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1+ Introduction.

Ve use graph theoretic methods for the study of association
schemes of partially balanced incomplete block (PBIB) designs. For
this purpose it is convenient to switch from graph theoretic language
to the lunguage of designs and vice versa as necessary,

As we shall be oconcerned with finite graphs only, we shall
use the word graph in the sense of finite graphs.

A graph G iia said to be regular if cach vertex is Joined

to n other vertices, and unjoined to n, other vertices., Cleuarly

1
(1;1) Vo t= n1 + n2.
oo
If further &nyxjoined vertices of G, are both joined to
-exactly p1 other vertices, and any two unjoined vertices are both

11
Joined to exactly pf1 other vertices, then the graph ¢ 1s defined

to be gtrongly resular, with paraneters
. 1 2
(1'2) n1’ n27 P11' p11'

The concept of strongly regular graphs is isomorphic with
the concept of association schemes of PBIB designs (with two asscci-
ate olasses), which was first introduced by Bose and Shinamoto [4]
Buch & scheme they defined as a schemne of relations between v treaw
tements such that (1) any two objects are either first associstes
or second associates (i1) each treatement has n, 1i-th asvociates
(1 = 1,2) (ii1) If two treatments are i~th associates, then the
nunber of treatments common to the j-th associates of the first and
k-th associates of the second is p;k and is independent of the
pair of treatuents with ?hlch we start. Also p?k - pid

Bose end Clatwortihy [1] showed that it is unnecessary to
agsume the constancy of all the pjk 8s If we assume that ny n
p:1 and p11 are constant, then the oonatancy of the p1 !

12’ p219
1 2 2 2 1 1 2 2
Pogr Pyo Poyr Pyy follows and Pio ™ Payr Pip 1 2

20

If we now identify the v trestmenis of the associztion
scheme with the v vertices of a graph G, and consider two vertices



as Jjoined or unjoined according as the corresponding treatments are
first or seocond associates, 1t is clear that a strongly regular
graph G with the parsmeters (1.2) is isomorphic with an associstion
sohene with the same parameters.

We have introduced for the first time in this paper the
concept of & partial seometry.

A partial geometry (r,k,t) is a syslem of undefined pointis
and lines, and an undefined relation incidence satisfying the axioms

Rt - fM. To avoid cumbersoue expression we may use standard geometric
languages Thus & point incident with a line nay be said to lie on it
and the line may be said to pass through the point. If two lines are
incident with the sawme point, we say that they intersect.

Al. Any two points are incident with not more than one line.

AZ2. Each point is incident with 1 lines.

A3. Each line is incident with k points.

A4s If the point P 1is not incident with the line 1, there
pass through P exactly t 1lines (tz1) intersecting 1.

We ghow that the number of points v and the number of

" lines $ in the partial goometry (r,k,t) are given by

(1.3) vek [(x-1)(k=-1)+«t]t,
(144) Lor [(r-1)k-1)+1t]/s.

The graph G of a partisl geometry is defined as a graph
whose vertices correspond to the pointe of the geometry, and in
which two vertices are joined or unjoined according as the corres-
ponding points are incident or non-incident with a comnon lina,

Vie then prove
Theorem. The graph ¢ of o partial geometry (r.k,t) is

strongly regular with parauvetera

(1.5) . n} ~r(k=1), b, = (r-1)(k=-1)(k-t)/t,
(1.6) P! = (- 1)(xr = 1) + Xk - 2, pf1 - ot

where

(1.7) 1StSr, 1St=k,

Using certain theorems of Bose and Mesnexr [5] relating to



assoociation schemesn, we derive
Theorems A necessary condition for the existence of a pare

tial geomeiry (ryk,t) is that the nuwmber

(1.8) e - Eteiied

is integral,

A strongly resular graph with parameters (1.8), (1.f) and
for which (1.7) is patisfied will be defined to be a pseudo-peometric
graph with characteristics (r,k,t). Such a graph may or may not be
the graph of a partial geometry (r,k,t). It is therefore of interest
to study the conditions under which a strongly regular graph, and in

particular a pseudo-geometric graph with charscteristics (r,k,t) is

the graph of a partiasl geometry (ryk,t).

A subset of vertices of a graph G, any two of which are
Joined is called a ¢ligue of G. When G is the graph of a partial
geometry (ryk,t) there will exist in G a set Z of distinet cliques,
K1, Kz, veey Kb
fying the following axious

A*¥1, Any two joinecd vertices of (0 are contained in one

- corresponding to the lines of the goometry satis-

and only one oligue of Z .
A%*2, dach vertex of G 4s contained in r oliques of 2.,
A*3, Kach clique of F contains k vertices of G,
A*4. If P dis a vertex of G not contained in a clique
K, of S there ere exactly % vertices in Kyy which are joined
to P(4 = 1, 2y eony D)o
' Hence any szraph G in which there exists a set 2, of cliques
K1, K2,-a.., Kb,‘antiafying axioms A*1 to A¥*4, 1s the graph of a
partial geometry (r,k,t). In fact ¢ together with the cliques of 2
is igomorpric to a partiel geowmetry (r,k,t) the vertices of G
corresponding to the points and the oliqueé of 2. corresnonding to

the lines of the geometry., Such a graph will be called geometrisnble
(xykyt)e | |
One muy consider graphs in which there axists a set of

aliques Kl’ Kz, suey Kb erxtlieflying one or more but not all of the



axioms A?, Ag, A%, Az. Thus a previous result due to Bose and
Clatworthy [1], is equivalent to the following

Theorem. If in & strongly regular graph G, there exists
a set 2 of ¢cliques K1, Kz, ceay Kb' satisfying the axions A?, Ag,
Ag, and 1f k>r, then the graph is geomsirisable (r,k,t), the verti-
ces of G, and the ocliques of 2 being the points and lines of the
corresponding geometry.

e further prove

Theorem. If in a pscudo-geomeiric graph with characteristics
(rykyt), there exists a set 2 of cliques Kiv Kyy seey Ky satisfying
axions AY and A%, and if k >7r, then G is geometrisable (rykyt),
the vertices of G, and the cliques of 2. being the points and lines
of the corresponding geometry.

There are many interesting examples of partial geometries
some of which are given in section 7., In porticular the partial
geometry (r,k,t) becowes o net of degres r and order k when
t = r-1. A poecudo-geometrio graph with cherascterictics (r,k,r-1) may

be defined to be a pseudo-net graph, of degree r and order k.

Bruck:[SJ hag proved a series of Lemnmas for pseudo-net graphs and.
in particular has shown that a pseudo-net graph ol degree r and

order k 4s geouctrisable (ryk,r-1) if
(1.9) k >'% (r-1)(r5—r2+ T+ 2).

The special case r = 2, was proved by Shriklande [19]. In this
paper we give the following goneralivation of Bruck's result.

Theorem. A pswvudo-geometiric graph with charscteristics
(rykyt) 18 geomatrisable (r k,t) if

(1.10) K >% [£ (x-1) + t (z+1) (%= 20 + 2)].

Ve have proved a series of Lemmas which are direct genera=-
lizations of the Lemmas used by Bruck for his proof, In fauct it is
surprising how smoothly the technique devised by Bruck for the spe-

cial case of nets, works in the general casa.



In particular the concept of grand cliques introduced by
Bruck for the case of nets is capable of easy generalization. If G
is & pueudo~-geometric graph with charscteristics (r,k,t), then a

major clique of G 1is defined as a cligue whicli contains at legst
k - (r-1)2 (t-1) points. A mzjor clique which is also maximal is

defined as & grand clique.

Given a pseudo-geometric graph G with characteristics
(ryk,t) the set of grand cligques is unambiguously defined. ‘e may
take this set tu be the set Z and enquire under what circumstances,
the axioms A*1 ~ A%j will be satisfied. We then show that (1.10)
is a sufficient condition foxr thie.

