
ABSTRACT

LEE, HUI-JIE. Advances in Bayesian Inference for Species Divergence Times. (Under the
direction of Je↵rey Thorne.)

The amount of sequence divergence depends on the product of the rate of molecular evolution

and the time since common ancestry. When only sequence data are available, these rates and

times are confounded. Conventionally, rates and times are disentangled by supplementing

interspecific sequence information with additional time information (e.g., information from

fossils or from “ancient” DNA). Alternative approaches of separating evolutionary rates and

divergence times are explored by supplementing interspecific sequence data with information

about rates in this dissertation.

The possibility of employing mutation data to assist with the inference of divergence times

is investigated in Chapter 2. The basic idea is that the rate of selectively neutral molecular

evolution equals the mutation rate and, with the advent of high-throughput sequencing, it

is becoming increasingly practical to characterize mutation rates and patterns from parent-

o↵spring data and/or from mutation accumulation lines. The BEAST (Bayesian Evolutionary

Analysis Sampling Trees) software package has been modified so that divergence times can

be estimated from interspecific sequence data together with information on mutation that is

collected by high-throughout sequencing. The approach can be applied when evolutionary rates

are treated as being constant through time and also when the evolutionary rates themselves

evolve. This research direction will have particular value when studying parts of the tree of life

that have poor fossil records and also when studying how mutation rates evolve. Analytical

and asymptotic properties of the mutation model are discussed in Chapter 3, and some of the

modeling extensions are described in Chapter 5.

Because point mutations can arise from a variety of molecular mechanisms, the change in

substitution rate over time can di↵er among substitution types. The molecular clock assumption

is relaxed to di↵erent degrees for di↵erent substitution types in Chapter 4. To quantify the rate

variation among substitution types and to improve divergence time estimation, substitution

histories of homologous sequences according to their posterior distribution are sampled. These

histories allow ‘substitution lengths’ for each combination of branch and substitution type on a

phylogenetic tree to be inferred. The degree to which substitution types vary in their tendency

to change rates can then be examined. In addition, this information can be used to infer

divergence times. A nice feature of the approach is that context-dependent substitution (e.g.,

CpG hotspots) can be accommodated. In accord with previous findings, there is comparatively

little rate variation over time for CpG transitions. Separately considering these relatively clock-

like substitutions yields improved divergence time estimates.
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Chapter 1

Introduction

All life forms are genetically related. Charles Darwin first proposed a common ancestor of all

organisms on earth in his On the Origin of Species, where he wrote “probably all the organic

beings which have ever lived on this earth have descended from some one primordial form, into

which life was first breathed”[8]. He further suggested the concept of “Tree of Life” such that

the pattern of the relationship between species is shaped like a tree. He wrote:

The a�nities of all the beings of the same class have sometimes been represented

by a great tree. I believe this simile largely speaks the truth. The green and budding

twigs may represent existing species; and those produced during each former year

represent the long succession of extinct species...As buds give rise by growth to

fresh buds, and these if vigorous, branch out and overtop on all sides many a feebler

branch, so by generation I believe it has been with the great Tree of Life, which fills

with its dead and broken branches the crust of the earth, and covers the surface

with its ever branching and beautiful ramifications.

To resolve at least part of the “Tree of Life”, the study of evolutionary history of organ-

isms, phylogenetics, arises. Understanding the evolutionary process is an essential problem in

biological science, and it can be a foundation stone of many advanced studies. These include

explaining the similarities and di↵erences among species, testing hypotheses of the generation

of biological diversity, understanding the spread of disease and more. The purposes of phylo-

genetic studies are not only tracing of lineages and history among groups of species, but also

estimating the time of divergence between species since they last shared a common ancestor.

This dissertation focuses on estimation of species divergence times, and the tree topology is

assumed to be known throughout. Note that even though some phylogenetic software (e.g.

multidivtime[9, 10], PAML[11, 12]) require users to provide a phylogenetic tree, BEAST[13, 14]

and MrBayes[15] can jointly estimate the tree topology and divergence times.
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1.1 Phylogenetic Trees

Ever since Charles Darwin illustrated the genealogical relationships among species by a tree,

biologists have been using tree diagrams to represent evolution, and such a tree is called a

phylogenetic tree, or phylogeny. From a mathematical perspective, a phylogenetic tree is a

graph composed of nodes (vertices) and branches (edges), where the nodes represent the tax-

onomic groups, and the branches correspond to the evolutionary history between descendent

and ancestral nodes.

Nodes on a phylogenetic tree can be further classified into three categories: tips, internal

nodes, and a unique root. Tips, or terminal nodes, represent extant taxa, and internal nodes

represent extinct hypothetical ancestors of descendant nodes. The unique root corresponds to

the most recent common ancestor of all the taxa at the tips of the tree. A collection of species

(nodes) on a tree can form a clade, or monophyletic group, which means it contains an ancestral

species and all the descendants of that ancestor, including extant or extinct descendants. For

example, Node A, B and D of Rooted tree 1 in Figure 1.1 form a clade.

A phylogenetic tree can be rooted or unrooted, with or without specifying the position of

the root. An unrooted tree only illustrates the relationship between terminal nodes, but it does

not make any assumptions about ancestry. Figure 1.1 depicts three rooted trees that share the

same unrooted tree topology. The root position is not specified on the unrooted tree, and an

unrooted tree can be converted to a rooted one by placing the root on any location on any of

its branches.

The shape, or the branching pattern of a tree, is called the topology. A tree topology

represents the evolutionary relationships between species so that its tips are labeled, but it

does not depict time or evolutionary distance information. In contrast, a labeled history refers

to a rooted tree of branching events (topology) in which the speciation events (internal nodes)

occur in a temporal order. In other words, nodes are rank-ordered in time in a labeled history.

A particular tree topology may have one or more possible labeled histories.

A phylogenetic tree that only shows the topology but contains no information about the

branch length is called a cladogram. A phylogenetic tree that represents branch lengths and

topology information is called a phylogram. Rooted tree 1 in Figure 1.1 is generated by two

speciation events that occurred at times t

0

and t

1

ago. Note that the current day has time 0

and history has time greater than 0 (i.e., t
0

, t

1

> 0.). The lengths of branches (b
0

, b

1

, b

2

, b

3

)

correspond to the amount of evolution accumulated in these branches. In molecular phyloge-

netics, branch lengths are usually measured by the expected number of character changes per

sequence site. If the branch lengths are proportional to evolutionary time so that present-day

taxa are equidistant from the root, then the tree is called a chronogram or an ultrametric

tree. To transform from a phylogram to a chronogram, external information about time and
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Figure 1.1: The rooted trees (three left columns) that share the same unrooted tree (right
column) for 3 species, A, B, and C. The most recent common ancestor of these species, R,
is shown in the rooted trees, but not in the unrooted tree. The direction of evolutionary
time is represented by an arrow in Rooted Tree 1. Node D corresponds to the most recent
common ancestor of Node A and B, and the time to their most recent common ancestor is t

1

.
b

0

, b

1

, b

2

, b

3

are the lengths of branches, which represent the amount of evolution accumulated
in these branches.

assumptions about the rate of evolution are usually needed.

Typically, phylogenetic trees are bifurcating, meaning that every internal node has only two

immediate child nodes. In this case, a tree of s extant species will have (2s� 3) branch lengths

in the unrooted tree and (s� 1) times of the internal nodes on the rooted tree to be estimated.

For divergence time estimation, the (s � 1) times of speciation events are the parameters of

most interest.

1.2 The Rate of Evolution and the Molecular Clock Hypothesis

Zuckerkandl and Pauling observed the di↵erences in hemoglobin between di↵erent species were

roughly proportional to the time to common ancestor[16], and later they proposed the molec-

ular clock hypothesis[17]. The molecular clock hypothesis presumes a clock-like behavior of

molecular change. To be precise, it postulates that the rate of molecular evolution is constant

over time and shared among evolutionary lineages. Therefore, the amounts of character change

from the root to every tip on a phylogenetic tree are expected to be equal with a molecular

clock. Figure 1.2 represents phylogenetic trees with and without the molecular clock assump-

tion. The branch lengths of these trees exhibit the evolutionary distances between species, and

they are in the unit of the expected number of character changes per site. The phylogenetic

tree constructed from Gene 1, which has a single constant rate throughout the tree, has all tips
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being equidistant from the root. Since extant species are equidistant with respect to time from

their common ancestor, a genetic equidistant tree that resulted from a constant rate over time

can be translated into absolute geological times with the help of fossil records. On the other

hand, if the rate of evolution varies between branches, then the expected number of substitu-

tions accumulated on each branch would be di↵erent. The tree constructed from Gene 2 in

Figure 1.2 is an example of rate variation over lineages.

A B C D A
B

C D

Gene 1 Gene 2

Figure 1.2: Two phylogenetic tress with and without the molecular clock assumption. The
phylogenetic tree constructed from Gene 1, which has a single constant rate throughout the
tree, has all tips being equidistant from the root. With rate of evolution varying between
branches, the tree constructed from Gene 2 has unequal root-to-tip branch lengths.

The rate of evolution is determined by the mutation rate and the probability of fixation

(survival) of a mutation. Mutations, which produce di↵erences between species, are the driving

forces of species evolution. Mutations can occur owing to di↵erent mechanism, including spon-

taneous cellular processes (e.g. deamination, errors introduced during DNA repair, replication

errors, etc.) and induced mutations caused by mutagens (e.g. chemical agents, radiation, etc.).

A mutation is said to reach fixation if the frequency of the newly arisen allele is at 100% within

the population. A mutation fixation hence leads to the substitution. That is to say, factors

that influence the mutation rate and the fixation probability would a↵ect the rate of evolution.

Mutation rates can be a↵ected by factors such as nucleotide sequence context (long repeats,

GC content, etc.). For instance, CpG dinucleotides mutate at a higher rate than other types

of dinucleotides[18, 19, 20, 21, 22]. CpG dinucleotides are mutational hotspots because DNA

methylation occurs frequently at the cytosine in vertebrates. In humans, between 60% and 90%

of CpG are methylated on the cytosine ring[23]. Spontaneous deamination at the methylated

cytosine causes CpG to TpG (or to CpA in the complementary strand), resulting in a deficiency

of CpG and an excess of TpG[24, 25, 26, 27]. The proportion di↵erence of CpG dinucleotides

in exons and noncoding DNA (10% and less than 4%, respectively) causes the di↵erence in
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mutation rates between these regions[22]. Subramanian and Kuman[22] hypothesized that the

di↵erential CpG content could explain the enormous di↵erence in the evolutionary divergence

between the fourfold degenerate sites in exons and noncoding (pseudogenes, introns and inter-

genic regions) DNA.

On the other hand, structural or functional features of the sequence can influence the fixa-

tion probability of a mutation. Functional importance leads to low evolutionary rates[28]. For

example, the amino acids on the surface region of the alpha and beta hemoglobin chains evolve

10 times faster than those in the functionally important heme group, which carries oxygen

molecules[29]. The probability of fixation of a mutation depends on the fitness e↵ect of this

mutation as well as the e↵ective population size (N
e

). Every genotype has equal probability to

reach fixation under no natural selection. Thus, the probability that a new mutation fixes is
1

Ne
in a haploid population. Indeed, Kimura has proposed the neutral theory that predicts the

substitution rate is equal to the mutation rate per site per generation for selectively neutral

sites, independent of the population size[30, 31]. In other words, the substitution rate would

remain constant throughout the tree provided that the mutation rate stays the same over time

in neutrally evolving regions. It therefore leads to the study of neutral molecular clock, which

directly provides information to date phylogenies. In contrast, advantageous and deleterious

mutations have higher and lower probabilities of fixation than neutral mutations, respectively,

because of the selection pressure. Consequently, sequences subject to purifying selection (nega-

tive selection) would evolve slower than neutrally evolving sequences, while positively selective

sequences would evolve faster.

The rate of evolution can vary among lineages as well. Goodman[32] and Goodman et

al.[33] estimated the substitution rates from amino acid sequence data and suggested the rate

of molecular evolution decelerated in higher primates (hominoids). They then proposed the

hominoid rate-slowdown hypothesis and conjectured that increasing generation times may have

been an essential parameter underlying these observations. Furthermore, Laird et al. [34]

and Kohne et al. [35] calculated the rates of nucleotide substitution by DNA hybridization

and concluded that the rate in rodents is much higher than in primates. The rate di↵erence

diminishes after correcting the rate in terms of generation times. These observations lead to the

proposal of the generation time e↵ect hypothesis to explain the rate variation among lineages.

This hypothesis postulates the molecular clock runs faster in species with a shorter generation

time, for they will have more germ-line cell divisions per unit time and thus more errors may

occur during DNA replication.

Other explanations have been suggested to account for the rate heterogeneity among lineages

in addition to the generation time hypothesis. Britte[36] observed that sea urchins evolve at a

fast nucleotide substitution rate as do rodents and drosophila. Unlike rodents and drosophila,

sea urchins have longer generation times and thus shorter generation times do not imply fast
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rates of evolution. However, because sea urchins produce gigantic numbers of gametes, they

also have a large number of germ-line DNA replications per year. Therefore, he suggested

that this large number of germ-line DNA replications per year could be a part of the reason of

the rapid rates of evolution in these groups of organisms. He further suggested that changes

in the e↵ectiveness of DNA repair mechanisms are likely to cause the rate di↵erence among

lineages. Apart from the above two hypotheses, Martin and Palumbi proposed the metabolic

rate hypothesis[37] that can justify some exceptions the generation time hypothesis fails to

explain. In particular, in spite of shorter generation times (about 5 to 10 years), whales show

a low rate of nuclear DNA evolution compared to primates[38]. The metabolic rate hypothesis

postulates that species with higher metabolic rates will have higher rates of DNA damage

through oxygen radicals, and thus are likely to have higher DNA substitution rates[37].

Owing to the complexity of the process of molecular evolution, none of the above three

hypotheses could completely account for patterns of rate heterogeneity among lineages. These

hypotheses are not mutually exclusive. Furthermore, other biological factors, such as nucleotide

composition and recombination rates, can a↵ect the rates of substitutions. For example, some

substitutions (especially C to T and G to A) occur at a higher rates than others; G and C tend

to change to A and T more frequently than from the opposite direction in pseudogenes[39, 40].

As a result, the molecular clock assumption might be more appropriate for one region in the

genome than another. Likewise, it might be relatively suitable for a group of closely related

species with similar physiology and life history traits. Recognizing this, maximum likelihood

and Bayesian methods that allow deviation from a clock have been developed[41, 9, 42, 43, 10,

44, 45, 46, 47]. These “relaxed clock” models enable evolutionary rates to vary from lineage to

lineage. Some relaxed clock models exhibit autocorrelation over time as would be the case if

sources of variation in rate are heritable. With autocorrelation, closely related species might

evolve at more similar rates than more distantly related species[48]. Di↵erent forms of relaxed

clock models are discussed in Section 1.4.3.

1.3 Statistical Inference of Phylogenies

1.3.1 Data

Most often, phylogenies are inferred from morphological or molecular sequence data. Molecular

sequences (e.g., DNA sequences) consist of genetic information inherited from ancestors, and

have the advantage of straightforward quantification owing to the discrete character traits (i.e.,

4 nucleobases, 20 amino acids). This dissertation will consider only DNA sequence data. There

are 4 types of DNA-bases: A (adenine), C (cytosine), G (guanine) and T (thymine). Nucleotide

bases can be classified in two groups based on the structure of the molecules: purines (A, G)
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and pyrimidines (T, C). Changes of a purine to another purine (A $ G) or a pyrimidine to

another pyrimidine (T $ C) are called transitions. In contrast, transversions refer to changes

between a pyrimidine and a purine (T, C $ A, G).

human GTTGCTATTATAAATTATAGTGAAACT

tarsier CTTGCATTTTAAAAATATTTTTAGACT

bushbaby TTTGTATTTT-----TAAGTTGAGATT

orangutan GTTGCTATTGTAAACTATAGTGAAACT

rhesus GTTGCTAATGTAAATTATAGTGAGACT

baboon GTTGCTGTTGTAAATTATAGTGAGACT

marmoset GTTGGTATTGTAAATTATAGTAAGACT

Figure 1.3: An example of a nucleotide sequence alignment from 7 species of primates. Identical
nucleotides at a site are shaded if the number of matching nucleotides is higher than 50%.

