ABSTRACT

KURMANJ, AGIR. Noise Ratio As a Non-Nested Model Selection Tool. (Under the direc-
tion of Dr. Atsushi Inoue and Dr. Denis Pelletier.)

In this dissertation, we analyze the noise ratio statistic of Durlauf and Hall (1989),
N RT(éT), as a non-nested model selection tool using the Rivers and Vuong| (2002)) frame-
work. For this purpose, we first show that, when scaled by the sample size T', N RT(éT)
is distributed as a mixture of chi-square random variables. Further, we study the asymp-
totic distribution of functionals of this statistic for model selection purposes under different
assumptions about: i) model specification and ii) the data generating processes of two non-
nested Rational Expectations (RE) models whose parameter vector is estimated either by
GMM (in Chapter 1) or by the continuous updating estimator (in Chapter 2).
In Chapter 3, we use Monte Carlo simulations to compute the empirical size and empiri-
cal power of tests with statistics whose limiting distributions were studied in Chapters 1
and 2. First, we use a simulation routine and compute the rejection frequency of the tests
developed using these statistics, which represents empirical size under a null hypothesis
and power under an alternative. Under our null hypothesis, both models are equally good
from a goodness of fit perspective, that is, Hy : N RS}) =N Rg?), where N R,(f) denotes the
probability limit of the noise ratio statistic evaluated at the probability limit of the GMM
estimator, which we denote by 99, for models ¢ = 1,2. Under the first alternative, the first
model is better, that is Hy : NR,(‘l)(Hil)) < NRSE) (9&2)), and under the second alternative
hypothesis, the second model is better from a goodness of fit perspective, that is, we have
Hy, : N R,El)(ei”) > N R>(k2)(0£2)). Under all scenarios covered in this chapter, we use the
limit of the noise ratio statistic evaluated at the probability limit of the GMM estimator as
our goodness of fit measure.
Finally, in Chapter 4, we use the model selection methodology used in Chapters 1 and 2
for comparing different formulations of the pure production smoothing model of invento-
ries. The particular models compared are the production smoothing model of inventories
and its variants, covered in Durlauf and Maccini (1995). The statistics used for comparing
these models include T{NR&?)(HA%)) — NRg?)(ég))} and Br of Rivers and Vuong (2002).
All statistics are evaluated at the GMM estimator () for the corresponding model ¢ = 1, 2.
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Chapter 1

Noise Ratio and GMM

1.1 Introduction

1.1.1 Motivation

This research is motivated by the need to find tests that can be used for non-nested model
selection in situations where models under consideration are possibly misspecified. A possi-
ble candidate statistic for developing such tests is the Noise Ratio Statistic (NRS) of Durlauf
and Hall (1989). Durlauf and Maccini (1995) use the NRS for model selection purposes in
the case of inventory models. However, their use of NRS is not based on any formal statis-
tical theory. This dissertation aims to develop a formal theoretical foundation for using the
NRS for model selection tests where models under consideration are possibly misspecified.
Even when two models are misspecified, one of the models might be better from a goodness
of fit perspective. The goodness of fit criteria we use here is the probability limit of the
noise ratio for that model. In Chapter [I} we define our theory formally for the case where
the NRS is evaluated at the GMM estimator. The special case of models covered here are

known as RE models whose parameters are estimated using the GMM estimator.

1.1.2 GMM estimation of RE models

Discrete-time models of optimizing behavior of economic agents often lead to first order

conditions (f.o.c.), which yield moment conditions of the following form:

Elg:(64)]€2] = 0 (1.1)



where ¢;(0) is a Rational Expectations (RE) error term at time ¢t + 1, 6, € © isa p x 1
parameter vector and {); denotes the economic agents information set, as of time ¢. In
this setting, the expectations are assumed to be formed rationally by basing them on all
available information, hence the name RE Models.

In order to make correct inferences, we need to know the value of 6, or be able to estimate
it. In the real world, most of the time, the value of 6, is either unknown or impractical
to compute. For that reason, we have to estimate it. In Generalized Method of Moments
(GMM) estimation of RE models, we begin by deriving an unconditional moment condition

from Equation (1.1)), using the law of iterated expectations (LIE):

Elz19:(0+)] = E[E[219:(0)]€2]] (1.2)
= E[2E[g:(6.)]€2]] (1.3)
=0 (1.4)

where z; denotes the k£ x 1 instrument vector with z; € €.
Then, using a sample analog of this moment condition, we can compute the following first-
step GMM estimator for 6,:

HAT,l = argmingeeQr,1(0) (1.5)

Qr1(0 { IZztgt (0, v } [ Zztzt]{T_lgztgt(H,vt)} (1.6)

where v; € R? is a set of observations on a random vector of interest.

Then, using (1.5]), we can derive the following second-step GMM estimator for 6,:

éT = argmingeeQr(0) (1.7)

where
i

290(0, vy } St(fr1)” { Zztgt 0, v } (1.8)

IIMH

w®={r";

(i) HAT,l is a first-step estimator used to estimate the second-step weighting matrix,

where



A~ ~

(i) S7(fr1) is an estimate of the limy_, s var(T /2 Z;le 2t9¢(0, vt)), where plim(07) =
0.,

(iii) 7 is such that plim(égpi)) = 9*

In the next section, we introduce the Noise Ratio (NRr) statistic of Durlauf and Hall
(1989)), which is a function of the GMM estimator for each model. Further, in the following

sections, we study its potential for model selection purposes.

1.1.3 The N Rt statistic

The methodology behind the N Ry statistic is developed in|Durlauf and Hall (1989). Durlauf,
and Maccini (1995)) first used the N Ry statistic for comparing the goodness of fit of RE
inventory models estimated by GMM. To derive the noise ratio, Durlauf and Maccini| (1995))
use the regression of gy) (ééf)) onto z,, where ggi)(égf)) denotes an estimated Euler equation
forecast erro derived from the underlying economic model and Zl,t denotes the t** row of
the T x k instrumental variables (IV) matrix Z. Further, ”’” denotes matrix or vector

transpose.

This regression is as follows:

g 09y = 6, (09) + a, (8

= 2,07 + @t(é(Ti)) (1.9)

(4L

where g; ' (07") is the estimated Euler equation forecast error, BT denotes the ordinary least
squares (OLS) parameter estimator in || gt(égf)) denotes the projection of gt(i)(ég,f)) on
A(i))

to the column space of Z; and ;(0;’) is the residual term of the same regression.

The OLS estimator BT is given by:

Br=(22)"'Z g(0Y) (1.10)

lé(Ti) is some consistent, estimator of 6.
2The dependence of the Euler equation forecast error on égf) will play an important part in deriving the
asymptotic properties of the N Ry and we will write NRgf)(égf)) to denote our noise ratio statistic.



Now, given ([1.9), N Ry is defined as follows:

T
TN (09
NRY (YD) = =l (1.11)
T3 g (07
t=1

g(0) = () + w(05) (1.12)
= P.g(0Y) + a(8s)) (1.13)

where g(ég)), g(é(T’)) and ﬂt(ég)) are all T x 1 vectors formed by stacking g, gt(é(T")) and
ﬂt(égﬁ)) in vectors. Also, P, = Z(Z' Z)~'Z' is the T x T projection matrix which linearly
projects a variable onto the column space of Z. Using this setup, we denote our noise ratio

in matrix notation as follows:

NRr () = MR (1.14)
T-19(07)) 9(67)
_ T79(07) 2(2'2)7 7 9(07)) 115)
T-19(65") 9(65)
where
. N T R
mrﬁrz)(é’(ﬁ)) =T th(0T7Ut)2t (1.17)
t=1
. N T . N/ T . N
W) = (17300 ) (1 el (19
t=1 t=1

We have indexed N Ry by T because of the dependence of N Rt on é In the next section,

we discuss model selection in the context of RE models estimated by GMM.

3The GMM estimator of the parameter vector, éT, depends on the sample size T'.



1.1.4 Model selection using NRg)(égf))

In the context of RE models estimated by GMM, model validation has traditionally been
based on the well known overidentifying restrictions (OIR) test statistic which we denote
by Jr.
The OIR statistic is used to test if the moment conditions are satisfied by the data. In
the case of misspecified models, the OIR statistic could have a degenerate distribution.
Theorem 5.2 of |Hall (2005) gives the distribution of the OIR test statistic when the model
under consideration is misspeciﬁedﬂ In the special case where the weighting matrix is p.s.d.
(positive semi-definite) and converges to a p.d. (positive definite) matrix of constants, it is
shown that Jr diverges to co at rate 7.
On the other hand, |[Hall and Pelletier| (2008]) studied the distribution of Rivers and Vuong
(2002)) statistic for models estimated by GMM, where the goodness of fit of the models
is measured by their GMM minimands. Formally, the statistic Hall and Pelletier| (2008])
studied is given as follows:

TRy @) - 07 (07}

N 1.1
T P (1.19)

where &7 is a consistent estimator of the limiting standard error of the numerator of
and Qg) (égﬁ)) is the corresponding GMM minimand for model i, where i = 1, 2.

They find that the asymptotic distribution of N7 depends crucially on assumptions about
model specification and the weighting matrix choice. We can summarize their findings as

follows:

(i) If both models are correctly specified, then the limiting distribution of N7, under the
null that Q1" (81") = QW (8", is non-standard.

(ii) If both models are misspecified, then under the null that QS})(HS)) = 5‘1)(08)),
Np has a standard normal limiting distribution. However, it is also shown that this
distribution depends crucially on the weighting matrix used. This finding makes it
difficult to perform inference in cases where there is no a priori weighting matrix

choice from the underlying economic theory.

“Where misspecification is defined as: A6y € ©: E[g(fo,v:)] = 0.



These findings motivate econometric research about other statistics that can be used when
the models considered are misspecified. One such possible candidate is the N Rp statistic
used by [Durlauf and Maccini (1995). The NRr is used to determine which of the two
inventory RE models estimated by GMM is closer to the truth. Specifically, the noise ratio
measures how well a model explains movements in data. The smaller a noise ratio, the
better a model explains movements in the data. Further, the authors compare their results
based on the N Ry to those obtained using the OIR. As outlined above, the usage of the
GMM minimandsﬂ in misspecified models with non-local misspeciﬁcationlﬂ depends on the
choice of the weighting matrix. Given that N Ry is a function of the GMM estimator, we
would like to know how this dependence affects the asymptotic properties of the N Ry and
whether or not we can use it as an alternative statistic for model selection purposes in the
case of misspecified models. Also, we would like to know if the N Ry statistic can be used

as a non-nested model selection tool within the Rivers and Vuong| (2002)) framework.

1.1.5 Non-nested model selection methodology

Rivers and Vuong (2002)) propose tests of model selection for two non-nested dynamic
models, based on the difference between the goodness of fit measures for two models. In
particular, one model is preferred if its goodness of fit measure is significantly smaller than
the other. In the case of GMM models, they propose the GMM minimand as a measure of
goodness of fit of a model where model selection is based on the statistic given in .
In this paper, we would like to evaluate whether the noise ratios for two models, N Rgpl )
and N Rg? ) , can be used as a basis for non-nested model selection using a similar framework
to that of |[Rivers and Vuong| (2002)). Specifically, we would like to compute the limiting
distribution of the Rivers and Vuong (2002)) test statistic given by , where we would
replace the GMM minimand with the noise ratio as the goodness of fit measure.
For this purpose, we first define the following statistic:

_ TVNRY (@) - NRY (07))

B — 1.20
g T ( )

5The GMM minimand equals T Jr.
5See Definition 2 of [Hall and Inoue| (2003).



where pr is a consistent estimator of the limiting standard error of the numerator of
and NV Rgf) (953)) is the corresponding noise ratio statistic for model ¢, evaluated at the GMM
estimator for model ¢ for i = 1, 2.

In the following, we will derive the limiting distributions of the N Rg,f) (ég,f)) and By statistics
under different assumptions about i) the data generation process and ii) the model specifi-
cation. In this setting, a model’s goodness of fit criterion is that a model with a lower N Ry
is preferred to one with a higher noise ratio.

Also, we would like to know how assumptions about the data generation process and model
specification affect the asymptotic distribution of N Rgf)(égpi))
sults to those about the GMM minimand obtained by |Hall and Pelletier| (2008]).

in order to compare our re-

In this setting, we assume that there are two non-nested models, which we denote by M;
and Ms, that we would like to compare. Further, we assume that each model implies a

population moment condition as follows:
M, = E[z§i)g£i) (vt 95:))] =0 for a unique o) o) (1.21)

fori=1,2and t=1,2,..,T.
Under the null hypothesis, we assume that the two models, M; and M», are asymptotically

equivalent from a goodness of fit perspective, which we can formally state as follows:

NrRP M) = NRP (9?) (1.22)

where N Rg)(ﬁ,(f)) denotes the probability limit of the noise ratio for i=1,2.
There are two alternative hypotheses of interest. Under the first alternative hypothesis, M;
is better than M>, that is,

NRY oWy < NRP (o) (1.23)

Under the second alternative hypothesis, My is better than M, that is,

NRM M) > NRP (9?) (1.24)
In this dissertation, we would like to analyze whether we can use N Rg) (égf)) as a non-nested

model selection tool using the Rivers and Vuong (2002) framework. For this purpose, we

would like to study the distribution of NRp and Br under different assumptions about



i) model specification and ii) the data generating processes of two non-nested RE models

whose parameter vector is estimated either by GMM, in Chapter [, or CUE, in Chapter

1.2 Notation and preliminaries

In order to derive all of the limiting distributions outlined in this dissertation, we impose

the following primitive assumptions:

Assumption 1 {v;, z,t = 1,2...} € ¥ is a sequence of strictly stationary and ergodic

random vectors, where ¥V C R*.

Assumption [I|implies that all expectations of functions of v; and z; are independent of time.

Assumption 2 Foreachi = 1,2, the function gt(i) (vi,0) : ¥ xOW) — R%  where O C NP

and q; < o0, 18:
(i) Measurable for each 8) € ©0) and ggi) (v,.) and is continuous on © for every v € ¥V,
(ii) E[gﬁi) (vt,H("))zy)] exists and is finite for every 0 € O,

(iii) E[ggi) (vt,Q(i))zt(i)] is continuous on O,

Through Assumptions |1f and (i), any measurable function of the data will also be strictly
stationary and ergodic.

In Chapter [1} it is assumed that parameters of both models are estimated via GMM, where
the second-step GMM estimator ég) is given by . On the other hand, in Chapter
we derive our results when the parameters of both models are estimated via the continuous

updating estimator (CUE).

Let ééf) be such that plim(ég)) =0\,

Assumption 3 Séf) (ég))*l is a positive semi-definite, symmetric matriz which converges

. " . . n—1
in probability to a positive definite matriz of constants, S

Assumption 4 0 s a compact set for i =1, 2.



Assumption 5 E[supyu) oo Hgt(i) (vt Q(i))z,@H] < oo fori=1, 2.

Next, we impose the following assumption which will ensure unique identification of the

parameter vector:

Assumption 6 There ezists 0 e 0% such that ng)(eff)) < fo)(e@) for all 60 ¢
SRANCR

where
Q0" = Blgf" (v, 09)") (59) " Blgf? (v1, 0) (1.25)

Before we state our next lemma, we make the following assumptionﬁ

Lemma 1 Consistency of é(Tl)

If assumptions hold, then é(TZ) EN 99 fori=1,2.

Lemma (1] follows from Theorem 7.1 of Wooldridge (1994)ﬂ This lemma states that the
minimizer of the sample minimands converges to the unique minimizer of the population
minimand. In addition to these assumptions, the following restrictions will be placed on

0@ and the following derivative matrices:

T

ng)(g(z‘)) 71 Z Zt(z)ag(i) (v, 00 /90D (1.26)
i=1

G (09) = B[z 89D (v, 09)) /09 ] (1.27)

Assumption 7 Qii) is an interior point of OV, fori=1,2.

Assumption 8 Fori = 1,2, we have the following:
(i) 99D (v, H(i))/(?Q(i)/ exists and is continuous on ©0 for each vy € ¥,
(ii) el (93)) exists, is finite and continuous on some neighborhood of N of 99),

(i) 5upyi) o 1GE(00) — G (9| B o,

"For any m x n matrix A, the Euclidean norm is defined as || A = [tr(A A)]'/2.

8This assumption will ensure that the probability limit of é(TZ) is well defined.
9See (Wooldridge| (1994} p. 2694).
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(iv) Rank(G(6")) = p;.

Assumption 9 ¢ (v, ) is twice continuously differentiable with respect to 0% on int(©1)),
and 8g§i)(.,0)/89(i)/ is measurable on ¥ for each 0% € int(@W) and i = 1,2, where
int(©W) denotes the interior of the set ©.

Given the form of W%z)(égf)) in l) a Cholesky decomposition will exist if W%z)(égf)) is
p-s.d. However, we also want to avoid the case where the probability limit of W:(Fi) (égf)) is

equal to zero.

Assumption 10 We also assume the following:
(i) Bl (07)%) > 0,
(ii) T—! Z zt(l)zgz)

t

1 p.s.d. and converges to M,,, a p.d. matriz of constants.

Next, we formally define a martingale difference sequence (m.d.s.) as followﬂ

Definition 1 Let {);, F:} be an adapted stochastic sequence. {Yy, Fi} is an m.d.s. if:
EVFa]=0 vt>1 (1.28)

The following example from White| (2001)|"7] illustrates the concept of m.d.s. Let {)} be
an i.i.d. sequence of random variables such that E[Y;] = 0. If we let Fr—1 = o (..., Vo1, W),
the sigma-algebra generated by the history of the random variable ), then {), F;} is an

m.d.s.

In our case, we take gt(i)(G,(f),fut) as )V and ; as Fy_1. For purposes of estimation, we will
use zt(i) € Q) as instrumental variables for estimating the parameter vector () by GMM.

Assumption 11 var(gy) (Hf),vt)my)) = ozit, where 39031» : agit = ng‘ for all t.

Before we study the probability limit of TNV Rg)(ég,f)), we also assume the following:

2 .

Assumption 12 {O'git,t =1,2,...} is a strictly stationary process.

Assumption 13 T1/2mgf)(9£i)) 4, N(0, S(i)(ef))) fori=1,2.

19See (White| (2001, Definition 3.74).
'1See [White| (2001, p. 58).
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We also assume:
Assumption 14 T2[G(60) — ¢ 4 N(0, 85, where plim(GY(09)) = GV,

Assumption will help us derive the asymptotic distributions of our statistics, in the
case where models under consideration are misspecified. In the next sections, we study the
asymptotic behavior of T'IN Rgpi) (ég,f)) and Br under different assumptions about {gt(i) (9@ ), t =

1,2,...,T}. Formally, we cover the following caseﬁ

(i) {gﬁ)(afj), ), t=1,2,...} is an m.d.s. and var(gt(i) (Hii),vt)]Qt) = agi,

(ii) {g@(@@,m),t = 1,2,...} is an m.d.s. and var(gt(i)(ﬁg),vt)mt) = crfn-t, where ﬂcrgi :

Uzit = ng‘ for all ¢,
(iii) {gt(i)(ﬁg), v),t=1,2,...} is a dependent proces

We leave Case (i) to the Appendix.

1.3 Correct specification: GMM

In this section, we assume that both of the models considered are correctly specified and
égf) represents the GMM estimator.
In order to motivate the discussion of model selection in the context of RE models estimated

by GMM estimation, we first define what we mean by correct speciﬁcationlzl

Definition 2 (Correctly Specified Models).
The model, MY, is said to be correctly specified if there exists a unique value 99 m
0 ¢ P, such that E[gt(i) (vt,ﬁy))zy)] =0 for i = 1,2, where v; is a vector of observed

random variables, ggi) is the RE error term and HA%) 2 053).