A pseudo-geometric graph with cheracterictiocs (r,k,t) has

the same paraseters ss theo triangular association scheme 1f we toke
r=t =2, k=n-1, Substituting these values in (1,10) we get
n>8. Thus for these special velues of r,k,t our result is equivalent
to the uniqueness of the triang&lar scheme for n=>8, a result first
proved by Connor [9]. In fact our result may be interpreted as a
generalized uniqueness theorem as explained in section 12,

A net of degree r and order k is defined to have defie
ciency d = r + 1 - k. Brugk [5] showed that a net of order k and
deficiency 4 ocan be completed to an affine plane by the addition

of new lines, if

2 4 a+ 2).

k>3 (a-1)(a’- a
lie generalize Bruck's result to the following s
Theorem. Given a puartially balanced incomplete block (PBID)
design (r, k, Ao Az), A

paramneters

1>—A2, based on an asgociation scheme with

ng = (d=1)(k=1)(k-t) / t, n, = a (k-1),
Py [(a=1)(k-1)(k=t) = @ (k=t=1) = t] / ¢,
phy = (d=1)(k=t)(kete1) / %,

we can extend the design by adding new bloocks, contnining the sanme



treatments, in such a way that the extended design is a balenced
incoumglete block (BIB) design, with rp=T +d (A1 - Az) repli-
cations, block size k and in which every pair of treatments occur

togetuer in A1 blooks.

2, Strongly reguler graphs.
A finite graph O oonsists of a finite set of v vertices,

and a rel:tion adjacency such that any two distinct vertices of G
may be either adjacent or non-adjacent. Adjacent vertices may Le said
to be Jjoined and non-adjacent vertices to be unjoined, We shall only
be concerned with finite graphs only, and use the word graph in the
sense of finite graphs,

The graph G is seid to be regular (of degree n19 if each
vertex of G i1is joined to exactly n, other vertices. In this ocase

1
each vertex will be unjoined to exactly n, other vertices, where

(2.1) By +tmy =V,

A reguler graph G will be said to bhe strongly regular
if (1) any two vertices which are joined in G, are both simultane-
ously joined to exactly p}1 other vertices (4ii) any two pairs of
vertices which are 'unjoined in @, are both simultanecously joined
to exactly p$1 vertices,

. A atrongly regular graph G thus depends on four paraune-
ters n,, n,, p:1 and pf1, the number of vertices being given by (2.1).

Let two vertices of & strongly regular graph G be called
first asgsocistes if they are Joined, and second associates if they
are unjoined. If the verticos @ and ¢ of G are i-th amsociates,

we shall denote by p ik (o, 4>) the number of vertices which are j-th

agsociates of @ and k-th associates of ¢ « From definition the
nuaber p11(0,¢ ) is independent of the pair 0,¢ 80 long as they
are i-th associates. ''hus -

p11 (0 4’)-]“1 1“1O 2,



We shall show that a similar situation prevails with res-

pect to all the numbers pik (6,9 ), 80 that we ocan write

i . i
pjk (e!¢) d pjk j'I }' K = 102
and that
i i
(2'2) pjk - pkd‘

This follows from the following theorems proved by Lose
and Clatworthy 1 , in connection with partially balanced incouplete
block (FEIB) designs (4f we identify treatments with vertices).

Thuorem 2.1. Let there exist a relationsthip of aszociation
between every pair among v treatments satisfying the conditions i

(a) Any two treatments are either first sssocisates cr

second a.sociates (b) Each treatwent has n, first and n, second

1 2
associates (c) For any palr of treatments which are first associates
the number p}1 of treatments common to the first associates of the

first and the first associmtes of the second is independent of the
pair of treatwents with which we start.
Then, for every pair of first associates fmmong the v tireat-
megats thie nunbers p}z, p;1 and p;Z are constants, and p}z - p;1.
Theorem 2.2. Let there esist a relationship of association
between every pair among v treatments satisflying the coanditions 1
(a) 4ny two troatments ure either first associnties (v) Lach

treatment has n first mssociates and n gecond agsocintes

1 2
(¢) ¥Yor any peoir of treatments which are second associates, the number
pf1 of treatsents common to the first associates of the first and

the first associutes ol the second is independent of the pair of
treatments with which we start.
Thaen, for evury pair of second auvsoclates amonyg the v

traatments the numbers p2 ’ p? and p? are constants, and
2 2 12 21 22
P2 = Py

It sappuars from the proof of Bose and Clatworthy that



1 1 1

1 1
(2.3) P12 = M4 " Ppq = 1 m Pyqr Pgp m My s My Ryt
2 2 _ 2 2 2
(2.4) P12 ™ Mg = Pyy = a0 Pag = Mg = By * Pyq - Ve

Actually the relations (2.3), (2.4) were obtained much ear-
lier by Bose and Nair [5], but in their formulation they started with
the constaucy of all the numbers p;k (1,3)k = 1,2). It is also
easy to prove as shown by Bose and Nair [5], that

1 2 1 2
(2.5)  nypgp = m, Bl By Pap = Wy Pyye

The concept of a strongly regular graph is isomorphic
with the'ooncebt of &n association scheme with two associate classes,
ag Introduced by Dose and Shimamoto [4], in connection with the theory
of partially bLalanced designs, 1f treatments are identified with
vertices, a pair of first associates with & puir of Joined vertices,
and a pair of second asgociates with a pair of unjoined vertices. Thus
strongly regular graphs first arose in counection with the theory of
partially balanced desigﬁs.

The nuwbers v, B né, pgk are called the parameters
of the reguler graph @, They are connected by the relations
(2.1) = (2.5), &nd only four are independent. These may be conveniently
chosen es Ny n2,‘p:1 and ?$1.

3+ Partial geometries.

Consider two undefined clrases of objects called points
and lines, together with a relution incidence, such that a point
and a line, way or may not be incident., Then the polnts and lines
are said to form a partial geouwetry (r,k,t) provided that the follo-
wing axioms are satisfied i

Al. A pair of distinct points is not incident with more
.than one line. |

A2, iach point is incident with exaoctly » 1lines,

AJs kuoh line is incident with exectly k pointis.

A4, Given g point P not incident with a line 1, there
are exactly t lines (tZ21) whioch are incident with P, and also

ineident with some point incident with 1.



If thore were two distinot lines 1 and m each incident

with two distinct points P1 and P2’ then A1 would be contradicted.

Hence we have, S

A'1, A pair of distinct lines is not incident with more than
one point,

For convenience we will use the ordinary geometric language.
Thus if & point is incident with a line, we shall say that the point
1ies on the line or is contained in the line, and that the line
passes through the point. If two points are incident with the line,
then we spesk of the linc as doining the two points. By At there
cannot be more then one line Jjoining two points. Thus either two
pointa‘are unjoined or joined by a unique line. If two lines are in-
6ident with a common point, they. are said to intersect, and the common
point is said to be their point of intersection. By A'1 two lines
cannot intersect in'more than one point. Hence two lines are either
non-intersecting or intersect in a unique point.

Theorem 3.1. Given a partial geometry (r,k,t) there exist
o dual partial geometry PG(k,r,t) obtained by calling the points of
the first,the lines. of the second §; and the lines of the first
the points of the second. '

This follows by noting the duslity of A1 and A'1, the duslity
A2 and A3 end the self dual nature of A4, In faot A4 ¢an be rephrased
as o '
A'4, Given a line 1 not inoident with a point P there
are exactly t points which are inoident with 1 and also incident
with some line incident with P,

In teruns of the alternative geometric language introduced
ve may write A4 end A'4 as | .

A4« Through any point P not lying on a line 1 there
pass exactly ¢ lines intersecting 1. '

A'4. On any line 1 not passing through a point P, there
lie exactly t points, jJoined to P,

The equivalence of A4 and A'4 4s now obvious.



4. Graph of s partial geometry.

The graph G of a partial geometry (r,k,t) is defined
as follows 1 The vertices of (¢ are the points of the partial
gaometry. Two vertices of @ are joined (adjacent) if the corres-
ponding points of the geometry are Jjoined (incident with the enme
line ). Two vertices of G are unjoined (non-adjacent) if the corres=
ponding points of the partial geometry are unjoined (i.e. there exists
no line incident with both the points). ' _
Theorem 4.1, The graph G of partial geometry (r,k,t) is
atrongly regular with paraueters '

(441) n, = r(k-1), n, = (r-1)(k=1)(k-t) / ¢,
(4+2) Py = (8=1)(z=1) + kw2, P2 w s,
(4.3) 1€t Sr, 15t Sk,

Let there be v points and b lines 4in the partial
geometry. Since the points of the geometry have been identified with
the vertices of the graph @, we can call two points of the geometry
first asmociates if they are Joined by a line, and second associates
if they are not Joinad by & line. Now through any point P of the
goometry there pass r dines, egoh of which contains k-1 other
points besides P. Henoe P has exactly r(k-1) first associates.
Hence

(404) n, = r(k-1).