To reconstruct a phylogenetic tree, a set of well-aligned homologous sequences from the

species of interest is needed. Figure 1.3 is an example of a DNA sequence alignment from 7

species of primates, and we assume that these sequences have been derived from a common

ancestral sequence. This alignment consists of 27 sites, and we can view it as a 7⇥ 27 matrix.

For phylogenetic analysis, the data is the homologous sequence alignment of s species with n

sites, and it is denoted by an s ⇥ n matrix X = {x
jk

}, where x

jk

is the k-th site in the j-th

sequence. The � symbol in the alignment is a gap (null base), and it is most often treated as

a missing value. Usual assumptions made for phylogenetic inference include:

1. The uncertainty of the alignment can be neglected.

2. Each column in the alignment is derived from a single common ancestor.

3. Each site in an alignment evolves independently on an evolutionary tree that is shared

with other sites.

Starting from a common ancestral sequence, nucleotide substitutions have occurred and

accumulated with time to produce divergent descendant sequences. Sequence similarity or

dissimilarity hence can be a measure for sequence divergence. For example, 2 sites out of

27 sites are di↵erent between human and orangutan in Figure 1.3, so there is 2

27

= 7.4%

sequence divergence between human and orangutan. In contrast, there is 3

27

= 11.1% sequence

divergence between human and rhesus. This suggests that human is more closely related to

orangutan than rhesus. Even though the expected proportion of di↵erent sites between related

sequences increases with time, multiple substitutions or multiple hits at the same site may
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happen and may obscure one another. For instance, suppose the ancestral sequence had G at

Site 1 and it changed to C to produce Sequence 1, and later it changed from C back to G to

produce Sequence 2. In this case, no substitutions could be detected between the ancestral

sequence and Sequence 2, even though two substitutions actually occurred. In other words, the

number of pairwise sequence di↵erences can underestimate the number of substitutions that

occurred since common ancestry, and the expected proportion of di↵erent sites is not linear with

evolutionary time. Therefore, a probabilistic model of sequence change is required to correct

for multiple hits (substitutions) at a site.

1.3.2 Models of DNA sequence change

Models of DNA sequence change provide a mathematical description of the process of DNA

sequence change over time. The process of nucleotide substitution is stochastic and is conven-

tionally described by a Markov chain. Since there are 4 possible nucleotide states {T,C,A,G}
at each site in a DNA sequence, the Markov chain is characterized by a 4⇥ 4 substitution rate

matrix Q = {q
ij

}. The element in the substitution rate matrix q

ij

is the instantaneous rate of

change at a site from nucleotide type i to type j. From the theory of finite-state continuous

time Markov chains,

q

ii

= �
4X

j=1,j 6=i

q

ij

, where q

ij

� 0 for i 6= j,

and thus
4X

j=1

q

ij

= 0, 8i.

In other words, the row sums of the rate matrix are zero. Note that the instantaneous rate

does not depend on time, which means that the substitution process is assumed to be time-

homogeneous here. Moreover, because substitutions from any types of nucleotide to any other

should be unrestricted, the nucleotide substitution process is modeled as an irreducible Markov

chain. There exists a unique stationary distribution of an irreducible Markov chain. That is,

the Markov chain ultimately converges to an equilibrium distribution, no matter at what state

it started. Denote the stationary distribution of the chain as ⇡ = {⇡
T

,⇡

C

,⇡

A

,⇡

G

}, where ⇡
i

is

the proportion of nucleotide type i at equilibrium. A large number of models of DNA sequence

change have been introduced by making di↵erent assumptions about frequencies of the 4 types

of nucleotides at equilibrium and about rates of changing from one type to another.

The simplest model of nucleotide change is the Jukes and Cantor model (JC69 model)[49],

which assumes that all substitutions are equally likely with rate � and all nucleotides occur at

8



the same frequency (⇡
i

= 1

4

for all i). The substitution rate matrix is

Q = {q
ij

} =

2

66664

T C A G

T �3� � � �

C � �3� � �

A � � �3� �

G � � � �3�

3

77775
.

By distinguishing the rate of transitions and transversions, Kimura proposed an alternative

model of nucleotide change (K2P)[50]. Denote the substitution rates of transitions as ↵ and

transversions as �. The substitution rate matrix is as follows.

Q = {q
ij

} =

2

66664

T C A G

T �(↵+ 2�) ↵ � �

C ↵ �(↵+ 2�) � �

A � � �(↵+ 2�) ↵

G � � ↵ �(↵+ 2�)

3

77775
.

The above two models assume four nucleotides have equal base composition at equilibrium.

The Felsenstein (F84)[51, 52] and Hasegawa-Kishino-Yano (HKY85)[53, 54] models relax this

assumption and allow nucleotides to be present in di↵erent frequencies. Three additional free

parameters are introduced to represent the nucleotide frequencies: ⇡

T

, ⇡
C

, ⇡
A

, and ⇡

G

=

1 � ⇡

T

� ⇡

C

� ⇡

A

. These two models are similar, but their parametrization is di↵erent. The

substitution rate matrix of the HKY85 model is

Q = {q
ij

} =

2

66664

T C A G

T �(↵⇡
C

+ �⇡

R

) ↵⇡

C

�⇡

A

�⇡

G

C ↵⇡

T

�(↵⇡
T

+ �⇡

R

) �⇡

A

�⇡

G

A �⇡

T

�⇡

C

�(↵⇡
G

+ �⇡

Y

) ↵⇡

G

G �⇡

T

�⇡

C

↵⇡

A

�(↵⇡
A

+ �⇡

Y

)

3

77775
,

where ⇡
Y

= ⇡

T

+ ⇡

C

and ⇡

R

= ⇡

A

+ ⇡

G

are the frequencies of pyrimidines and purines,

respectively. All of the models above have a property known as time-reversibility, meaning

that the expected number of substitutions from type i to type j is equal to the number of

substitutions from type j to i. It is formulated by

⇡

i

q

ij

= ⇡

j

q

ji

, 8i 6= j. (1.1)

The GTR (general time-reversible) model is the most general time-reversible model of nu-
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cleotide change for a single sequence position. The GTR model described by Simon Tavaré[55]

allows unequal base composition and a di↵erent rate for each pair of nucleotide substitutions.

Instead of only having two parameters for rates of transitions and transversions, the GTR model

has 3 ⇥ 2 = 6 parameters (↵,�, �, �, ✏ and ") for rates changing from type i to type j. The

substitution rate matrix is

Q = {q
ij

} =

2

66664

T C A G

T � ↵⇡

C

�⇡

A

�⇡

G

C ↵⇡

T

� �⇡

A

✏⇡

G

A �⇡

T

�⇡

C

� "⇡

G

G �⇡

T

✏⇡

C

"⇡

A

�

3

77775
,

where diagonal entries are values that make each row sum to zero.

All of the aforementioned substitution models place constraints on the GTR model and

thus they can be viewed as nested within the GTR model. In general, the GTR model with

more parameters fits the data better than simple models, but the estimate of branch length

has a larger variance as well. For closely related species, the assumptions in the nucleotide

substitution models are usually acceptable and therefore simple models produce similar esti-

mates of branch lengths to those under more complex models[56]. However, for distantly related

species, branch lengths, especially for longer branches, tend to be underestimated when simple

nucleotide substitution models are employed[57, 58]. This represents the bias-variance trade-o↵

in phylogenetic inference. A simple substitution model underfits the data, and it is usually

biased but has low variance. A more complicated substitution model is less biased but loses the

precision of estimates. Therefore, the solution is not to use a complicated model but to select

a simple model that still fits the data su�ciently well.

Based on di↵erent theoretical foundations, there are various criteria for model selection.

These include: the likelihood ratio test (LRT), the Akaike information criterion (AIC)[59], the

Bayesian information criteria (BIC)[60] and the Bayes factor (BF). jModelTest 2 is one of the

most popular software packages for comparing substitution models with some of the above

criteria[61]. A thorough discussion of these criteria is beyond the scope of this dissertation.

In fact, research is still ongoing around estimating the Bayes factor due to the di�culty in

computing the marginal likelihoods, which usually do not have closed-form expression (e.g.

Fan et al.[62], Xie et al.[63], Baele et al.[64]).

Given the substitution rate matrix Q of a Markov chain, the transition probability matrix

P(t) at time t can be derived by solving the following di↵erential equation

Q =
dP(t)

dt

����
t=0

, (1.2)
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with the condition that P(0) = I. The solution is

P(t) = {p
ij

(t)} = e

Qt

, (1.3)

where e

Qt is the matrix exponential of Qt, and it can be defined by means of a power series:

P(t) = e

Qt = I+
1X

k=1

(Q)ktk

k!
. (1.4)

The element in the transition probability matrix p

ij

(t) is the probability of having nucleotide

type j at time t given nucleotide type i at time 0. For example, the transition probability

matrix for the JC69 model is

P(t) = {p
ij

(t)} =

2

66664

T C A G

T p

0

(t) p

1

(t) p

1

(t) p

1

(t)

C p

1

(t) p

0

(t) p

1

(t) p

1

(t)

A p

1

(t) p

1

(t) p

0

(t) p

1

(t)

G p

1

(t) p

1

(t) p

1

(t) p

0

(t)

3

77775
,

where p

0

(t) = 1

4

+ 3

4

exp (�4�t) and p

1

(t) = 1

4

� 1

4

exp (�4�t). There is no closed-form solution

of the transition probability matrix for the GTR model, so it is usually solved numerically. The

transition probability matrix P(t) can be used to calculate the likelihood of an alignment on a

tree, which will be discussed in Section 1.3.4.

Note that Q and t occur in the form of a product in Equation 1.3. Therefore, it is conven-

tional to scale the rate matrix Q by a scaling factor ⌘ so that the average rate of substitution

is 1, where

⌘ = � 1
P

4

i=1

⇡

i

q

ii

.

For instance, the scaling factor would be 1

3�

in the JC69[49] model. After scaling, the rate

matrix Q0 = ⌘Q would represent the relative substitution rates only. Hence, the time (or

equivalently, branch length) t is measured by the expected number of substitutions per site.

For simplicity, Q will denote either the rate matrix without scaling if the time t is measured by

the chronological time, or the rate matrix after scaling if the time (branch length) t is measured

by the expected number of substitutions per site.

Using the Markov property, the Chapman-Kolmogorov equation can be derived. It is

p

ij

(t+ s) =
X

k

p

ik

(t)p
kj

(s). (1.5)
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That is, the probability of changing from nucleotide type i to type j in time (t+ s) is the sum

over all possible transition states k of the probability of changing from nucleotide type i to k in

time t and then from k to j in time s. In other words, by modeling the substitution process as

Markovian, all possible paths leading from nucleotide type i to j in time (t+ s) are considered

and thus multiple hits are automatically corrected.

Using the transition probability instead, Equation 1.1 implies

⇡

i

p

ij

(t) = ⇡

j

p

ji

(t), 8t. (1.6)

For an ancestral and a descendant sequence, the time-reversibility property means that it is

not possible to distinguish which sequence is ancestral from the two sequences alone. This is

because the substitution process looks exactly the same whether time goes forward or backward.

In fact, by combining Equation 1.5 and Equation 1.6, the probability of observing type i in

Sequence 1 and type j in Sequence 2 that are diverged from a most recent common ancestor t

and s time units ago can be simplified as follows.

1X

k=0

⇡

k

p

ki

(t)p
kj

(s) =
1X

k=0

⇡

i

p

ik

(t)p
kj

(s) = ⇡

i

p

ij

(t+ s). (1.7)

For the purpose of calculating likelihoods, this implies that one of the sequences can be viewed

as ancestral and the other can be viewed as the descendant that resulted after (t+ s) units of

evolution.

1.3.3 Models of Among-Site Rate Variation

The rate of nucleotide substitution can vary among sites and among loci. Divergence times

can be underestimated if rate variability is ignored, because multiple substitutions that have

occurred at mutation hotspots may not be detected[65]. As a matter of fact, failing to accom-

modate the rate variation among sites has greater e↵ect on divergence time estimation than

failing to properly model the relative rates of nucleotide substitution process[66].

Variable substitution rates among sites can be modeled by either discrete or continuous

distributions.

Discrete-distribution model Hasegawa et al.[67] first proposed to divide sites into two

categories, invariant sites with zero rate of change, and variable sites with a constant rate.

Yang[68] later generalized the two-rate model into the discrete-rates model with K rate classes.

In this model, the rate for a site is assumed to come from one of K rate classes. A class has rate

value r
k

and probability p

k

, where k = 1, 2, ...,K. In practice, K is typically a small integer less

than 10. Two more constraints are made in order to reduce the dimensionality of the parameter

12



space. First, p
k

is usually set to 1

K

for all k. Second, the mean rate is 1:
P

k

p

k

r

k

= 1, which

makes the branch length be the expected number of substitutions per site averaged over all

sites. Since the average rate is still 1, the rate r

k

represents how fast class k evolves compared

to the average rate across all sites. The resulting substitution rate matrix at a site with rate

r

k

is simply r

k

Q, where Q is the original substitution rate matrix shared among all sites. The

scaling of rate r

k

to the substitution rate matrix is the same for the continuous-distribution

model described below.

Continuous-distribution model Another approach is to have the rate for any site be ran-

domly sampled from a more biologically plausible continuous distribution. Uzzell and Corbin[69]

first modeled rates among sites by a gamma distribution, and the gamma model was further de-

veloped by many researchers, e.g. Nei and Gojobori[70], Jin and Nei[71], Tamura and Nei[72]. A

su�x ‘+�’ is added to substitution models if rate variation among sites is modeled by a gamma

distribution, such as HKY+�. In the gamma-distributed rates model, the rate at each site is

assumed to be independently and identically distributed according to the gamma distribution

f(r) =
�

↵

�(↵)
e

��r

r

↵�1

, ↵ > 0, � > 0, r > 0,

with mean E(r) = ↵

�

and variance V ar(r) = ↵

�

2 . To avoid the use of too many parameters,

the mean of the distribution is restricted to 1 by setting ↵ = �, and the variance is hence 1

↵

.

The extent of rate variation among sites can thus be measured by ↵. Large values of ↵ (↵ > 1)

indicate most sites have rates around 1 and there is minor rate variation, whereas small values

of ↵ (↵  1) mean a high degree of rate variation among sites. When ↵ is approaching infinity,

the rates become identical for all sites.

To reduce the computation for the gamma rate model, Yang[66] approximated the gamma

distribution with K equal probability rate classes, so that the mean or median in each class is

used to represent all rates in that rate class. This model is called the discrete-gamma model.

A su�x ‘+�
k

’ is added to substitution models if the discrete-gamma model is used to account

for rate heterogeneity among site, where the subscript k is the number of rate classes. In this

model, the probability of falling into each class p
k

is 1

K

, and the rate value for each class r
k

is

determined by the gamma distribution. Yang[66] has shown that as few as four rate classes can

greatly improve model fit to real data, but model fit often does not improve much by having

many more rate classes than four.