2When {g7(6”,v,),t = 1,2,..} is an m.d.s. and var(g\” (07, v,)|%) = o2;, the distribution of
TNRSf)(é(Ti)) is identical to that of the GMM minimand, which is covered in [Hall and Pelletier| (2008).

13When the models under consideration are misspecified in the non-local sense, one can no longer assume
an m.d.s. However, the data generating process for {ggi) (9,@, ve),t = 1,2,...} can still be serially uncorrelated
for the case of non-local misspecification.

11See Definition 1 of [Hall and Inoue| (2003).



12

1.3.1 The limiting distribution of TNR{(6)): GMM

In the Appendix, we show that the probability limit of N Rgf)(égf)) is degenerate. In this

section, we study the limiting distribution of TN Rg,f)(ﬁg,f)). Also, we will use some of the

equations in this section for computing the limiting distribution of By in the next section.

1.3.2 {70V v,),t=1,2,..} is an m.d.s. and var(g” (0%, v,)|) = Ot

In this section, we analyze the probability limit of TN Ry when Assumptions hold.
We begin studying the asymptotic distribution of NRp, by a mean value expansion of
NRE,f) (953)) around 09,

ONRY
900" | gy _ge)

NREP(OP) = NRY (017) + (07 —0.) (1.29)

where () = /\Teff) +(1- AT)HA? for some 0 < Ay < 1 and ég,f) denotes the second-step
GMM estimator for the i** model.
Multiplying through by T yields:

ONRY

TNRY (09)) = TNRY (00) 4+ T2 21

200 T2 — o) (1.30)

0(i) =)

!

ONRY ) ONRY (amgi)>
00 om 000)
() (1)—1 (4)
N ON Ry, Ovec(W;" ") ovec(W;”) (1.31)
avec(W}i)_l) avec(W:(Fi))' 00 '
= 2mi) (00) Wi (609) 7 67 (0)

(9)—1 (@)
(3) (%) / (4) () / 8vec(WT ) a’U@C(WT )
+ (myp (0Y) @my (6') . ~ (1.32)
( 4 ’ ) 8vec(W7(f))/ 6™

=2 (00) Wi (09) 67 (0)

= (mP D) @m D)) (WP E9) ™ @ W (o)) (“C(T)> (1.33)

00

5Here, we proceed in a similar fashion to the proof of [Rivers and Vuong| (2002, Theorem 1, p. 27).
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where the first line follows from the fatc that NRE,E) (H(i)) = méf)(H("))'Wﬁ) (e(i))ilmg) (‘9(1))'
Further, GP(60) s k x p. G{V(61") is Op(1) by Assumption (§) and W (6) " o
W:,@ (eg))_l is Op(1) by Assumption . Further,

T (@) ( (9
_ i g, (0«
()| ettt (555 )]
t=1
Under our assumptions, we can show that Gvec(W:(Fi )) /00W" = 0,(1) as follows:
T T (@) (p(2)
i) (1) _ i 0 0., v
vec (T_l DERE )> 73" g (08 ) ( & 3(9@), t)>]
t=1 t=1
T (i) ( p(3)
/ i 0 9* , U
<2177t g vec (ztzt> -1 E gt * » Ut <%)'|

8g§1) (9£ )? Ut)
* 7 t 69(1)/

<o 13@ o |7 1§;ng> 9,09) ‘

3vec(Wj@)
00’

avec(W}i))

900 =2

9(i) =g

<27~ 12\\4 ® 20| T

agt 95})7 )
201’

9g;" (6, )

<o 'Y |20 w20 <T—1 > a6, vt>2> (T
t=1

2) 1/2

A 2607
(1.35)

= 0,(1)0,(1)0,(1)

= 0,(1) (1.36)

where the second line follows from the first, via the Cauchy-Schwartz inequality for matrices
and the fact that vec is a linear function. The third line follows from the second, via the
triangle inequality and the fact that vec(zz) = z,gi) ® zgi). Equation follows by
applying the Cauchy-Schwartz inequality to the next line consecutively and recognizing
that gt(i)(ﬁg), v¢) is a scalar. Finally, the right-hand side of is Op(1), by the Ergodic

Theorem applied to each individual component under our assumptions.
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Equations ((1.33)) and ([1.36)) yield:

_ 2T1/2m§£) (9£z))/W}z) (%ﬁl))—lgﬁl) (93)7 'Ut)

A1) =)

_ <T1/2m¥)(9£i))/ 2 mg) (98'))/> (Wj(}) (Gf))_l ® Wj(j) (eii))—l)
(@)
X (MWT)> (1.37)

W o) 16l (09, )

8vec(W( ))
( 50 (i),T (1.38)
=272l (0 WD (051D (6 vy) + 0,(1) (1.39)

where (1.39)) follows from Assumptions and under the fact that for correctly
specified models F [ggi)(ﬁii),vt)zgi)] =0.

Further, HA%) represents the GMM estimator, hence we have:

T2 - 0) = —[GP(0) S0 TGP @) G 0 S 0 T A (6))

(1.41)

First, Equation 1) implies that 7/ 2(@55) — 99) = Op(1), under our assumptions. Fur-
ther, substituting Equations (1.39) and ([1.41]) into Equation (1.30]) yields:

TNRy(67)) = TNRP (0.7) = 2[T"*mf (017) Wi (67) 7 6 (61
x [GR0) S (0TGP @) T GR (00) S (0) T P (087)] + 0,(1)
(1.42)
= 12 (60 (Wi (60) M = PPNTY2mP(60) + 0,(1) (1.43)
= 72 (09Y EDTY2m D (00 + 0, (1) (1.44)
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where
FY = w0071 - YY) (1.45)
and
PP =GP OG0 57 (0) TGP @O 6P (6) 57 (00) (1.46)

=GP OGS (09) 5P (091 Gr(0.)) 7GR (09) S0 0,(1)  (1.47)

We continue studying the asymptotic distribution of 7'/ 2m¥) (0@ )/Fg) TV ngf) (09). Using
Assumptions 10| and and taking S®) = § (Ga(f)) we can write the following:

TNRY ) = 7'2m{D (09) EDTY2m) (09 + 0,(1) (1.48)
& SO EO G012y, (1.49)

where F() = Wfi)(ﬂg))*l[lki — Pii)], where W*(i) = plz’m(W}i)), P*(i) is the plim of the
right-hand side of (1.47), ng, ~ N(0,I,), S®/2n;. ~ N(0,5%), hence:

S(i)l/Q’Fj(j)S(i)lﬂ P, g(0)1/2" p(i) g(i)1/2 (1.50)

= CcW'AO W) (1.51)

where C() is an orthogonal matrix of eigenvectors of $@1/2' () §)1/2 and A() = diag()\gi) )\(1) " /\( ))
with corresponding eigenvalues /\gi),)\g), ...,)\,(j). The orthogonality of C') implies that

C’(i)nki has the same asymptotic distribution as ny,. Therefore, we have:
TNRY () 4 )y ¢ AO iy, (1.52)

In other words, TN Rgf)(égf)) is distributed as a mixture of x? random variables, which we

state formally in the following theoremﬂ

Theorem 1 When Assumptions hold, we have:

TNRY () ZAn,” (1.53)

Given ng; ~ N(0,1), it follows that ng, ~ x7.
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1.3.3 Distribution of J#; under correct specification: GMM

In the case of correctly specified models, we know from the previous section that when

{ggi)(&(f),vt),t = 1,2,..} is an m.d.s. and var(géi)(9£i),vt)\9t) = Ugit, TNRg,f)(ég,f)) is

distributed as a mixture of x? random variables. Therefore, we will use T as the correct

rate of convergence to derive the asymptotic distribution of:
Hr = TANRP (7)) - NRP (017)} (1.54)

In this section, we study the asymptotic distribution of T{N R(T1 ) (égrl )) —-N Rgrz ) (égj2 ))}, under
the case Whenim7
(i) {gt(i)(ﬁg), ve),t =1,2,...} is an m.d.s. and var(ggi) (Gg),vtﬂﬂt) = agit,
(ii) The model under consideration is correctly specified, that is, E [ggi) (09, Ut)zt(i)] =0.
First, the following assumption is imposed:
Assumption 15 T1/2m¥)(6g)) <, N(O,S(Gg))) and
(i) S(&(f')) is a positive definite matriz of constants,
(i1) rank:(GSj) (93))) = Pi,
(iii) S(HD) L 50 (D).

where 0, = [9&1)/, 9£2)’]/7 mr(0.) is (k1 + k2) x 1, which is given as:

(1.55)

Sr(0.) = " (1.56)

where S7(6x) is (k1 + k2) x (k1 + k2).
Next, we write Equation (1.44)) for model i as follows:

TNRY (09 = 7/2m0 090V ED (0) T 2m (00) + 0,(1) (1.57)

'"The derivations in this section are very similar to the proof of Theorem 1 of [Hall and Pelletier| (2008)).
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Subtracting (1.57)) for i = 1,2, we have:

T{NRY (07)) = NRP (07))} = 72 (02V) By (02) 11 2m i (606))
_ Tl/Qm(TZ) (9£2))F’1(“2) (9£2))T1/2m§?)(9£2))
+0y(1) (1.58)
= T 2mp(0,) Ur(0.) T ?*mr(0.) + 0,(1) (1.59)

where matrix Ur(0,) is given as follows:

(1) p(1)
F7 (0, 0
Ur(0)=| 7 (6= . (1.60)
0 —FPE?)
w11 — p® g 0
- | T (2)(p2)y-1 () (52 (161)
_ 0 W@ OP) 1, - PR O]
where Pj(j)(Gfki)) is given by Equation 1)
Let gy 44y ~ N(07 Ik1+k2)'
Then, under our assumptions, it follows that:
T{NRY (0%)) = NRP (O} % 1y, 4, S0 V20.50.) iy, (1.62)

where U, = plim(Ur(6y)).
Given Equation |i the asymptotic distribution of T{N Rg )(§(T1 )) - N Rg? ) (é;2 ))}, under

the current case, is given by the following theorem:

Theorem 2 Under Assumptions and [15 we have:

~ A~ d ’
TINRY (07)) = NRP 05)} 5 ny 44, S0 V2ULS(0.) gy 1, (1.63)

1.4 Distribution of By under misspecification: GMM

In this section, we derive the asymptotic distribution of the Rivers and Vuong’s
test statistic, By, given by Equation 1} where the goodness of fit criterion is N Rgf) (ég))

and both models under consideration have non-local misspecification.
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For that purpose, we first define what we mean by a misspecified model@
Definition 3 Misspecified Models The model, M9 is said to be misspecified if, for E[g\ (vy, G(i))zt(i)} =
1D (09, we have
(@D #£0 VoW e 6l (1.64)
We begin our analysis by multiplying Equation through by T/2 as follows:

ONRY

TANRY (0)) = TR OF) + S|
99" Jg—geo

7260 — o) (1.65)

Subtracting Equation ((1.65) for models ¢ = 1,2 and recognizing that under Hy, we have
NRS)(GS)) = NR? (0&2)), we can write the following:

TVHNRY (0F)) - NRP (07))y = TVHNRY (0.) - NRP (08%))}

ONRY V2 a0) (1
89(1)/ oD =5 ( T )
ONR? X
80(25 @) ‘(2)T1/2(9§?) - 09)) (1.66)
9(2)=§

= T2{NRY (6Y) - NRM (9}
~TY2(NRY(0)) - NRP) (0}

n H(l)(é(l))Tl/Q(é(Tl) _ 95}))

— @@ 2(6P — 62 (1.67)

where I1() = GNRg,f)/aﬁ(i)l.
Next, using the fact that E[gt(i)(ﬁ,(f), vt)zt(i)] = ,ugf), the derivative matrix in (1.65]) converges

18This form of misspecification, as defined in [Hall and Inoue (20083)), is called non-local misspecification.
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as follows:
ONRY ~ (oNRDY [oml)
00" | oy _gi) amgf)/ 00" | |yiy_ge
n 3NR¥) 8vec(W7(j)71) avec(Wj(f)) (1.68)
8vec(W¥)71) 8vec(W¥))' 001 0(i) =4 (%) '
=2m) @) Wi (@)~ G 0)
i) A i) A 8vec(W(i)_1) 8vec(W(i))
# (00 e mP@0)) | T 7L
Ovec(W;”) 00 () =f(®)
(1.69)
—9m (T)(a(l)) W(l)(e( ))—ngf)(a(ki))
= (mP ) o mPE)) (Wi 67) e w0 ) S 6l)
+ 0p(1 ) (1.70)
+ (ui’) @ 1YW DO o wO ) 1)s 1o, (1) (1.71)
=11 + 0,(1) (1.72)
where Egpi) (019)) = 8vec(WT(,i))/89(i)/, plim(ngi) 6)) = =
First of all,
NRP(0) = NRD0) = mip 02y W1 027) " mi) (627)
—mP oW 0D) 1 (90 (1.73)

From Equation 1} we see that NRg}) (99)) — NRS}) (9£1>) is in the form of AW WA —
RO'WOR® | which we can write as

~ \/

RO O RO RO OB = RO 0 (R0 @) 4 5O (D O YR0 4 (RO — p@ Y@ )

(1.74)

19Gee [Hall and Pelletier| (2008)[p.35].
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Applying the expansion in 1) to l , with R = mgf)(eﬁf)), we have the following

Tl/?{NREFi)(@fki)) . NRii)(Gii))} _ (z)(g( )) W(z)(g( )) 1 1/22 2| g 9(’)) . ng)]
t=1
+ Mg) T71/2{W7(j)(9£i))71 _ W(")(Hf))’l}ug)

+ 0,(1) (1.75)
Also, we can write the following analog to Equation (41) of Hall and Pelletier| (2008):
MSf) T_l/Q{Wc(rz) (egﬂz))—l _ ) 1}M (Z) W(”(9&’))‘1T—1/2{W¥)(9§f)) _ W(i)(gp)}

x W}z)(%))_lug)
_ [ng) ® HS}') } [W(i) (Gf))_l & W@ (eii))—l] B

x T~ 1/22 N2oech[z" 2" — B[z

+0,(1) (1.76)

where B is the permutation matrix such that vec(A) = Bvech(A), for some conformable

matrix A.

Using Equation (|1.76]), we can re-write Equation (1.75)) as follows:
Tl/Z{NRgf)(Hf)) _ NRSf)(Hf))} — (@)(9( )) W(l A 1/22 2 Qt 9@ (i)]
— [ (1)’ ®H(i)’] [W(z)(e(z))— ® W(z)(eg))— ]
x BAOT=1/2 Z (Z Z vech[zg )zt( 0 _ Elz El)zy) 1]

+ 0,(1) (1.77)

Hall and Inoue| (2003)) show that when models under consideration are subject to non-local
misspecification, given in Definition [3| the distribution of the GMM estimator depends on

the choice of the weighting matrix and we can no longer use Equation (|1.41)). Instead, we

208ee Equations (39)-(41) of |[Hall and Pelletier| (2008).



have the following@

V20— 6) = (1, — Hy'p L] Hyp {Hy'y + Hyp + Hy'y
(

where
Hg'y = -G (0787 1G(T’<é“’ o )]
Hyy =Gy O)syT 1/22 el - )

1y = TGP (02)) - 6L s

Hy) = GO 87— 5010

L) = (s @ 1,) G @F)
G2 (0) = (0/00' Yoec(GY(9))

ol — (1,

(3

HO LY HY),

where plim(Gg)(Hg))) =GY.

In our case, the choice of weighting matrix is S -1 Z ztl)zt hence:

Gg)(ef))/Tl/Z[S() SO ] () _ G(Z)(@(Z)) 1T 1/2 |:Z

[ 12215 Ztl):| lu* +0,(1)

= —<u£> © GO Oy (MO @ MO~

)

21

(1.78)
(1.79)

(1.87)

T
v @O p=1/2 Zvech[zlgl)zt(l)' — B[z} (4) (Z) ] + 0p(1)
t=1

where M) = [z( )z§ 2 ] and V is the permutation matrix such that vec(A) =

for some conformable matrix A.

21See Equation (9) of [Hall and Inoue| (2003)[p.368].

(1.88)

Vwvech(A)
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Let D(Z)t = th ( )/000)T 2; " and DY) = Elz (@ )(c')g (0)/060")]". A similar analysis yields
the following:

T GR 0) - G S = (s @ Ip->T1/2vec<[G¥><0£“> -GV

= (W' MO e 1,) T—WZvec ), — DY) (1.90)

zZZ

Using (1.72)), (1.77), (L.78]) and (1.88)), we can rearrange Equation (1.67) as follows:

TYRNRD @) — NED G2} = NE ) + N 00)
+NRZ (0) + NRE)(61) (1.91)
= LyTY2Dr + 0py(1) (1.92)

where

T
NRE (0 = 2u0 00y WO (00) 7172 3 gD (00) 2 — V)

+ [M( ) ® Mfkl) } [W(l)(g(l))—l ® W(l)(eil))—l]

o« gO-1/2 Z )2vech[z§1)z§1)l _ E[zt(l)zt(l)/]] (1.93)
t=1
NR%(@@) _ QM(Q) (0£2))/W( 1T—1/2 Z 9(2) ,U/>(k2)]

-7 [w< ) )

x B —1/2 Z (2 vech[zt@zt@l — E[z§2)z§2)l]] (1.94)

T
NRp07) = 1ol [G%” EOMETIT Y gy i)

—l—([ﬂgl)/Mz(;) ® Ip, 1/221)60 D( )

zzt

(1))
— (Y o WMy ><M£;>—1 © MP)

T
x VWp=1/2 Zvech[z,g )zzfl)/ E[zgl)zzg )y ]]} (1.95)
t=1



NEZ,(0?) = 1?0 [Ggg (02D~ 1T—1/QZ (2)(92)),@ _ )

+ ([ M-

_( (2)l ® G( )(0( ))')(M( )*

T—1/2 Z vech zt(g)zt

®I 1/221)66

® M(Q)fl)

B3]

where

[ 260 (01 w6~
[,A”' ® MS)I] [W(l)(9£1))—1 ® W(l)(@il))—l]B(l)
(I)Q(l)([ gﬁl)/Mz(i)fl] ® I,
H£ )Q( )( (1) ® G( )(Qil))/)(Mz(i)_l ®Mz(i)_1)V(1)
2M(2)(9>(k )) W(Z)(Qi ))—1 +H£2)Q§2)G§§)’(9£2))M§§)—1
(1?2 @ 1@ W@ @) @ w(9?)-1] B
M0 (7 M 0 1,)
| 1200 (4 @ G2 )) (D DV

and
T
Dr=T7"! Z &t
=1

where
g (02)
g (0 Pvech[z V2 — Bl ]

fuec(D(l) — D,(z?)

zz,t

0

& =

vech]

2t ¢

n 1" _

zp 7

(2) /) 9@y _

*

g?)(@(z)) vech[zé )zt(2)

vec(D( )

vech|

zz,t

0

Next, the following assumption is imposed:

B

W

E [zg )zt(z) ,

- DY)

E[P:)

Assumption 16 To derive our asymptotic results, we assume:

I

L nPoVal )M ]

23

(1.96)

(1.97)

(1.98)

(1.99)
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T
(i) LyT2 3" & % N(0,L,V.L.),
t=1

(ii) Rank(G\"(0")) = p;,
(iii) Vi 2 Vi,
() [L.V,L,)~" exists.