This shows that @ 48 a regular graph. Consider the be-r lines

not passing through P, From A4 each of these lines contains exactly
$ first associates of P. Any particular first associate Q of P,
lies on r-1 such lines, sinoe one of the r lines passing through
Q Joins it to P.} Hence the number of firsti associates is

(445) n, = t(v-r) / (r-1).
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Comparing (4.4) and (4.5) we have

(4.6) b e [(2e1)(ke1) + 8] / ¢

Again each of the b-r 1lines not passing through P
containg exaotly k-t second associates of P, Any particular
second associate R of P dies on r such lines. Hence the number

of second associates of P is

n, = (k-t)(v-r) / r,
Substituting for b from (4.6) we have
(4.7) : n, = (r=1)(k=1)(k=t) / t.

Consider any two points P and ¢ which are first assoe
oiates. They are joined by a line 1. We shall count the number of
points which are first ssscvoiates to each of P and Qe The k-2
points on 1 other than P and @ are first associates of both
P and . Low there pass (r~1) 1lines through P, other than 1,
By A4 each of these contains t-1 first associates of Q@ other
‘than P. Thus these (t=1)(r<1) points are first associates of
both P and i, It is ecasy to see that there are no other first
associates of both P and Q. Hence

(4.8) | Piy = (4=1)(re1) + k-2.

Consider two points P and R which are second associates.
TheAf is no line Joining them, Each of the » 1lines passing through

P ooutains t first associates of R. lHence

(4'9) pf\‘ w rt,

We have now verified the foruulae (4¢1) and (4.2), showing
that G 1is a strongly regular graph; The values of the other para-
netaers p?k follow from the identities (2.3) and (2.4). The inequa-

11ty (4.3) clearly follows from axiom A4,
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Corollarye The number of points v and the number of
lines b in & partial geometry (r,k,t) is given by

(4410) v uk [(r-1)(k=1) + £] / ¢,
(4.11) ber [(r=1)(k-1) + t] / %

In view of the isomorphism of association schemes with
two associste claswxes, and strongly regular‘grayhu, tie definition
of partially balanved incomplete block (PBIB) designs given by Bose
and Shimanoto [4], may now be rephrased aus follows 1

Given a strongly regular graph G with parameters Dyy Ny
p:1, pf1, we may identify ite v wvertices with v 1tireatments. Then
& PBIB design is an serrungement of the v treatments into b sets
(called blocks) such that,

(a) Each tremtment is coutained in exactly r blocks

(B) rmch block contains k  distinct treatments

(fﬂ Any two trotments whioh are first assoclates (joined
in @) ococur together in exactly A, blocks, Any two treatmentis
which are second assoclates (unjoined in G) occur together in 12 blocka

The design may be called & FBIB design (r,k,k1,k2) bgsed
on the sirongly regulsr graph G.

Given a partial geouetry (r,k,t), with graph G, it is
elearly a +BIB design (ryk,1,0) based on G, and this FBIB design is
& connected design. This follows because two first essocilates always
ooour together in a Llock, and if two treatmentis eo and 62 are
second asscoiates, we can find & treatment 61 in pf1 = rt >0 ways,

such that eo and © are first associates, and 61 and 62 are

first associates. The11pcidence matrix of a partial geomeiry may be
defined as the matrix N = (nia) where By = if the i-th point
is incident with the j-th line and O otherwise, Then N 18 also
the incidence matrix of the corresponding PBIB desigu. Now Conuor
and Clatworthy-[11]uand Bose and Mesner [2] ¢ have shown that for

& conncoted I'BIB design, with two assooiaste classes, NK' has only

three distinct ccharacteristio roots, whose wmultipdicdties are 1, a

and § wiere
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n, +n (n,=n,) + pn+ n2)
(4.12) wh = L2 3~ 32“. 1 '

and
2 2 1 2
[~ P2~ Pla’ A= 7+ 2(py, + Pip) * 1
Now these multipleities are necessarily integral. Using the formulee
(4¢1), (4¢2), (2.3) and (2+4) we find that

: rk (r-1)(k-1
(4.13) 4= T (krreta1) C

Hence we have the theorem
Theorem (4.2). A necessary condition for the existence of

& partial geometry (r,k,t) is that the number

¢ u rk (r-1)(k-1)
t (kKérmt=1)

is a poasitive integer.

5e Partially balanced designs, which arc partial geometrdes.
Ye have élready phown that a partial geouetry (r,k,t) is
isomorphic to a PBIB design (r,k,1,0) based on the graph (association
scheme) of the geometry. However a PBIB design based on a utrongly‘
regular graph need not necessarily be a partial geometry. It would
there¢fore be of interest to find sufficient conditions under whioh
a PBIB design (r,k,1,0) based on a strongly regular graph is iso-

morphic to & partial geometry.

Now Bose¢ and Clatworthy [1] have shown that if there exists
a PBIB design (r,k,1,0) based on a strongly regular graph G for
which <k, then the parameters of G are given by tho formulae
(4¢1)y (442) 1.6, are the same as the parameters of the graph of
some partial geometry (r,k,t). We shall show that the deaignﬁ is
indeed a partinl geowetiry and thus establish the following theorem 1
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Thaorem(5.1)e If thore exists a FBIB design (r,k,1,0)
based on a strongly regular graph G, then if r<k, the design must
be & partial geometry (r,k,t) for some t=r. The parsuecters of G
are given by the formulae (4.1), (4.2).

The purameters of G are given by (4.1), (4.2) in view of
the result of Dose and Clatworthy already cited. Also the axioms
A1y, A2, A3 for a paurtisl goomeiry are ikxxEfux implicit in the
definition of a PBIB design (r,k,1,0). It therefore only remains to
prove axiom A4 which amounts to saying that each blook of the design
conteins exactly ¢ trostments which are first associates of a
glven treatuwent not contained in the block.

. Let K be the set of k treatments cunteined in a parti-
cular block, and let R be the set of the remaining v-k treatments.
Let g(x) denote the number of treatments in B whioh have exactly

x first associntes in K. Phen

(5.1) £ glx) = v-kmk (ket)(r-1) / t.
x=0
Let us count tie number of pairs (P,Q), where P 1is a

treatuent in K, Q is a treatment in R e &and P and Q are first
associates. low epch treatment in K has k-1 first sssoclates in
Ky, and conséquently n1-k+1 first assoclates in R. Hence the rogui-
red number is k (n1~k+1). Again there are g(x) treatments in K,
which have exactly x treatuents in K. Thesc¢ treatments contribute

xg(x) to our count., Hence

(5.2) % x6(x) = k (ny<kt1) = k (2=1)(kn1).