1.3.4 Likelihood Calculation of a Tree

Related sequences can be viewed as a realization of random variables with probability distri-

bution generated from a model of evolution. The likelihood of the data (alignment) can be
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calculated given the tree topology, branch lengths, and a model of sequence change. Let the

parameters in the model of sequence change be ✓, and the branch lengths be T. ✓ and T are the

parameters in the model, and the maximum likelihood estimates of ✓ and T can be found by

optimizing the likelihood function given the tree topology. The maximum likelihood estimates

of the phylogeny can be found by repeating the same procedure for each possible tree topology

and searching for the topology that maximizes the likelihood of the data. Two assumptions are

often made for computing the likelihood of an alignment on a tree:

1. Each site evolves independently.

2. Given the state of the site at the beginning of the branch, evolution is independent in

each branch of the tree.

By making the first assumption, the likelihood of an alignment on a tree is the product

of the likelihood of data at individual sites. In other words, the likelihood calculation can

be simplified by first computing likelihoods at individual sites separately and then taking the

product of individual likelihoods. The second assumption basically says that the process of

nucleotide substitution is Markovian.

Using the same notation in Section 1.3.1, the alignment is denoted by an s ⇥ n matrix

X = {x
jk

} = {x
k

}, where x

jk

is the k-th site in the j-th sequence, and x
k

is the k-th column

in the alignment. To illustrate likelihood calculation for a single site on the tree of Figure 1.4,

we will temporarily suppress the notation concerning sequence position and will instead write

x

i

for the state of node i. This means x

i

2 {A, T,C,G}, where i = 0, 1, ..., s, ..., 2s � 2. Let t
i

be the branch length of a branch ending with node i, and let T = {t
i

, i = 1, ..., 2s � 2}. Then

the likelihood of the tree for this single site is the sum, over all possible states of the internal

nodes:

Pr(x
1

= A, x

2

= C, x

3

= G, x

4

= C, x

5

= C|T, ✓)

=
X

x0

X

x6

X

x7

X

x8

Pr(x
1

= A|x
6

, t

1

)Pr(x
2

= C|x
6

, t

2

)Pr(x
3

= G|x
8

, t

3

)Pr(x
4

= C|x
7

, t

4

)

Pr(x
5

= C|x
7

, t

5

)Pr(x
6

|x
0

, t

6

)Pr(x
7

|x
8

, t

7

)Pr(x
8

|x
0

, t

8

)Pr(x
0

). (1.8)

The transition probability Pr(x
i

|x
j

, t

i

) = p

ji

(t
i

) and the equilibrium probability ⇡ = Pr(x
0

)

are specified by the model of sequence change (P(t) and ⇡) in Section 1.3.2. The amount

of computation of the likelihood in Equation 1.8 can be economized by using Felsenstein’s

dynamic programming based “pruning” algorithm[73, 74]. The idea is to identify common

factors and move the summation signs in Equation 1.8 to the right as far as possible. In this
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1: A
2: C

3: G

4: C

5: C

6: x6

7: x7

8: x8

0: x0

t1
t2

t3

t4

t5
t6

t7

t8

Figure 1.4: The tree used in the discussion of the likelihood calculation. Nodes are labeled
with numbers and their states (nucleotide types). The t’s are the branch lengths.

way, Equation 1.8 becomes

Pr(x
1

= A, x

2

= C, x

3

= G, x

4

= C, x

5

= C|T, ✓)

=
X

x0

 
X

x6

Pr(x
6

|x
0

, t

6

)Pr(x
1

= A|x
6

, t

1

)Pr(x
2

= C|x
6

, t

2

)

!
⇥

(
X

x8

Pr(x
8

|x
0

, t

8

)Pr(x
3

= G|x
8

, t

3

)

 
X

x7

Pr(x
7

|x
8

, t

7

)Pr(x
4

= C|x
7

, t

4

)Pr(x
5

= C|x
7

, t

5

)

!)
.

(1.9)

Equation 1.9 suggests that the summation over all possible states of ancestral nodes are taken

after summing over all possibles states for its descendent nodes. In other words, the pruning

algorithm performs a postorder tree traversal for computing the likelihood of a tree. This

algorithm converts a calculation that grows exponentially with the number of internal nodes to

one that grows linearly with the number of nodes. Define L
i

(x
i

) as the probability of observing
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data at the tips that are descendants of node i given that node i has state x

i

. Then L

6

(C) is

the probability of observing x

1

= A and x

2

= C given that node 6 has state C. Provided that

node i is a tip, this definition implies that L

i

(x
i

) = 1 if its observed state is actually x

i

and

L

i

(x
i

) = 0 otherwise. For an internal node i with descendant nodes j and k,

L

i

(x
i

) =

0

@
X

xj

Pr(x
j

|x
i

, t

j

)L
j

(x
j

)

1

A⇥
 
X

xk

Pr(x
k

|x
i

, t

k

)L
k

(x
k

)

!
. (1.10)

The overall likelihood for this single site can then be calculated from the tips of the tree to

the root, and it is given by

Pr(x
k

|T, ✓) =
X

x0

Pr(x
0

)L
0

(x
0

). (1.11)

Finally, the likelihood of the alignment on a tree can be computed by the product of individual

likelihoods.

L =
nY

k=1

Pr(x
k

|T, ✓). (1.12)

If rate heterogeneity among sites is modeled by a discrete distribution, then the likelihood is

the weighted average over K rate classes

L =
nY

k=1

"
h=KX

h=1

p

h

⇥ Pr(x
k

|T, ✓, r = r

h

)

#
, (1.13)

where r
h

is the rate value for class h and p

h

is the probability of falling in class h. Pr(x
k

|T, ✓, r =

r

h

) can be computed by using the transition probability matrix P(t) = e

rhQt such that the

substitution rate matrix Q is multiplied by r

h

. Similarly, if rate heterogeneity among sites is

modeled by a continuous distribution, the likelihood is the average over the rate distribution

L =
nY

k=1

Z 1

0

f(r)Pr(x
k

|T, ✓, r = r)dr

�
, (1.14)

where f(r) is the probability density of the rate (e.g. a gamma probability density) and

Pr(x
k

|T, ✓, r = r) can be calculated from the transition probability matrix P(t) = e

rQt so

that the rate matrix Q is scaled by r. An algorithm for calculation of the above likelihood of

a tree under a continuous-rates model has been provided by Yang[75].
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1.3.5 Identifiability Problems in Divergence Time Estimation

The transition probability matrix P(t) used to calculate the likelihood of an alignment has the

form in Equation 1.3. Note that the rate matrix Q and time t occur in the form of a product,

and thus only the e↵ect of the product can be seen.

For example, consider two sequences separated by time t under the JC69 model. The total

rate of substitution of any type of nucleotide is 3� as specified in the rate matrix. Therefore,

the expected number of substitutions per site, or the branch length, is 3�t. The probability

that the two sequences are di↵erent at a site at time t is p = 3p
1

(t) = 1 � p

0

(t), where

p

1

(t) = 1

4

� 1

4

exp (�4�t) and p

0

(t) = 1

4

+ 3

4

exp (�4�t) as defined in Section 1.3.2. Suppose

there are x out of n sites that are di↵erent between the two sequences, then the estimated

probability of di↵erent sites is p̂ = x

n

. By equating the expected and the estimated probability

of di↵erent sites, we have

p̂ =
3

4
� 3

4
exp (�4�̂t̂), (1.15)

which suggests that only the product of � and t, or the branch length 3�t, can be estimated

from the data. In other words, it is not possible to estimate rates and times separately without

information other than sequence data because there are problems with identifiability.

Let {f(X|✓) : ✓ 2 ⇥} be a family of probability distributions for a model completely specified

by parameters ✓. Parameters ✓ of the model are identifiable if distinct values of ✓ correspond

to distinct probability distributions. That is, if there exists some values ✓
1

6= ✓

2

such that

they give the same value of the likelihood function f(X|✓
1

) = f(X|✓
2

) for all data X, then the

parameters ✓ of the model are non-identifiable or unidentifiable. In the previous example of

divergence time estimation between two sequences under JC69 model, a combination of low rate

� = 0.1 and longer time t = 5 will give the same probability of di↵erent sites p as a combination

of high rate � = 0.5 and shorter time t = 1.

Additional information about rates and times are needed in order to disentangle rates and

times in the sequence data. One possibility is to use the molecular clock assumption of a

constant rate to date divergence times. Under the clock assumption, if a particular divergence

time can be calibrated either by a fossil record or biogeographical evidence or sample dates for a

quickly evolving virus, then all other times on the tree can be estimated. However, substitution

rate is a↵ected by the population size and the life history of a species (e.g. generation time and

body size). For these and other reasons, the clock assumption may be violated[37]. Moreover,

uncertainties in the age of the fossil or uncertainties in assignment of a fossil on the phylogeny

remain a problem and need to be considered carefully. Therefore, a general framework capable of

not only incorporating rate variation among lineages and fossil uncertainties, but also handling

non-identifiability problems in the model, is in demand.

Unlike frequentist inference which introduces additional constraints on the model to make it
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identifiable, “unidentifiability causes no real di�culty in the Bayesian approach” as suggested

by Lindley[76]. As long as a “proper” prior is specified on all the parameters, Bayesian inference

can handle unidentified complicated models[77]. The Bayesian method for phylogenetics has

several extra advantages as suggested by Huelsenbeck et al.[78]. First, it is based on the

likelihood function, so it shares some strengths of maximum likelihood methods, e.g. explicit

model assumptions. Second, prior knowledge about rates and times and uncertainties about

fossil records can be easily and naturally accommodated under the Bayesian framework. Third,

the posterior distributions can be approximated by MCMC and they have easy interpretations,

especially for summarizing tree topologies and explaining credible intervals.

However, if an improper prior is used because no additional information about rates or times

is available, it may lead to an improper posterior[77]. In other words, the Bayesian approach

provides a convenient way to incorporate prior knowledge from rates and times, but it cannot

make something out of nothing. It is because identifiability is not a problem of a particular

estimation procedure, but a property of the model. Therefore, good fossil records, carefully

chosen substitution models, models of rate evolution and priors are important for estimating

divergence times. In the next section, Bayesian inference of divergence times will be described

in detail.

1.4 Bayesian Inference of Divergence Times

The development of Bayesian MCMC methods in phylogenetics was originated by three groups

of authors, Yang and Rannala[79], Li et al.[80, 81], and Mau and Newton[82, 83]. From then on,

the incorporation of more complex and realistic evolutionary models, the relaxation of molecular

clock assumption, the accommodation of uncertainties in fossil records, tree topologies, and

other parameters have been made due to the feasibility of Bayesian approach.

1.4.1 General Bayesian Framework

The problem of divergence time estimation can be formulated in the general Bayesian framework

as follows. Let X be the aligned molecular sequences of s species with n sites. Let ⇥ include

all parameters in the substitution models (e.g. transition/transversion ratio, shape parameter

for discrete-gamma rates model). Let ⌧ be the tree topology for s species, which can be either

specified before the analysis or estimated with divergence times. Let t be a vector of the (s�1)

divergence times and r a vector of rates. The rates can be either for the (2s � 2) branches

or for the (2s � 1) nodes, or even for the (2s � 2) branches and the root, depending on the

implementation. Denote � as the parameters of the model of rate change among lineages, and

denote ⌦ as the parameters of the prior on times and tree topology. Then the joint posterior
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distribution is given as

f(t, r, ⌧,⇥,�,⌦|X) =
f(X|t, r, ⌧,⇥)f(r|t, ⌧,�)f(t, ⌧ |⌦)f(⇥,�,⌦)

f(X)
. (1.16)

The term f(X|t, r, ⌧,⇥) is the likelihood of the alignment X given the tree topology ⌧ , which

can be calculated under a nucleotide substitution model and a rate heterogeneity model, as

discussed in Section 1.3.4. Note that the branch length is the product of branch rate and

time duration of that branch. Therefore, approximation may be needed in order to obtain the

average rate for the branch. The term f(r|t, ⌧,�) is the prior probability of rates given the

tree, which is specified by a model of rate change among lineages. Note that the prior on rates

is conditioned on times because the evolutionary rate is described as a function of time, r(t).

That is, the rate of evolution can change along the branches of the tree. The prior on times and

tree topology f(t, ⌧ |⌦) can be a birth-death prior that specifies both tree topology and times

or a prior on times with discrete uniform prior on tree topology. Besides, if fossil calibration is

available, this information is incorporated in the prior for times. And finally, f(⇥,�,⌦) is the

joint prior for the parameter ⇥,�,⌦.

Priors reflect knowledge or assumptions about values of parameters, but the information

for specifying priors is often not available, especially for nuisance parameters (e.g. parameters

in the substitution models). Some common priors include: beta or Dirichlet distribution for

proportions, gamma or lognormal distribution for parameters with positive support, discrete

uniform prior for tree topologies, and more. Hyperparameters of prior distributions can have

their own prior distribution to express uncertainty in hyperparameters. Uninformative flat

priors for nuisance parameters are usually used in phylogenetic analysis. Sometimes, this can

lead to improper posteriors. Therefore, prior sensitivity analysis should be conducted to test

the e↵ect of prior distributions. Priors on rates and times will be discussed next.

1.4.2 Priors on Times and Tree Topologies

Inference of divergence times can be done on a fixed tree or with inference of the tree topology

as well. Therefore, priors on divergence times can be handled in two di↵erent ways: specifying

priors on times with a fixed tree topology, or jointly specifying priors on times (or branch

lengths) and tree topologies.

Fixed Tree Topology A fixed tree topology can be either inferred from another analysis or

specified by knowledge about the evolutionary relationship between the species. Di↵erent types

of priors on times can be specified conditioned on a fixed tree topology.
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1. Uniform Prior

The simplest prior for times is the uniform prior. Suppose t

D(i)

and t

A(i)

are the diver-

gence times of the oldest descendant node and the ancestral node of node i, respectively.

Then the prior on time of node i, t
i

, is uniformly distributed on the interval [t
D(i)

, t

A(i)

].

Fossil information indicates that a species arose in some time interval, and thus fossil cal-

ibrations for node times are sometimes incorporated by placing additional uniform priors

on certain nodes. Such fossil calibrations are called “hard” bounds. Yang and Rannala[84]

showed that hard bounds can lead to misleading narrow credible intervals for divergence

time estimates when there are conflicts among fossil calibrations or between fossils and

sequences.

2. Dirichlet Prior

Kishino et al.[10] intended to provide a statistically simple and flexible prior on times,

so they put a gamma prior on the root time with a Dirichlet prior on the proportional

times of all other internal nodes relative to root time. Suppose a particular path starting

from the root includes k branches (k � 1 speciation events excluding the root), and let

p

i

be the proportion of time of branch i relative to the total time of the path. Then the

joint prior of the proportions of times in k branches could be a Dirichlet distribution with

equal means.

f(p
1

, p

2

, ..., p

k

|↵) = �(k↵)

(�(↵))k

kY

i=1

p

↵�1

i

, 0 < p

i

< 1,
kX

i=1

p

i

= 1, ↵ > 0. (1.17)

Note that the priors on times proposed by Kishino et al.[10] are specified recursively

and the probability density f(t) lacks a closed-form solution, which makes it di�cult to

implement flexible priors for fossil calibrations.

3. Birth-death Prior

Rannala and Yang[79, 85] used a birth-death process which explicitly models lineage speci-

ation, extinction and taxon-sampling to specify the priors on times. A birth-death process

has parameters for birth rate �, death rate µ, and sampling fraction ⇢. Parameter � and

µ are the constant speciation and extinction rates per lineage, respectively. Therefore, the

probability of a speciation or an extinction event occurs on a lineage in an infinitesimal

time interval �t is ��t or µ�t, respectively. Parameter ⇢ is the proportion of extant

species included in the phylogeny. Let t�1

= {t
2

, t

3

, ..., t

s�1

} be the node times excluding

the root time t

1

. The joint prior of the (s � 2) node times t�1

conditioned on the root
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time t

1

for a given tree topology ⌧ with s species is

f(t�1

|t
1

, ⌧,�, µ, ⇢) = (s� 2)!
s�1Y

i=2

�p

1

(t
i

)

⌫

t1

, (1.18)

where

p

1

(t) =
1

⇢

P (0, t)2e(µ��)t

, (1.19)

⌫

t1 = 1� 1

⇢

P (0, t
1

)e(µ��)t1
, (1.20)

P (0, t) =
⇢(�� µ)

⇢�+ (�(1� ⇢)� µ)e(µ��)t

. (1.21)

A Yule process is a special case of birth-death process with zero death rate (µ = 0) and

with complete taxon-sampling (⇢ = 1).