T
where V, = limT_,ooT_lvar(Z gt(a@)).
t=1

From Equation 1) it follows that T/ 2(@5@ —98) ) = Op(1). From Equations |i1b

and Assumption we have the following limiting distribution for the numerator of By:
L.V, (1.100)

where ng ~ N(0,Iy,) and k = 4(ky + ko) and L (6%) is given by (1.97).
Next, we study the limiting distribution of the denominator of Br. For that purpose, we

define the following:

Vi = var(TY?Dy) (1.101)
T

=var(T7'2) &) (1.102)
t=1

where & is given by ((1.99)).

Then, the limiting distribution of the denominator of Br is given as:

pr 5 [L/V.L,]Y? (1.103)

T
where plim(Lr) = L, and Vi = var(T~1/? Zﬁt), & is given by (1.99) and LT(GS)) is given

t=1
by (1.97).
Given Equations ([1.91))-(1.103)), we have the following limiting distribution of By:

Theorem 3 When Assumptions and[16 hold, we have:

Br % [LV.L] V2LV, (1.104)
= N(0,1) (1.105)
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1.4.1 {gy)(Gf), v),t=1,2,...} is a serially correlated process

In this section, we study the limiting distribution of By in the case of misspecified models
where gf)(ﬁg),vt),t = 1,2,...} is a serially correlated process. The dependence of the
Br statistic on the GMM estimator, through D7, makes it natural to study the limiting
distribution of By under the current case in parallel to Hall and Inoue| (2003)), where the
weighting matrix, Sg,f)(ég,f))*l, used in the two step GMM estimation, is the inverse of a
centered HACC matrix estimator.

Formally, the weighting matrix used in the second-stage of GMM estimation takes the

following form:

T-1
SPOP) = Y w(i/br)T; (1.106)
i=—T+1

where

T
Bo= 7 3 o0 0 (10)54” — mr (05

t=i+1
< g (v, 07 (1) 2" = m (@) for i 2 0 (1.107)
T
~1 S a0 ()ef” — m 0]
t=—it+1
x g (v, 6 (1)2(" = mip (6] for i < 0. (1.108)

where w represents weights called kernels, by represents bandwidth and é¥)1 represents the
first-step GMM estimator for models ¢ = 1, 2.
Under this case, |[Hall and Inoue, (2003)) show that the correct convergence rate for the GMM

1/2

estimator is given by (T'/by)'/? and is no longer equal to T/2.

Next, we state Assumptions (6) of Hall and Inoue| (2003).

Assumption 17 (i) For all z € R, |w(z)] < 1, w(—2z) = w(z), w(0) = 1, w(z) is
continuous at zero and for almost all x € R, [ w(x)?dr < oo, f%w(az)e_m/\dx >0
for all A € R.

(it) [ w(x)de = c where 0 < ¢ < .

(iii) [ aw(x)ds < oo.
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(i) by = o(TY?) and by — .
Next, we state Assumption (7) of Hall and Inoue| (2003).

Assumption 18 Let é%q, 953') denote the first step GMM estimator and its probability
limit, respectively, and ,ugj) = M@)(eff')).

()
<bT>vech(VT - Vr) <, N(0,8y) (1.109)
T

limp_oob! (Vo — V) = C (1.110)

where Qy is a k(k +1)/2 x k(k 4+ 1)/2 matriz, | > 0 is the characteristic exponent of

the kernel w .

(ii)
VT—F0+Z (i/br)(T; 4+ T;) (1.111)
Vi =To + Z (i/br)(T; +T7) (1.112)
T ’
Lo =T ) [ge(vr,0)2 — pa] (g2 (ve, 0) 20 — ] (1.113)
t=i+1
Cz—iigé( ol )J_Zoomr < o0 (1.114)

(iii) 011 — 0. = O,(T~1/?),

(iv) maxi<i<r |71 gi(vr,0.)2 — pal| = O(T72).
t=1

Assumption [I7}(iv) and Assumption [18}(iv) together imply the following:

T
br) 2y g (087)2" — 1 = 0,(1) (1.115)



Further, we make the following assumption:

Assumption 19

maxi<i<t||T™ IZ vec( Diz)t DY =0 (T_I/Q)

t=1
mazi<i<rl|g> (02 2vech 2P 22 — B[P

Under Assumption , it follows that:

(bpT)~4/? Z vec( )

= Op(T_l/Q)

D(l)) = op(1)

t=1
(brT) 1/229 9(2) ) vech|z, ) (2), —E[zt(g)ztm/]] = o0p(1)
Therefore, we can write the following:
(T/br) /2Dy = ZQFT
| g (O — il ]
vee(DY, ~ DY)
(1)(9( )) vech|z (1) (1) E[Zgl)zgl)/]]
g | veenllal @)z = ulg" (077 — )
(2)<9£ )) §2) M>(k2)
vec(Dgz)t Dg))
g2 (07 Pvech[=? 2P — B[ 2]
2) 1 n(2)\ (2 211 (2) n(2)\ (2 2)y/
| veeh([g? (0:7)2? — u?[g? (072 = 1))
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(1.116)

(1.117)

(1.118)

(1.119)

(1.120)

(1.121)
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The long-run variance of T'/2Dy is given by:

Vi = limp_oovar(T2Dy) (1.122)
= limp o E[T' ) >~ 2,%] (1.123)
t=1 s=1
=To+ > [[i+T}] (1.124)
=1

Given the form of Dy in (1.120)), the long-run variance of TV/2 Dy in (1.124)) can consistently
be estimated with the help of (|1.107)). Further, we write By as follows:
(T/br) N Ry (07)) - NRD(67))

Br = — 1.125
g pr/br ( )

Under the current case, L is still given by ((1.97).
Next, we impose the following analog to Assumption :

T
Assumption 20 (i) Lp(1/brT)"/* " % % N(0,L,V.L.),
t=1

(ii) Rank(GY(0")) = pi,

(iii) Vp 2 Vi,

(iv) L;V;L* 18 p.s.d

T
— 7 -1 (%) o (Vi) —

where V, = limp_ T var(z Z7(0.7)) and plim(Vr) = V..

t=1
Applying the same analysis in Equations ((1.97)-(1.103]) to (1.125)), we write the following

analog to Theorem .

Theorem 4 Under Assumptions and |15420, we have

Br % [LLV.L] V2L VY2, (1.126)
=N(0,1) if TYV2E* g e 0,00 (1.127)

where k is such that Equation (18) of |[Hall and Inoue (2003]) holds.

22 Assumption (iv) implies [L, V. L.]™" exists.
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1.5 Validity of tests

In this section, we prove the validity of the test statistics that we studied in Chapter

I Namely, we prove the consistency of TN Ry (6 g\ )) Jtp for J#, and Bp for B,.

1.5.1 Consistency of TNRT(HAg))

In Chapter |1, we saw that TN Rg,f)(ééf)) has an asymptotic distribution, which
is a mixture of chi-square distributed variables where the weights used are eigenvalues of

functions of parameters for the distribution of the data. Formally, it follows that:
k
TNRY Z ini; (1.128)

where \; are eigenvalues, which are defined in Chapter 1} ny; ~ N(0,1), and it follows that
nk] Xl

Next, we prove the validity of simulations that we will use for TN RT(O( )) For that purpose,
we first propose consistent estimators for A;, which are eigenvalues of the following matrix:

F.0) = w o)1 — P.(0)] (1.129)

where W(G,(f))_l is consistently estimated by:

w94 (T—l Z g2(b > <T—1 XT: zfi)zgi)/> (1.130)
t=1
and
P.0Y) = P09 GY 01 501G 00 1at (09) s (98! (1.131)
which can be consistently estimated by their sample counterparts, Fi) (%)) = Wi (§%))~1[1—

Pél)(égﬁ))] where:
FP(0) = Wi (6) 111 - P (0)] (1.132)
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(1.134)

In what follows, we show that the \;, which are the eigenvalues F*(Hg)), can be estimated

consistently by the eigenvalues of FT(GA%)), which we denote by 5\Tj. The 5\ij as eigenvalues
of FT(OAéf)), satisfy:

Fr(09)Qr(03)) = Ar(09)Qr(0) (1.135)

where AT(ég)) is a diagonal matrix of eigenvalues of FT(ég)), with diagonal entries ;\Tj,
and QT(éSFi)) is the associated matrix of eigenvectors.

Next, we show that AT(ég)) L, A, or equivalently, ATj (ég)) 2 Aj.

Taking limits on both sides of yields:

plim(Fr(09)Qr(8)) = plim(Ar(07)Qr (0)) (1.136)
plim(Fr(03)plim(Qr(05))) = plim(Ar(05))plim(Qr(0)) (1.137)
F(09)plim(Qr(05))) = plim(Az(0%))plim(Qr(63)) (1.138)

where Equation (|1.137)) follows from the continuous mapping theorem and Slutsky’s Lemma,

given 7 2 6,. Looking at Equation (1.138)), we see that plim(AT(ér}i))) and plim(QT(égf)))
are the eigenvalues and the associated eigenvectors of Fj (08)), which, of course, are none
other than A*(&(f)) and QT(Q@), respectively. In this case, the eigenvalues for F*(é’,(f)) can

be consistently estimated by the eigenvalues of FT(Hi(pi)).

1.5.2 Validity of J#

In this section, we show that J#7, in Equation 1) is a consistent estimator of %(99).
This immediately follows from the analysis in Equations ((1.29))-(1.48) and (1.57))-(1.62),

where

F.09) = wO(olh=11 — P.(ol)] (1.139)
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where W(Gf))*l is consistently estimated by:

T
w90y = <T_1th (0% )(T—lzz,ﬁ”zf)') (1.140)
t=1

and
P.0Y) = ¢V 0D GW 00 s(01) G (0016 (09) s (98! (1.141)

which can be consistently estimated by their sample counterparts, FT(égp)) = W:(Fi) (éT ) HI-
P:(Fi) (9:5,3) )], where:

and

SV@OYT (1.143)
= GPENGPOPY sP @GR 0GR (02) S (0 + 0,(1)
(1.144)

given that, under our assumptions, 0 2 9,.

1.6 Consistency (power) of tests

In this section, we prove that the tests we studied are consistent for the hypothesis covered
in this chapter. The test statistics include J#r and Bp, where é(TZ) represents the GMM
estimator. We show that under the first alternative hypothesis (when the first model is
better than the second one), the test statistics converge to —oco. On the other hand, under
the second alternative hypothesis (when the second model is better than the first model),

we show that the test statistics converge to 4o0.

1.6.1 Consistency of the test using 77

In order to show that the test using the statistic 7 is consistent, we show that under the

alternative hypothesis, Hy, T~ 7 L, C1 < 0, where C is a finite constant. Likewise, we
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show that when H, is true, T~ ' #p 2 Cy > 0.
Let ) = p(00) = Elg (00, 0)2"), W = wie), PP = PP (0LY) and FIY =
Ffi)(ﬁ,(f)). From Equations (54), (56) and 1) it follows that:

T ot oV PO Y

— ' EP P (1.145)
_ 0 -t

B MQ)IW,EQ)_qu)

Y 0=1pm 0

— B w»1p® 2 (1.146)
_ @y @

— P wP 1 p® (1.147)
<0 (1.148)

In this case, by assumption, the first model is correctly specified and u£1)1W>51)_1 ,ufkl) =
Mg)/Wil)_lel)ug) = 0. Further, both W@ and PP are positive deﬁnit It follows

that P WP 12 S 0 and 1P'WP PP 10 > and the result follows by (1.147).
1.6.2 Consistency of the test using Br
First, scaling By in equation 1} by T2, it follows that:

_ plim(NRy (03) - NR (67))
plim(pr)

plim(T~/?Br) (1.149)

For the numerator, under Hp, (1.67) no longer follows from ((1.66|). However, if we let
C = N(l)R*(H,(ﬁl)) - N(Q)R*(Gg)) < 0, under Hi, we can write the following analog to

23Under Assumption (iv), rank(P,fi)) = rank(S,Ei)fl) = ki, hence P is full rank, therefore, positive
definite.
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Equation (77):

NE07) ~ NEP @) = (VB (07) - NRO (01))
— (VR (07) - NRD (0}

(1)
ONR,, (é(l) B 9£1))
(2)
_ ONEy (62 — o)
00" |25 T
+C (1.150)

where C'is a positive constant. As for the denominator, { N Rgpi) (953) )—N RrY (03))} converges
in probability to constants, using the same analysis as in Equation (1.77). Under our
assumptions, aNRrgf)/ae(i),‘a(i)ze_(i) = 0p(1), égpz) — ol = Op(1) and plim(NRg})(é(Tl)) -
NR&?)(ég,?))) is a nonzero constant, under Hj.

Besides, under our assumptions, plim(pr) = [L.V.L.]'/? = O(1), L;%L;l/z = O(1) and
therefore, plim(T~Y?By) = C' # 0. Hence, under Hy, plim(Br) = —oco and under H,
plim(Br) = +00.

1.7 Conclusion

In this chapter, it is seen that there is no unified model selection criteria when the models
under consideration are possibly misspecified. Unless there is some underlying theoretical
selection, it is imperative that the researcher first decide if they are dealing with correctly
specified or misspecified models. For that purpose, it is recommended that econometricians
follow a two stage strategy. In the first stage, the TNRgE) (ég,f)) test statistic is used to
determine if the models under consideration are individually correctly specified. Once the
model validation is finished and models under consideration are found to be correctly speci-
fied, then 7, whose asymptotic distribution is given by Theorem [2] can be used for model
selection. On the other hand, if in the first stage, both of the models under consideration
are found to be misspecified, then B7, whose asymptotic distribution is given by Theorem
can be used for model selection in the second stage.

The Rivers and Vuong statistic does not have an asymptotic N(0,1) distribution for the
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case when the models under consideration are correctly specified for both the GMM esti-
mator and CUE. Therefore, for the case of correctly specified models, there is no need to

use the Br, hence T{NRSFU(@%)) - NRg,?)(ég))

24Given that Br does not have a standard normal asymptotic distribution in the case of correctly specified
models, it is redundant to compute the numerator of Br.



35

Chapter 2

CUE Estimation of RE Models

In this chapter, we study the distribution of the Noise Ratio Statistic when the
parameters of the RE model under consideration are estimated using the CUE (continuous
updating estimator) of Hansen, Heaton, and Yaron (1996)). We will keep the same notation,
assumptions and definitions that we have outlined in Chapter [I| and make changes only

when necessary.

2.1 The continuous updating estimator

The methodology behind the CUE is developed in|[Hansen, Heaton, and Yaron| (1996). As in
()

the previous chapter, we use the regression of g, (égf)) on to z;, where g,

(@) (égf)) denotes an
estimated Euler equation forecast errorE] derived from the underlying economic model, and
z; denotes the t** row of the T x k instrumental variables matrix Z. Further, ”"” denotes

matrix or vector transpose. The CUE estimator is defined as follows{]

ég)UE,T = argmings e Qg)UE,Tw(“) (2.1)
QU (07) = m{) (09) 5P (00) 'm0 (2.2)

!The dependence of the Euler equation forecast error on é(Ti) will play an important part in deriving the

asymptotic properties of the N Rr, hence we will write NR(Ti)(égf)) to denote our noise ratio statistic.
2See Equation (4) of [Hansen, Heaton, and Yaron| (1996).
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where

and for the RE models estimated by IV, we have the following weighting matrixﬂ

T
s = (1 122? DY (a6 (2.0
t=1

Given the optimization problem in (2.2]), we have the following f.o.c.:

L) e

= 2m{(07) 57 (69) 6 (@)
B AN @) ANV (@) 56— i) )y —1) [ Ovec(S
—vee (mP@DmP@P)) (s @ 5P 00 ) (895)” A ) =0 (26
=07
where the k; x p; derivative matrix ggi)(é?(i)) is given by:
()
(@) i)y _ Omr
G," (0% = PYI0] (2.7)
T (61
1 (4) )
=71 3 ( ok ) (2.8)
=1
(2.9)

Using the fact that, for two conformable matrices, A and B, vec(A B) = (B’ ® I,)vec(A),
and that vec[mg)(ég))] = mgf)(ég))

veelm{p (07 )ym (03] = (mp (0F)) @ 1 JmP (05) (2.10)
Using ([2.10)), (2.6) can be written in the following form:

A0 )m 0F) =0 (2.11)

3See Equation (5) of [Hansen, Heaton, and Yaron| (1996]).
4Given that mg)(é(;)) is a g¢; X 1 vector.
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where

i) 5 !

M) = 26806)'s) <é¥>>—1—{%ec[s@§(9§ ) } S0 oS 01l 001,
(2.12)

In the rest of this section, using the f.o.c. in Equation as a starting point, the limit

distribution of 7'/ Q(ég) = 9,@) for CUE is derived. This will help in the derivation of the

asymptotic results in the subsequent sections.

Letting HT(OA%)) = JVT(i) (éi(lf))mgf) (é:(;) a mean value expansion HT(ég)) around 6" yields:

. . H . )
Hr(09) = Hr(09) + O] () ) (2.13)
060 g(i):§<Ti)
; WON (%ec(,/i/(i)(ﬁ)) Ny [ OmY)
— Hyp(0% Doy o1, ) —=L 2 AR T
8+ {<mT( )ty 900 0 =g A0 e 6 =g
x (65 — 6%y (2.14)

where O = Arifs + (1 — )\TJ)GAT, Ar is the (g x 1) vector with i*" element Ar; for some
0< )\T,i < 1.
Next, dvec(.A (0))/00

oo g Can be computed as follows:

vee( A (90) i vee(a (@Y
0 (g‘g/T(z‘)'(g ) _[Sg)(g)l(g]ki][f) (get(i),(e ))]
i N/ | dvec (1) (gy—1
~[124(69)] [5‘ <§5)/<9> )}
Ovec(27(0))
I (2.15)
where |
(@) ' | |
e {8%0[@%’(0)}} (57O osP O)mP (M) e 1) (2.16)

SGiven A% is p; X k; and mr is k; x 1, it follows that Hr is p x 1.
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Next, we can write the followingﬁ

vec|SY b L
vee2(0) = (1, & { T 1500) 1050 (0)1 el 00 0 1) 217)

: vec (@) , ; ;
= (W (0 @ 1,) @ {‘W} )vec<s<T“ 0) '0sPO)h)  (2.18)

— (0 1) [s¥><e>—1®s¥><e>-11)kaec(am[;f””) (2.19)
where Fj2 is a k? x k? commutation matrix{’| such that
vee([Qvec[SS) (0)]/009')') = Fiavec(dvec[SS (0)]/00) (2.20)
Further, from Liitkepohl (1993, p. 467), it follows thatﬂ
vee(mP (00) ® I,) = (Chz ® I, ) (mP (01)) © vee(Iy,)) (2.21)

vee(SY () '@SW(0) 1) = (I, ® Ky ® I, )[vec(SY(0) H@vec(SW(0) 1] (2.22)

Equations (2.17))-(2.22)) yield the following:

vec vec[SY o ; N
8895)@T) - {Ik' [W] (S5 (0) '@y (9)—1]} [(c,ﬂ  I)lg” (09) @ LﬁJ]

+

) @ I, {amf[;f(e)]}/yfki ® Ki2 @ Iy,)

» [(3 i )@wec(Séf) ()71 + vee(S(8) ) (W)} }
(L

8[?)60(81)80[ ( )]/06W")]

* 9067

)[S<Z><9>1®S¥><9>1])Fk2

(2.23)

Letting #(0) denote plim(8Hr(0)/80™"), we assume that the following holds:

Assumption 21 J(0)~! exists.

5See Corollary 4.1 of [Dhrymes| (2000)[p.119)].