Again let us count the number of triplety (P1P2,Q) where
P1P2 is an ordered pair of distinot treatments in Ky and @ s
& treataont in K which is o first associate of both P, and P,.
8inoce P1; and P2 have k-2 common first associates in K, thoey
have p;1 - k + 2 ocommon first associates in XK. Hence the required
nunber of triplets like (FiPy,Q) s k (k-1)(p],-k+2), Now vgoh of
the g(x) treatwents in R, which have x first associatus in K

contribute x (x-1) g (x) to our count. Hence we have the equation



- 16 =

(53) 2 xtxe1) ax) = k(i) (o k42) = Kt} (1) (e01),
Xm _

Using (5.1), (5.2) and (5.3) a simplo calculetion shows thet
% e Zxg(x) / Za(x) = t,

i.€. the average value of x (the nuaber of first associates in K

of any treatment of R is t. Also

k 2
> &(x)(x~t)¢ = 0,
xwQ

wiiieh shows that x must always have the value t. This proves our

theorem,

6. Goometrisablo and pseudo=-zeometrigc graphs.

A strongly regular graph G whioh has purameters (4.1)
and (4¢2) and for wnich the inequality (4.3) is satisfied, is
defined to be a pseudo-geoenmtrig graph with oharacteristice (rykyt)e
Thus a pseudo-geometric graph with characteristios (r,k,t) has the
same paramoters as the graph of a partial geometry (r,k,t). However
& graph may be pue;do-geomatric without boeing the gruph of a partial

geometry.,

A subeet of vertices of & ;raph G, any two of whioh are
Joined is ocalled s ¢lique of G. When @ 1e the graph of a partial
geouetry there will exist in G a set 2 of distinguished cliques
K’, Kz, veey Kb’ correasponding to the lines of the geounetry
satvisfying the following axioms

A*1, Any two. joined vertices of 0 are contained in one
and only one clique of 33 ,

A*2, lach vertex of G is contained in » cliques of 2. ,

A*3, Each olique oi‘Zoo:xtains k vertices of G,

A*4. 1f P is & vertex of G not contained in a clique
Ki of 2 » there ure exactly ¢ vertices in Ki whioch are joined
to P (4 =1, 2, vesy 1), ‘

-
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llence any graph G in which there exists a set 2. of cliques
K1, K2, seey Kb, satisfying axioms A¥1 - A¥4 is the grash of & pare
tial geometry (r,k,t). In fact G togetner with the cliques of 2_
is isoamorphic to a purtial geometry (r,k,t), the vertices of G corres-
ponding to the points end oligues of 2: to the lines of tie geometry.
Such a graph will be said to be geometrisuble (ryk,t).

One may consider graphs in whioh there exist a set ZE of
clijues K1, K2, ooy Kb satisfying one or more but not all of the
axioms A¥1, A*2, A*3, A%4, and investigate under what additional

csonditions the graph will be geometrisavle. Thus theorem (S5.1) may
be rephrased as

Theorem (641)e If there exivts a set 2 of cliques Kyo Koy
teny Kb in a strongly re ular graph G, satisfying axioms A%, A%2,
A*3 and if k >r, then G is goometrisable (r,k,t).

Theorem (6.2). Let G be a pseudo-gecmctrio graph with
characteristics (r,k,t). If it is possible to find in G a set 2. of
cliques K,y K,y evey K, satiefying axioms A*1 and A¥2, and if
k >r, then G is geometrisable (r,k,t).

We s'all prove that cach of the cliques Y1, KQ, rseny Kb
contains exactly k vertices, and that if Q@ 1s any vertex not
eoateined in any cligue K, (15451b), then there are exactly t ver-
tices in K, which are first associates of (joined to) Q. This will
show that if the vertices of G are taken as points, and the cliques

Ki» Xy ocoy K~ as lines, thon we have a partial geometry (r,k,t).

b
Let P be any vertex. Without loss of gencrality we oan
1"P' K2-P’ es ey

K .-F are disjoint and must contain between them all the r(k-1) first

2!

take K1, KQ, ey Kr to contain P, Now the sets X

aggociates of P Prom this it follows that the average number of
vertices ih the r oliques of the set K1. KZ' “oey Kr is k. Hence
there exists a clique containing et least k vertices. Let KJ be
such a cligue, Let us take a subset K of Kj? such that K containse
axactly k vortices. Let K be the set of vertices not contained in
K. Let g(x) be tho number of vertices in R which have axactly x
first aubociatea in K. Then it follows exactly as in the proof of
theorem (5.1) that



k
> gx) = k(k=1)(r-1) / t,
x=0

and

> x a(x) = k(re1)(k=1).

x=0

Hence the aversge value of x is t, Also as before

X 2
Z (x”t) 8(1) = O,
x=0

which is only pocsible if x 1s constant and equal to t. lence
every point of R has exactly ¢ first ansociates in K.

Ir KJ contains any vertex @ other than those alrendy
contained in X, then @ Ybelongs to R, and therefore has exactly
t first assocliates in 'K. But each point of 'K 418 a firat associnte
of Q hence ¢t=k, which coutradicts 1Z2¢tSr<k, This shows that

none of the cliques KJ containing P, contains more than k vertices.

. Thus each contains exactly k vertices, Since each cliquae contains

at least one vertex each of the cligue K1, Kz, ceey Kb contains

exactly k vertices. Also if ( is a point not acontmined in

Ky (1=518v), then there are exactly t vertices in K, which

are first associates of Qi' This completes the proof of the thoorenm.
N.B, Compare theorems (6.1) and (6.2),

T Examples of partial geometfies.

(a) A net (ryk) of degree r and order k 18 a systenm
of undefined points and lines together with an incidence relation
subject to the following axioms (i) There is at least one point
(11) "he lines of the net onn be partitioned into r disjoint,
non-empty, "puorallel olasses " such that each point of the net is ine

oident with exsctly one line of eaoh class and glven two lines be-
longing to distinot classes there is exactly one point of the net
which is incident with both lines.
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For convenience we can uge phrases guch as "point is on a
line" istead of speaking of incidence. Then 1t can be readily proved
(see for exmuple Bruck [5] ) that

(1) Bach line of the net contmins exaotly k distinot
points where k&1.

(2) Bach point of the net lies on exactly r distinot
lines where r R,

(3) The net has exactly rk distinct lines. These lines
fell into = parsllel classes of k 1lines each. Distinct lines of
the vame. perallel class have no common points. ''wo lines of different
classes hove one common point,

(4) The net has exactly k?  qistinct points,

e shall show that a net»(r,k) of degree r ~and order k
is_a partinl geometry (r,k,r-1). The Properties (1) and (2) above show
that axioms A3 and A2 of a partial geometry hold.

Two lines oannot intersect in more than one point, for
they either belong to the same parallel class and have no common
point, or different parallel olasses in which they have one comuon
point, Krom this [ollows the fact that two distinct points cannot be
incident with more than one line. Hence axiom A1 for a partial gec-
metry holds,

Again given a point‘ P not incldent with the line 1,
Yhere are exactly .r 1lines ihrough P, one belonging to each Bareallel
clase, One of these ie purallel to 1 (i.e. belongs to the same
parallel ciaso as 1), and does not intérsect 1. The other r-1
lines thaxough P esach interesects 1 in one point, theuse points being
all distinct. Hence axiom A4 for a pmrtiai geometry holds with
t = r-1, This completes the prdof of our statenent,

It followe from theorem 4.1, that the purameters of the

graph Gy of a net (r,k) sre given by

(7.1) ng=r (k-1), N, = (k=1)(k=r+1),

(7.2) Pyy = (v2)(r=1)4(k-2), 9, = r (r-1).
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If a strongly regular graph has psrameters (7.1), (7.2) we
shall call it a pseudo-net graph with characteristics (r,k). A
pseudo-net graph with characteristics (r,k) is pseudo-geometric with
characteriatios (r,k,r-1),

Bruck [5]. defines the deficiency d of & net (r,k) by

(7.3) d=ke~zx+1,

The interpretation of the deficiency a 1is that if it
were possible to add d more parsilel classes, each consisting of
k lines, so that the extended net now has k+1 oclasses of parallels,
the net would become an affine plane, in which any two points are
Joined by a unique line.

If we take the K2 points of the net as treatments and the
rk lines as bloocks, we obtain what is known as the lattice design.
This is a PBIB design (r,k,1,0) basaed on the strongly regular graph
@y with parameters given by (7.1), (T.2). Lattice designs were intro-
duced by Yates [?{]. The association scheme corresponding tO'GN is
. the Lr sohene defined by Bose and Shimanoto [4].

It 12 well known that a lattice design with r replications
and blocksize k is equivalent to a system of r-2 mutually ortho-
gonal Latin squares of order k.