The use of a birth-death prior makes implementation of flexible priors for fossil calibration

possible because the prior density can be calculated analytically. Yang and Rannala[84]

devised an approach to implement “soft bounds” or flexible distributions to describe

uncertainties in fossil information by using the birth-death process. Let t
C

be node

times with fossil calibration and t�C

be the node times without fossil information so that

t�1

= {t
C

, t�C

}. Suppose the uncertainties in fossil information are accommodated by a

probability density f(t
C

|C), then the joint prior for times from the birth-death process

with fossil calibration is

f(t|C) = f(t
1

, t�1

|C) = f(t
1

)f
BD

(t�C

|t
C

)f(t
C

|C) =
f(t

1

)f
BD

(t�1

|t
1

)

f

BD

(t
C

|t
1

)
f(t

C

|C), (1.22)

where f(t
1

) is the prior for the root time, f
BD

(t�1

|t
1

) is from Equation 1.18, and f

BD

(t
C

|t
1

)

is the marginal density of calibrated node times from the birth-death prior. The formula

for f
BD

(t
C

|t
1

) can be found in Yang and Rannala’s paper[84].

Inferred Tree Topology Priors on trees are often set to be uniform over a set of trees.

There are (2s � 5)!! = (2s�5)!

2

s�3
(s�3)!

possible tip-labeled unrooted trees and (2s � 3)!! = (2s�3)!

2

s�2
(s�2)!

rooted trees for s species. On the other hand, there are (s�1)!s!

2

s�1 labeled histories for s species[86].

Because some topologies may have more than one possible labeled history, there are more labeled

histories than rooted tree topologies in general. Uniform priors on tree topologies do not place

equal probability on each node ordering. And in fact, Pickett and Randle[87] demonstrated

that these priors imply non-uniform priors for clades such that small clades and large clades

have higher prior probabilities than mid-sized clades.
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1. Flat Priors on Tree Topologies

A flat prior, or discrete uniform prior, places equal prior probability on all possible tip-

labeled tree topologies. Then the prior for tree topologies ⌧ is f(⌧) = 1

B(s)

, where B(s)

is the number of possible tip-labeled rooted or unrooted trees. Priors on times can then

be specified separately by either flat priors or any arbitrary distributions. Huelsenbeck

and Ronquist wrote the widely used software MrBayes[15] that places a flat prior on tree

topologies with either uniform or exponential priors on branch lengths.

2. Birth-death Prior

Since birth-death priors explicitly model a tree branching process, they are natural as

priors for tree topologies. Edwards showed that a Yule process (and thus birth-death

process) makes each distinct labeled history equally probable[88]. As a result, the prior

for a particular rooted tree (labeled history) ⌧ is f(⌧) = 1

B(s)

, where B(s) is the number

of possible labeled histories for s species. The joint prior of a particular labeled history ⌧

and node times t is then

f(t, ⌧ |t
1

,�, µ, ⇢) = f(t�1

|t
1

, ⌧,�, µ, ⇢)f(t
1

)f(⌧)

= f(t�1

|t
1

, ⌧,�, µ, ⇢)f(t
1

)⇥ 2s�1

(s� 1)!s!
, (1.23)

where f(t
1

) is the prior for the root time and f(t�1

|t
1

, ⌧,�, µ, ⇢) is from Equation 1.18.

1.4.3 Models of Rate Change Among Lineages and Priors on Rates

By virtue of the development of Bayesian approach in phylogenetics, various models of rate

variation among lineages, or so-called the “relaxed clock” models, have been proposed in the

Bayesian framework. The models of rate change among lineages can be basically classified

into four types: global molecular clock, local molecular clocks, autocorrelated rate models and

uncorrelated or independent rate models. Note that these models may model the rates of nodes

or branches depending on the implementation details.

Global Molecular Clock

The global molecular clock, or the strict clock, assumes the rate of evolution is constant

over time, and therefore there is a single rate r on the tree. A gamma prior is usually

used for the single rate.

Local Molecular Clocks

Closely related species usually have similar rate of evolution. By observing a rate slow-

down in hominoid evolution, Koop et al.[89] suggested to apply a molecular clock to a
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localized set of branch points, which led to the idea of the local clock. Under the local

clock, branches are grouped into rate classes so that branches in the same rate class share

the same constant rate. The events of rate changes occur infrequently. The local clock

model was first implemented by Kishino and Hasegawa[90, 91] in a maximum likelihood

framework.

Drummond and Suchard[92] developed a Bayesian random local clock model such that

every branch can either keep the same rate of its parent branch or has a rate change to form

a new local clock. Let r
i

be the rate of branch i on a tree with s species, i = 1, 2, ..., 2s�2.

And let � = {�
1

, ..., �

2s�2

} be a vector of indicators variables such that �
i

= 0 if the rate

of branch i is the same as its parent rate and �
i

= 1 otherwise. Then the rate of branch i

is

r

i

= c(⇢)⇥ ⇢

i

= c(⇢)⇥ ⇢

A(i)

⇥ �

i

= r

A(i)

⇥ �

i

, (1.24)

where A(i) refers to the parent branch of branch i, �
i

is a branch-specific rate multiplier,

and c(·) is a normalization constraint. Priors on rates are specified through the sum of

the indicator variables � and the rate multipliers � = {�
1

, ...,�

2s�2

}. Let K be the sum

of indicator variables, K =
P

2s�2

i=1

�

i

. The prior on K is a truncated poisson distribution

with a hyperparameter �, which is the expected number of rate changes on the tree. And

the prior on rate multiplier �
i

is a gamma distribution with mean 1 and variance  �
i

,

where  is a hyperparameter that quantities the variance. When �
i

= 0 so that the rate

of branch i is the same as its parent branch, the rate multiplier has expected value 1 and

zero variance. In contrast, when �
i

= 1 so that the rate of branch i changes, then the rate

multiplier has mean 1 and variance  .

Autocorrelated Rate Models

In order to approximate rate drifts over time in a continuous fashion but still account

for the fact that closely related species are expected to have similar rates, autocorrelated

rate models have been developed. A geometric Brownian motion model which recursively

models rate changes among lineages is proposed by Thorne et al.[9] and Kishino et al.[10]

and later modified by Rannala and Yang[47]. In the implementation of Kishino et al.[10],

a gamma prior is selected for the rate at the root. Then the rate of a node given the rate

of its ancestral node has a lognormal distribution with the constraint that descendant

rate and ancestral rate have equal mean. Let r
i

and r

A

(i) be the rate of a node and its

ancestral node, respectively. And let �t

i

be the time duration separating the two nodes.
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Then the prior on r

i

conditioned on r

A(i)

is given by

f(r
i

|r
A(i)

,�t

i

) =
1

r

p
2⇡�t

i

⌫

exp

(
� 1

2�t

i

⌫

✓
log

✓
r

i

r

A(i)

◆
+

�t

i

⌫

2

◆
2

)
, 0 < r

i

< 1, ⌫ � 0,

(1.25)

where ⌫ is the variance parameter quantifying the amount of rate autocorrelation. A large

⌫ means the rate variation among lineages is large, while a small ⌫ implies strong rate

autocorrelation among lineages. Equivalently, the lognormal autocorrelated rate model

implies the log rate of a node, log(r
i

), given the log rate of its ancestral node, log(r
A(i)

),

follows a normal distribution.

log(r
i

)| log(r
A(i)

) ⇠ N

✓
log(r

A(i)

)� �t

i

⌫

2
,�t

i

⌫

◆
. (1.26)

Consequently, this model is also called a geometric Brownian motion rate model, since

the logarithm of the rate changes with time in terms of a Brownian motion. Let r =

{r
1

, r

2

, ..., r

2s�1

} be the set of node rates on a tree with s species, and let r
1

be the root

rate with prior f(r
1

). Let �t = {�t

1

, ...,�t

2s�1

} be the time durations between node i

and its parent node. Then the joint prior for node rates is

f(r|�t) = f(r
1

)
2s�1Y

i=2

f(r
i

|r
A

(i),�t

i

), (1.27)

where f(r
i

|r
A

(i),�t

i

) is from Equation 1.25, and �t can be calculated given the diver-

gence times t on a tree ⌧ . An additional prior for the variance parameter ⌫ needs to be

specified as well.

Uncorrelated or Independent Rate Models

An alternative approach to allow rates to drift over time is to impose no rate autocorrela-

tion on adjacent branches of the tree. Rannala and Yang[47] implemented the independent

rates model so that branch rates are drawn independently from an identical distribution.

Let f(r
i

) be the prior of branch rate r
i

, which has the same distribution for every branch.

Then the joint prior of branch rates r = {r
1

, ..., r

2s�2

} on a tree of s species is

f(r) =
2s�2Y

i

f(r
i

). (1.28)

Instead of directly sampling rates from an exponential or a lognormal distribution, Drum-

mond et al.[46] discretized one of the distributions into (2s � 2) rate categories and as-

signed rate categories to branches by sampling without replacement from the discretized
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distribution. This model is called the uncorrelated rate model. The rate for category c is

calculated by

r

c

= F

�1

✓
c� 0.5

2s� 2

◆
, (1.29)

where F

�1(·) is the inverse distribution function of lognormal or exponential. Lepage

et al.[93] note that the uncorrelated rate model is defined on the average rate on each

branch, so rates within each branch can still be autocorrelated. And in fact, it is di�cult

to derive the stochastic process of rate drift analytically so that the resulting average

rates on branches of the tree are distributed as an exponential or lognormal distribution.

1.5 BEAST: Bayesian Evolutionary Analysis Sampling Trees

In this section, BEAST (Bayesian evolutionary analysis sampling trees)[13, 14] is described be-

cause the methods for incorporating mutation data, which will be introduced in next chapter, is

implemented in BEAST. Among many Bayesian Markov chain Monte Carlo (MCMC) software

in phylogenetics, BEAST is one of the most commonly-used programs. It is not only because

various models are implemented so that divergence times estimation, reconstruction of demo-

graphic history, phylogeographic analysis, and other related molecular evolutionary analyses

can be done together, but also it has a user-friendly graphical interface.

The key feature of BEAST is that it assumes either the strict or relaxed clock and explicitly

models the rate of evolution on each branch, which allows rooted trees with timescales to

be inferred. Moreover, in addition to nucleotide and amino acid sequences, it can analyze

phenotypic traits and accommodate flexible distributions for fossil calibrations.

BEAST contains a large collection of source files written in the Java programming language.

It is object-oriented and its classes are organized hierarchically into packages so that adding new

features to BEAST can be accomplished by adding new classes which utilize existing methods.

In other words, codes can be reused and it is no need to reinvent the wheel when implementing

new models.

BEAST takes an XML file, which records the data and model settings, as input and produces

two output files containing the posterior samples of parameter values and trees. To implement a

model of mutation data as in the next chapter, in addition to a class for model implementation,

a corresponding parser class is necessary in order to read instructions from XML inputs. The

ideal situation is to put all newly developed classes into plugin objects and allow users to install

the plugin without recompiling BEAST. The goal of BEAST 2[94], a completely rewrite of

BEAST, is to make everything in BEAST a plugin so that it is easy to extend. However, the

autocorrelated lognormal rates model is removed in BEAST 2 and thus implementation of our

mutation model is only done in BEAST.
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For the sake of generating XML inputs, summarizing and visualizing the outputs, a suite

of programs are distributed along with BEAST. They are BEASTGen, BEAUti, LogCombiner,

TreeAnnotator, Tracer[95] and FigTree. BEAST and its relatives are open source and available

at http://beast-mcmc.googlecode.com/.

The procedure for conducting an analysis in BEAST is as follows. First, prepare a sequence

alignment in NEXUS format (a widely used data format for phylogenetic analysis). FASTA

format (a widely used format in bioinformatics for storing DNA and/or protein sequence data)

or BEAST XML format can be transformed to NEXUS format by BEASTGen. Second, create

an input XML file by BEAUti. Additional editing may be required in order to incorporate

more complex models. Third, run the analysis in BEAST to produce two output files, a

“log” file for sampled parameter values and a “trees” file for sampled trees. Output files from

multiple identical runs can be combined by LogCombiner. Resampling posterior states at lower

frequency can be done by LogCombiner as well. Tracer and TreeAnnotator can remove burn-

in and summarize information from posterior samples in “log” and “trees” files, respectively.

Simultaneously, MCMC diagnosis can be performed by Tracer. And finally, the resulting tree

from TreeAnnotator can be visualized by FigTree.
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Chapter 2

Estimating species divergence times

with molecular sequence data but

without fossils

2.1 Introduction

Mutations are the substrate for evolution. They generate genetic variation that evolution-

ary forces, including natural selection and genetic drift, can act upon. The degree of genetic

similarity between species reflects the evolutionary relationships between them. However, the

amount of evolution accumulated between two species, which is conventionally expressed by

the expected number of sequence substitutions per site between their homologous sequences,

depends on both the rate of evolution and the time since divergence. Interspecific comparison

of molecular sequences can provide information about amount of evolution, but evolutionary

rates and times since common ancestry are confounded. Therefore, to be able to date species

divergence times, a method that can disentangle times from rates is required.

Under the molecular clock hypothesis[17], which assumes that all lineages have the same

rate of sequence change, DNA sequence data along with fossil or geological information allow

evolutionary rates to be inferred. The inferred evolutionary rates can then illuminate divergence

dates on portions of the phylogeny where direct fossil evidence is unavailable. Without the

assumption of a constant rate among lineages, rates and times can be separated to some extent

via prior knowledge about their values[9, 10, 42, 43, 44, 46, 92]. Much research has been focused

on better ways of supplementing molecular sequence data with information about times in

divergence times estimation. Progress has been achieved with regard to better treatment of fossil

evidence[84, 47] as well as with the analysis of serially sampled sequence data[96, 97, 98, 99].

Another direction for improvement is to add independent data about evolutionary rates
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to analyses of interspecific sequence data. Owing to the development of “next-generation” se-

quencing technologies[100], direct measurements of the number of mutations within a known

number of generations are gradually becoming available. These include, but are not limited to,

pedigree-based whole-genome analysis of human mutation rates[101, 102] and estimation of mu-

tation rate by mutation accumulation lines of Drosophila melanogaster [103] and Caenorhabdits

elegans[104, 105]. While the point mutation rate is not necessarily identical to the nucleotide

substitution rate, these rates are tightly linked. Better characterization of point mutation will

lead to improved ability to separately estimate nucleotide substitution rates and times since

common ancestry. To date, high-throughout sequencing studies have mainly been employed to

study mutation in humans and in model genetic systems. In the near future, one can envision

mutation rates being estimated for any taxa of interest. This means that mutation data can be

collected to help separate evolutionary rates and times even for groups with poor paleontological

records.

Nevertheless, the information about mutation rate from extant organisms should be treated

with caution. First, rates of mutations are typically measured per generation. To convert the

mutation rate per generation to mutation rate per year, the generation time of the species

should be estimated. However, mean generation time in the wild can be di�cult to estimate

in the laboratory. Second, for a variety of reasons, mutation rates vary along the genome (e.g.