"See |Liitkepohl| (1993)[p.466].

8Let G and F be matrices that are m x n and p X ¢, respectively. Then, it follows that:
vec(G® F) = (In @ Kmn ® Ip)(vee(G)) ® (vee(F)).
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From Equations ([2.14), (2.15) and (2.23)), it follows that:

OHr (6 SYRON: Ovec( M
o) =p"

06’ 06’
+c/1(1"(i)(0§<i)),G’(Ié)(0§j)) (2.24)
0 i ; vee(GY (61
= <m(T’<9£)> ®Ip) S(T)<9T)‘1®Iki][ vect 95/( ))}

avec(s;“(ef))l)]

_ (@) (p(0)y’
[I® G (0s7) ][ 108

vec (l) Sf) ' I )\ — 7 i)\ —
+ [ o { P BEEI (5060 1s6) (0 0 BiGr 9 1]

o vecls® @1
([mﬁf)wi”) ® Ir,] ® {(W} >(Iki @ K ® I,)

(@) o o veel s
X < (W) ®vec(S§3’) 61 + vec(Sgﬁ)(Gg))_l) <6[ST(0)]> > ]

+

60’

i) i i) (i §) /i dlvec(dvecS)(6)]/960
(om0 1)1 0) s 09) 1)) o A LN
+ 20000 6 (0) (2.25)
Equations , and Assumptionyield:
A i OHr (0 ! A i
T =) = [T, ] T L0~ 1) (220
o) =gl
_ OHr(0) - 1/2 (@)
__[ it 9(1_):9_(;)} T2 H(69) (2.27)
OHr (0 -1 ;
() =0

YO Ovec(. N

9(1‘)99)

@) oy (OmE (09) T @ a2 () a0
e (| )} A ) )
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. QIPION; Quec(N1) >
a {< 67 e )( CLAO PO

+ 4900 G o) >} A O@NTV 2 (6 + 0,(1) (2.30)

where Equation (2.27)) follows from Equation (2.11]).
Equations (2.15)), (2.23]) and (2.30)) together imply the following:

’

dvec(GY (61 )]

T2 — gy — { <m§f>(e§f>)’ ® Ip> 96y

dvec(SS (61
00

S (0r) o1, [

- [roc e

ovec[SS 0N iy n i) i

+ [ o {2 BRI 10 60) s 0) ] (e @ G o ]

; e[SV (0]
+ ([ ()(9())®I] {W})(Iki@)f{w(gfki)

8vec[S(i)(0)] YOS i) 1 n(i)\— av@c[s(i)(‘g)]
x <<89T,>®vec(s;>(9£)) 1)+ vee(SS (61 1><ae(£'>

0, o i) ) i)\ — i) (i) — dvec(dvec[SY ()] /96
+<(m%’<9£)>®1ki)[sé)<e£’) ‘oS 60) 1])Fk2 vecluectSy (01 )]|

—1

- %”(9&“)'@9(9&“)} ATV P (617) + 0,(1) (2.31)

In the next sections, we will use Equation to analyze the asymptotic behavior of:
(i) TNRY (0,
(i) T{NRY(OV) — NRP (6)} and,
(iii) Brp.
The data generating processes covered include:

(i) {gt (0 *),vt) t=1,2,...} is an m.d.s. and var(g, ® 99,%)\90 =02

2
gz

git» Where 390

t—a for all t,

(ii) {gt (0 *Z),vt) t=1,2,...} is a dependent process.
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In the case of correctly specified models, we study the distributions of TN Rg,f)(égpi)) and
T{NR(Tl)(ég})) - NRg?) (ég))} with data generating process (i7). On the other hand, when
the models under consideration are misspecified in the non-local sense, we study the distri-

bution of By with the data generating process given in (7).

2.2 Correct specification

In this section, we study the distributions of TN Rg) (6753) ) and BT(QA%) ), where ééf) represents
CUE, for correctly specified modelsﬂ

2.2.1 The limiting distribution of TN R (6{): CUE

In this section, we analyze the probability limit of TN Ry when Assumptions hold.

We begin studying the asymptotic distribution of T'IV Rgf)(ég,f)) by a mean value expansion
around 9,@. '
ONRY

900 |y _geiy

NRY(0) = NRY (01) + (65 — 67 (232)

where 6 = Apf, + (1 — )\T)éT for some 0 < Ay < 1 and égf) denotes the second-step GMM
estimator for the #** model.

Multiplying through by T yields:

(1)
N s N N . ‘
TNRY(O) = TNRY (6) + T2 2N V260 — 6y (2.33)
909" |y gy
ONRY (aNRgf)) (amgf)>
006 i)’ o0’
Omgp)
(4) (9)—1 (@)
n ONR;, Ovec(W;" ") ovec(W;”) (2.34)
8vec(W7(j)7l) é)vec(W}i))’ 006G )

= 2mP(00) W (00) g (01

(1)-1 (4)
(@) (@)Y QIO Ovec(W;" ) dvec(W;”) 5 35
+ (mT ( ) ®mT ( ) ) ( 8vec(W¥))’ 80(1)/ ( . )

9See Definition [2|in Chapter
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= 2mg) (69) W) (69) 9" (07

L - (0
(P 09) & mP D)) (W (00) @ Wi (09) ) (‘%“(WT)) (2.36)

00’
where
(4)
(@) (gi)y _ Omr
r G0
_ 1N L0 (99 (6)
=T tzlzt ( FTI0] (2.38)
where ggi)(é?(i)) is k x p.
2.2.2 RE models estimated by IV: CUE
In the case of RE models estimated by IV, we have Wp = STH where:
SWO%) = w62y (2.39)

:< 1Zzt’) (>< 1Zg (65 ) (2.40)

We note that S(Ti) (ég)) has the same form as (|1.18]). However, in the current case, égf)
represents the CUE, not the GMM estimator.

It follows that, in this case, N Rg,f)(ﬁ(")) = Qcugr(0). However, in order to allow for
conditional heteroschedasticity, given by Assumption [II} we use the following weighting

matrix to compute the CUE:

T
SPOP) =173 g (0522 2" (2.41)
t=1

198ee Equation (5) of [Hansen, Heaton, and Yaron| (1996).
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Under the current case, 0N Rgf) /00" = 0Qcyp.r/00W is given by:

ONRY N A
71/2 ag(i)? :2T1/2m(T)(0(z)) Si(p)(g()) 1g§)(9())
i) 1 n(d)y/ i) n(3)y/ 1) /gy — i) o\ — 8U€C(S(i)(9(i)))
— (T2 09) @ mP (00)) (s(0) @ 51 (6) 1)( oy

(2.42)

where ON Rgf)/ 90™'" is in the form given in Equation 1]

Given Equation (2.39), we can use the same analysis in Equations ((1.34)-(1.36)) of Chapter
to write the following: A
25y ()
00’

o 0,(1) (2.43)

where 60 is such that plim(ég) )= 6% and égf) represents the CUE.

The following assumption will be used for the next theorem:
Assumption 22 We assume that T1/2m§f) (Hf)) <, N(0, S(i)(Gg))).

Further, Assumption implies 5*1/2T1/2m¥)(0g)) ~ N(0, Ij,), where 771(:) ~ N(0, Ij,) and
it also follows that Tl/ngf) (Gii)) = O,(1).
In the case of correctly specified models, E [mgf)(&(f))] = 0, and Equations (12.42I) and 42.43[)

together imply:

(4)
129N By — o720 (0 51 (91 gD (91
89(7') 9(1):9)(‘(")
(Tl/ Zmiy) (027) ®m§’§)(0f))') (2.44)
dvec(SY (01))

SW ) @ 5P () I 2.45

< (PO oSO ) (T | e ) @)
27 2m{ (07) 87 (07) LGP (01) = 0,(1)0,(1)0,(1)0,(1)
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Next, we study the probability limit of 7"/ 2(@? — 99)). First of all, in the case of correctly
specified models, F [mgf)(&(f))] = 0, and we can use Equation 1) to write the following;:

DD = 265 G0Y S 0D + o) (248)

We also make the following assumption:

Assumption 23 ‘
dlvec(dvec[ S (6)]/000))]
00’

Under our assumptions, Equations (2.15]) and ([2.23]) together imply:

= 0,(1) (2.49)

vec(A"(9))

Further, in the case of correctly specified models, using Equation (2.50]), Equation ([2.48|)
can be used to re-write Equation (2.31)) as follows:

NG [ i i)\ i [ -1 [ 7 7 7
T2 — 00) = {7708 G (07) ) A (0T 2mP (017) + 0,(1) (251)
= {GP 0y sP OGP 00} G O s ) T m) (01
+ 0p(1) (2.52)

Equations (2.42)) and (2.52) can be used to re-write Equation ([2.33)) as follows:

i) 5 i) (i ONRY A ;
TNR<T>(9(T)):TNR(T>(9£))+T1/2T@? T ) (2.53)
() =g(0)

_ T1/2m§z)(9&1))/S¥)(9)_1T1/2m§3)(9&)) + T1/2m53) (9&))/55,3)(9£Z))_1G¥)(9§<Z))
(2.54)

D) 0@ a@) 1 ol —1 (@) a1 =1 () 27 @) (i) — i) (i

< {GP 0SP0G0y a0y sy (00) T T Pmlp) (67)
+ 0p(1) (2.55)
(2.56)
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and

‘@7@ _ <I—S( (9(1)) 1/2G(1)(0( )){Ggf)(9£¢))/S¥)(9ii))—1G¥)(Hii))}—ngf)(9£i))15¥)(0£i))—1/2
(2.57)
Given Assumption Equation (2.57) can be rewritten as follows:

TNRgf)(égf)) :Tl/zmgg')(eﬁi))/sg)(egi))f1/z[ (@(z)]s(z)( ()) 1/2T1/2m§f)(9§f)) +0,(1)

(2.58)
=01 = 2P 4 0,(1) (2.59)
2 ' Acn ) (2.60)

where Equation 1’ follows from 1j under Assumption Further, plim(gzj(f)) =

L@f), C is an orthogonal matrix of eigenvectors of [I — @iz)] and A = diag(A1, Ao, ..., Ap),
with corresponding eigenvalues A1, Az, ..., A\x. Finally, given Equation (2.60)), we can state

the following theorem:

Theorem 5 Under Assumptions and[23, it follows that:

k
TNRY (6 iZX n,; (2.61)

2.2.3 Distribution of T{NRg})(ég})) — NR,_(Tz)(é;z))} under correct specifi-
cation: CUE

In this section, we study the asymptotic distribution of T{NR(TI) (éé})) —NRgg) (ég))}, under

the case when:

(i) {g; Z)( *l),vt) t=1,2,...} is an m.d.s. and var(ggi)wg),vtﬂﬂt) = Ugit,

(ii) The model under consideration is correctly specified, that is, E [ggi) (Hii), vt)zgi)] =0,

(iii) The parameters of the model are estimated using the CUE, i.e. égf)

the CUE rather than the GMM estimator that we studied in Chapter [I}

now represents

In the case of correctly specified models, we know from the previous section that when

{60 vyt = 1,2,..} is an m.ds. and var(g\” (07, v) Q) = TNRY (6% is

gzt’
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distributed as a mixture of x? random variables. Therefore, we will use T as the correct
rate of convergence to derive the asymptotic distribution of T{N R(T1 )(éé} )) - N R(T2 )(HA;2 ))}

We begin our analysis by imposing the following assumption:
Assumption 24 T1/2m¥)(9g)) <, N(O0, 5(99)) and

(i) S (953)) is a positive definite matriz of constants,

(i) rank(GP (0 = p;,
(iii) (0@ L s (6),

() My 5 11,.

where
(1) p(1)
(@) (3) my (057)
my) (0y) = (2.62)
' [m§?><99)>
and

(1) 2)(p®)
S(fo)) _ { SW@y 52 gl ] (2.63)

5(1,2)(9>(ki)) 52 (09))

First, we write Equation (2.56)) for model i as follows:

TNRY (0) = T2m (07 sP (02 (1y, — 20189 (00) 2T 2m P (017) + 0,(1)
(2.64)
Subtracting (2.64) for i = 1,2, yields the following;:

T{NRgﬂl)(ég)) _ NR&?)(ég))} _ Tl/QmT(QS}))Sé})(95}))_1/2[[]61 . (@;1)]5,}1)(95{1))—1/2T1/2mT(9£1))
— T2y (0P) S (0 7121y, — 258 (0)) V2T 2 (617

+0p(1) (2.65)
= T2 (09) 20 (09)TV2mi (617 + 0,(1) (2.66)
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where 0, = [99)',99”] and m!’ )(0( )) = [mg)(Hil))/,mg,?)(9£2))/]/ is (k1 + k2) x 1 and the
(k1 4+ k2) x (k1 + k2) matrix %T(ei )) is given as follows:

el — | PO E S ) 0
T\Ux -
0 _Sj(?) (95‘2))—1/297(12)5;2)(95{2))—1/2
(2.67)
where ﬁ:(pz ) = [Tk, — e@(TZ)] and @7@ (Hii)) is given by Equation 1|
Let ng,+ky ~ N(0, Iy, +k,). Then, under our assumptions, it follows that:
TANRY (07)) = NRD O7)} % miy iy SO 200)S(00) Py o, (268)

where plim(%r(0")) = 2.(6").
Given Equation " the asymptotic distribution of T{N Ré})(é(Tl)) _N Rg?) (éé?))}’ under

the current case, is given by the following theorem:

Theorem 6 Under Assumptions and[24) we have:

~ ~ d ’ i )
TNRP () = NRP OF)} % ny 40, SO 225 (00) Py ir, (269)

2.3 Distribution of By under misspecification: CUE

In this section, we derive the asymptotic distribution of the Rivers and Vuong’s test statistic,

Br, given by Equation (|1.20 , WhenE|

(i) The models under consideration have non-local misspeciﬁcatioﬂ
(ii) {g ( *l), ve),t =1,2,...} is a dependent process,

iii) The parameters of the RE models are estimated using the CUE, that is, 8 now
(iii) p g , , Op
represents the CUE rather than the GMM estimator that we studied in Chapter

For that purpose, we first define what we mean by a misspecified modelEl

1YWhen the models under consideration have non-local misspecification, {gm(@(l) ve),t =1,2,...} can not
be an m.d.s.

12866 Definition

3The minimand of TV-CUE is given by Equation (5) of [Hansen, Heaton, and Yaron| (1996).

!4 This form of misspecification, as defined in [Hall and Inoue| (2003), is called non-local misspecification.
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Definition 4 The model, My is said to be misspecified if,

Elg® (v, 0W) 2] = u® (6) (2.70)
#0  v09D €0l fori=1,2. (2.71)

We begin our analysis by multiplying Equation 1j through by 71/2 as follows:

ONRY
00" {4 —g

T2NRY (0)) = T'2NRY (09 + 726 — o) (2.72)

Subtracting Equation (2.72)) for models ¢ = 1,2, and recognizing that under Hj, we have
NRE)(Q,(KI)) = NRSE) (09). Hence, we can write the following:

TNRY (0) - NRP (07} = TN (09) - NRP (01)}

ONRY V2 A1) (L

00(1)/ (1) =g (1) ( T )

ONRY O

807(2?’ 9(2) é(z)Tl/Q(e(T) -6 )) (2.73)

= TV2(NRY () - NRD (0}
~T2{NRP(6Y) - NRP (67}

ONRY V2 a0) (1
89(1)/ oD —5 () ( T )
ONR? X
B 80(25 @) ‘(2)T1/2(9§?) _09)) (2.74)
9(2)=§

First of all,

NRY Oy = NRY () = mfD (09) 8 (07~ 1m P (617
—mP 08D (0L (69) (2.75)

1511 the case of the correctly-specified models, we have T1/2NR¥> (09) = 0, whereas, in the case of models
with non-local misspecification, we have TI/QNR(Ti)(Gii)) = Tl/Qm(qf)(Qii))W:(Fi)(09))_1771%)(05)) = 0p(1).
This allows us to use T'/? as the correct rate of convergence, hence we can compute the limit of the
numerator of Br directly.
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From Equation (2 , we see that NR( )(0( )) - NRS})(HE)) is in the form of h'Sh —h'Sh,

which we can write as{f|

/\//\/\ /AA

W Sh—hSh=hS(h—h)+h'(S—8)h+ (h—h)Sh (2.76)

Applying the expansion in (2.76)) to (2.75) results in the followingﬂ,

Tl/Z{NRg)(Qg)) _ NR&i)(Qg(‘i))} — 2u(i)(9g)) S( )iyl Z 2| gt oL ,uii)]
+ T2 88 () .9“ Dl
+0p(1) (2.77)

For CUE-IV, the choice of weighting matrix we use is:
S0 =Ty g (0920 (2.78)

Using A~ — B~ = —B71[A — B]JA™!, we can write the following analog to Equation (60)
of Hall and Pelletier| (2008)):

u&")'Tlﬂ{ng)(ef)) 1_ g 9(1 1}#* _ vec{u*

x T8RO = sP O T0Y (279)
= [ @ ul]
x vec{ TSP (1)1 — 596" "11}  (2.80)
= ug),]vec{&gi) (6)~1
x TV (0) — SO (08P ()71} (2.81)
= 1 @ VISP (0 @ SO O0) Y (2.82)
x vee{T2[SP 67y — 5 (5]} (2.83)

63ee [Hall and Pelletier| (2008)[p.35].
1"See Equations (58)-(60) of [Hall and Pelletier| (2008)).
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[ @ [S(i)(eii))—l o 50601 B
x T~1/2 Z )2vech [zt( )zt( v’ E[z,f )zt(.)/]]
+0p(1) (2.84)

where B is the permutation matrix such that vec(A) = Bvech(A), for some conformable

matrix A. Using Equation , we can re-write Equation as follows:
T
T1/2{NR¥)(9£i)) _ NRSf)(Qg))} =20 )(9(1)) s g))flel/? Z[zfi)ggi)@f)) _ ng)]
+ [0 @ u (59 (0) @ 50 (00) 1]
- i g (0 Poechlz 2 — B0 ")
+ 0p(1) _ (2.85)

2.3.1 Analysis of BNRS_,f)/(?O(i)

Since we are studying the CUE-IV estimator, from Equation |D we have Wg) (ég)) =
S(Ti)(ég))*l. Next, we let E[gt( )(95« ),vt)zgi)] = ugf). In this case, the derivative matrix in

(2.72) converges as follows:

ONRY ONRY\ [om
200 0(1’):9(1‘) l), 69 0() (@)
(9NR @) dvec(Sy1) 8vec(ST)> (2.86)
dvec(S dvec(St)’ 90 0 — (i) :
_ ngj)( ) é(z) 1Gg£)<
(i)
n ( ()(9(1) 0() ) dvec(S Ovec(ST ) (2.87)
dvec 90 [g)—g()
_ Qm(%)(e(l)) (i) ngf)(H,(f)
_ (m(T)(,g(x) ) @ mi(6?) ) (STz lg S@)(g(l))—l) =0 (a0

+o0,(1) (2.88)
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= 27" 5@ (01 (o)

+ (1 @ 18P (090) 1 & 5D 01y 2D 40, (1) (2.89)
=11 + 0,(1) (2.90)

where S (00) = dvec($$)/000", plim (s (67)) = SO NRY (01 and IO = aN R /096"

2.3.2 Distribution of CUE: Misspecified models

In what follows, using an analysis similar to|Hall and Inoue| (2003), we derive the asymptotic
distribution of T/ 2(9“%') - 99) for the CUE. First, a mean value expansion of mg,f)(égf))
around Gii) yields:

mP (0F) = miP (017) + GP @) (05 — o) (2.91)
Pre-multiplying by e/VT(Z)(ég,f)) gives:
A @m0 = 40 O ymiP (0) + 40 OGP @) 0F - 60)  (2.92)