If r-2 ‘mutually orthogonal Latin squates of order k are
given, we can superpose them. Than each cell contains r-2 symbols
belonging in order to the different Latin squares, The k2 cells
are now identified ﬁith kz treatments; Treatments belonging to the
gaume row give onc set of k Dblooks. Treatments bolonging to the
sane column give another set of k . blooks., Treatments (cells) which
contain the same symbol of the i-th Latin square give a set of blocke
‘for each value of 4 (4 = 1, 2, seey P=2). Ve thus get r sets of
blocka, The treatments end blocke so obtained constitute a lattioce
design.
Conversely given a Lsttice design with »r replications and
bloock size k, we can construct a set of r-2 mutually orthogonal
Latin equares of order k, '
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If r-2 mutuelly orthogonal latin squates of order k are
given, we can superpose them. Then eych cell contains r-2 symbols

2 cells

belonging in order to the different Latin squares., The k
ere now identified with kz treatments, Treatments belonging to the
same row give oné get of k Dblocks, Treatments heolonging to the
seme column give another set of k blocks. Treatments (cells) which
contain the saue symnbol of the i-th Latin square give & set of blocks
for ench velue of 1 (i = 1, 2, +4s, T~2). Ve thus get r mets of
blocks, The treatuwents and blocks eso obtained constitute & lattice
decign.

' Conversely given a Lattice deeign with r replications

and blockﬂ gize k, we can counstruct a set of r-2 mnmutually orthogo-

nal Latin squares of order k.

(v) Take an n x n squares end write down the numbers
1y 2y eespy n(n=-1)/2 in the oells above the main deasgonal. Fill up
the cells below the main disgonal synnetrioally, The csse n = §
is exenplified below,

et e e e e s s b e B e e e < e 4k et

vrys el

36,8l

FRERERCIN
Fige 1

The cells containiug the same number are identifies with
the sane point. Thus there are two different cells representing the
Bane joint, there being v = n(n=1)/2 points all togethor, Let the
n rows coustitute lines, Thus there are n linvs. It is clear that
axioms A1, 42, A3 of & purtisl geomeiry are sutisfied with r = 2,
k w n-1, It is essy to eee that any two lines intersect in one point,
Thus t = 2, and we have a purtial geometry (2, n-1, 2).

1f twu pointes which lie on e line are called firet associa-
tes, and two points walch do not lie on any line are oalled seoond



associates, we have the triangular associstion scheme first defined
by Bose and Shimenoto [4], and extensively studied by Connor [9],
Shrikhande_[21], Hoffran [15,1{] and €hang [6,7]. The parameters of
the association schem¢ or the c¢orresponding strongly regilar graph

are
(7.4)  n, = 2(n-2), n, = (n-2)(n-3)/2,
(7.5)  »pl, = n-2, pd, = 4,

If & strongly regular graph hes the parameters (7e4)y (7.5)
we shall call &£ a pseudo-triangular graph with characteridtic n,
A pseudo-triangular graph with characteristic n is pssudo-geonetric
with characteristics (2, n-1, 2),

(o) A balenced incomplete block design BIB ie an arrangement
of a set of Yo objeots or treatments in bo, sets or blocks, such
that (i) eaoh blook contains k, distinot treatuments (11i) each
treatment is contained in T, blocks (11i) eanch pair of distincg
treatuents is contained in Ao blocks. This design has sometimes
been called a (vo, ko,-Ao) configuration. The dual of & design is
defined as a new desiyn whose trentments and blocke are in (1,1)
eorreapondence with the blocks and treatments of the original design,
and incidence is preserved (where & block and & treatment are inci-
dent if the treatment is sontained in the block, and non-incident
otherwise), Shrikhande [23] has shown that the dual of a BIB design
with Ao » 1 1s a PBIB design. Now a BIB design with Ao = % 1is
clesrly a partial Geouetry (ro, ko' ko). Hence the dual design is the
dual partial geometry PG (kd, ro. ko). If we set ka « r and
r, - ky 80 85 to make r the replication number and k the block
#lze in the dual design, then the dusal design is the partial seonetry
(rykyr). Any two bLlocks (1ines) of this design interscot in a unique
treatuent (point). Hence the sssociamvion scheme of this design has
been calied the SLB (singly linked block) ocheme by Bose¢ and Shima-
moto [4]. The parameters of the corresponding strongly rognlnr greph
can be written down direotly from theorem (4.1)¢ We have
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(7.6) ny = r(k-1), ny = (k-x)(r-1)(k-1)/r,
(7.7) ply = (-0 e k-2, B2 AR

If a strongly regular graph has the parameters (7.6), (7.7)
we shall call it a pseudo-SLB graph with characteristics (r,k). A
pseudo~SLB graph with characteristices (r,k) is a pseudo-geometric
graph with characteristics (r,k,r).

(d) To conclude we shall give a rather less obvious example
of a partial geometry.

Considexr an elliptic non-degenerate quadrio Q5 in the
finite projecotive space PG(5,p"). This quadric is ruled by straight
lines, called generstors, but containe no plane. As qhown by Primrose
[16] and Ray-Cha#idhuri [17], thege are (55+1)(a+1) points aend
(l5+1)(s2*1) generators in Qg each generator contains s+l points,
and through each point therg~paas |2+1 generators, where s = ﬁno

If P 48 a point on Q5 not containdd in a generator 1,
then the polar 4e-space of P interseots 1 in a single point P¥,
and PP* ias a genérator of QS’ It can be readily verified by using
theorems provec by Ray-Chaftdhuri that PP* ig the only generator
fhrough Py whioh interseots 1. This shows that if we consider the
points and generators of Q5 as points and lines, they constitute
@ partial geometry (32+t. 8+1, 1). The parameters of the graph of
this partial geometry can be easily written down using theorem (4.1).
They are

n, - u(azﬂ). n, = 34*1,

1 2 2
RITEaY Pyq = 81,

The partial geometry (52+1, 8+1, 1) is of course a PBIB
design, This was obtained by Ray-Chatldhuri [18], the special cuse
8 = 2 way given earlier by Bose and Clatworthy;[1]. An interesting
point in the present formulation is that to vaéfy that the configura-
tion of points and generators on Q5 ia a PBIB design we have only
to check the constancy of r, k and t instead of the constancy of
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1 2
r, k, n1, N, Pyqys Pyy 88 was done by Bose and Clatworthy [1] and

by Ray-Challdhuri [18]. The dusl partial geometry (#+1, 82+1, 1) is
also of interest,

In the same way one can show that the configuration of
points and generators on a non-degenerate quadric Q4 in PG(4,pn)
is a portial geometry (e+1, e+1, 1) where s = p". The corresponding
design was first obtained by Clatworthy [8].

8. Leumas on claws in pseudv-geometric grapha.

We have shown in theorem f5.1), that if we can base a PBIB
design (r,k,1,0) on a strongly regular graph G, then G 4is peseudo~
geometrio and the design is a partial geometry. Vle can ask the ocon-
verse question ¢« If the graph G is pseudo-geometric (r,k,t) can
we base a PBIB design (ryky1,0) on it ? In graph theoretic language
this question may be put as ¢+ If the graph G is pseudo-geometrio
(rokyt) can we find a set of cliques Kys Kyo weey K satisfying
the axioms A%{1 - A%4 of section 6. : ‘

In the rest of the paper we shall frequently use the

following functions i

1+ (2-1)2 (s-1),

(841)  (ryt)
(8.2)  q(rt)
(8.3) P(ryt)
(8s4)  p(xyt)

1+ (r-1)(2r-1)(t-1),
rt + (r-1)(t-1)(2r-1),
3 [r =)+ 8 () (Perea))

We note that in view of the inequality 15¢<p

(8.5) p(ryt) E p(ryt) Zq(r,t¢) ..>—=r(r, t)

The conocept of a glaw was euggueted by Alan Hoffmen in
conversation with R.H. Bruck and the author. By & oclaw [P.S] of a
pseudo~geometric graph G 1is moant an ordered palr coneisting of
& vertox P, the yertex of the claw, and & non-empty set S of vertices
distinot from P such that overy vertex in § is Joined to P in G but
no two vertices in § are joined in G.
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- The number of elements in a finite set 5 will be denoted
by |8]. The order of the claw I},g] 15 defined as 5 = |S].

