured continuous constraints, which is the key to the special rank-two

condition of the proposed relaxation problem. (ii) The new linearization method successfully

decomposes the discrete structure of the product of discrete variables for developing more ef-

fective reformulations. (iii) The discrete nature can also be combined with conic structures

in the problem to derive effective conic cuts for a branch-and-bound scheme. Exploiting the
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discrete structure of DQP has allowed us to develop more efficient algorithms for computing

approximate and exact solutions.

As we have discussed in Chapter 3, the linear conic relaxation approach of DQP can be

extended to approximate DQP with linear and quadratic constraints. Also, the linearization

method proposed in Chapter 4 is directly applicable to quadratically constrained DQP problems,

in which the key remains to be the linearization of quadratic terms in discrete variables. And

the conic cut generation method investigated in Chapter 5 can be naturally extended to (l1-

DQP) with additional convex quadratic constraints. Namely, the DQP solution methods in this

dissertation are applicable to treat more general quadratically constrained quadratic programing

problems with discrete variables.

6.2 Future Research

For the solution methods of DQP that we have proposed in Chapters 3-5, there are several

remaining issues worthy of further studies in the future.

(1.1) The linear conic relaxation approach in Chapter 3 has shown the advantages in gener-

ating high-quality lower bounds of DQP, yet the computational efficiency of solving the

relaxation problem needs to be further improved. Motivated by the recent progress in

solving doubly nonnegative programming (DNN) problems [25, 53], we intend to develop

efficient algorithms that are specialized to the structure of linear conic relaxation.

(1.2) Note that the linearization method proposed in Chapter 4 is particularly effective for

solving DQP with special network-structured coefficients. It will be meaningful to ex-

plore real-life applications that can be modeled as special-structured DQP problems and

customize the proposed linearization method to solve the practical DQP problem.

(1.3) We have seen the performance of proposed conic cuts in solving l1-DQP by a branch-and-

bound scheme. Yet theoretical analysis of the conic cuts’ effectiveness needs to be further

studied. We would like to investigate the properties of proposed conic cuts and extend the

conic cut generation method to general lp-norm constrained DQP problems in the future.

At last, the research in this dissertation shall be further extended to study other related

nonlinear discrete optimization problems. The linear conic approach for continuous polynomial

programming has arisen in recent literature. To study polynomial discrete optimization prob-

lems, we may adopt the linear conic relaxation approach to study approximate solution methods.

And the new linearization method can also be applied to generate effective MILP reformulations

of polynomial discrete optimization problems for fast computation of exact solutions.
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