The left hand side of 1) is zero by Equation . Assuming [Jlép(z)(égf))Ggf) (égf))]_l

exists, we can write:

Tl/Z(ééf) - 9»@) = Hor{Hi7+ Ha71} (2.93)
Also, we use the following:
dueclSW (0
Sr(0) = W (2.94)

Next, we give the forms of the functions in (2.93)):

Hor = —[ 427 (059G (65 (2.95)
T

Hip = A0 T2 Y g 01, v — ] (2.96)
t=1

Hyp = A0 (61121, (2.97)

= H27T(1) + HgvT(Q) + H27T(3) + H27T(4) + HQ’T(5) + HQ’T(6) (298)
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Hy (1) = TV2(GR (0) — g (0, 0)] S (09) 1 (2.99)
Hyr(2) = TG (08) - G2 (01 8 (0) ' (2.100)
Hyr(3) = GV S (03) ™ — 8 (07) 1] ul? (2.101)
Hyp(4) = GLTY2[SY(00) 1 — 5, (08) 1) (2.102)
Hyr(5) = TV2[G, S, (0) " )] (2.103)
Hy7(6) = ~TY257(09) 59 (09) 1 @sP (09) )mP (0F)) @ )l (2.104)

= Hay7(6,1) + Hy7(6,2) + Hay7(6,3) (2.105)

Hyr(6,1) = T2 (0%) — 5r(0)) 89 (07) @59 (09) 1 (mP (09) @ I, )l

Hor(6,2) = T2[2r(00) — 2.0 [SP(05)) @85 (07)) (P (0F) @ I, )l

(2.107)
Hor(6,3) = T2, (617) 157 (07) o5 (6) P (07)) @ )il (2.108)
= H27T(6,3, 1)+ H27(6,3,2) + Ha7(6,3,3) (2.109)

Hor(6,3,1) = S.(0)){T2[${(07)) 7 — S (07) @8 (00) 1 (mP (07)) @ I )il?
(2.110)
Hy(6,3,2) = S.(0)) {T'2[S)(627) 7" = 5.(0)) oS (05) " Hmip (67)) @ Iy, )
(2.111)
Hyr(6,3,3) = TY/25,(09) [8.(69) ' @59 (05~ (m$) (%)) ® 1, )ul? (2.112)
= H27T(6,3,3, 1)+ H27T(6, 3,3,2) + H27(6,3,3,3) (2.113)

Hy7(6,3,3,1) = S.(04) {5.(6,) "L @ TV2[S) (0) 1 — 5 (017}

x (m@(0F) @ I )t (2.114)
Hyr(6,3,3,2) = Z.(627) {5.(60,) 7 @ T'2[57 (67) 7 = 8.(67) " Hmp (67) © Iy )ul”
(2.115)
Hy1(6,3,3,3) = TV25,(08) [8.(0) ' @ 5.(08) (@ (0F) @ I, )l (2.116)
Hy7(6,3,3,3) = Hy7(6,3,3,3,1) + Ha 1(6,3,3,3,2) + Hy7(6,3,3,3,3) (2.117)

Hyr(6,3,3,3,1) = 2,04 [S.(08) 7 @ 8. (0) (@2 mP (0)) — mP (0] @ I, )"
(2.118)
Hy7(6.3,3,3,2) = £.(0)[5,(67) 7 © 8. (6) (T2 [mP (o) — 1) © Iy, )"
(2.119)
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T
:H3,T{T_1/2[ng)(ei”,vt)zt() (”] ® I, } © (2.120)

t=1
Hy1(6,3,3,3,3) = 725, (09) 15, () ! @ 8, (08 (1l @ I, ) ) (2.121)

where Hy 7 = S.(00) [8.(647) ' @ 8.(647) 7] and plim(Sr(61”)) = S.(61).
First, the population analog of the f.o.c. for CUE implies Hy 7(5) — H27(6,3,3,3,3) = 0.

Further, we can use the following expansionsﬂ

Hyr(1) = (1 SP(09) 7' @ L)vec{ TGP (0F) - GP (01)]} (2.122)
— (H>(k) Sé«)(égf))_l QI )G(2 2)(0(1))711/2(9() (9(1)) (2.123)
= My 7208 — 0% (2.124)
Hyr(3) = =G (00) P (0280 (0) — P (0SP 09) 1l (2.125)
= (PO @ G0 $P(00)  vee{ T[T (0) — ST (0]}
(2.126)
= ("8 (0 @ GV O SP (0TS (0 TR0 — o) (2.127)
= My T2 (6% — ,j) (2.128)
Hyr(6,1) = TV2[57(05)) — 5r(62)) 1S5 (07) 08 (08) ) (mP () @ Iy, )ul”
(2.129)
= —{ (i 0F) @ 1,) [ 0P) " esP@P) ) @ Ikl}
x vec{T2[Sp(05)) — Sr(09)]'} (2.130)
{0 0 1] 150 00) MesP 00 ) @ 1, |
x X2.(00)T2(65) — 07) (2.131)
= — My T2 (65 — 61" (2.132)

th

where %2,(07) is the k? x p matrix whose r*" row is the corresponding row of

(0/0)vec(dSY (0)) 2 /060"

8Equation (2.125) follows from the fact that, for two conformable matrices, A and B, it follows that:
A —B'=B7YA-B)A™'.
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with égpr) =M + (1-— e(’”))e*, where 0 < e < 1
Further, we have:
Hyr(6,3,1) = £, (09) {72155 (0%)~1 — 50 (625 (65) 1 (ml? (6% @ Iy, ) )
(2.133)
= —{ (i P09 © 1,150 0P " esP 07 ) o x(ai”)/séi’(e&“)l}
x vee{T?[SV(6)) — 519 (6]} (2.134)

{0 © 18P0 s @)Y o w0 5P 6|

7

x S (6r)T2 6 — oY) (2.135)
= My T2 — o) (2.136)

Hy7(6,3,3,1) = —{u@’[m? 09 @ 1) [S(B) L @x, (67) (S (8%) @55 (4)) 1]
x vee{T?[S¥(6)) — 51 (6]} (2.137)

N ‘{uff) S (0) @ 1, [SY (08 . (09 ][sP (09) st (ééf’rl]}

x Sr(07)TV2(0) — 0t (2.138)
= — My T2(0) — 61 (2.139)

x vec{Tl/Q[mgf) 6 = m$P 0 ® 1,%} (2.140)

- {nfﬁ =.(09)[5.(00) ' @ S*wi”)l]}
y Ggg,i) (é&f))Tl/Z(é;) 95)) (2.141)
_ Me,TTl/Q(ég) _ 9*(‘1')) (2.142)
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th

where G(2 Z)(Qgp)) is the kp x p matrix whose r*" row is the corresponding row of

(8/8)1}60(89,5( )zt/69 )

with ég) = ¢ + (1 — oMb, where 0 < ¢(") <1
Hy1(4), Hy7(6,3,2) and Ha 7(6,3,3,2) all are functions of T1/2[S(Ti)(0f))*1 — S*(Hg))*l].
Therefore, we can join them into one factor.

First, we can write Hy 7(4) as follows:

Hyr(4) = 1 @ GLloec{T2[SS (0~ — 5, (091} (2.143)
= [l ® Gl Jvec{ S, (09 TV2[55) (07) — 5, (69)) S (81 (2.144)
= 1" @ GISP (0 @ S, (09) wee{TV2[8Y (09) — S.(09)]}  (2.145)
=~ @ GJISP ) @ S.(0) T Bueeh{T? (8 (01 — 5. (64)]}

(2.146)

= [ S (01 68, (0) 1 Buech{TV2[SD (0) — 5,60} (2.147)

where (2.143)) follows from the fact that Ha 7 (4) is p x 1 using vec(ABC) = (C' ® A)vec(B).
Equation (2.144]) follows from (2.143)), using the fact that A=* — B~! = —B~![A — B]A~!.

Equation (2.145) follows from (2.144)), using the fact that vec(ABC) = (C' ® A)vec(B).
Finally, (2.146) follows from vec(A) = Bvech(A). Next, we can write Hy 7(6, 3, 2) as follows:

Hyr(6,3,2) = 2.(047)'{S.(0,) " @ T2[S0(01) 71 = S.(07) '} (m (0F) @ Iy, )l

(2.148)
= 2.(09) {S.(0,) 7 @ T[SV (0) 71 — 8.(0) M hvec(pd mP (05))

(2.149)
= 3. (08) [T S (08) 7 1l P (B9) Jec{T'2[sP (097) ! — 5.(687) ']}

(2.150)

= —=.(0) [T @ 5P (62) im0 ]
x vee{ S, (08 1728 (08 — §,(6)) S (9) 1y (2.151)



56

= =5, (09 [T @ 8P (01 1 (050Y 1182 (0 72 @ 5. (617) ]

x vee{T'2[SW (6%)) — 3,(69)]} (2.152)
= =208 [$P(0) 7 @ S (0) T P (00 5. (04)) 7]

x vec{T2[S (6%)) — 5,6} (2.153)
= —2.(0) 15 (0) 7 @ S (00) I m P (0F) 5. (00) 7]

x Buech{T'?[s (6" — 5, (6{")]} (2.154)

Also, we can write Ha 7(6,3,3,2) as follows:

Ha7(6,3,3,2) = Z,(07) {5.(6,) " @ TY2[5¥ (0) 71 — 5.(6) 1 (mP (05) @ I, )ul?

(2.155)
= 2.(08) {8.(0,) @ TSP (0) 7 — S.(08) M pvee(udmY (05))
(2.156)
= S (0) {8 (0) T [t mP (0F) | @ I}
xvec{Tl/Z[s;’)(ei’)) — S0~ (2.157)
= =S (0 {809 T [ mP (0F) ) @ I, HSY (0) T2 @ 8.(64)) 7
x vee{T2[S$ (0%)) — 5,(69)]} (2.158)
= =20 {5.(0) 7 e mi 07157 (07) 7 @ 5.(07) )
x Buech{T"?[$) (67 — 5, (6]} (2.159)

Let 41 = Hy 7 (4)+ Ha 7(6,3,2) + Ha (6, 3, 3,2). Using Equations (2.78), (2.147)), (2.154)
and (2.159)), we can write the following:

My = —EpBoech{T?[S% (6! - .61} (2.160)
T
—EpBT 1?2 ngl)(ﬁy))%ech [zgl)zt(l) Elz @ t(l) 1] (2.161)

t=1



where B is a permutation matrix such that, for any matrix A, we have vec(A)

and:

2r = [ P (0) " © GLS.(0) 7Y
+5.(07) 150 @ S (0) T I (67 5. (68 ]
+ 2 (0) {8.(08) 7 [t mP (09) 159 (01) ' @ S.(09) 71}

It also follows that:
Hy7(2) = ([/Lsk) -1 I, T2 Zvec D(l)]

= H5’TT_1/2 Z vec [Dii),t — Dg?]
t=1

where D', = 9g{"(0)/960'] 2" and DY) = B[ (9¢\" () /800" .

zz,t T

Given Equations (2.41)) and (2.94)), we have:

T

vec(X7(0)) = vec{@vec(T‘1 Z gt(i)(e(i))QZtZ;)/ag(i)’}

t=1

= vec{2T ! Z gt Yvec[z ] <gt(l;gg51))> }
=27 ! Z g, vec{vec[ztzt] (é?ggfﬂ)) }
_ o1 Z i)(e(i)) ! gt(i) (e(i))
% o] (15
T
=271 ()
t=1

G (0) = ggi)(e(i)){ [vec(ztzg)} ® [Uec(gt(i;ggfi))ﬂ}

where

o7

= Bvech(A)

(2.162)

(2.163)

(2.164)

(2.165)

(2.166)

(2.167)

(2.168)

(2.169)

(2.170)
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Given Equations([2.78)), (2.107)) and (2.169)), it follows that:

Hy1(6,2) = vee(T2[S7(09) — £.(09)) 8P (89) 1 @ 59 (85 "1(m$ (09) @ 1, ) u?)

= {1 @) o 1)) 5960 0 800 ) 01,
x vec{T?[Sp(6") — . (0)]'} (2.172)

—2{ [ ) 0 1)) (5967 0 50 67) ) 1,

T
x T7Y23 " [q(0) - Ela (6] (2.173)
T
= HoxT™2Y " [w(0) - Ela (6] (2.174)
t=1

Finally, we can write the following:

Tl/z(ég) . 98')) _ {<</V(Z 1/22 z) * v M&i)})
+ <H3,T [(T‘W Z[gﬁi)(ﬁﬁ“,w)zﬁ“ “]) ® I ] ”> + HT}
t=1
(2.175)
i B G URCRDERS u@])
+ Hyr (I, @ pd <T‘1/2Z (0 9]) +HT}
(2.176)

—OT{H47T< 1/22 (08 vy)z! —ui>])+HT} (2.177)



T
= UT{H&T [T_l/z S la? (09 v ~ ufﬁ)]]

t=1

- T
+ Hsp T*l/ 2 Z vee[DY), — Dgg]}
+H6,T 1/22 Gt(e(z))ﬂ ]
+ H7r T_l/2 Z Uech [zg )Z,S o _ E[Zgi)zgi)’]]] }

where

Or = [I — HyrMr) ' Ho 1
Hyr = A0 09) + Hyr (I, @ )
Hr = Hy7(2) + Hor(4) + Ho1(6,2) + Ha1(6,3,2) + Ho (6, 3,3,2)
= Hy7(2) + Ha7(6,2) + A7
Hyr = -ErB

Let Zr = TY2{NRW B) — NRP(0P)}. Then, we have:
T
Br = H{HT ™ Z[g§1><e£l>>z§” — )

76 ol — B17A)

13 o 05— )
t=1

T
+ H( )T_l/2 Z (2)(9( )) vech[z§2)z§2y — E[z§2)zt(2)/]]
t=1

N Ha)(;(l){ [T—1/2 Z NONNE)

99

(2.178)

(2.184)
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r T
+H TS vee( DY, - DY)
1 [ T 1 ; 1 . ’
+HG TS ) - B )] } (2.185)
B[S e 07 —E[zwzw’u]}
+nPo { [T—WZ J(09) 2 — 1 )]] (2.186)

+ Hé?% T_l/2 Zvec(f)g)’t — D(Q))}

zz
t=1

- T
< B [T Y 0 £l ) |

+HEY), T‘WZ @ (0@ 2pech [z 2P — E[z§2)2§z)’]]]} (2.187)
H&% 2 ()(9(1)) S»Ez)(eil))f (2.188)
HYY = [ @ p' [sD(09) 1 @ 5O ()1 B (2.180)

Next, we rearrange Equation ([2.184)) as follows:
By - { [Héf% sl H“)] [ 2 Z _ )]] }
+ { Hél% + HS)U%)HQ% {Tlﬂ Zg,gl)(ﬂg))%ech[zgl)zlg ) _ E[zgl)zt(l)l]]] }

o [ o ey - )

+ { a8 +nPsP HE) [T—l/ 2 Z a2 (02 vech[2 22 — E[z?’zt(”’n] }

+ H&l)ng){Hé}% [T—l/z Zvec @ D<1)]] + H(I) {T—W Z (6) — E[ct(l)(ﬁf))ﬂ,] }

t=1 t=1
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(2.191)

(2.192)

LyTY2Dr + 0,(1)

where

(2.193)

© o o o 3~
e
o
(e} (@) o o O
[
=%
o o aa O (@)
e
a5
S - O (@) (@)
e
o
—< O o (@) (@)

where

(2.194)

(2.195)

7T

(%)

H

0,T

(4)

g)]—l

M

0)
T

My~ Hy

)[Iki 7H(()'

— @) (i
2,1 Hng +IL
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g2 (0 Poechlz? 2 — Bl 47 ]]
vec [D(z) Dg)]

zz,t
7 (02)) = Bl (0]

Next, the following assumption is imposed:

T
Assumption 25 (i) LT~/ th <, N(0,L.V,L,),
t=1

(ii) Rank(GY(0)) = p,
(iii) TV2(0F) = 61) = 0,(1),
(iv) Vo 5V,
() L,V,L, is p.s.d.
where V, = limTﬂooT_lvar(zT: £,(0).

t=1
Given Equations (2.192)), (2.199) and Assumption the numerator of By converges in
distribution to the following:

L.V 2y, (2.200)

where n, ~ N (0, I5).
Next, we study the limiting distribution of the denominator of Br. For that purpose, we

define the following:

Rr(0Y) = Ly (2.201)
and
Vr = var(T"?Dy) (2.202)
T
=var(T72> &) (2.203)
t=1
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where & is given by ((1.99)).

Then, the limiting distribution of the denominator of Br is given as:

pr B=[L,'V, L]/ (2.204)

T
where plim(Ly) = L, and V, = vaT(T_1/2 th)‘
t=1

Equations (2.200) and (2.204)), under our as_sumptions, imply the following limiting distri-

bution of Br.

Theorem 7 When Assumptions and [25 hold, we have:

Br % [LV.L] V2LV, (2.205)
= N(0,1) (2.206)

2.4 Difference of the NR; from Pesaran and Smith’s GR?

Pesaran and Smith| (1994) propose what they call a Generalized R?(G R?) as a model selec-

tion statistic, which is given as: /
GR2—1- ¢ (2.207)
Syy
where é is the residual vector from the second stage of the two-stage least squares procedure
(TSLS) and Sy, = ZiTzl(yt—ng)Q, where § = T! Zthl Yt, Yy is the dependent variable in
the structural form equation system given by Equation (2.1) in Pesaran and Smith| (1994).

The TSLS procedure can be outlined as follows:

(i) In the first step of the TSLS regression X, the matrix of explanatory variables is

regressed on the set of instruments as follows{?|

X=Zb+v (2.208)
—P.X+v (2.209)

where P, = Z(Z 'Z )Z’ is the projection vector that linearly projects a variable onto

the column space of Z.

19See [Pesaran and Smith| (1994, p. 706).
20X consists of both exogenous and endogenous regressors, such as past values of the dependent variable.
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(ii) In the second step of the TSLS regression, Y is regressed on P, X from the first stage
as follows:

Y =P.Xép+é (2.210)

where the OLS estimator o7 is given as,

o = [(P.X) P.X] Y (P,X)Y (2.211)
= X' P.X]"'X P.Y (2.212)

Using Equation (2.212)) we can compute é as follows:
é=(I—-PX[XPX]"'X'P)Y (2.213)

In light of these, we can summarize the differences and similarities between the N Rgf)(ég,f))

and Pesaran’s GR? as follows:

(i) From (2.207) and (2.210]), we see that the GR? is the adjusted R? statistic of the
regression given by (2.210)), whereas the NRp, given by (1.11), is the R? of the

regression given by l) From this, we can see that Y is the analog of gt(l)(é(Tl)) GR?
tries to answer how much of the variation in Y is explainable by the variation in P, X,
and the noise ratio tries to explain how much of the variation in g@ (é&f)) is due to

noise(g(ég,f))).

(ii) On the other hand, from the same equations, we can see that g,gi) (égﬁ)) is neither
the usual error from the OLS regression nor the residual from the second stage of

the IV regression, but rather, a nonlinear RE errox@ that is a function of the GMM

(4)

estimator, 6.