In Leumas 8.1 - 8,3, G denotes a pseudo-geometric graph
(rokyt)e

Lemma 8.1, If k >f(r,t) = 1 + (‘s~-1)(r-1)2 then for any
8, 1%8%r, each vertex P of G 4is the vertex of a clgw [P,SJ
of order s, We can choose 8 +to include any vertex A Jjoined to P
in G. '

Let P be a vertex of (G, Suppose there exists a olaw [?,S]
of order s, Let T bYbe the set of all vertices other than those
belonging to [P,ﬁ] and which are joined to P (are first associates
of P), Let f£(x) be the number of vertices Q in T, such that Q
is joined to exactly x vertices in 8 ( f(x) is the number of ver=
tices in T each of which has f(x) firet associates in §)., Then

we have

(8.6) T £(x) = ny - 8= r(ke1) - 8,

x=0
since the left hand side of (8.6) counts all first associates of P,
vhich are not in S. Now let us count pairs (4,Q) where A 18 in 8
and Q is in T and is a first assooiate of both A and P. Since
A and P have exactly p}1 common first asaociates (none of which
oan belong to S by the definition of a olaw) we have ap:1 pairs
like (4,Q).

Again there are f(x) vertices in T each of which has
exactly x first associates in 8. They contribute xf(x) to our

ocount, Hence

8 _
(8.7) Z x f(x) = ap:1 -8 {(t-1)(r-1)+(k-2)}.

x=0

Hence

(8.8)  £(0) - ;5; (x-1) £(x) = (2-8)(k=1) = 8(t=1)(x=1)
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Henoe 1f s<r and k >p(r,t) = 1 + (r-1)2 (t-1), then
£(0) is positive, i.e. there is at least one vertex Aj,qin T
wiich is not joined to A1,'A2, sv ey Aa. #We oan therefore add Aa+1
to 8 and get a olaw of order s+t1., In this way we can go on extene
ding & olaw till we get a claw of any regquired order not exceeding r.
We can start this process with any claw [P,A] of order 1, This proves
the Lemma. :

Leuma (8.2), If k >p(ryt) = 1 + (r-1)? (t-1), ana 1r [p,s]
ie a claw of order r-1, then there exist at least k « (r,t)
distinoet vertices @ of G guch that [P, SUQ] is a claw of order r.

if [P,S] is a olaw of order r-1, then from (8.3)

£(0)Z x -d~(r.t).

Henve there exist at lemst k -)ﬁ(r,t) vertices Q, each
of which taken together with 8 give a olaw [P,Sﬁ] of order r
where S% = $UQ. : '

Lema (8.3)s If k > p(r,t) = & [r(xe1) + t(r+1)(sP2re2)]
_ then there exists in G no olaw of order r+i.

Let [P,S] be a olaw of order s in G. Let the set T
be as in Leumnma (8,1). We shall count the number of tripleta
(‘iAz’Q) where A,y A, 18 an ordered pair of distinot vertices in
8y and Q 18 a vertex in T which is & first associate of both
A1 4a;d Az' Sinoe -A1
ly p11~1 coumon first associates other than P. Some of thesa may
not lie in T. Hence an upper bound for the required number of triplets
is s(a=1) p$1. However the f(x) vertices in T, each of which has
exactly x first associates in 8, contribute x(x-1) £(x) to our

and Az are second assooiates they have exact~

gount. Hence

(849) :% x (x~1) f(x) S » (a-1)(pf1-1) =8 (8-1)(rt~1).

If possible lat 8 = r+1., Then adding (8.8) to (8.9)
multiplied by a half, and noting that on the left hand side of (8.9)
the term x = 0 contributes nothing we get
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£(0) + 1 §1(x-1)(x-2) £(x) £ = ke fe(r-1)+t(re1) (xPm2re2)]

Hence if k:»p(r,t), there cannot exist a oclaw of order =r+1, as the
left hand side is esmentially pousitive.

. 9, Leunmas on oligues in pseudo-geOmatriclgraphs.

In the Leumas (9.1) to (9.6), G denotes a peeudo-geometric
graph (ryk,t). The definition of a major clique generalizes Bruck's:
definition, and the oohcept‘of a grand'olique is taken over from
Bruck [5].

A major elique K of G is a clique auch that

|K| 2 k+1 -‘r(r.t) w Kk - (r-1»)2 (t=1),

A grand colique is & major olique which is also a maxinal

cligue. , :
If K end 1L are distinct maximsal oliques, then KUL

cannot be a cligue. Since X and L are distinct, there must be

& vertex P in one of them (say K), not belonging to the other (L).
Now if kUL ie a clique, then P is joined to every vertex of L.
Thus 4PﬁL is a clique which contradicts the fact that L is maxinal,
8ince grand oliqueé are maximal the union of two grand clicues cannot
be a elique, o

If we take the set of grand olijues as the set Z:of section
6, we may enquire under wiat conditions the axioms A%*1, A*2, A*3 and
A*4 are satisfied., The Lewmsas which follow arc directed to this

purpose.
Lemua (9.1)s If k »>(r,t) and if G has no claw of order
r+1, then for évery pair ofldistinct Joined vertices P and Q in
Gy. there exists et least one gajor clique containing both - F and Qe
From Leuma (841) we can find a olaw4[b,SJ of order T
such that Q€ 8. Let A’. Az, "'5'Ar-1 be othor vertices of 8,
Let {2 be the set of vertices R whioch when adjoined to 8, give a
olaw F,5% of order r, S% = SUR., From Lemma (8.2), the number of
points in 2 =/Q)2k -J"(r,t).



The vertices in {) are ull joined to one another. If any
two were not joined they could be added to A1, Az, esey Ar-1 to
g¢live a claw of order x+1, Thus P and the vertices in (2 are all
mutually joined. Hence o=k is a cligue of order 22k+1 = J‘(r,t),
i.00 & major clijyue,

Cor 1. In Lemna (9¢1) the hypothesis may be replaced by
k >ﬁ (rot)e

This follows from Lemma . (8.3) by noting that p (:b,t):(r(r,t)
for 13tsSr. _

Cor 2. When t¢he conditions of Lemma (9.1) or Cor., 1 are sa-
tisfied, P and Q are contained in at least one grand clique.

We can extend the major clique K by adding new vertices
till it becomes maximal, and therefore a grand cligue.

Lemma (9.2). If K =and L are oliques of G and kUL 1s
not a oligue then |KNL|Srt.

since KUL is not & oclique, there must exist in kL a pair
of vertioes P1, P2 not joined to one another such that P‘é K,
P2€ Ls Any vertex belonging to ,KI)L, must be joined to both P1
~and P,. Hence the number of vertices in lK{)L,‘ oannot exceed
pf,. Thus

|[kn 1| rt.

Lemma (9e3). If K and L are oliques of G and K(|L

contains at least two vertices A and B, then
|klLlgx + (r=1)(t-1).

Every vertex in KUL, other than A and B, ie a first associate of
both 4 and B. Hence

IKUL)_s_. p:1 + 2wk + (r-1)(t-1).
Lewma (9.4)« If K and L are oliques of G such that
(1) KL 18 not & olique (41) KNL ocontains at least two vertices,

then _
[K| + |L] S k + vt + (r=1)(t-1).
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5incd conditions of Lemmas (9.2) and (9.3) are satisfied

|| + |Ll = Jxanl + kU]

Srt + k + (r-1)(t-1).

Lemua (9+5)s If Xk >p(r,t) = rt + (r-1)(t-1)(2r-1) and if
G has no olaw of order r+1, then two distinct vertices of ‘G which
are joined, are contained in one and only one grand oclique.

Suppose there are two distinot grand cliques K and L
‘both containing P end Q. Then kUL ocannot ve a olique., Also KNL

has at least two vertices P and Q, Hence from Lemma €9.4),
[kl + |LlSrt + k + (2=1)(t-1).
Since K and L are grand cliques, they are both major. Hence

2 [k = (2=1)? (4-1)] & IK] + |L] S vt + k + (2-1)(-1).

kgrt + (r-1)(t=1)(2r=1) = p ().

which is a contradiction. _ _

| Cor, In Lemna (9.5) the hypothesis may be replaced by -

k >ll (x,t), ‘
| Lenma (9.6) 1If (1) k>q (ryt) = 1 + (re1)(2r=1)(t-1),

(11) two distinet vertices of G are oontained in utwost one grand

clique of G, (iii) thewe exists no claw of order r+t1 in G, then

each point of G is contalned in exactly r grand cliques.