Benzer[106], Wolfe et al.[107], Matassi et al.[108] and Nachman et al.[21]) and among individuals

in the same species (e.g. Conrad et al.[102], Haag-Liautard[103] and Kong et al.[109]). Third,

owing to sequencing errors, base-calling algorithms for identifying de novo mutations may be

subject to false positive and false negative rates.

On top of these issues, many studies have suggested a discrepancy between long-term phy-

logenetic rates (or substitution rates) and short-term mutation rates (e.g. Ho et al.[110]). One

possibility is that mutation rates measured over a short timescale will include slightly deleteri-

ous mutations which are likely to be removed by purifying selection over time. Moreover, rate

of mutation (and therefore substitution) may change along the evolutionary lineages. The rate

variation along lineages may be associated with species characteristics, that include generation

times, body size, population size, metabolic rates, etc[37, 111]. Therefore, an attempt to utilize

mutation rate for estimating divergence times should consider rate variation along evolutionary

lineages as well as whether only neutrally evolving regions are to be analyzed or whether to

incorporate natural selection as well as mutation.

According to the Neutral Theory of Motoo Kimura[30, 31], the nucleotide substitution

rate is equal to the neutral mutation rate. Hence, mutation data are directly informative about

substitution rate under the neutral evolution assumption. Some studies have used the approach

that Drummond et al.[46] suggested: The mutation rate information can be incorporated in the

analysis by either fixing the rate of evolution or setting the mean of the rate prior distribution
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equal to the mutation rate[46]. Focusing on divergence times of closely related species and

analyzing only synonymous sites of orthologous loci, Cutter estimated the neutral divergences

between pairs of sequences and applied contemporary mutation rates to recover divergence

times in nematodes[112]. Obbard et al. used an experimentally inferred neutral mutation

rate to provide a informative prior for the substitution rates of the third positions of 4-fold

degenerate codons of fruit flies[3]. They set the mean of the uncorrelated lognormal rate prior

as the estimated mutation rate of one taxon (Drosophila Melanogaster) and they associated a

small variance to this lognormal prior for rate.

Inspired by these studies, we suggest a Bayesian “relaxed clock” approach for combining

mutation data with interspecific sequence data. We treat mutation information as “data” and

let it have its own likelihood. The approach provides a natural way to accommodate uncer-

tainty associated with mutation data when estimating divergence times and substitution rates.

In addition, our treatment of mutation data allows incorporation of mutation information from

multiple species by simply adding mutation likelihoods for each species. As high-throughout

sequence data gets less expensive to collect, we envision that parent-o↵spring mutation data

and mutation accumulation data will become increasingly accessible for non-model systems and

increasingly important for disentangling substitution rates and times. Extensions of our ap-

proach o↵er the potential for divergence time estimation when neutral evolution is not assumed

and when there is instead a mutation-selection balance.

2.2 Materials and Methods

2.2.1 The Bayesian Framework

Let X be the aligned molecular sequences of s species, which are related via a bifurcating rooted

tree topology ⌧ . Denote r to be a vector of substitution rates (a scalar under the molecular

clock). The vector r can be either node rates or branch rates depending on the implementation.

But for simplicity, let us now assume r be a collection of branch rates, and r = {r
1

, r

2

, ..., r

2s�2

},
where {r

1

, ..., r

s

} corresponds to the terminal branches. So we can denote r = {r
T

, r�T

}, where
r
T

is the set of terminal branch rates, and r�T

is the set of internal branch rates. Let t be a

vector of internal times in the species tree, t = {t
1

, t

2

, ..., t

s�1

}. We represent the parameters

in the substitution model (such as the transition/transversion ratio  in the HKY model[54])

and hyperparameters in the prior distribution of rates (e.g. the autocorrelation parameters in

the lognormal autocorrelated clock) as ⌦. Whereas we denote the parameters in the tree prior

(such as the birth rate in birth-death process prior) with ⇥.

In addition to the aligned sequence data X, an independent set of data that provides infor-

mation about the mutation rates, referred to as the mutation data M, is incorporated into our
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Bayesian analysis. A detailed description of our simple model of mutation data will be given

later.

For divergence time estimation, we will construct the joint posterior distribution of the

above parameters and tree topology given the molecular sequence data X and the mutation

data M. According to Bayes theorem, we have

f(t, r, ⌧,⌦,⇥|X,M) =
f(t, r, ⌧,⌦,⇥,X,M)

f(X,M)
(2.1)

=
f(X|t, r,M, ⌧,⌦,⇥)f(M|t, r, ⌧,⌦,⇥)f(⌧,⌦,⇥, t, r)

f(X,M)
(2.2)

=
f(X|t, r, ⌧,⌦)f(M|r)f(⌧,⌦,⇥, t, r)

f(X,M)
(2.3)

Equation (2.3) stems from Equation (2.2) because we assume the molecular sequence data

X are independent of the mutation data M and only the rates r are relevant to the calculation

of the likelihood of mutation data M. In Equation (2.3), f(X|t, r, ⌧,⌦) is the likelihood of the

aligned sequences given the tree topology and the branch lengths that are specified by the rates

and times. With conventional models of sequence change (e.g. the Jukes and Cantor model[49],

the HKY model[54]), this likelihood can be computed via Felsenstein’s pruning algorithm[74].

The likelihood of the mutation data f(M|r) will be described below and f(⌧,⌦,⇥, t, r) repre-

sents prior information.

Including mutation data in the Bayesian framework attaches the likelihood of the mutation

data f(M|r) to the numerator and changes the denominator from f(X) to f(X,M) com-

pared to the standard posterior distribution of the parameters given only the sequence align-

ment X. Because the posterior distribution can be approximated by the Metropolis-Hastings

algorithm[113, 114] and because this approximation does not require evaluation of the denomi-

nator, adding mutation data only influences the acceptance probability for proposing new rates.

2.2.2 Model of Mutation Data

Suppose there are c out of s species that have mutation data M available. Then we can further

partition the terminal branch rates r
T

= {r
C

, r�C

}, where r
C

have mutation rate information

and r�C

do not. The mutation data for each species consist of a direct measurement of the

number of mutations from a known number of generations. We can denote the mutation data as

a collection of mutation data for each species M = {(y
1

,m

1

, g

1

), ..., (y
c

,m

c

, g

c

)}. The mutation

data for species i is (y
i

,m

i

, g

i

), where y

i

is the number of mutations from a total of m
i

bases

scanned, and g

i

is the mean generation time for species i.

Let us assume the mutation data from di↵erent species are independent and calculation of

the likelihood of the mutation data only depends on the corresponding terminal branch rate.
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Then the likelihood of the mutation data M is simply the product of the mutation data from

each species.

f(M|r
C

) =
cY

i=1

f(y
i

|m
i

, g

i

, r

i

). (2.4)

There are many levels of complication possible for treating the mutation data. We consider

the simplest case here by modeling mutation with a Poisson distribution. The Poisson treatment

of the mutation data is consistent with the Jukes and Cantor (JC69) model[49] because it

assumes the total substitution rate that a↵ects a sequence does not vary among sequences

with shared length. If the mutation data consist only the number of mutations and not of

the nucleotide types before and after the mutation events, a Poisson treatment would also be

consistent with the Kimura 2-parameter (K2P) model[50] because its total rate of substitution

for a site does not vary among the four nucleotide types that could occupy the site. However,

for more complicated substitution models, Poisson treatment is simply an approximation.

If the mutation rate at a neutrally evolving site was drawn from a gamma distribution,

then the number of substitutions at a site can be fit to a negative binomial distribution[69].

Therefore, one possible extension of the mutation model is to incorporate a negative binomial

model for the number of mutations with the gamma distributed rates among sites. Although we

are not considering the information here, a more complete treatment of mutation data would

consider the information that it can provide about nucleotide frequencies, ratios of transition to

transversion rate, and other parameters of the substitution process. Our Poisson treatment only

uses mutation data to help separate evolutionary rates and times. A better treatment of mu-

tation data would be particularly worthwhile if the neutral evolution assumption were relaxed

so that the mutation process combined with natural selection to shape nucleotide substitu-

tion. Substitution models that explicitly treat mutation-selection balance are actively being

studied[115, 116, 117, 118, 119, 120] and would very much benefit from careful treatments of

mutation data.

We model the observed number of point mutations as a realization of a Poisson distribution

with mean being the product of the number of bases scanned and the point mutation rate per

site per generation. The mean generation time for each species is assumed known so that we can

convert the mutation rate per position per generation to the mutation rate per position per year.

Second and as mentioned above, we assume the rate of selectively neutral molecular evolution

equals the point mutation rate. Last but not least, we assume the number of mutations that

occurred equals the number that were detected. In other words, we do not explicitly consider

possible false positives and false negatives. A better treatment of the mutation data would

model the uncertainty of base calling.

With this approach, the probability of y
i

mutations of species i from a total of m
i

bases
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assayed is

f(y
i

|m
i

, g

i

, r

i

) =
�

yi
i

e

��i

y

i

!
, (2.5)

where �
i

is the mutation rate per generation per sequence scanned for species i. Assuming

that mutations are being detected by comparing genotypes of parents and o↵springs, we can

express �
i

as the product of total bases scanned m

i

, the mean generation time in years g

i

and the mutation rate per site per year r

i

for species i. If changes are detected via mutation

accumulation studies, �
i

would include the number of generations represented by the study as

an additional factor.

2.2.3 Data Sets

Three empirical data sets were analyzed by applying mutation information. The first set con-

sisted of molecular sequences in intergenic regions from six primate species (Figure 2.1). We

selected intergenic regions with the hope that these regions are putatively neutral and hence

mutation rates are the same as substitution rates. To demonstrate the utility of calibrating the

molecular clock for taxa with rare or poor fossil records, two additional data sets were analyzed.

One of these consisted of a subset of previously analyzed coding regions of 6 Caenorhabditis

species from Cutter[112] (Figure 2.2(a)). The other included 50 nuclear genes from 12 species

of the Drosophila family (Figure 2.2(b)). This third data set was analyzed by Obbard et al.[3].

They used an uncorrelated lognormal relaxed clock and set their substitution rate prior by us-

ing mutation information from C. elegans. Neutrally evolving regions are required for equating

the mutation rate with the substitution rate. With this in mind, only fourfold degenerate sites

were used for the Drosophila and Caenorhabditis analyses. Although fourfold degenerate sites

are not necessarily neutral (e.g. Clemente and Vogl[121], Lawrie et al.[122]), we reasoned that

they might experience less natural selection than other sites.

Sequence Data

Primate Data Set Sequences orthologous to four noncoding intergenic segments of

human chromosome 21 (coordinates chr21:20,219,730-20,220,080; chr21:27,701,500-27,702,600;

chr21:30,278,770-30,279,170; chr21:41,310,000-41,311,700 from the February 2009 human ref-

erence sequence GRCh37/hg19 assembly[123]) across 6 species of primates were analyzed (see

Figure 2.1 for the phylogeny). By using human as the reference species, all 46-way Multiz[124]

records that have no overlap with RepeatMasker[125] were obtained from the UCSC genome

browser[123]. Sequences from 6 species of primates were extracted and converted from MAF

(multiple alignment format) to FASTA format via the Galaxy server[126, 127, 128]. The final

alignment contained 2839 sites.
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Figure 2.1: Phylogenetic relationships for the 6 primates. One time unit is one million years.

Nematode Data Set The data set from Cutter[112] consisted of 63 orthologous groups

that were found in all 6 Caenorhabditis species (Figure 2.2(a)) and 7642 orthologous groups

for 3 or more taxa. The ‘frequency of optimal codons’ (Fop) for each locus were kindly pro-

vided by Asher Cutter. Any group with high overall codon bias (average Fop over species

exceeded 0.4)[129] and with representatives in less than 4 species were filtered out, and thus

21 orthologous groups were left in the analysis. Since Cutter had incomplete genomes at

time of his study, an updated and more complete data set was obtained by retrieving curated

homologs of Caenorhabditis elegans on the WormBase (WS238)[130]. When homologs were

not available in both WormBase and Cutter’s original data set, the sequences aligned with

Caenorhabditis elegans by the multiz 6-way whole genome nematode alignment[124] on the

UCSC Genome Browser[123] were retrieved. The 21 orthologous sequences with 23406 sites

were aligned by Translator X[131] with MAFFT[132], and the fourfold degenerate sites were

identified by DnaSP v.5.10.1[133], resulting in 2115 sites in the sequence alignment (Supple-

mentary material: nematode data.xlsx).

Drosophila Data Set The Drosophila data set consisted of 50 protein-coding loci of 12

sequenced species of Drosophila (Drosophila 12 Genomes Consortium 2007)[7]. These loci were

previously analyzed by Obbard et al.[3] and were selected because of their low codon usage
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Figure 2.2: Cladograms for 6 species of Caenorhabditis and 12 species of Drosophila derived
from Cho et al.[6] and from Clark et al.[7], respectively. The labeled branches of the Drosophila
cladograms represent di↵erent root placements. Our analysis with the lognormal autocorrelated
relaxed clock model placed the root on Branch A if mutation data were used and on Branch B
if not. Obbard et al.[3] placed the root on Branch C with the lognormal uncorrelated relaxed
clock model and a rate calibration on the mean of the lognormal distribution.

bias. Sequences were downloaded from ftp://flybase.net/genomes/12_species_analysis/

clark_eisen/alignments/ and the four-fold degenerate sites were retrieved by by DnaSP

v.5.10.1[133]. The alignment contained 6538 sites. The cladogram of the 12 species is shown in

Figure 2.2(b)[134]. Using the program BASEML in PAML[12], maximum likelihood estimates

of the branch lengths under the HKY[54] and the discrete-gamma model with four categories[66]

for the unrooted tree topology was obtained (Figure 2.3). Note that the branches separating

D. sechellia�D. simulans and D. persimilis -D. pseudoobscura are very short.

Mutation Data

Primate Data Set The Human mutation data in the analysis were obtained from Conrad

et al.[102], which included two separate studies. The CEU study had 45 observed de novo

mutations from a total of 2,555 Mb diploid bases interrogated. The YRI study had 35 observed

de novo mutations from a total of 2,549 Mb diploid bases interrogated. The mutation rates

after adjusting for false negatives were respectively 1.17 ⇥ 10�8 and 0.97 ⇥ 10�8 per base per
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generation for the CEU and YRI studies. Therefore, the estimated number of point mutations

by combining the two studies are calculated as follows.

1.17⇥ 10�8 ⇥ 2, 555⇥ 2⇥ 106 + 0.97⇥ 10�8 ⇥ 2, 549⇥ 2⇥ 106

= 109.24 estimated mutations in 10,208Mb scanned per generation.

The factor of 2 above converts the diploid base pairs to haploid base pair. In sum, the mu-

tation data in this analysis consisted of 80 detected point mutations and 29 estimated false

negatives, added up to 109 point mutations in a total 10,208 millions haploid bases assayed

after adjustment of false negatives.

Recent direct genealogical and indirect demographic studies[135, 136] suggest that the aver-

age human generation time is around 28 years with female generation time (between 25 and 27

years) being substantially shorter than male (around 31 years). The suggested human genera-

tion time is much longer than values often used in population genetic studies. Generation times

depend on the ages of first birth and the mortality-weighted age of last birth in a population.

Wich et al.[137] indicated that the longer human generation is the result of the late age of first

reproduction and the overall low mortality rates. In fact, Matsumura and Forster[136] reported

wild chimpanzee generation times from two populations, and the population with a higher

mortality rate among adults had a much shorter generation time (19 years) than the other (24

years). We assumed the longer modern human generation time as a result of a recent change

in life history (e.g. mortality rate). Therefore, we conservatively assumed human generation

time of 20 years similar to some previous studies (e.g. Fu[138] and Nachman et al.[21]). The

divergence times estimated with a human generation time of 30 years are reported for reference.