21 An RE error satisfies a conditional moment derived from the optimizing behavior of economic agents.
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Chapter 3

Monte-Carlo Simulations for Tests

of Non-nested Model Selection

3.1 Simulations

In this chapter, we use Monte-Carlo simulations to study the empirical size and
power of the test statistics whose asymptotic distributions were studied in Chapter [1| for

comparing non-nested models. The statistic we use is 7, where:
2)  5(1 2)  5(2
Hr = TANRP (07)) - NRP (017)} (3.1)

where N Rg) (égf)) is the noise ratio statistic for model ¢, evaluated at the GMM estimator
for model ¢, which we denote by ég), where i = 1, 2.

Our analysis covers two main cases:

(i) In the first case, we compute the empirical size of our test for comparing two correctly

specified models using the JZ7 statistic.

(ii) In the second case, we compute the empirical power of our test for comparing two
models using the JZ7 statistic. The first model under consideration is correctly spec-

ified and the second model under consideration is misspecified.
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3.1.1 Empirical size and power for hypotheses tests

In all of our analysis, we consider tests constructed using the noise ratio statistic as a
goodness of fit measure. Using Monte-Carlo simulations, we compute empirical size and
power of the tests using the J#7 statistic. In what follows, we outline the hypotheses
covered.

Under the null hypothesis, we assume that the two models, M; and My, are asymptotically

equivalent from a goodness of fit perspective, which we can formally state as follows:
NRW (o) = NRP (62 (3.2)

where N Ri“(efk’")) denotes the probability limit of the noise ratio for i=1,2.
There are two alternative hypotheses of interest. Under the first alternative hypothesis, we

have M is better than M, that is,

NRY oWy < NRP (o) (3.3)
Under the second alternative hypothesis, we have Ms is better than M, that is,

NRY oWy > NRP (o) (3.4)

Under the first case, we consider two correctly specified models with parameter values of our
choosing, such that they are asymptotically equivalent from a goodness of fit perspective,
to represent the null hypothesis. Under this scenario, the rejection frequency of our test
statistic of these correctly specified models, which we compute under our simulation routine,
should represent the empirical size of our test.

On the other hand, under Case 2, in order to compute the empirical power of our tests,
we construct a scenario under which one of the two models under consideration is correctly
specified and the other is misspecified in the non-local sense. We do this by picking up
two different sets of instruments for the same model under consideration. The first set
of instruments is valid and relevant, whereas, the second set of instruments is relevant
but invalid, that is, F [gt(i)(9£i),vt)zt2] # 0, where 240 represents the second instrument set.
Under the latter scenario, we know that the truth is represented by , hence the relative

simulation rejection frequency represents the empirical power of our tests.
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3.1.2 Data generating process and goodness of fit

In all of our analysis, we make assumptions about asymptotic goodness of fit. Here, we
measure asymptotic goodness of fit by the limit of the noise ratio statistic evaluated at
probability limit of the the GMM estimator, which we denote as NV Rﬁ")(af)), for models
i =1,2. We construct our tests of hypotheses by making different assumptions about this
goodness of fit statistic.

The data generating process and the models and instrument sets we consider are due to

Hall and Pelletier| (2008) and are given as follows:

Yt = P11 + Pazar + uo (3.5)
1t = M2, + V2Rer + Y323, + Vazar + V525, + V66, + Ul (3.6)
Toy = 2oy + ozoy + 03231 + Qazay + 525 + Q626 + Uy (3.7)

Also, the two models we compare are given as follows:

Yt = lel,t + Ut (3.8)
Yt = Pty + oy (3.9)

Under this scenario, the noise ratio statistic for model ¢ is given by:

:>

T T
NRY () = Z Z {0y (3.10)

where

T
Wi (3;) z{ Zuzt B) Hlez,@zt@'] (3.11)
t=1

where plim(53;) = ;.
Under this scenario, the limit of the noise ratio statistic for model ¢ can be computed as

follows:

NRO () = i (5) W (5~ 1l (By) (3.12)
ENOREN E[Zt()zt()]]l (i) (G 3.13
s (ﬁz) [E[&l,t(@)Q] Hox (ﬁz) ( . )
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where ,ugf) (Bi) = Elitis(3)2®] and zt(i) represents the instrument set for model .
Let 2() = (21t .-, 2k, t) denote the k; x 1 instrument set for model ¢ = 1,2. Next, we can
(1)

compute u,’ for ¢ = 1,2 as follows:

EliinzV] = El(ye — Brane)z") (3.14)
= E[{f1z1, + Poway + uoys — B1$1,t}2§1)] (3.15)
= E[{(B1 — B1)w1,e + ooy + Uo,t}zt(l)] (3.16)
=F H(ﬁl - Bl) [i%‘zj,t + ul,t}
6 !
+ B2 [Z oz + uzﬂg} + U07t}2§1):| (3.17)
k=1

— (61— ) [iij[zjvtzt(”]] + Bs [gakfz[zj,tzw]] (3.18)

=1

It also follows that:

Eliigs2”) = El(yr — Bor2.)2") (3.19)
= E[{B1w14 + Baway + uoyr — B2$2,t}zt(2)] (3.20)
— E{(B2 — Ba)aas + Bras g + o)) (3.21)
—E [{(@ - ) [i - uQ,t}
6 -
+ B [Z Vit + Ul,t:| + uo,t}zt@)] (3.22)
k=1

6 6
= (62— B2) [Z ajE[zj,tzF)]] + [Z %E{zk,tzfﬂ (3.23)
j=1 k=1
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Further, we have:

Eli} =El(y - Brare)?] (3.24)
= E[(f121,4 + Boway + v — lel,t)2]
= E[(Brx14 + Boway + uoy — Pr1y)?] (3.25)
= E[{(51 - 51)(7121,75 + Yozo + Y3234 + Vazas + V5254 + V626, + Ul )

+ (2 [04121715 + qzo ¢ + 3231 + Quzay + Q5254 + Q26 T+ ’UJQA + U()Jg}z] (3.26)

>2(iﬁE[zzj1) +B§<ia§-E[sz])
+2B2(61 — <Z 26: ViowElzt 52, k]) (3.27)

7j=1k=1

Likewise, we can compute E[i3 ] as follows:

Elu3;) = El(yr — Bawa4)’] (3.28)
= E[(Brx14 + Paway + uos — Paway)?]
= E[(B1714 + Bowas + uos — Poway)’] (3.29)

= E{Bi[v1z1,4 + Y222, + V3234 + Yazar + V5254 + V626, + Uit

+ (Bo — Bo)[a1214 + aozot + azz3 s + Quzas + 525t + QeZes + U] + o}l
(3.30)

() 3£t

6
+ 2831 (B2 — B2) (ZZV Bz, k]) (3.31)

7j=1k=1

where, under our assumptions, E{z jz: ;] =0 Vj # k.

3.1.3 Correctly specified models: Case 1

Under the first case, we consider two correctly specified models and we compute the em-

pirical size of our test for comparing two models using the Jp statistic. We pick up our
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parameters of interest, such that the truth is represented by the null hypothesis in (3.2]).
The variables 214, 224 and z3; will be used for M;, Equation , and variables 24, 25
and zg; will be used as instruments for My, Equation (3.9).

Also, following |[Hall and Pelletier, (2008), we draw the error terms and instruments in-

dependently from an N(0,1) distribution, and assume the following parameter values ,

p1 = B2 = 0.5:

N=7=73=05 (3.32)
Ya=7 =% =0 (3.33)
o1 =ay=a3=0 (3.34)
o4 = a5 = ag = 0.5 (3.35)

Given these parameter values, using Equation (3.17)), we can compute the population mo-

ments for each model as follows:

Eliiye2"] = E[{(0.5 — 31)(0.521,¢ + 0.5294 + 0.5234 + u1.¢)
— 0.5(0.524715 + 0.525’15 + 0'526,15 + uzt)}[zl,t, 22 t5 Zgyt]] (3.36)

0.5(0.5 — B1)[21.6 + 2ot + 234 + U121
=E | 0.5(0.5 = B1)[z1, + 22, + 23, + ur ]2 (3.37)
0.5(0.5 — B1)[z14 + 224 + 234 + w1234

0.25[24,1 + 254 + 26,4 + U2¢|21,¢

+E | 0.25[24¢ + 251 + 26, + U2,¢) 22, (3.38)
0.25[z4 ¢ + 254 + 264 + U223

[ 0.5(0.5— (1) E[23,)

= | 0.5(0.5 - 41)E[23,] (3.39)
| 0.5(0.5 - BB,
[ 0.5(0.5 — B1)

=1 0.5(0.5—5) (3.40)
| 0.5(0.5— /)
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Likewise, under our assumptions, we can compute the population moment for My as follows:

0.5(0.5 — 32)
Elig:z”) = | 0.5(0.5 — () (3.41)
0.5(0.5 — ()
Also, in this case we have:
B[P = 14 (3.42)

where I3 represents the identity matrix with dimension 3 for models ¢ = 1,2. Further, we

have:

Ela},] = 0.75(0.5 — £1)* + 1.5(0.5 — (1) + 0.1875 (3.43)
Ela3,] = 0.75(0.5 — £2)? + 1.5(0.5 — 32) + 0.1875 (3.44)

3.1.4 Simulation results: Case 1

In what follows, we provide Monte-Carlo simulation results for the empirical power of our
test. The following table summarizes the results of a Monte-Carlo simulation with 4000
replications, and sample sizes T = 100, 500, 1000 with S = 100, 200,400 draws from the
limiting distribution of J#7 to compute the critical values. Here, the empirical size is given
as the two-sided rejection frequency computed in our simulations. As we can see from Table
the empirical size of the test is very close to the percentile value, 5 %, used for the
rejection region constructed from draws from the empirical distribution of the limit of the

Jr test statistic.

3.1.5 Correctly specified and misspecified models: Case 2

In case 2, we compute the empirical power of our test for comparing two models using
the J#p statistic. In order to compute the empirical power of our tests, we construct a
scenario under which one of the two models under consideration is correctly specified and
the other is misspecified in the non-local senseﬂ We do this by picking up two different

sets of instruments for the same model under consideration. The first set of instruments is

!See [Hall and Inoue| (2003)[p.366] for a definition of non-local misspecification.
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Table 3.1: Empirical Size: Case 1

T S Hr Jr

100 100 0.04775 0.09050
200 0.03900 0.08550
400 0.04325 0.09025

500 100 0.05450 0.08375
200 0.05850 0.09175
400 0.05275 0.08875

1000 100 0.05575 0.09300
200 0.05900 0.09850
400 0.05575 0.09100

# Case 1: M, and 2 are correctly specified.
P These results were generated by 4000 replications.

valid and relevant, whereas, the second set of instruments is relevant but invalid, that is,
Elu; (Bg)zt(z)] # 0, where zt@) represents the second instrument set. Under this scenario, we

know that the truth is represented by:
NRW oWy « NRP (o) (3.45)

hence, the relative simulation rejection frequency of (3.45|) represents the empirical power
of our testﬂ In this case, we can assume that M; is asymptotically better than Ms, that
is, we have:

limp—.oo T{NRM (01Y) — NRP (6V)} = —c0 (3.46)

First, we let 81 = B2 = 0.5. Also, we use the following set of parameters:

Nn=72=73=05 (3.47)
Ya=7=7%=0 (3.48)
ag=ay=a3=0 (3.49)
ap =5 =ag =2 (3.50)

2The power of a test statistic is defined as the probability of rejecting H,, given that the alternative
hypothesis is true.
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The variables 21, 22+ and z3; will be used as instruments for M;, Equation (3.8), and
variables 23, 24,4, 25 will be used as instruments for model 2, Equation (3.9). Further, we
increase the variances of instruments 244, 25 to 4. Given this data generating process and

model choices, we can compute the population moment for Models 1 and 2 as follows:

0.5(0.5 — f1)
Eligz®] = | 0.5(0.5— 5y) (3.51)
0.5(0.5 — £1)
25
Eliia: 2] = | 8(0.5 - () (3.52)
8(0.5 — B2)
From which, it follows that:
w? = \/128(0.5 — f2)% +0.0625 (3.53)
Further, it follows that:
Ela3,] = 0.1875 + 36(0.5 — f)? (3.54)

Since M is correctly specified, everything remains the same as in Case 1. Since the truth is
given by the alternative hypothesis in , the rejection frequency represents the power of
the test. Table summarizes the results of Monte-Carlo simulations for 4000 replications,
sample sizes T = 100, 500, 1000 and S = 100, 200,400E| In both Cases 2a and 2b, M is
correctly specified, whereas, model 2 is misspecified. However, the degree of misspecification
of My is larger in Case 2a. It would be desirable for our test to distinguish a mildly

misspecified model, Ms, from a correctly specified model, M7, in our case. For that purpose,

38 represents the number of draws from the asymptotic distribution of the 7 test statistic for the data
generating processes outlined in this section.



we modify our data generating process given above as follows:

Mm=7=73=05
V4= =% =0
ar=ar=a3 =0

a4:a5:a6:0.5
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The variables z1 ¢, 22+ and 2z3; will be used as instruments for M; and variables 23 ¢, 25+, 26 ¢

will be used as instruments for My, Equation (3.9). This time, however, all instruments are

assumed to be independently drawn from N (0, 1). The results of a Monte-Carlo simulation

with 4000 replications and 300 draws from the limiting distribution of J#7, with a correctly

specified M7 and a mildly misspecified M», for this new data generating process, are given

in Table (3.2). As we can see from these results, for a given S, as we increase the sample

size from 100 to 1000, the power of the test goes upward toward 1, which is the desirable

result.

Table 3.2: Empirical Power: Case 2

2a, 2b
T S Jr Jr K Jr
100 100 0.51375 0.29775 0.23925 0.28250
200 0.50225 0.29550 0.22350 0.28200
400 0.49200 0.30150 0.21900 0.28100
500 100 0.98725 0.98275 0.94775 0.98225
200 0.98325 0.98375 0.95375 0.98350
400 0.98650 0.98075 0.94825 0.98000
1000 100 1 1 0.99875 1
200 0.99950 1 0.99900 1
400 1 1 0.99900 1

& Case 2: M; is correctly specified and model 2 is misspecified.
> These results were generated by 4000 replications.
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Chapter 4

Production Smoothing and Buffer

Stock Model of Inventories

4.1 Introduction

It is established that inventories play a major role in the business cycle and one
of the most popular inventory models is the Production Smoothing, Buffer Stock Model
of Inventories (PSBSMI). In this model, cost-minimizing firms with convex cost functions,
when faced with variable demand will smooth out production. Additionally, in the case of
stochastic demand, the firm will use inventories as a buffer stock. However, the Pure Pro-
duction Smoothing Model of Inventories (PPSMI) has been found to be contrary to data.
One potential source of this contradiction is econometric estimation techniques that have
been used. |Durlauf and Maccini| (1995) have used GMM to estimate the inventory models
which they compare with the Jr test statistic. When the models under consideration are
misspecified, the OIR test statistic can not be used for model comparison. |[Durlauf and
Maccini| (1995) also use the Noise Ratio (NR) statistic of Durlauf and Hall (1989), whose
asymptotic distribution, when the parameters of the model are estimated by GMM, was
studied in Chapter|[l|of this dissertation. Also, in Chapter |l the NR statistic was evaluated
in the Rivers and Vuong| (2002) framework of model selection. It was seen that there is no
unified model selection methodology using the Rivers and Vuong (2002) framework where
the goodness of fit measure is the NR statistic. In this chapter, different inventory models

are compared using certain statistics that are developed in Chapter [1| of this dissertation.
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The particular models compared are the production smoothing model of inventories and its
variants, covered in Durlauf and Maccini (1995). The statistics used for comparing these
models include T{NR&?)(QAFS,})) - NRg)(ég,?))} and Br of Rivers and Vuong (2002). All

statistics are evaluated at the GMM estimator () for the corresponding model ¢ = 1, 2.

Inventories play a major role in the business cycle. Most of the drop in US GNP in the
average post WWII recession is accounted by he drop in inventories. Macroeconomic evi-
dence suggests that inventories are a destabilizing factor. In one of the first studies about
the macroeconomics of inventory investment, |[Metzler| (1941) showed that inventories, when
added to simple Keynesian models, can generate cycles through the inventory-accelerator
mechanism. |Abramovitz (1950) and Lovell (1961) also showed that inventories can destabi-
lize the economy. On the other hand, some microeconomic models of inventories disagree.
In particular, the PSBSMI suggest that firms use inventories to smooth production. The
model is based on an intuitively simple idea. When faced with variable demand, firms with
convex cost functions use inventories to smooth production. If, in addition, the demand is
stochastic, the firm would use inventories as a buffer stock. That is, all the demand shock
would come solely out of inventories without any change in production. In this paper, we
will attempt to reconcile microeconomic theory with facts using different model selection

criteria studied in Chapter [1| of this dissertation.

4.1.1 Production smoothing buffer stock model of inventories

The production smoothing buffer stock model of inventories has three implications:
e Var(Y) > Var(X)
e Cov(X,AN) <0
e Interest rates and inventory investment are negatively correlated.

where Y is output, X is sales and AN is inventory investment.

In most studies it has been found that macroeconomic evidence contradicts all the implica-
tions of the PPSMI. First of all, macroeconomic evidence suggests that Var(Y) > Var(X),
that is, GDP is more variable than final sales. Further, Blanchard| (1983) showed that this
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inequality between GDP and final sales holds at the industry level, that is, production is
more variable than sales in most industries. However, evidence suggests that sales and in-
ventory investment are positively, not negatively, correlated. Finally, there is little evidence
that interest rates and inventory investment are negatively correlated.

All these facts have motivated researchers to come up with scenarios that would reconcile
microeconomic theory with macroeconomic data.

First, it has been suggested that the Department of Commerce data might be inaccurate.
Also, it has been suggested that it is more appropriate to work with physical unit data.
However, Fair| (1989)), using physical unit data, shows that only a few industries have pro-
duction less variable than sales and only for short periods of time. Other studies, such as
Blanchard (1983)), have shown that production is more variable than sales in the automobile
industry, even in the case of physical unit data.

Second, [Ramey| (1991) has suggested that the marginal cost functions might be positively,
not negatively, sloped. However, this contradicts the law of supply, one of the main pillars
of microeconomic theory. Other authors, in an attempt to save the PSBSMI, have added
cost shocks. Cost shocks help in making output more variable than sales and also yield
a positive variance between inventory investment and sales. When costs are high, firms
lower production and use inventories to satisfy demand and when costs are unexpectedly
low, firms raise output and build up inventories to take advantage of low costs. However,
even adding cost shocks has not reconciled theory with facts in the case of the PPBSMI.
Eichenbaum, (1989) showed that the only case in which cost shocks work is when they are
unobserved technology shocks. However, even when we allow for such cost shocks, it is not

possible to explain facts using the PSBSMI.

4.2 The pure production smoothing model

The simplest version of the PSBSMI has linear demand together with quadratic
production and inventory holding costs. Firms that face convex production cost functions

minimize the expected present value of total costs. Formally, this optimization is given asﬂ

MinEy»  B°TCyq (4.1)
s=0

!The notation and equations used in this Chapter are taken from [Durlauf and Maccini| (1995)
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where Ey|.] is expectation conditional on information, as of period t, 8 = 1/(1 + r) is the
discount factor with r as the real interest rate and T'C;, is total production costs as of

period t + s, which is given as:
TCiis = C(Yiys) + B(Nigs, Xits) (4.2)

Production costs and inventory holding costs, given in (4.2)), are defined as follows:

1

C(Yiqs) = (c1 + Tips)Yiqs + 5

Y, (4.3)

where I'y4 s represents a cost shock, Y, is output at the end of period ¢ + s and ¢, ¢; are
constants. The value of the parameter c is critical to production smoothing. Notice the
marginal cost of production equals (¢; +Ty45) + %)/t_i'_ s- Therefore, a lower value of ¢ implies
a steeper marginal cost function, hence a higher motive to smooth out production.