From Lemma (9+1), Cor, 2 any two vertices are contained in
at least one grand olique., It follows from assumption (ii), that any
two vertices of G are contained in one and only one grand clique,
Again from Lemua (8.1),'there existe a olaw [P,S] of order r, where
S - {A1, Ags eees ALd 46 in Lemma (8.1), let T be the set of firet
associates of P, other than A1. Az, teey Ar& We define ‘H‘1 a8 the
et consisting of P, A‘1 and all QE€T, auch that @ 1is a firast
associate of Ay but not of A, when 1 # 3o Let £ (x) be as in
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Lemma (8.1). Now £(0), since there are no claws of order r+1, Hence
from (8.5) and (8.6) we have

:§: £f(x) = ng -7 r{k-2),
X

;%: xf(x) = (x=1)f(x) = r(k-2) + ;(r-1)(t—1).

x=1

:i: (x=1) £(x) = r(r-1)(t=-1)

Xm2

Now

Sex) & 3 (x-1) £x) < (e-1) 3 £(x).
2 2 2

r(4=1) s%r(x) < £ (r=1)(t=1).

r (4-1) S r(k-2) = £(1) < r(r=1)(s-1).
Hence we have

(941)  p(kete1) 2 £(1) 27 {(k-2) - (2-1)(t-1)}s

Anytggrticea in HJ are Jjoined together otherwise there .
would be a claw of order r+t. Thus H is a c¢ligue.,

If we put Hg - HJ - (AJHP), then Hs consists of exaotly
those vertices of T which are joined to AJ but to no other vertex
of S. Hence H?, Hg. vesy H: are disjoint sets and the total number
of vertices in these mets is f£(1), which satisfies (9.1).

Now there ie a unique grand cligue KJ containing AJ
and P (J =1, 2, eeey T)o The number of vertices in Kd cannot
be less than the number of vertices in HJ' If possible let
lxﬂ«:{udl. Since K,
mejor clique and is cuntained in some grund cligue K5. Since AJ

1s a grand clique it follows that HJ is a

end P are oonta;ned in X and K!, they must codncide. Hence KJ
contains HJ which contradicts lKJL<‘HJ|.
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Now consider the r grand cliques K1, K2, veey Kr'

Then 'K1-P, K2-P, erey Kr-P are disjoint. Jor if Ki-P and KJ-P

(1 ﬁ J) have a common point Qy then Ki and KJ would coincide and
would contain both Ai and AJ which is impossible since Ai is not
joined to AJ._NOW

lK1—P| + lK2-1>1+...+lxt-Pl;[111-P|+|uz-P|+....+|ur-P)
= T +[H;&l+lu5(+...+lngl
= + £(1)
zr {(k-1) - (:--1)(1:-1)}.
Ir pogsibie suppouve there is another grand cligue Kr+1

r+1--P must be disjoint from the

vertices in K, =P, ¢4, Kr-P. Also Kr+1-P mugt have at least

(k=1) = (r=1)2 (t-1) vertices. If we remember that the number of

containing P. The vertices in K

first associates of P is wr(k-1) we have
r {(k-1) - (r-1)(t-1)} + (k-1) = (r-1)? (t=1) & r(k-1).
kS1+ (r-1)(2r-1)(t=1),

Hence k=q(r,t), which gives & contradiction., This finally proves
our Lemma. |
Cor. 1, The hypothesis of the Lemma moay be replaced by
(1) k>p(ryt) ana (i1) there exists no claw of order =+l in Ge
This follows from Leuma (9.5), and the inequality
P (ret) z a(r,t).
Cors 2. The hypothesis of the Lemma may be replaced by
k >p(r,t).
‘%his follows from Cor. 1, Lewna (8.3), and the inequality
p(ret) Zp(xyt),
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Theorem (9.1). Let G- be a pseudo-geonetric graph (ryk,t).
If (1) k>q(r,t), (i1) two dietinot vertices of G are contained
in utwost one grand éliqua, (1i1) there exists no claw of order r+1
in Gy then G 1is geometrisable (r,k,t).

Theorem (9.2)., Let G be a pseudo-geometric graph (r,k,t).
If (1) k >p(ryt), (i1) there exists no claw of order r+i in G
then 0 is goometrisable (r,k,t).

Theorem (9+3), Let G be a pseudo-geometric graph (ryk,t).
If k >p(r,t), then G 48 geometrisable (r,k,t).

If we tuke the sut of grend cliques of G, aw the set
of section 6, then Lemumas (9.5) and (9.6), together with their conlla=-
vies show that the axioms A¥1 and A%*2 are satisfied, under the
oonditions of eny of the Theorems (9.1), (9.2), (9.3). The reoult
now follows from Theorem (642). '

10, The uniqueness of the trienguler aesociation schenme
for n >8, |

Cousider a pseudo-griesngular graph with charegteristic n,
which is a pseudo-geometric greph with characteristiocs (2,n-1,2) and
with paranaters (T«4), (T¢%). In this case r = 2, t = 2 and the
function p(r,t) given by (8.4) is equal to T. Hence from Theorem (9.3
the graph is pgeometrisable (2,n-1,2) if n-1>7, i.6. n>6. :

_ Now v « n(n-1)/2 und r = 2. Thus each point occurs in

exaotly two lines, UGilven any point P mnot contained in a line b,

the two lines m,
gince r = t = 2. Hence any two lines intersect im a unique point,

If ve designate the lines by the numbers 1, 2.‘....'n $ then we may
make & (1,1) correspondence betwoen khuxummxiwres points and the
unordered number of pairs (i,J),) 1 £ Jy, 1,3 = 1, 2, «es, n, where
the point corresponding to (1,3) is the intersection of the lines

i and Jj. If we now take an n x n sguare aud write down in the

cells (1,3) eand (§,1) the treatment correspunding to the unordered

end m, containing P, must both intersect b,

pair (1,J3), then clearly the poiuts oocurring in the sume row (or

same column) arae thosc occurring in the same line (see Fig. 1 for the
cage n = 5). Thue the a.mociamtion relutions betwwen the vertices of
the graph will be exhiibited in the form known as the triangular sclieme.
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for n >8. This result was first obtained by Connor [9]. 0f course
when we use design of experiments langusge the verticos of the graph
or points are truatments,

Shrikhande [Zf] hes proved the uniqueness of the trienguler
scheme for n = 5,6 and Hoffman [13] and 6hang [6] have proved the
same for n = 7. Both Hoffman [}4] and Chang [7] have showa that for
n = 8, the parameters (7.4), (7.5) do not completely deteruine the
scheme. There are three‘othér possible schémes with the same parame-
ters besiden the triangular. This may be expressed as follows 3
There aere four non~isomorphic strongly regular;graphé with parameters

1 2
np= 12, nmy =15 By v 6 Py =4

only one of which in geometrisable (2,7,2).

Consider a BIB design
(9.1) v¢ = d (n-1)(n-2), % = dn(n-1), % wn, k*«n-2, A% .2

Hall and Connor [12] have shown that if this deaign existe then it
can be embedded in a symmetric BIB design

(9.2) v, b @ % n(n=-1) + 1, T, =k, mmy A w2
Their proof does not cover the case n « 8, for which Connorx [10]
seperately showed that the design (9.1) does not exist.