Nematode Data Set The mutation data set for C. elegans was from Denver et al.[104]. It

consisted of 391 de novo point mutations in a total of 584 million assayed nucleotide sites from

10 mutation accumulation (MA) lines and suggested an average base-substitution mutation

rate of 2.7⇥ 10�9 per site per generation. Since these 10 MA lines were collected with varying

number of generations and number of sites, we need to convert the mutation data into the

format in Section 2.2.2. The mutation rate per nucleotide site per generation µ in this study

was calculated with the equation µ = m/(nT ), where m is the number of detected mutations,

n is the number of sites, and T is the average number of generations[104]. Therefore, it is

equivalent to 391 point mutations detected in 391

2.7⇥10

�9 = 144, 814, 814, 815 bases scanned in one

generation, and this number was used in our analysis.

C. elegans has a minimal generation time about 3 to 4 days in laboratory conditions but the

generation time may be much longer in the wild and is uncertain[139]. Following Cutter[112],

multiple average generation times (14, 30 and 60 days) were used to convert the mutation rate
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per site per generation to the mutation rate per site per million years.

Drosophila Data Set The mutation data set for D. melanogaster was from Keightley

et al.[140]. It consisted of 174 point mutations detected in 3 MA lines with 72,078,570 sites

in an average of 262 generations, which gave an estimate of the mean mutation rate per site

per generation as 3.07⇥ 10�9. After correcting for the mutations missed by a mutation-calling

algorithm, they reported the corrected mutation rate per haploid per site per generation as

3.46⇥ 10�9. It is equal to 3.46⇥ 10�9 ⇥ 3⇥ 262⇥ 72, 078, 570 = 196 estimated mutations in a

total of 72, 078, 570 ⇥ 3 ⇥ 262 = 56, 653, 756, 020 bases assayed for one generation. Similar to

Obbard et al.[3], we assumed 10 generations per year for D. melanogaster.

2.3 Results and Discussion

All analyses were performed by the BEAST software[14] that we modified to incorporate our

Poisson treatment of mutation data. These Markov Chain Monte Carlo (MCMC) analyses

were run for between 108 and 2 ⇥ 109 iterations depending on the length needed to achieve

convergence. The first 10% of the posterior samples were regarded as burn-in and were removed

from the analyses. MCMC analyses were each run at least twice. Convergence was assessed by

determining that the e↵ective sample size exceeded 200 according to the Tracer software[95].

2.3.1 Divergence Times of Primates

We used the HKY substitution model[54] and the discrete-gamma model of between-site rate

variation with 5 rate categories[66]. A lognormal prior with mean 1.0 and standard devia-

tion 1.25 was assigned to the transition/transversion rate ratio  for the HKY model[54]. An

exponential prior with mean 0.5 was assigned to the gamma shape parameter ↵ of the discrete-

gamma rate model[66]. Since the divergence time of human and marmoset was suggested 43

Myr ago in TimeTree[4, 5], the prior of the root time was a gamma distribution with mean

43 Myr and standard deviation 6 Myr. The actual marginal priors on divergence times were

formed by the combination of the root time prior and a birth-death process (Table 2.1). The

mean growth rate and the relative death rate in the birth-death process had the default priors in

BEAST[14]. The mean growth rate had a uniform (0, 100000) prior and the relative death rate

had a uniform (0, 1) prior. An autocorrelated lognormal relaxed clock was employed to analyze

the primate data. We estimated the substitution rate with a strict clock and a calibration point

of 43 Myr on the root time in the BASEML program in PAML package[12]. It allowed us to

assign an exponential prior with mean (and also standard deviation) 0.0014 per site per Myr

for the rate of the root. As suggested in Kishino et al.[10], the mean and the standard deviation
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of the gamma prior for the autocorrelation parameter ⌫ were both set 1/43 = 0.024 because

the prior mean for the root age was 43 Myr.

The posterior means and 95% CIs of the divergence times, the mean rate and the rate of

the human branch are shown in Table 2.1. First, the human mutation data a↵ected the priors

on the rates but had no e↵ect on the priors on the times. Second, the inferred divergence times

for all the nodes were substantially older with the human mutation data than without.

These earlier divergence dates were consistent with the results from Langergraber et al.[141].

In their study, instead of directly estimating divergence times with a model of mutation data,

they post-processed previously published divergence time estimates with new yearly mutation

rates. They converted the experimentally-derived human mutation rate per site per generation

to a human mutation rate per site per year. They did this by fixing the human generation time

to be 29 years. Since mutation rate estimates were unavailable for chimpanzee and gorillas,

Langergraber et al.[141] assumed the mutation rate per site per generation was identical between

humans, gorillas and chimpanzees. By further assuming generation times of 19 years for gorillas

and 25 years for chimpanzees, Langergraber et al. could derive mutation rates per site per year

for gorilla and chimpanzee. Similarly, they derived a mutation rate range for the most recent

common ancestor of human and chimpanzee by assuming a generation time of between 25 and

29 years for this ancestor. Finally, they re-calibrated the previously published divergence times

between human, gorilla and chimpanzee (5.95 Myr from Scally et al.[142] and 6.69 Myr from

Dutheil et al.[143]) by the new mutation rate to conclude a range of the divergence time of

(8.31, 17.79) or (9.35, 20.00). Their estimated divergence times were earlier than previously

estimates[142]. Simultaneously, Gibbons reported the new mutation rate would put the split of

human and orangutan at between 34 million years ago and 46 million years ago[144]. Clearly

there is a gap between the date of fossils and the date estimated from the molecular sequence

data, and the changes of life history (e.g. body size, generation time) may only be parts of the

answer.

2.3.2 Divergence Times of Nematodes

The data set was analyzed under both the strict clock and the autocorrelated lognormal relaxed

clock. The HKY substitution model[54] was adopted as was discrete-gamma among-site rate

variation model with 4 categories[66]. Nematode fossils are rare and only a very few studies have

attempted to date divergence times between nematodes. By analyzing proteins from 12 and 15

eukaryote genomes, including mouses, primates, fruit flies, and more, Blair et al.[145] inferred

two estimates of divergence time between C. elegans and C. briggsae. One was 89±13 Myr, and

the other was 114±22 Myr. To provide a rough prior on the substitution rate for our data set,

we used the BASEML program of the PAML package[12] to estimate the branch lengths and
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Table 2.1: Divergence times for the primate data set analyzed under the autocorrelated log-
normal relaxed clock. The posterior means and 95% CIs of divergence times (Myr), mean rates
and rate of the human branch (expected number of substitutions per site per million years) are
reported. Divergence times are defined in Figure 2.1.

Prior Prior & Sequence data Sequence data & Sequence data
Mutation data Mutation data Mutation data

(Generation time: 20 years) (Generation time: 20 years) (Generation time: 30 years)

t

1

(root) 41.26 41.21 40.88 45.09 45.97
(30.36,53.12) (30.02,52.99) (29.91,52.38) (34.06,57.04) (34.23,57.59)

t

2

25.19 25.18 23.38 37.03 39.3
(5.7,44.43) (5.22,44.03) (11.58,36.17) (24.54,50.18) (25.48,52.48)

t

3

13.36 13.44 13.54 24.28 27.71
(0.13,30.33) (0.35,30.82) (6.46,22.19) (15.89,33.42) (17.91,38.27)

t

4

5.65 5.61 4.15 8.62 11.53
(0,17.86) (0,17.9) (1.65,7.27) (5.05,12.81) (6.58,17.47)

t

5

9.52 9.46 4.42 7.34 8.3
(0,26.7) (0,26.97) (1.83,7.31) (3.2,11.84) (3.4,14.73)

mean rate 0.0014 0.00086 0.0016 0.0012 0.00112
(0,0.0046) (0.00012,0.0021) (0.0011,0.0021) (0.0009,0.0015) (0.0008,0.00144)

human rate 0.0014 0.00054 0.0016 0.00056 0.00037
(0,0.005) (0.00044,0.00064) (0.0006,0.0025) (0.00046,0.00066) (0.00031,0.00044)

the substitution rates for the fourfold degenerate sites of the 21 genes under the strict clock

that was calibrated by a time of 101.5 Myr (median of 89 Myr and 114 Myr) for the most

recent common ancestor between C. elegans and C. briggsae. The prior on the substitution

rate (for the strict clock) or the root rate (for the autocorrelated lognormal clock) was therefore

a gamma distribution with mean 0.008 and standard deviation 0.004 substitutions per site per

million years. The prior for the variance parameter ⌫ in the autocorrelated clock was gamma

with mean 0.01 and standard deviation 0.01. The prior for the root time was specified through

the tree prior, which is a birth-death process. The priors for , ↵ and the parameters in the

birth-death process were the same as the previous primates case. All loci in the analysis were

assumed to share the same clock, substitution and tree models.

The posterior means and 95% CIs for the divergence times under the strict clock and the

autocorrelated lognormal relaxed clock for generation times of 14, 30 and 60 days are shown in

Table 2.2 and Table 2.3. The inferred divergence date of C. elegans and C. briggsae with the

mutation data was substantially more recent than the results from Blair et al.[145], but it was

earlier than the dates that Cutter reported[112].

Cutter estimated the branch-specific synonymous-site divergence (d
s

) as a proxy for the

neutral divergence and converted d

s

to the divergence time by a calibration of the mutation

rate under the molecular clock assumption[112]. But in our study, instead of doing a two-step

procedure, we modeled the mutation data directly and allowed the likelihood of the mutation

data to contribute to divergence time estimation. The discrepancy between ours and Cutter’s
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results[112] might partially be attributed to the fact that we only analyzed 21 of the loci that

they collected and we only analyzed the fourfold degenerate sites from these 21 loci. Moreover,

in addition to the strict clock, our method allowed the clock assumption to be relaxed so that

data were analyzed under the autocorrelated relaxed clock as well. It is worth mentioning

that the mutation data have a dramatic e↵ect on the divergence times when no calibrations of

times are available. Unlike the primate data set, the prior on the root time in this study was

indirectly specified through the birth-death tree prior instead of using a gamma prior to indicate

the expected date. Hence, the marginal prior on the root time was close to zero (results not

shown). In this case, the divergence times were strongly influenced by the calibration from the

mutation data and the change of the generation times made an enormous di↵erence. Therefore,

we reached a conclusion similar to Obbard et al.[3] that mutation data might be more useful for

dating divergence times when more data (e.g. generation time in the wild) and better models

are available.

Table 2.2: Divergence times for the nematode data set analyzed under the strict clock. The
posterior means and 95% CIs of divergence times (Myr) are reported. Divergence times are
defined in Figure 2.2(a). Three di↵erent mean generation times of C. elegans are assumed, 60,
30, and 14 days.

Sequence data Sequence & Mutation data Sequence & Mutation data Sequence & Mutation data
(Generation time: 60 days) (Generation time: 30 days) (Generation time: 14 days)

t

1

(root) 142.4 (40.03,294.13) 70.11 (58.19,83.08) 35.77 (29.63,42.33) 17.47 (14.43,20.66)
t

2

109.33 (32.49,227.1) 53.87 (45.68,62.58) 27.47 (23.24,31.84) 13.42 (11.39,15.57)
t

3

95.12 (28.05,197.02) 46.86 (40.05,54.03) 23.91 (20.47,27.58) 11.67 (9.97,13.44)
t

4

81.84 (23.95,169.39) 40.33 (34.67,46.26) 20.57 (17.76,23.62) 10.05 (8.67,11.55)
t

5

75.9 (22.05,157.58) 37.41 (31.9,43.17) 19.08 (16.25,22.03) 9.32 (7.91,10.73)

Table 2.3: Divergence times for the nematode data set analyzed under the autocorrelated log-
normal relaxed clock. Posterior means and 95% CIs of divergence times (Myr) are reported. Di-
vergence times are defined in Figure 2.2(a). Three di↵erent mean generation times of C. elegans
are assumed, 60, 30, and 14 days.

Sequence data Sequence & Mutation data Sequence & Mutation data Sequence & Mutation data
(Generation time: 60 days) (Generation time: 30 days) (Generation time: 14 days)

t

1

(root) 115.04 (34.88,234.02) 67.43 (43.97,91.86) 42.93 (25.41,64.18) 28.55 (17.31,40.64)
t

2

88.22 (23.54,181.22) 49.67 (37.99,61.31) 24.85 (18.53,31.52) 11.34 (8.43,14.4)
t

3

71.23 (17.67,146.5) 40.91 (26.72,53.93) 20.21 (12.31,27.91) 8.94 (5.45,12.72)
t

4

60.47 (14.97,125.36) 34.78 (22.11,46.42) 17.04 (9.94,23.87) 7.44 (4.36,10.77)
t

5

55.28 (13.84,115.00) 31.83 (19.76,42.83) 15.51 (8.93,22.07) 6.71 (3.8,9.85)

39



2.3.3 Divergence Times of Fruit Flies

The results from Obbard et al.[3] suggested that there was between-branch rate variation in

12 Drosophila sequences, so we only analyzed the dataset under the autocorrelated lognormal

relaxed clock. In order to specify the prior on the root rate, a calibration of 5.4 Myr for the most

recent common ancestor of D. melanogaster and D. simulans (Tamura et al.[2]) was selected.

We estimated a substitution rate of 0.016 changes per site per million years under the strict

clock by BASEML program in PAML package[12]. It led to a gamma prior on the root rate

with mean 0.016 and standard deviation 0.008 per site per million years. The inferred root

time under the strict clock was 50 Myr. Therefore, as suggested by Kishino et al.[10], the prior

for the variance parameter ⌫ in the autocorrelated clock was gamma with mean 1/50 = 0.02

and standard deviation 0.02. The prior for the times were the same as the previous nematodes

dataset, a birth-death prior with the default priors on the birth and the relative death rates in

BEAST[14].

The rooted tree topologies were di↵erent with or without the mutation data (Figure 2.4),

but they shared the same unrooted tree topology in Figure 2.3. Since the rate on each branch

was sampled, BEAST[14] can sample the root position and produce a rooted phylogeny. In

our case, the mutation data from D. melanogaster provided information for the rates along the

branch, and therefore it had an e↵ect on the root placement. Similarly, since di↵erent clock

models inferred the rates on the branch di↵erently, alternative root positions were selected. In

fact, the derived root positions were di↵erent from Obbard et al.[3]. And neither Obbard et

al.[3] nor our results resemble the widely accepted rooted tree topology from Clark et al.[7] in

Figure 2.2(b). We inferred the root position on Branch A if mutation data were used and on

Branch B if not, while Obbard et al. placed the root on Branch C in Figure 2.2(b).

The posterior sample of trees under the autocorrelated clock was summarized by TreeLog-

Analyser in BEAST[14]. There were 10 unique clades (including the clade that contains all 12

species) supported by 80% or above of the posterior tree samples for both the sequence data

only and with the mutation data case (see Figure 2.4 for the posterior support values). All other

clades were supported by less than 50% of the posterior tree samples. As suggested by Obbard

et al.[3], there was little information from only 12 species to allow estimation of relaxed-clock

parameters. Therefore, the uncertainty associated with the rates and the times was too large

so that BEAST[14] could not root the tree properly.

The posterior means and 95% CIs of the divergence times are shown in Table 2.4. Our

divergence time estimates of Nodes 1 - 4 with the D. melanogaster mutation data resembled

those Obbard et al.[3]. However, for Nodes 5 - 7, the inferred divergences and the widths

of the 95% credible interval di↵ered. In the case without proper calibrations of times, the

closer the nodes were to the D. melanogaster, the narrower the widths of the 95% credible
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interval would be under the autocorrelated lognormal relaxed clock model. This is because

only the mutation data and the prior could provide information to separate rates and times,

and the e↵ect of the D. melanogaster mutation data attenuated for farther apart branches.