The inventory holding costs are given as

B(Nisa, Xers) = oo + 5 (Ners — aXer)? (4.4)
where Niys is the stock of finished goods inventories at the end of period ¢t + s, Xyys is
real sales and b, by are constants. Further, we assume that b > 0, a > 0. The parameter
b is also critical for production smoothing. A large value of b makes it progressively more
costly to increase inventories, hence will give the firm a disincentive to smooth production
by changing inventories.

Inventories are accumulated according to the following identity:
Nt—l—s - Nt+s—1 = Y;f—l—s - Xt+s (45)

In what follows, we use lower case letters to denote the conditional expectation of a variable
given all available information at period t, i.e. Y15 = E[Yits|-F).

This optimization problem can be solved as follows:
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First, using (4.5)), we can re-write (4.2)) as:

TCips = C(Neys — Neys—1 + Xiys) + B(Nigs, Xeys) (4.6)
1
= (c1 + Tigs) (Negs — Nigs—1 + Xiogs) + ?C(Nwrs — Nips1 + Xiys)?
b
+ b1 Nigs + 5 (Neys — aXiis)? (4.7)

Now, we can substitute (4.7 in (4.1) and differentiate it with respect to Nyi4 for all s =
0,1,2, ... to get the following Euler equation,

Briyse1 — [1+B+bc]nirs +nps—1 = (1 —abe)ryps — Briysy1 + yiys — BeYirst1+¢ (4.8)

for s =0,1,2,... where ¢ is a constant.

The Euler equation basically states that the firm should equate the marginal gain from
producing one more unit today instead of tomorrow to the cost of holding that additional
unit in inventory.

We can re-write (4.8) in lag operator notation as follows:

14+ 8+ bc 1 1— abc
[LQ - ()L + ] Nttst1 = ( >$t+s — Tttst1

B B B
c
+ Fs = kst +c (4.9)
where L denotes the lag operator, which is defined as L" Xy = X;_,, forn = ..., —2,—-1,0,1,2, ...
and {X;} is a sequence of real numbers, t = ..., —2,—1,0,1,2, ....

Using Equation 2.3.3 of Hamilton (1994), any second degree difference equation can be
written as (1 + ¢1L + ¢oL?)y; = w;. We can factor the lag polynomial as follows:

(14 ¢1 L+ ¢oL?) = (1 — M L)(1 — X\aL) = (1 — [A1 + A2] L + A A2L?), from which we have:
A+ A2 = ¢1 and A Ag = —¢o.

From we get, o1 = (1 + 0+ bc)/B and ¢o = 1/F. Therefore, we have A\; + Ao =
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(1+ B +40bc)/B and \A2 = —1/(. Thus, we can re-write (4.9) as follows:

[(1=AL)A = B A L) npyspr = <1 _ﬁabc>fﬁt+s = Titstl

c _
+ B%Jrs — CVt4s+1 +C

(4.10)
Solving the characteristic equation, we get its stable root, A, as,

1 be be\2  4be]?

Given the assumptions about the parameters of the model, 0 < A < 1.
The expectational difference equation (4.10) can be solved to yield the following solution

for the optimal level of inventories:
o0
Ngt+s = >\n+s 1+ [1 - 1 - abc Z ﬁ)‘ xt-‘rs-i-z
=0
oo
—Zpys + [l — Z BN AN toti — CYigs +d (4.12)
=0

where d is a constant.
Next, we derive a relationship for actual inventory accumulation. Setting s = 0 and given

ng = Ni—1, we can re-write Equation (4.12]) as follows:

Mg

— N;_1 = (1 + )\)Nt,1 + [1 — (1 — OébC) ] (ﬁ)\) Ttqq
i=0

o0 -

—x+c[l = A Zﬁ)\ ) Yeri — ey +d (4.13)
=0
Taking expectations of both sides of Equation (4.5)) we have:

E[Nt—Nt_l] :nt—Nt—l (414)
— BY - X/ (4.15)



81

where, under our assumptions E[Y;] = Y;.

Again, using the inventory identity at s = 0, we get

N—-N, =Y - X, (4.17)
=Y,—x+x — Xy (418)
= Nt —Ng_1+ Xt — Xt (4.19)

where the last line follows from (4.14]).
Finally, substituting (4.13)) in (4.19) and rearranging terms, the actual inventory accumu-

lation is given by:

Nt = )\Nt—l - Xt + [1 - OébC))\]$t

£ = (1= ab)N] S (BN s
=1

.

Mg

— Ayt cfl = (ﬂ)\) Vei + € (4.20)

[en]

1=

where € denotes a constant.

To derive g;y1, we define the following data-based variable:
Ay = Ny — ANi—1 + (1 — abc))\Xt + eIy (421)

Assuming that agents observe X; and I'y at the time inventories are chosenﬂ we can use

(4.20) to re-write (4.21)) as follows:
[e.9] oo
Ay =1[1—(1—abc)A Z BN a:tﬂ +c[l - Z BN ’Yt+z +d (4.22)
i=1 =1

We note that this variable is purely based on conditional expectations. We will denote this

variable as follows:

Af=[1— (1= abo)A] Y (BN mrai + e[l = A1 (BA) 54 (4.23)
=1 =1

2This implies ©; = X; and v, = I';, where lower case letters denote conditional expectations of the
corresponding uppercase variables, as of time ¢.
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Of course, no model is a perfect reflection of reality and there is a cost to simplifying reality
to a set of mathematical equations. This cost is called model noise and is given by A; — Af.
In this context the variable d gives the size of misspecification of a mode]ﬂ It measures
how far our data A; is from what our model says it is equal to, namely Af. Hence, we say
that our model is correctly specified when A; — A¢ equals to zero.

Since is a purely conditional expectations based variable, we can define a perfect

foresight counterpart as follows{]
=[1— (1= abo)A] > (BN Xepi+c[1 = A D> (BN Tryi+d (4.24)
i=1 i=1

where we used A} to denote the perfect foresight analog of A;. Further under REﬂ we have
the following:

;=[1—-(1-abc)X Zﬁ)\ Vxppi + e[l — A Zﬂ)\ ) Yeti + M (4.25)
=1 =1

where 7, is a RE error term.

Durlauf and Maccini (1995]) use (1 — ﬂz\[ﬁl)ﬁ as a filter to make A; — A} white noise.

gre1 = (1= BAL™) (A — A)) (4.26)
= Ar— BAAy — (1= BALTHA] (4.27)
= —BANi1 + (1 + BA*)N; — ANi1 — BAX 41
+ (1 — abc)AX; — cBAT 41 + AT, + kb (4.28)

3Misspecification is also called noise.

“In this context, perfect foresight means that firms face no uncertainty when making inventory decisions,
about all future values of sales and cost shocks. This will allow us to replace conditional expectations with
actual values.

SRE implies that the difference between the conditional expectation of a variable and its perfect foresight
counterpart is an error term whose conditional expectation is zero, which in our context, is given as A; —Af =
nt, where E¢[n] = 0.

5L denotes the backshift (lag) operator.



where k = —(1 — ﬁ)\)(ﬂ
In the following, we show how to derive (4.28)) from (4.27]):
Using (4.23)), we can write the following:

[e.9] o

A7 =[1— (1= abo)A] D (BN Xeyi + [l = A D (BN Ty +d
=1 =1

AL~ ALY
=[1—(1—abc))] (1—65)\1;_1> Xi+c[l = Al (&W) Iy

where (4.33)) results from (4.32) by the following factﬁ

BAL™L > i
T gzt = 2T

i=1

given # <1 and 0 < A < 1 implying S\ < 1.
Next, we multiply (4.33) through by 1 — BAL™! to get the desired result.

-1
(1= BALTHA = (1= BALH][1 — (1 — abe)A] <1_ﬁAﬁLM1> Xi
-1
bl = A (%) T

=[1—(1—=Xabo)]BAXi41 —c(1 = N)GATpy1 + k
Also, using (4.21)) for periods ¢ and ¢ + 1, we can write the following:

— BAA 1 = Ny — ANy_1 + (1 — abe)\) Xy + eIy
— BAN 11 4 BN2N; — (1 — abe) N2 BX;4 1 — cBN T4y
= —[BANi 1 + (14 BA2)N; — ANy_1(1 — abe)\) Xy
+ Al — (1 — abe)N?BX 1 — BN Ty
"Notice from and that
(1= BALTY)(Ar = A7) = (1= BAL™)[d: — ne]

= (1= BAL"Nd: — (1 — AL M
=S+

hence, we have S; = (1 — BAL™!)d; and vy = —(1 — BAL ™Y, _
8For some real number a, for which we have |a| < 1, > a' = 1/(1 — a).
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(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.29)

(4.30)
(4.31)
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Finally, substituting (4.36|) and (4.38) into (4.27), we get the what Durlauf and Maccini

(1995) call a Euler equation forecast error as:

g1 = — BANip1 + (14 BA)N; — ANi—1 — BAX 41
+ (1 — abe)A Xy — BNy + e\ + K (4.39)

4.3 Data

The data used in this paper are the seasonally adjusted chained goods sales and inventories
data published by the Bureau of Economic Analysis. We use monthly data that covers the
period, 1967:01-2008-09.

4.4 Econometric methodology

4.4.1 Noise ratio statistic

The following is from Durlauf and Hall (1989):

“Under rather general conditions, observed covariances place a useful lower bound on the
variance of misspecification, or noise, in models based on expectations. For a correctly
specified model, the lower bound will be zero. We construct an optimal bound on model
noise that captures the complete set of testable restrictions on an expectations based model.”
The noise ratio is a tool for measuring the extent to which a model explains the movements

in data. Technically, it is given as the following ratio:

var(S,
N = LerSi) (4.40)

var(ge+1)

where var(.) is the variance of the associated variable, Sy, is an estimate of the noise

variable, which we will denote by S, and g¢41 is what we will call a Euler equation forecast

error.

Durlauf and Maccini| (1995) use the signal extraction methodology developed by Durlauf]

and Hall (1989), where using GMM, an estimate of unobservable model noise, gt+1(é¥))

)

and the associated noise ratio statistic, are computed from data as follows:
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e First, we derive what is called a Euler equation forecast error, which will be denoted

as gi+1-

e Second, using GMM, estimates of the parameters in g;11, which we denote by égf),
are computed. Then, using these parameter estimates and data, an estimate for g,y

and an estimate for its associated variance is computed.

e Third, g;y is projected onto the information set of the econometrician using different
sets of instruments in order to get an estimate of noise. This estimate of the noise

variable will be denoted by Sy;. Further, we compute an estimate for the variance of

St|t'

e Finally, the noise ratio is computed as: NR = var(Sy;)/var(gi+1)-

4.4.2 GMM estimation of parameters, g;;; and its associated variance

Now, under the null hypothesis of correct specification, we have:
Ho: g1 =wmn (4.41)

where 1441 is an RE error, for which we have E;[vi41] = 0. We can use g4+ in the following
moment condition to estimate the parameters of (4.39), namely y = 1 — abe, A and ¢, using
GMM.

Elgi+12:) =0 (4.42)

where z; is a set of instruments from the information set of agents.

Once we have estimates of the parameters, we can compute an estimate for g,y using
(4.39). Further, we can compute an estimate of the the variance of g;1.

4.4.3 Estimating noise and its associated variance

When the model is not correctly specified, there will be a noise component to g;1. Under

such an alternative hypothesis, we would have:

Ho: g1 = v + St (443)
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where S; is model noise (or misspecification).
We can get an estimate of S, which we will denote by Sy, by linearly projecting g¢+1 onto

the econometrician’s information set as follows:

St = proj () ge+1 (4.44)
= proj(z)(Ve+1 + St) (4.45)
= proj(Zy)ves1 + proj(z)Se (4.46)
= proj(z)(St) (4.47)

where proj(z;) is an operator which linearly projects onto the econometrician’s information
set. Equation (4.47)) follows from (4.45]), because vy is orthogonal to any variable in the
information set of the econometrician by construction, hence, proj(Z;)v; = OH

We can use the following to compute the estimates of .Sy for periods t =1,2,...,T"
Sie=2(2'2)7"Z gi1a (4.48)

. . . . / . .
where Z is the T'x k matrix of instruments with #** row z, and k is the number of instruments.
Once we have Sy;, we can compute an estimate for its variance.

Finally, the noise ratio can be computed as follows:

var(Sy)

NR =
Ua?”(gt+1)

(4.49)

This statistic tells us how much of the variability in g:11 is due to variability in the estimate
of noise. Given that noise is a measure of how much the model explains data, this statistic

also measures how well our model explains movements in data.

4.5 Extensions of the PPSMI

4.5.1 Current sales and cost shocks are unobservable

This case is more realistic, in that many firms do not know the current sales and cost shocks

at the time they make production decisions. Hence, there is a role for inventories to buffer

9This projection can be computed by a regression of g:+1 onto A;.
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production from current sales and cost shocks.
If we solve the model under the assumption that current sales and cost shocks are unob-

servable, we get the following Euler equation forecast error:

git1 = — BANi1 + (L4 BA*)N,
C AN — BAXei1 + (1 — abo)AX,
— A1 + Al + K (450)

where m is an unimportant constant. As we can see, this again has exactly the same form
as when both current sales and costs shocks were observable. However, this case is different.
Under this case, the information set can not include current sales and cost shocks. Moreover,
given the inventory accumulation equation, current inventories are also unknown and can
not be included in the information set. For this reason, we have to modify our projection,

hence the noise ratio as follows:

Stii—1 = proj(Zi-1)gi+1 (4.51)
and our noise ratio becomes
var(ge+1) '

4.6 Econometric results

The data used in this paper are the seasonally adjusted chained goods sales and inventories
data published by the Bureau of Economic Analysis. The data are at monthly frequency and
cover the period, 1967:01-2008-09. Following |[Durlauf and Maccini (1995), we detrend our
series using a quadratic time trend. We use two different instrument sets in our estimations.
The first instrument set includes current values of inventories and sales for each industry
as well as three or less lags of these variables. The second instrument set excludes current
values of these variables, which captures the idea that inventories buffer sales surprises.

Next, we report estimates for the parameters of different formulations of the PPSMI for 5
different industries, using the GMM estimator. We also report the estimates of the noise
ratio and OIR statistics. Finally, we compare different formulations of the PPSMI, using

the Jr statistic, whose theory, in the case of the GMM estimator, was studied in Chapter
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[0 of this dissertation.

4.6.1 Pure production smoothing model of inventories

In Table we report results for the PPSMI for different industries. Specifically, we set
B =0.995, a = 0, or equivalently, u = 1, and estimate A\ using the GMM. Also, we report
the values of the noise ratio, OIR and J#7 test statistics for each industry.

As Table [4.1] illustrates, the Jr tets rejects PPSMI with instrument set 1. On the other

Table 4.1: Pure production smoothing model of inventories.

Industry Instrument A NRy Jr Hr
(p-value)
Petroleum 71 0.682 0.486 111.592 241.27
72 0.764 0.019 9.215 (0)
Chemicals 71 0.778 0.246 55.128 104.52
72 0.835 0.036 15.062 (0)
Food 71 0.786 0.240 42.217 99.45
72 0.857 0.040  9.960 (0)
Rubber 71 0.803 0.221 66.610 101.64
72 0.930 0.016  8.692 (0)

& PPSMI occurs when o = 0 and there are no cost shocks.
> Instrument set 1: [Ny, Ne—1, Ni—2, Ne—3, X¢, Xe—1, Xi—2, Xi—3, constant]
Instrument set 2: [Ny—1, Ny—2, Ny_3, Xy—1, Xy—2, Xi—3, constant].

hand, the PPSMI performs much better with the second instrument set. The J test statistic
rejects mildly only the chemicals industry with instrument set 2, at the 5 percent significance
level. These findings are also corroborated by the J#7 test statistic. As we can see from
the associated p values, the statistic chooses PPSMI with instrument set 2 over instrument
set 1. However, the values of A for the model with instrument set 2 are quite high. In
this model, 1 — X is a measure of the adjustment speed of inventories toward desired levels.
Hence, the values in Table 1 imply unusually low adjustment speeds.

Next, in Table we report the results for the stock out avoidance model of inventories.
Stock out avoidance occurs when « # 0. In this case, we estimate A and g = 1 — abe using
GMM estimation. We use the same two sets of instruments that we used for the PPSMI.

Again, we see that the Jp statistics all reject the formulations of the stock out avoidance
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model with instrument set one. However, all formulations of the model pass the Jp test
with instrument set 2. Likewise, the values of the J#7 statistic unanimously reject the model
with instrument set 1 in favor of the model with instrument set 2. Again, the values of A

imply unusually low adjustment speeds for inventories to their desired levels.

4.7 Conclusion

All the results in this paper more or less confirm the findings of Durlauf and Maccini| (1995|).
However, this paper has a more sound theoretical foundation, as it uses econometric results
that we derived in Chapter [1], for comparing possibly misspecified models and hence is an
improvement in that regard. The J statistic can only be used to see whether a model is
misspecified or not. Further, contrary to its usage by Durlauf and Maccini| (1995)), the
noise ratio by itself is not a metric to measure how far a model is from the truth. When
the models under consideration are correctly specified, the noise ratio converges to zero.
However, when the models under consideration are misspecified in the non-local sense, the
noise ratio for a model converges to a constant. On the other hand, when correctly scaled,
the noise ratio or model selection statistics constructed from it can be used as valid model
selection tools for comparing both correctly or non-locally misspecified models in a similar

fashion to the Rivers and Vuong (2002).

Table 4.2: Stock out avoidance model of inventories.

Industry Instrument A I NRr Jr o
(p-value)
Petroleum 71 0.695 0.968 0.478 110.455  232.05
72 0.832 0.937 0.012  4.550 (0)
Chemicals 71 0.776  0.969 0.236 54.835 103.72
72 0.828 0.965 0.028 11.666 (0)
Food 71 0.800 0.884 0.203 31.106 90.45
72 0.847 0.905 0.021  3.629 (0)
Rubber 71 0.773 0.940 0.214 65.998 103.03
72 0.898 0.952 0.006 2.657 (0)

® a # 0, implies stockout avoidance.

b Instrument set 1: [N¢, Ne—1, Ni—2, Ny—3, X¢, Xo—1, Xi—2, X¢—3, constant].
Instrument set 2: [N¢—1, N¢—2, Ni—3, X¢—1, X¢—2, Xi—3, constant].
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In this appendlx we analyze the asymptotic behavior of the N R(l)(é(T)) under the case
when {gt (0 *l),vt) t=1,2,...} is an m.d.s. and var(g,g )( 0. ,vt)|Q ) = 3

Formally, we make the following assumptions:

Assumption 26 {gt (0 *Z),vt) t=1,2,..} is an m.d.s. (We have E[ ( Q2] =0).
Assumption 27 Uar(ggi) (eff),vt)mf’) = agi < 00.