8hrikhande [22]. hes proved the Hall-Connor theorem for the
case n } 8 by using the uniqueness of the triangular scheme for
n g 8, It is interesting to observe that n = 8, the case not covered
in Hall and Connor's entirely different proof, is exactly the case
when the paramsters (7.4), (7.5) do not uniquely characterise the
scheme as triangular.
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11. Yheorems of Shrikhande, Bruck und Mesner on the

unigueness of the Lr scheme,
Gongider GN a8 a pseudo-net graph with churacteristios

(ryk) or the corresponding avsociation scheme with parameters (T.1),
(7+2). 5ince t = r-1 in this case, Gy is geometrisable (rykyr~1)
ir

(14v1) k>p(r,r=1) = (r-t)(r - r? +r+2),

In particular if r = 2, this reduces to k >4,

In the case r = 2, the geometry oonsists of two sets of
parallel lines. Each parallel class containsg k lines, and epch line
contains  k points. Lines bf the samé class do not inxeraeot; Lines
of different classes intersect in a pqint. Thus each point is uniquely
determined as the interssction of one line‘from each class, Ye can
number the lines of eaoh class 1, 2, ssey kK } and we can number
the points or vertices of the graph 1, 2, ey kz. We now teke a
k x k square and identify the i-th line of the fifat oclass with the
i-th row, the J-~th line of the second class with the j~th column,
~ and the cell (1,j) with the point which is intersection of the line
1 of the first class, with the line J of the second clasas, then
“the asscoiction reiationa>between the vertices of the graph are exhie
bited as an L2 sohene. This provea the unigueness of the L2 scheme
forr n>4 =a result obtained by Shrikhande [19] ‘and by Mesner [‘l 5]

In the general case the geometiry oonsists of a set of k°
points (the verticen of GN) and a T claaeea of parallel lines,
each olass containing k 1lines. Lines of the same class do not inter-
seoct., Lines of different classes intersect in one point, Let the
parallel classes be designated by (R), (8), (U1). seuy (Ur-2)' To the
k lines within each olass we assign the symbols 19 25 eeey ko Bach
point ie unkquely given by the interseation of a line of (R), with
a line of (0). Hence as in the case r = 2, the lines of (R) may be
identified with the rows, and the lines of (C) of the columns of a
k x k square. Then the intersection of the line of (R) and the line
of (¢) 1 {dentified with the cell (1,3). If in each cell (1,3) we
put the number of the line of (U ) which passes through the point cor-

2

responding to the cell, we get a Latin squareg L, (¢ =1, 2, svey r=2)
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and the Latin squares L1, Lz, seey Lr-z are mutually orthogonal. Two
pointe (cells) are first associates if they lie in the same row, same
column or correspond to the same lotter of the same Latin square,

Thus the susociation relations betwoen the points or vertices of EGN
can ba exhibvited by the Lr schene defined by Bose and Shimamoto [4].
Thus the L., scheme with parameters (7.1) - (7.2) is unique (up to
type) 1f (11.1) holds. It is ncoousury to add the words up to type,
since thore may be anany non=isoworphic sets of r-2 mutually ortho=

gonal Latin squares. This result wazpasewes WL T
implicit in Bruck's paper [5]. A ngLf% wtako& Absulf Wi f440*4i
67 Meswen [i5],

12. The SLB scheme and- the general unigueness theorem.

Let conslder the SLB scheme or the pseudo-SLE sraph with
- gharacteristios (r,k) for which the parameters are given by (7.6),
(7¢7)s Then theorem (9.3) states that the graph is geouetrisable
(ryky1) if

(12,1) K>3 r(r3 -rf b+ 1).
2

In the langusge of designs this would mean that if there is an asso-
‘cistion scheme with parameters (7.6), (7.7) then if (12.1) holds the
associciion relations can be exhibited by the dual of a BIB design
(with To=k end kjmry Ay = 1) so that the firet associates are
exactly those which ooour together in a block of this dual and the
second associates are those which do not ocour together in a block

of this dual. Thus (7.6), (7.7) deternine the structurs of the 8sso=
ciation scheme up to type. It is necessary to add the words up to

type aince there will exist iu general non-isomorphic BlB deaigns with
(r = ky k o
ieomorpuic. when (1241) does not hold we canuot say that their will

=Ty, A, = 1) and their dusle will sutomatically be non=

exist a dual of a BIB design ive. & partial geometry (rykyr), whose
otructure will exhibit the association relations.

In gencral then we oan say that Af we have a pscudo=-geodmet=
rig assooistion scheme with purameters (d.1), (4.2), then if
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(12.2) k >p(ryt) = % [t(x-1) + t(x+1)(z%- 21 + 2)_],

the ausociation structure can be exhibited by moznsg of u partial

geometry (r,k,t), the first associates being those treatments which
correspond to points on a line of the geometry, Such schencus moy
celled geometric schemes. Thus when (12.2) is true, the association
schieme will be determined up to tyye, for there will exist non-isomore
phic partial geomeiries with the same paradeters rykyt. This nay be
regarded as & goneralized uniqueness theorem. When (12,2) is not

true very litile is known except for schemes which have the ssume

parasmeters as the triangulay scheme or the L, scliene (r 2y ky t = 1:

Z
Thege two cases have been fully investigated,

13, A general embedding theorem.
Theorem (13.1). Given a PRIR design (r,k,k1,A2), Ay >A,

based on a strongly regular graph G (associmvion scheme) with pura-

meters

‘ (15.1) ‘n, = (d-1)(k-1)(k-t)/t, n, = a(k=-1),

(132)  py = [(a-1)(ke1)(icmt) = a(ket-1) 8]/t ,

2

P2, = (@=1)(ket)(k=t-1)/t.

we can extend the design by aading new btloocks, containing the same
treatuents, in such a way that the vxtended desipgn is a balenced in-
complete blook (BIB) design with r, =T+ d(A1 - 12) replications,
blook size k and in which every pair of treatments occur together
in A1 blocks, provided that

(13.3) | k>p(d,t) = -,‘?,- [d(d-j) + t(a+1)(a® - 24 + 2)].

Let G* Ybe the cowplementary of @, i.e. G* 4is the graph
with the saue verticua a8 Gy but with the relution of adjacency re=-
versed, i.e. Just tlLose vertices in G* are joined which were un-
Joined in G. This ncans that first associatles become seocond asaocia~

tea end vioce versa, The parameters of G* are obiained from G by
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interchanging the subsorints and superscripts 1 end 2. Hencve for
a*

(13.3) mp =4kt ng = (@1)(e)(eb)/t,

(1304) pop = [(4-1)(k=1)(k-t)=a(knt-1)-8]/%,

14

Py * (d31)(k-e)(k-t-1)/t.

Using the identities (2.3), (2.4), we find that

* 2%
p}1 . (4-1)(d=1) + k-2, Py = dt.

Hence G* is pseudo-geometric with charmotaristics (d,k,t).

In view of (13,3) it follows from theorem (9.3) that G*
is geometrisable (d,k,%t)s From (4.1) the geometry has AXX{AXIILKXAY
4 [(d-1)(k-1) + t]/t ‘blocks, and every pair of treatments which were
second associates in the original FPBIB design occur once in the new
blovks. If we add these new blooks repeated A1 - A2 times to the
- originel blocks then eych pair occurs x1 times and each treatment
ocours r + d(a1 - Aa) times. This proves our theoreum,

We shall now drive from this the embedding theorem on
‘orthogonal Latin squares due to Shrikhande and Bruck.

In theorem (13.1) take +t = d~1, then the G* is a pseudo-
geometric graph (d,k,d=1) i~e., & pseudo-net graph. If

k>p(d,d-1) = % (‘1--1)(‘15 -a? v ae 2),

it 1s geometrisable, ‘

Aloo let us take r = k + § -« 4, A1 = 1, 12 = O, Then the
PBIB design becomes the deasign (k + 1 - d, k, 1, 0) besed on the
strongly regular graph with psrameters (7.1), (7.2). This is easy to
oheok by substituting d = -k + 1 « »r in (13.1), (13.2) eand noting
that they reduce to (7.1), (7+2)s Hence the FBIB design ie a net of
degree k + 1 - 4, or a lattice design with r = k + {1 = 4 and block
size k. Hence the extended design is a BID design with » + 4 i,e.
k + 1 replications in which every pair of trestments ocours in one
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block, This is an affine plane of order k., Hence we have
Theorem (13.24), A lattice design (or a net) with
*wk+1{«d and block size k ocan be completed to an affine plane

2

v =k, bo - k(k+1), 1"° » k+i, kO =k, A =1,

o o

by adding kd new blocka, if k>% (d-‘l)(d’ - a2+ d+2),

Now we have ali'eady notifed the equivalence of a lattice
design with r repliomtions and block size Kk, with a set of r-2
uutually' orthogonal Latin squares of order k. Since an affine plane
of order k oan bve regarded as a lattice with k+1 replications,
theorem (13.2A) may elternatively be otated as

Theorem (13.2B). If there exist k-1-d4 mutually orthogonal
Letin sgquures of order Kk, it is possidle to get a oomplete aet of
k«1 mutudlly orthogonal Latin squares, by adding d new gsuitably
chosen aquares, provided that k>% (d.--1)(<l5 -a® v a4 2).

The case d = 2, was first obtained by Shrikhande [20]
and the general case was obtained hy Bruck [5]._
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