In contrast, the uncorrelated lognormal relaxed clock, employed by Obbard et al.[3], utilized

the D. melanogaster mutation rate to specify the mean of a lognormal distribution to sample

branch rates. In other words, the D. melanogaster mutation rate can be viewed as a rough

calibration for all the branch rates. Therefore, the widths of the 95% credible interval under

the uncorrelated lognormal relaxed clock were not as wide as under the autocorrelated lognormal

relaxed clock for divergence times farther away from D. melanogaster. However, whether all 12

Drosophila species shared similar mutation rates is unjustified and this assumption did have

impact on divergence time estimation.

D.melanogaster D.simulans
D.sechellia
D.yakuba

D.erecta

D.ananassaeD.pseudoobscura
D.persimilis

D.willistoni

D.virillis

D.mojavensis

D.grimshaw

0.1 substitutions per site

Figure 2.3: Unrooted phylogram of 12 species of Drosophila.
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Figure 2.4: The phylogeny of 12 species of Drosophila inferred under an autocorrelated log-
normal relaxed clock. The node times are the posterior means. Each node is labeled with
its posterior support value. The left-hand tree was inferred without using laboratory esti-
mated neutral mutation rate. The right-hand tree was inferred with mutation information from
D. melanogaster. Note that the two phylogenies root the tree di↵erently but they share the
same unrooted tree. Species abbreviations: dpse, D. pseudoobscura; dper, D. persimilis; dmoj,
D. mojavensis; dvir, D. virilis; dgri, D. grimshawi; dwil, D. willistoni; dyak, D. yakuba; dere,
D. erecta; dsec, D. sechellia; dsim, D. simulans; dmel, D. melanogaster; dana, D. annanassae.

2.3.4 Limitations and Conclusions

This study provides a method to incorporate contemporary mutation data into the interspecific

divergence time estimation problem. In this study, instead of treating information from the

mutation data as prior knowledge, the contemporary mutation data act as a second source

of data that has its own likelihood and directly influences the posterior distribution of the

divergence times. The uncertainty in the experimentally derived mutation rate estimates is

incorporated in the mutation model. Rather than using the mutation data to calibrate the

rate of every branch on the tree, our treatment only applies the mutation data to the terminal
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Table 2.4: Divergence times (Myr) under the autocorrelated lognormal clock for the 12 species
of Drosophila data set. The number in parentheses after the taxa compared is the node num-
ber in Figure 2.2(b). Results from Russo et al.[1], Tamura et al.[2] and Obbard et al.[3] are
represented for comparison. Ten generations per year were assumed to convert the mutation
rate per site per generation to the mutation rate per site per million years for Obbard et al.[3]
and our studies.

Taxa compared Previously published estimates Sequence data Sequence &
Russo et al. [1] Tamura et al. [2] Obbard et al. [3] Mutation data

simulans complex (1) - - 0.5 (0.3,0.7) 1.19 (0.11,2.92) 0.48 (0.36,0.61)
melanogaster-simulans (2) 2.3 (1.02,3.57) 5.4 (3.24-7.56) 1.4 (0.9,1.9) 3.25 (0.41,8.09) 1.3 (1.06,1.55)
yakuba-erecta (3) - 10.4 (5.89,14.91) 2.4 (1.6,3.3) 6.31 (0.71,15.92) 2.5 (1.78,3.31)
melanogaster subgroup (4) 6.1 (3.9,8.3) 12.8 (7.51,18.09) 3.3 (2.4,4.4) 8.03 (0.98,19.91) 3.39 (2.65,4.21)
melanogaster-annanassae (5) - 44.2 (26.76,61.64) 15 (11,21) 37.01 (4.72,90.43) 18.59 (13.2,24.83)
virillis/repleta-hawaiian (6) 32.2 (26.24,38.16) 42.9 (25.85,59.95) 13 (9.6,17) 18.49 (1.99,44.96) 12.51 (2.66,26.24)
melanogaster-willistoni (7) 36.3 (27.95,44.64) 62.2 (27.31,87.09) 32 (25,40) 59.68 (13.97,133.28) 35.88 (16.41,57.09)

branches. This not only allows the mutation information from one species to influence other

branch rates, but it also takes into account the attenuation of rate information with time.

From the empirical data analyses conducted above, the mutation data have a great impact on

divergence time estimation. Mutation data can even influence the rooting of the inferred tree

topology as demonstrated in the Drosophila data analysis.

This method should be more useful for dating a group of species with poor fossil records,

but this method should also be used with caution. Without a treatment of natural selection, the

mutation data can only be applied to neutrally evolving regions. Fortunately, incorporation of

mutation-selection balance into models of molecular evolution is becoming increasingly common.

These models (e.g. Halpern and Bruno[115]) considering natural selection and could be used to

derive substitution rates from mutation data. Our application of mutation data relies on the

assumption of a constant rate or at least autocorrelated rates. It is unlikely that mutation data

will prove very helpful for divergence time estimation if substitution rates between branches are

uncorrelated. The potential value of mutation data for divergence time estimation is tightly

connected to how substitution rates change over time. In general, mutation information from

the tips of a phylogeny will be more helpful for estimating evolutionary rates on branches near

these tips. Mutation data will be less helpful for illuminating rates of branches that are far

from tips, especially if rate autocorrelation is weak.

This study is meant to be exploratory; it is not intended to be applied to all regions in the

genomes, but it can be generalized. Some of the generalizations are described in Chapter 5.
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Chapter 3

The impact of the mutation data on

Bayesian divergence time estimation

3.1 Introduction

Because the true divergence times are always unknown in the real world, it is hard to quantify

the influence of the mutation data on Bayesian divergence time estimation. In this chapter, the

impact of the mutation data on divergence time estimation is examined analytically and with

simulations. In addition, we study the limit of divergence time estimation when the number

of sites in the mutation data approaches infinity. We reach a similar conclusion to that of

Rannala and Yang’s “infinite-site theory”[47]. This uncertainty in times does not go to zero

even if mutation data are available for all extant species so that all terminal branch rates are

known. Moreover, infinite sequence data as well as infinite mutation data can not reduce the

errors in posterior time estimates to zero unless with a very simple case.

3.2 Inference with Infinite Data

3.2.1 Infinite Mutation Data with the Strict Molecular Clock

Before considering the autocorrelated relaxed clock, we first consider the situation for a constant

substitution rate. We will assume the mean generation time g is known and will simplify

notation by omitting parameters ⌦ and ⇥. The posterior distribution of rate and times is

f(t, r|X,M) =
f(X|t, r)f(M|r)f(t, r)

f(X,M)
=

f(X|t, r)f(M|r)f
T

(t)f
R

(r)

f(X,M)
, (3.1)

44



where f

T

(t) and f

R

(r) are the priors for times and rate, respectively. Note that for the strict

molecular clock case, there is only one rate for the tree and therefore r is a scalar. To demon-

strate, assume an improper prior for r, with f

R

(r) = 1 for 0 < r < 1.

For infinite mutation data, the true rate r = r

⇤ is assumed known without error. Then the

posterior for times t given the alignment X and the true rate r is

f(t|X, r = r

⇤) =
f(t, r = r

⇤
,X)R

f(t, r = r

⇤
,X)dt

=
f(X|t, r = r

⇤)f
R

(r⇤)f
T

(t)R
f(X|t, r = r

⇤)f
R

(r⇤)f
T

(t)dt

=
f(X|t, r = r

⇤)f
T

(t)R
f(X|t, r = r

⇤)f
T

(t)dt
. (3.2)

This formula implies that even when the amount of mutation data increases to infinity, the

posterior for times does not converge to a degenerate distribution with values equal to the true

divergence times. Instead, uncertainty in times remains and the amount of uncertainty depends

on the aligned sequences and the true value of the rate.

By comparing Equation (3.2) with the marginal posterior distribution of time t, which is

f(t|X) =

Z 1

0

f(t, r|X)dr =

R1
0

f(X|t, r)f
R

(r)f
T

(t)drR R
f(X|t, r)f

R

(r)f
T

(t)drdt
=

�R1
0

f(X|t, r)dr
�
f

T

(t)R R
f(X|t, r)f

T

(t)drdt
, (3.3)

we see that whether infinite mutation data can reduce the uncertainty in times depends on the

di↵erence between the likelihood of the aligned sequences when the rate is known f(X|t, r = r

⇤)

and when considering all possible rates
R
f(X|t, r)dr. For simplicity, consider only the root time

t and omit the notation of aligned sequencesX for now. In the discussion below, the distribution

of time t is conditioned upon the aligned sequence data. That is, the variance of t also depends

on the branch length. The conditional variance of t given the rate is a random variable, and

the value of V ar(t|r) depends on the value of rate r.

According to the Law of total variance,

V ar(t) = V ar (E(t|r)) + E (V ar(t|r)) . (3.4)

Since variance is always non-negative, V ar (E(t|r)) is non-negative. Therefore, Equation (3.4)

implies that V ar(t) � E (V ar(t|r)), where E (V ar(t|r)) = E (c(r)) can be viewed as a weighted

average of the conditional variance V ar(t|r) and where c(r) is a function of the rate r. The

expected value E (V ar(t|r)) can be either greater or less than V ar(t|r) depending on the value

of r, and whether the marginal variance V ar(t) is greater than conditional variance V ar(t|r) is
determined by the value of r as well. In other words, the conditional variance V ar(t|r) is not

guaranteed to be smaller or equal to the marginal variance V ar(t).
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We illustrate this with a simple example. Consider a case of 2 species evolving under the

strict clock. Under the Jukes and Cantor model, data are summarized with x di↵erences in n

sites in a pairwise alignment[49]. The likelihood of observing the sequence alignment given rate

r and time t is

L(r, t|n, x) =
✓
n

x

◆✓
3

4
� 3

4
e

�8rt/3

◆
x

✓
1

4
+

3

4
e

�8rt/3

◆
n�x

. (3.5)

Suppose there are 55 di↵erences in 100 sites in the pairwise alignment. The likelihood function

is plotted in Figure 3.1. It shows that if the true rate is high (e.g. r = 2), the uncertainty in time

is relatively small. In contrast, when the true rate is low (e.g. r = 0.5), then the uncertainty

in time is rather large. While the posterior distribution of time will also depend on its prior

distribution, our point is that having a great amount of mutation data is not guaranteed to yield

less uncertainty about time. The uncertainty in time depends on prior information, the rate

information in the mutation data, and on the branch length information from the interspecific

sequence data.

Finally, when the amount of both molecular sequence data and mutation data increases to

infinity, we can estimate the branch length b and rate r without error. And since the branch

length is the product of rate and times, b = rt, we can also estimate the divergence times

without error.

3.2.2 Infinite Mutation Data with an Autocorrelated Lognormal Relaxed

Clock

Several models for autocorrelated substitution rates assume the rate follows a probability dis-

tribution with mean determined by the ancestral rate and with variance depending on the time

separating the ancestral and descendant rates. In addition to a variance parameter ⌫ for spec-

ifying the degree of autocorrelation, the rate at the root r

0

has to be treated di↵erently and

assigned its own prior f(r
0

). Then given the tree topology ⌧ , the prior distribution for rates

f(r|t) is simply the product of the probabilities of individual rates r
i

given ancestral rates r
A(i)

and the time separating the ancestral and derived rate,

f

R

(r
0

, r|t) = f(r
0

)
Y

i=1

f(r
i

|r
A(i)

, t). (3.6)

Although several previously proposed treatments of autocorrelated substitution rates have forms

described by Equation (3.6), their details di↵er. Here, we briefly summarize three quite similar

models for autocorrelated rates.
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Figure 3.1: Likelihood of the pairwise alignment with x = 55 di↵erences in n = 100 sites. The
maximum likelihood estimate of the branch length is the red dashed line in the left figure. The
central figure represents the likelihood function conditioned on a high rate (r = 2). The right
figure represents the likelihood function conditioned on a low rate (r = 0.5). These figures show
that the uncertainty of the root time can be very di↵erent when conditioned on di↵erent rates.

Autocorrelated Rates for Nodes Kishino et al.[10] proposed a geometric Brownian motion

process to model the rates for nodes along lineages. In their model, the logarithm of the rate

at one node has a normal distribution given the logarithm of the rate at its ancestral node. Let

us denote the rate at the node that begins a branch as r
A

and the rate at the node ending the

branch as r with time duration t of the branch. Then by forcing the expected value of r to be

r

A

, they modeled

log(r)| log(r
A

) ⇠ N

✓
log(r

A

)� t⌫

2
, t⌫

◆
. (3.7)

The variance parameter, ⌫, is a non-negative real number, and it governs the degree of

autocorrelation. A strict clock occurs when ⌫ equals zero. Small values of ⌫ represent stronger

autocorrelation than large values. Kishino et al.[10] treat the rate on a branch as the average

of the rates at the nodes at its beginning and ending. The branch length b for branch starting

with rate r

A

and ending with rate r is therefore b = (r
A

+ r)t/2.
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Autocorrelated Rates for Midpoints of Branches Instead of modeling the rate at nodes,

Rannala and Yang[47] modeled the rate at the midpoint of a branch and used it as a proxy for

the rate for the branch. Let r0
A

be the rate at the midpoint of a parent branch with total time

duration 2t0
A

and let r0 be the rate at the midpoint of the daughter branch with time duration

of the branch 2t0. Rannala and Yang[47] had

log(r0)| log(r0
A

) ⇠ N

✓
log(r0

A

)� (t0
A

+ t

0)⌫

2
, (t0

A

+ t

0)⌫

◆
. (3.8)

For the rates of the descendant branches of the root, they plugged in r

0
A

= r

0

and t

0
A

= 0 in

Equation (3.8). In this parametrization, the branch length b of the branch with time duration

t and rate at the midpoint r0 is simply b = r

0 ⇥ t.

Autocorrelated Rates for Branches The authors of BEAST[14] described an earlier ver-

sion of their autocorrelated lognormal relaxed clock (ACLN) model in Ho et al.[146] and in

Drummond et al.[46]. In this earlier version, the rate in each branch is drawn from a lognormal

distribution whose mean is equal the rate in its parent branch. They adopted the formula in

Rannala and Yang[47] and implemented a later version of the autocorrelated lognormal relaxed

clock (ACLikelihood class) in BEAST. However, this later variant directly models the average

rate over each branch but not the rate of midpoint of each branch. We will refer to the later

version of the ACLN model in this paper.

Let r̄ and r̄

A

be the average rates of the descendant and ancestral branches, respectively.

Let t be the time duration of the descendant branch. Then the ACLN model has

log(r̄)| log(r̄
A

) ⇠ N

✓
log(r̄

A

)� t⌫

2
, t⌫

◆
. (3.9)

Note that the variance of the lognormal distribution is proportional to the time duration of the

descendant branch, but is independent of the time duration of the ancestral branch. For the

daughter branches of the root, BEAST sets the ancestral branch rate as the root rate r̄

A

= r

0

in Equation (3.9). Finally, the branch length b of a branch with average rate along the branch

r̄ and time duration t is b = r̄ ⇥ t.

Bayesian Framework

For simplicity, consider the parametrization of the ACLN model in BEAST[14] and assume that

every species has infinite mutation data with known generation times. In this parameterization,

the rate of evolution r is a vector of branch rates. The likelihood of the sequence data depends

on the branch lengths of the unrooted tree in Figure 3.2(a). Because the root is not specified,

the root rate r
0

is neglected in the discussion below. We assume that infinite mutation data are
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available for every extant species so that the rate for each terminal branch r
T

= r⇤
T

is known

without error.