Next, we analyze the asymptotic behavior of T~ 1J HA%)) and NR. )(é(i)) under the case
D6, 0p)|) = 02,

Once we assume {g,fi)(eff),vt),t =1,2,...,T} is m.d.s, O'gi < oo and constant, and assume a

H-/—\/\

when {gt 0 *),vt) t=1,2,..} is an m.d.s. and var(g

certain form for Sgri), it follows that T' *1.]55 )= N Rg,f). Hence, once we derive plim(T*1J¥ )),
we also have plim(N Rr).
First, we analyze the probability limit of T° _1Jr}i )

Theorem 8 Under Assumptions we have:

plim(T~ ) =0 (A.1)

Proof:
plim(T 1)) = (o)l ¢ty (A.2)
= 9 (0,0 = 1y (A.3)
=0 (A.4)

where
el = Elg (0% )] (A5)

where () = E [zt(i)zy) ,] and FE [gt(i) (Hii),vt)zy) | = 0 when the model under consideration is
correctly specified.
From Theorem [8) we can see that the limiting distribution of T_le(f) is degenerate in

the current caseE Next, we show why Equation (A.4) holds. From, Equation(A.6) and

10J¥) = TQr, where Q7 is the GMM minimand.
" Convergence in probability implies convergence in distribution.
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Slutsky’s Theorem, we can write this probability limit as follows:

T
plz’m(T_lJ( ) = plim(T~! Z gtl) Syt(T! Z gf@ (égf))zt) (A.6)
t=1
T . N 7 ~ T . N
= (plim(T_1 Z géz)(&f,f))zt) )plim(S:Fl) <plim(T_1 Z giz) (0&9)%))
t=1 t=1

Next, we analyze the limiting behavior of the components of . Hence, we begin with
mr (v, éT) =71 Zthl gt (ve, éT)zt. To simplify the notation, we suppress the dependence of
myp on v, It is important to recognize the dependence of m(l)(e( )) on the GMM estimator
ég,f). Given that gt(i)(é(i)) depends on 95@, a random vector, we can not apply WLLNs
and CLTs directly. This will prevent us from directly applying WLLN’s to m!! )(H(Z)).

circumvent this, we will follow a two stage strategy to derive the limiting behavior of the

sample moment mz(.):

(i) in the first stage, we show that mg,f) (égf)) —mgf) (9,@) = 0p(1), which we state in Lemma

2

(ii) in the second stage, we show that the Ergodic Theorem implies mg) (99) S E[mgf) (Hii)

which is stated in Lemma [3l
We begin by the following lemma:

Lemma 2 If Assumptions[]{10 and[27 hold, it follows that:
T N Al .
ORI COPEE D ICATIES (A8)

g,f)) around 05;") gives:

D>

(i)<

A mean value expansion of m.,

m{)(05)) = mP(0) + G (09 (6 — 07 (A.9)
=m0 + 0,(1) (A.10)
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In what follows, we prove that (A.10f) is indeed correct. Using the Cauchy-Schwartz in-

equality, we can write the following:
IGS @) (85 — 69| < |G @116 — o)) (A.11)

From Lemma 1, we have (953) = 99) = 0p(1). Therefore, we only need to show Ggf) (égf)) =
Op(1). Given Gﬁi)(ef)) = Op(1), it suffices to show that Ggf)(é(Ti)) - Gf)(ef)) = op(1).
Adding and subtracting terms yields the following:

Gy (0)) - 62 (00) = G @) - 6P )
)

G (0 - G.(09)
+ G0 — G (6 (A.12)

By the continuity of gt(i) (0%)) in Assumption |8 and the facts that or 2 0, and Op =
M7 + (1 — \)b,, we have:
Gy (07) — G (07)) = 0p(1) (A13)

From , it follows that HGg)(ég)) — Ggf) (ééf))H = 0p(1). Hence, using and the

triangle inequality, we have:

1657 6) — GO < |65 0F) - G.6)]|
+ |G (65 G( 0 || + 0p(1) (A.14)

Since 07 0., that is limTHOOP(éT € N¢), we can restrict our attention to N By

definition of the supremum, we have:
|G (0)) — GL (0| < suppen, ||os” (09 — G..(0)]| (A.15)

gfi)(G(i)) - G*(O)H = 0p(1). Hence, it follows from

By Assumption [§| part (iii), supgen.

(A1) that:

1GE(05)) — GL(0)|| = op(1) (A.16)

12 N7, denotes an ¢ neighborhood of Qﬁi) for any € > 0.
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Next, we study the second term on the right-hand side of (A.14). By a continuity argument,
we can show that:

G.(09)) =GP (0| = 0,(1) (A.17)
[ [

From 1' 1) and li it follows that Ggf) (9(Ti)) = Op(1). Given the fact that

(égﬁ) - Gf)) = 0,(1), it follows that 1) is indeed correct.

Next, we state our second lemma:

Lemma 3 Under Assumptions and|[3,
T . . . . . .
plim(T™1 3" g7 (62, 00)2") = Bl (62" v0)2,”) (A18)
t=1

Proof: Given Assumptionsandpart (1), {gt (] 0%, vt)zt(l),t =1,2,..}isa strictly station-
ary and ergodic sequence. Assumptionlmphes ||E[gt( )(953), vt)zt ]|| < E[||gt ( x ,vt)ztz)H]

Elsupycot Hgii) (vs,09)2|] < oo and hence satisfies the Ergodic theorem.
T . .
plim(T~! ng”(e,(f), v)z)) =T7! ZE Z) 6 ,vt zlgz)] (A.19)
=1
20 ’wi SN (A.20)

where (A.19) follows from the stationaritylﬂ of this sequence. The proof is complete.
Combining Lemmas we have the following theorem:

Theorem 9 Under Assumptions we have:
T N Al
plim(T*1 Z g,gl) (953))2@) =0 (A.21)
t=1
Proof: First, from Lemmas [2] and

T
plim(T13" g (05)20) = Elg” (617, v) "] (A.22)

13All the moments of a stationarity time series sequence are independent of time. This allows us to move
E[g(0,v,)2"] out of the infinite sum.
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Further, under the m.d.s assumption:

Elg" (6, v)2i")] = E[E[g{" (61, v1)21") 1] (A.23)
= E[xElg\” (0 v))|)] (A.24)
=0 (A.25)

where (A.23)) follows from the LIE, (A.24]) follows from the fact that z; € €, and (A.25)
follows from the m.d.s assumption. This completes the proof.
Next, we analyze the form of the long-run covariance matrix in the special case when

{gt (0 *),vt) t=1,2,..} is an m.d.s. and Uar(glg )( 0. ,Ut)|Qt) = 0'

S = limp_covar(T —1/2 Z z gt *Z ,Ut)) (A.26)

= limT_NX,VT (A27)

where we have used Vp to denote var(T‘l/QZ,g( g ))-
In order to understand the behavior of lzmTﬁooVT(Q(f ) better, the matrix in 1| can be

written as follows@

Vp=T""! ZZE Hi ,Ut)g (l)(ﬁ(l))z( )z(’) ] (A.28)
t=1 s=1
T

— T 1 ZE 0(1 i (Z)l]

T

+ T 12 S Bl (67, 00)gi-s (092027, + g1-s (0019 (0 v)zimsz]  (A.29)
s=1 t=s+1
T . .

=7 Z var(zg;” (02, v1))
t=1

+7" 12 Z [COU (219" (0 00), g1« (09) 20 s) + cov(zr_sgi—s (05, g (69 0y) 21
s=1t=s+1

(A.30)

14See (White| (2001}, p. 138).
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Analyzing (A.30)), we see that the limiting behavior of V depends on the limiting behavior
of an average of the variances of ztglgi) (Gf), vy), the average of covariances of ztgt(i)(0§<i), vt)

and zt,sgt,s(é?f)) fort=1,...,Tand s=1,...,T.
Lemma 4 When {g,gi) (Gg),vt),t =1,2,...} is an m.d.s., the autocovariances over 9,@ are

all zero, that is:

E[0 gD (0% (09, 0,)2"] = 0 (A.31)

Proof:
E[gD (69 (69,027 = EIE[0 9D (69 (67, 0,) 2" |00 (A.32)
— E[20¢9 (6Bl (69, vy) [0 21) Vs <t (A.33)
_ (A.34)

where || follows from LIE, |j follows from z.” ggi) (99) €W Vs <tz €y Vt and
1} follows from the fact that E[gt(i)(&(ki), vy) ] = 0.

Under this case, we have:

T

S = limp—oc T3 Bl (0 022027 (A.35)
t=1

= E[g (61, v1)? " "] (A.36)

where Equation (A.36)) follows from Assumptions |1 and

Lemma 5 If {gti)(ef),vt),t = 1,2,...} is an m.d.s. and var(ggi)(ﬁf),vt)mt) = agi, we
have:

S =a2%¢" (A.37)

where S is given by .

15The strict stationarity of {g{” (8", v:)} and {2} together implies that {g{" (6", w)zzt(i)zt(i),} is strictly
stationary and limr_.cT ' 31, E[g" (6 ,v:)%2" 2" = E[g{" (017, v,)? 2" 2{7].
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Proof:
S = Elgy (08", v)22" 4" (A.38)

= E[Blg" (01", v)22" 2 o] (A.39)

= BIE[g" (09, v)? ()2 2" (A.40)

= Elo2z" 2] (A.41)

= o2 B[z 2] (A.42)

= 05 ¢Y (A.43)

where (A.39) follows from LIE and (A.40) follows from the fact that z; € Q; Vt.
Given the form of S in (A.43)), intuition suggests that we could consistently estimate it

using the following matrix:

T
$r(69) = <T1 S0 @) ) ( 12 NONO ) (A.44)
t=1
Next, we define the following:
¢ = plim (¢t (A.45)

\/

where Cg) =71 Zthl zlfi)zt(z)

The following lemma proves that this intuition is indeed correct.

Lemma 6 plzm(S’T(H(l)))
When {g ( *),vt) t = 1,2,...} is an m.d.s. and var(g ()(9£),Ut>‘9t) = gz, a finite
constant, we have:

Sr(0¥) 2 s (A.46)
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Proof:
a T . N/
plzm(ST(H(T)) plzm< -1 Z gt 49(1 >plz'm <T_1 Z zgz)zt(l) > (A.47)
t=1
T . -/
= limT_,oo< -1 Z Elg Hi ,Ut) ]) limp_ o0 <T_1 Z E[zt(l)zt(z) ]>
t=1
(A.48)
= Blo (0, o) Bl 2] (A.49)
2 (i
= o2, ¢¥ (A.50)

where m holds as follows:

T
Using a mean value expansion of 7! Z gT Ep)) around Hiz), we have the following:
t=1
T . s T . . e N .
T3 g PP =Y P00 ) + 290 (B EF —60) (A5
=1 t=1
T . .
=713 g (0% 0)? + 0,(1) (A.52)
t=1

D (pl)
where yr() = T—! Z G(Z agtegg),

facts that 6 2 0, and 07 = Mr + (1 — N0, for A € [0,1].

Further, using the Cauchy-Schwartz inequality, we have:

A.51)) follows under our assumptions under the

r . (4) (9 (3)
) = TS0 g (A53)
T ] 1/2 T (l) 1/2
(r8awor) (2 [567)
= 0,(1)0,(1) (A.55)

= 0,(1) (A.56)
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From (A.52)), we have:

T
Tﬁlzgil)(ég)f L limp T 1th (é ,vt (A.57)
t=1
Ly limpooeT 1ZE )0 v,)2] (A.58)
= limTﬁooT_IZE[E[gt( O w2 |0]] (A.59)
T
= limr T ") Eloy] (A.60)
= o (A.61)
(A.62)

where (A.59)) follows from the LIE. Given Assumptions |l| and [2| from the Ergodic theorem

we have:
T

7! Z zt(i)zt(i)/ 2 E[zt(i)zt(i)/] (A.63)
t=1
. Also, (A.49) follows from Assumptions [1| and Given Equation (1.16)), plim(N Ryr) is

given as:

plim(N Rr) = plim =1 t;l =1
713 g (0)?
t=1
(A.64)
T A ' T T A
plim (T ! Z gi )(Og,f))zt> plim <T_1 Z ztz)zf@ ) plim (T ! Z gﬁz) («959)%)
_ t=1 t=1 t=1
= T
(3 07)
t=1

(A.65)

16 Any measurable function of a strictly stationary sequence is also strictly stationary. Further, expecta-
tions of strictly stationary functions are independent of time. Therefore, we can move the expectations in

Equation (A.47)) outside of the sum.
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From Equations (A.7)), (A.44) and (A.65)), we can see that under the current case, T~ !Jr =

N R, hence both statistics have the same probability limit given in Theorem @ Hence,
under the current case the asymptotic behavior of N Rgf) (953)) is identical to that of the GMM
minimand T*1J¥) and hence the Rivers and Vuong statistic By has the same asymptotic
behavior when the goodness of fit measure is the noise ratio or the GMM minimand. That
is, the asymptotic results concerning Br are the same when the goodness of fit criteria
is either NRéf)(égf)) or T_IJQ@ (égf)), as those derived by [Hall and Pelletier| (2008) when
Assumptions and hold. Therefore, for model selection based on By, it makes no

difference asymptotically to use either statistic as goodness of fit criteria.

Next, we analyze the probability limit of N Ry when Assumptions a3571, [I] andI2| hold.

Theorem 10 If Assumptions hold, then plim(N Rp) = 0.

Proof:
plim(NRr) = ¢3¢l ¢ =10 (A.66)
— D (o — 1)l (A.67)
=0 (A.68)

1"The following is footnote 5 of [Durlauf and Maccini| (1995):

When the FEuler equation implicitly defines a non-i.i.d, sequence, the noise ratio
will not be proportional to the J-statistic because of a need in the latter case to
correct the covariance matrix of the equation’s innovations in computing whether
the model’s coefficients obey the overidentifying restrictions. Such a correction
is unnecessary in computing the variance of the model noise. However, the two
are still closely related asymptotically as the noise ratio will converge to zero if
the J-statistic converges to a bounded value. We thank Spencer Krane for these
observations.
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The probability limit of the denominator of the N R(i) (9(TZ)) can be obtained as follows:

T
Using a mean value expansion of 71 Z 9(2)) around (9,9), we have the following:
t=1
T .
771y g0 07 = 1Zg< 208, 0)? + 200 (0B — o) (A69)
=T 12% ( 7Ut ? +op(1) (A.70)
(291 (0) - .y
where ~v7(0 -1 Z ti) Given the facts that 07 = 6, and Op = Ny +

(I =M, for X\ €0, 1] Equation (A follows under our assumptions.

Further, using the Cauchy-Schwartz inequality, we have:

T (@) (i)
et (@) (p(i) O9¢  (6)
T 1/2 T () p(i)y7 2\ 1/2
< <T1 Zggz)((g(z)y) <le [agtgzl)} > (A.72)
t=1 t=1 90
= 0p(1)0p(1) (A.73)
= 0,(1) (A.74)
From ({A.70), we have:
T
TN g (0)2 2 time—osT IZ 09 ;)2 (A.75)
t=1
2 limgooT IZE 0 v, (A.76)
:limTHooT_le[E[gt( O 02 |]] (A.77)
T
= limp 0T~ Elo},] (A.78)

where (A.77)) follows from the LIE.
Next, we analyze the plim(T‘le(f )) under Assumptions
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Theorem 11 If Assumptions hold, then plim(T*IJ}i)) =0

Proof:
Under the m.d.s. assumption, all covariances are zero, hence S has the form given by

Equation (A.35)["°l Further, we can study the form of S given Assumption [11]as follows:

S = limT_,oo< -1 ZE 6 ,Ut (z)zt(i)/]) (A.79)

T

:zimT%o<T 1ZE E[g7 0% vy)2|0) 20 21 ]) (A.80)

T
= limr— (T_l Z E[Ugitz§1)2£1)/]> (A.81)
t=1
= _ NOMO =1 : )
where = = [ngt z;’ ] and |27 < oo, under Assumptions (1| and 12} Hence, we have:
plim(T LI = {51y (A.82)
=0 (A.83)

Finally, for the case of correctly specified models, we derive the limiting distribution of

N Rgf) (953)) Before we proceed we make the following assumption about the sample moment.

Assumption 28
S22 (6 4 N (0, I, ) (A.84)

where S, = limp_oovar(T'/?m @ )(9(1)))

Theorem 12 Under Assumptions 110, [27 and we have:
IO ~ X3, (A.85)

Proof:
If {g( )(0(2 v),t = 1,2,...} is an m.d.s. and var(ggi)(&(f),vt)lﬂt) =02

gi» then we can use

8However, S no longer has the form given in Equation 1' because of the dependence of 0§¢t on t.
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an analysis similar to that on page 69 to 73 of Hall (2005) to study the distribution of
J. (l)(ﬁ( )) and TN R(l)(ﬁ( )). We know from the Appendix that under this case, we have
T OF) = NRP (05).

Using the relationship between the sample moment and the J¥ ) (ég)), we begin our analysis

by a mean value expansion of m(l)(ﬁ( )) around Gii), in Equation 1} First, we multiply

Equation (A.9) through by T1/2ST1/2
S P P (00)) = 5P (00) + 8, PGV A6 — 6 (A.86)

Since HAE;) represents the second step GMM estimator we can substitute the following
into (A58):

T2 — o) = — (G (09) SP (09) G (09N G (09 SP (0 T T AP (07)
(A.87)
which yields:[]
S PTV2m D (00 = K (055, 2 m (0 (A.88)

where
A2 &—1/2 ~(1) 1503 ) AN &) )\ — 7 A a—1/27
Kr(07)) = I, = 712G (090G (0F))' P (07) 6 (0 'GP (0F))'s7 1% (A.80)
Equations (A.88) and (A.89) together imply:

5‘;1/2T1/2 (')(é:(r)) i (9( ))]S*—I/QTl/ngf) (9,@) +0,(1) (A.90)

where S, = plim(Sr) and P, (9( ) = plim (K («9 ))
Now, J {51/2T1/2 (0(1 )} {51/2 l)( )}. Hence, using Equation (A , we can

19Since SFI is p.s.d., such a square root matrix exists by a Cholesky decomposition.

2Tn the first step, a suboptimal weighting matrix is used to estimate éT,l, which is called the first step
estimator. On the second step, this first step estimator is used to construct a weighting matrix, 5';1(éT,1),
in order to estimate the second step GMM estimator.

2!See Equation 3.26 of [Hall| (2005)[p.70].

22See Equations 3.35 and 3.36 of [Halll (2005)[p.73].
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derive the following: @

T O = TPmip (017) ST 1, — Py ]ST PmiP (017) +0,(1)  (A9D)

i

Given Assumption 28] Equation (A.91)) implies{]

TP OF) 4 ng, [, — Po0) ], (A.92)

where ng, ~ N(0, Ix,) and from (A.92) we claim the followingﬁ
i, L, — Po(03) ], ~ 3 (A.93)

where d = rank([Iy, — PO(HSf))]). Given [Ij, — Po(ﬂg))] is idempotent, rank[I, — PO(HS))] =
tracelly, — PO(H,Ei))].

Finally, we have:

trace[ly, — P,(0.")] = trace(Iy,) — trace(P,(64"))
=k- trace(Po(GSf)))
=k — trace[plim($; "G (09)[GP (0F)) S (07 67 (09!

x GY(03) 8,2 (A.96)

=k — trace[S; 2GY 09) GV (0 8, (011G (90!

x G0 s 12 (A.97)

= & — trace([GY (07 5. (6) 'GP (6] 1[G (6 5.(67) 1 6 (6)))
(A.98)

= k — trace(I,) (A.99)

=k—p (A.100)

where (A.98]) follows from the fact that, for conformable matrices A, B and C, trace(ABC) =
tr(BCA).
When Assumptions and hold and S’(TZ) is given by Equation 1' we have J}i) =

23We also used the fact that T1/2m¥)(95f))' and [I, — P,(6)]S5'/? are orthogonal.
24See Gallant 1987[p.122].
25See Gallant 1987[p.122).
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3, 26) ,
TN Rr. Hence, from Theorem (12| we conclude that TN Rg,f)(&f,f ) ~ X
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