Note that originally there are 3s � 3 parameters in the ACLN model: s � 1 divergence

times, 2s� 2 branch rates. Knowing the rates for all terminal branches reduces the dimension

by s, so that there are 2s � 3 parameters remaining. If, however, the number of sites in the

alignment goes to infinity as well so that the branch lengths in the unrooted tree can be treated

as observed data, then the dimension in the parameter space can be further reduced. The

number of parameters left to be estimated depends on the tree topology. For example, consider

the two di↵erent tree topologies with four species that are shown in Figure 3.2. Suppose that

there is infinite mutation data from all species on the tree so that all terminal branch rates

{r
1

, r

2

, r

3

, r

4

} can be estimated without error. Then there are still 3s � 3 � s = 5 parameters

left to be estimated for the two tree topologies: {r
5

, r

6

, t

5

, t

6

, t

7

}. On the other hand, if infinite

molecular sequence data are also available so that the branch lengths in Figure 3.2(a) can be

treated as known, then the number of remaining parameters in the model are not the same

for the balanced tree (Figure 3.2(b)) and the unbalanced tree (Figure 3.2(c)). For the tree in

Figure 3.2(b), the divergence times are expressed by

t

5

= b

1

/r

1

= b

2

/r

2

(3.10)

t

6

= b

3

/r

3

= b

4

/r

4

(3.11)

(t
7

� t

6

)⇥ r

6

+ (t
7

� t

5

)⇥ r

5

= b

5

) t

7

=
b

5

+ t

5

r

5

+ t

6

r

6

r

5

+ r

6

. (3.12)

Therefore, t
5

and t

6

can be analytically determined by the branch lengths and the terminal

branch rates, and t

7

depends on the values of r
5

and r

6

. There are only 2 free parameters left

in the model: {r
5

, r

6

}. Note that either r

1

or r

2

alone can determine t

5

so that the infinite

mutation data on Tips 1 and 2 are actually redundant. Similarly, infinite mutation data on

Tips 3 and 4 are redundant. These infinite amount of mutation data on tips do not directly

relate to the root time t

7

.

In contrast, for the tree in Figure 3.2(c), the divergence times can be expressed by

t

5

= b

1

/r

1

= b

2

/r

2

(3.13)

t

6

= b

3

/r

3

= t

5

+ b

5

/r

5

) r

5

=
b

5

t

6

� t

5

=
b

5

b

3

/r

3

� b

1

/r

1

(3.14)

(t
7

� t

6

)⇥ r

6

+ t

7

⇥ r

4

= b

4

) t

7

=
b

4

+ t

6

r

6

r

4

+ r

6

. (3.15)

In this case, not only t

5

and t

6

but also r

5

can be determined by the branch lengths and the

terminal branch rates. Moreover, once r

6

is fixed, t
7

can be determined as well. In other words
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and in contrast to the case of the balanced tree, only 1 free parameter remains. Even though

the infinite mutation data on Tips 1 and 2 are redundant, the infinite mutation data on Tip 3

and Tip 4 can help solve t

6

and t

7

, respectively.

The shape of the underlying phylogeny can influence the dimensionality of parameter space

when infinite sequence and mutation data are present, and therefore can have an impact on

the uncertainty of divergence time estimation. Note that the above discussion is based on

the assumption that the mutation rate at the tip is equal to the average rate on its branch.

Without this assumption, the terminal branch rates remain uncertain and both tree topologies

have 2s�3 parameters in the parameter space. In this case, mutation data on the tips influence

the divergence time estimation through reducing the uncertainty in terminal branch rates.
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5 6b1
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b3

b4

(a) Unrooted tree topology
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(c) Unbalanced tree

Figure 3.2: Two rooted trees with the same unrooted tree topology. The b’s are the branch
lengths in the unrooted tree. The r’s are the branch rates in the rooted tree.

Omitting parameters ⌦ and ⇥ for the sake of simplicity, the posterior distribution of branch

rates and times given the mutation data and molecular sequence data is

f(t, r|X,M) =
f(X|t, r)f(M|r)f(t, r)

f(X,M)
=

f(X|t, r)f(M|r
T

)f
R

(r|t)f
T

(t)

f(X,M)
, (3.16)

where f

R

(r|t) is the prior for branch rates given the times with the form as in Equation (3.6).

With infinite mutation data for all taxa, the posterior distribution for times, internal branch

50



rates and root rate becomes

f(t, r�T

, r

0

|X, r
T

= r⇤
T

) =
f(t, r

0

, r�T

, r
T

= r⇤
T

,X)

f(X, r
T

)
(3.17)

=
f(X|r�T

, r
T

= r⇤
T

, t)f
R

(r
0

, r�T

, r
T

= r⇤
T

|t)f
T

(t)R R
f(t, r

0

, r�T

, r
T

= r⇤
T

,X)dtdr�T

(3.18)

Equation (3.18) implies that, similar to the strict clock case, uncertainty in times and rates at

the internal nodes does not vanish even if infinite mutation data are available for all species

analyzed. The first term in the numerator in Equation (3.18), f(X|r�T

, r
T

= r⇤
T

, t), suggests

that there is an identifiability problem. In fact, even if all branch rates can be estimated

without error as in the strict clock case, uncertainty in times remains because branch length

is the product of rate and time. Moreover, if we have a large amount of molecular sequence

data in addition to infinite mutation data so that we can estimate all terminal branch lengths

without error as well, there are still some internal branches with uncertainty in branch rates

where we are unable to disentangle rates and times. The situation is similar to the strict clock

case, in which the variance in times may or may not be reduced by conditioning on the terminal

branch rates.

On the other hand, the joint prior for rates given times, f
R

(r
0

, r�T

, r
T

= r⇤
T

|t) as in the

second term in the numerator in Equation (3.18), contributes to uncertainty in internal branch

rates as well. It can be decomposed into a form di↵erent than Equation (3.6) as follows.

f

R

(r
0

, r�T

, r
T

= r⇤
T

|t) = f(r�T

|r
T

= r⇤
T

, r

0

, t)f(r
T

= r⇤
T

|r
0

, t)f(r
0

). (3.19)

The first term in Equation (3.19) is the prior of internal branch rates conditional on the end-

points (terminal branch rates and the rate at the root) and times. And the second term is the

probability of terminal branch rates given the root rate and times, which is a constant and can

be easily calculated by plugging the true terminal branch rates, the root rate and the times

into the ACLN model. The last term is the prior of root rate, and we write f(r
0

) instead of

f(r
0

|t) by assuming that the rate at the root is independent of divergence times t. For the

posterior distribution of times only, we need to integrate out all possible values of root rate r

0

and internal branch rates r�T

in Equation (3.18).

If the rates along the lineages are described by a geometric Brownian process (so the log-

arithm of rates are described by Brownian motion), then the process becomes a geometric

Brownian bridge when the rates at the ancestral and the descendant branches are “tied down”

to specific values. In this case, the variance of internal branch rates r�T

can be reduced by con-

ditioning on the terminal branch rates r
T

. In other words, information about internal branch

rates is provided by knowing the terminal branch rates, and hence uncertainty in internal branch
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rates can be reduced.

Brownian bridge example Here we illustrate how infinite mutation data on the tips will

reduce the variance associated with the internal rates. Without loss of generality, let us define

{B(t); t � t

0

} as a Brownian motion process starting at B(t
0

) = x with variance parameter ⌫

(⌫ > 0). Then the expected value and the variance of B(t) are E[B(t)] = x and V ar[B(t)] =

⌫(t�t

0

), respectively. By conditioning on the event that the values at the beginning and the end

are restricted to specific values {B(t
0

) = x,B(t
1

) = y, t

1

> t

0

}, we can construct a Brownian

bridge {B0(t); t � t

0

}. For t
0

< t < t

1

, we can derive the expected value and the variance of the

Brownian bridge B

0(t), which are E[B0(t)] = x + t�t0
t1�t0

(y � x) and V ar[B0(t)] = ⌫(t1�t)(t�t0)

t1�t0

(see Guindon[147] for derivations). By taking the di↵erences of the variances with or without

conditioning on the end point B(t
1

) = y, we get

V ar[B(t)]� V ar[B0(t)] = ⌫(t� t

0

)� ⌫(t
1

� t)(t� t

0

)

t

1

� t

0

=
⌫(t� t

0

)2

t

1

� t

0

> 0. (3.20)

In other words, the variance of Brownian motion is reduced if we conditioned on the end points.

It implies that if the rate evolves like a Brownian motion process and there is infinite amount

of mutation data for a species so the rate of that species is known, then the variance of the rate

along the branch is reduced.

3.3 Analytical Results for Two Species Case

3.3.1 Strict Clock

We will consider a case of 2 species evolving under the strict clock with the same settings as

Dos Reis and Yang[148]. We assume the interspecific sequence data are generated under Jukes

and Cantor (1969) model[49]. Therefore, the data are summarized with x di↵erences in n sites

in a pairwise alignment[49]. We set the divergence time to be t = 1 and the rate to be r = 0.5.

Then the true branch length, or the expected number of substitutions per site between the two

sequences is b = r ⇥ 2t = 1. If one time unit is one million years (My), then the chronological

rate of evolution is 10�6 substitutions per site per year.

Consider a gamma prior such that the rate per million years has mean 0.5 and variance

0.125 (i.e. r ⇠ G(2, 4)), and a gamma prior on the time with mean 1 and variance 0.5 (i.e.

t ⇠ G(2, 2)) (Figure 3.3). This means the joint prior of rate and time is

f

RT

(r, t) = f

R

(r)f
T

(t) = 16re�4r ⇥ 4te�2t

. (3.21)
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The likelihood of observing the sequence alignment given rate r and time t is

L(r, t|n, x) =
✓
n

x

◆
p

x(1� p)n�x =

✓
n

x

◆✓
3

4
� 3

4
e

�8rt/3

◆
x

✓
1

4
+

3

4
e

�8rt/3

◆
n�x

. (3.22)

With this simple case, we can illustrate the influence of alignment length and amount of muta-

tion data on inference of rate and time. Consider two alignment lengths. Both have the observed

proportion of di↵erences being x

n

= 0.55 but one has n = 100 and the other has n = 1000. We

also consider two mutation data sets. Each contains y observed mutations in a total m bases

assayed in one generation. Both sets have the proportion of mutations among bases assayed

being m

y

= 10�5, but the smaller mutation data set has m = 106, y = 10 and the bigger has

m = 107, y = 100 with a generation time being 10 years. For each of the mutation data sets, m

is considered to be a realization from a Poisson random variable with mean 10�6 ⇥ 10 = 10�5

substitutions per site per generation. The likelihood function is shown in Figure 3.4.

Combining the rate information from the mutation data with the prior knowledge of rate

and time, the uncertainty in rate can be substantially reduced. The uncertainty is further

reduced if more mutation data are available (See Figure 3.3). However, the uncertainty in

times remains the same regardless of the increasing amount of mutation data. When we have

molecular sequence data which provide information about the branch length, the situation

changes. Figure 3.4 shows the joint posterior distribution of rate and time for two example

data sets. The posterior variances of time and rate are reduced when more molecular sequence

data are available. The marginal posterior distribution and the prior of time t are plotted

in Figure 3.5(a). Comparing the prior and the posterior distribution, information from the

molecular sequence data pulls the mode of the time toward the true time t = 1. As indicated

in Dos Reis and Yang[148], the marginal posterior distributions of time t are very close for

n = 100 and n = 1 (Figure 3.5(a)). In other words, the uncertainty of time is slightly reduced

with the increase of sequence length when no mutation information is available.

However, Figure 3.4 and Figure 3.5(a) show that the posterior variances of time and rate

are much reduced when mutation data are available. In addition, increasing the amount of

mutation data can largely improve the inference of divergence time. Finite sequence data with

infinite mutation data result in the smallest variances in time among all other combinations

in Figure 3.5(a). The e↵ect of changing the amount of mutation data in variance reduction

is displayed in Figure 3.5(b). Compared with the case where infinite sequence data but no

mutation data are used, having some sequence and mutation data results in more reduction

in uncertainty in time. This suggests that spending money on obtaining longer molecular

sequence data is not as cost e�cient as obtaining some additional mutation data when the

species analyzed comply with the molecular clock.
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Figure 3.3: Joint prior distribution of the rate and the time and the e↵ect of the mutation
data on the prior under the strict clock. The mutation data consist of y = 10 or y = 100
mutations in a total of m = 106 or m = 107 bases assayed. The prior on the time remains
di↵use regardless of the rate information provided by the mutation data. The prior on the rate
changes dramatically when mutation data are available. Increasing the size of the mutation
data from m = 106 to m = 107 can still narrow down the variance of the rate prior, but it has
almost no influence on the time prior.

3.3.2 Autocorrelated Lognormal Relaxed Clock

Consider a case of 2 species with the rates at the “nodes” evolving under the autocorrelated

lognormal relaxed clock . That is, the rate at the node drifts over time according to a geometric

Brownian motion process. Because we will examine the e↵ect when mutation data are associated

with tips of the tree, we consider a special case where a geometric Brownian motion process is

conditioned on the beginning and the end of a branch. In other words, we assume the logarithm

of node rates drift according to a Brownian bridge starting at value y

0

= log(r
0

) and stopping

at y

0
1

= log(r0
1

), and y

0
2

= log(r0
2

), respectively, where r

0

is the rate of the root and r

0
1

, r

0
2

are

the rates of the two tips (Figure 3.6).

According to the formula provided by Guindon[147], we can calculate the expected value

of the average rate along a branch under a geometric Brownian bridge given the rates of the

root and the tip. Due to the stochasticity of a geometric Brownian motion process, the mean

rate over a branch is a random variable. Therefore, we will assume the true mean rate of the

branch is equal to the expected value of the mean rate. We use the product of this expected

mean rate value and the true divergence time to be the true branch length. If the rate of the

root and the tips are all 0.5 (i.e. r

0

= r

0
1

= r

0
2

= 0.5), the divergence time is t = 1, and the
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Figure 3.4: Likelihood and posterior distribution of the rate and the time for two datasets of a
pairwise sequence alignment under the strict clock. The sequence data consist of x di↵erences
in an sites in the pairwise alignment. The figures of the first row are from a smaller sequence
data set with x = 55, n = 100 and the figures of the second row are from a larger sequence data
set with x = 550, n = 1000. Two sets of the mutation data are used as well, one with m = 106

and the other with m = 107 bases scanned.

autocorrelation parameter is ⌫ = 0.25, then the expected value of the average rate on each of

the two branches is

E(r̄
1

) =
1

t

exp(y
0

)

Z
t

0

exp

✓
(y

1

� y

0

)s

t

+
⌫(t� s)s

2t

◆
ds

= 0.5

Z
1

0

exp (0.125⇥ (1� s)s) ds = 0.51. (3.23)

Therefore, the two branches both have branch lengths assumed to be b = 2⇥ 0.51⇥ 1 = 1.02.

Consider a gamma prior on the root rate r
0

⇠ G(2, 4) with mean 0.5 and variance 0.125, and

a gamma prior on the time t ⇠ G(2, 2) with mean 1 and variance 0.5. The rate prior selected

is the autocorrelated lognormal relaxed clock formulated by Rannala and Yang[47], where the

rate at the midpoint of a branch is used as a proxy for the average rate over the branch. Let r
1

and r

2

be the rates at the midpoints of the two branches (Figure 3.6), then the joint prior of

r

1

, t and r

1

, r
0

can be seen in Figure 3.7. Note that r
1

and r

0

are highly positively correlated.
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We again fit the data with the Jukes and Cantor model, where data are summarized with

x di↵erences in n sites in a pairwise alignment[49]. The likelihood of observing the sequence

alignment given rate r

1

, r

2

and time t is

L(r, t|n, x) =
✓
n

x

◆
p

x(1� p)n�x

=

✓
n

x

◆✓
3

4
� 3

4
e

�4(r1+r2)t/3

◆
x

✓
1

4
� 3

4
e

�4(r1+r2)t/3

◆
n�x

. (3.24)

We will examine the e↵ect of mutation data from one species on the inference of times by

using two sets of mutation data on Species 1, each contains y mutations detected in m sites

scanned. Similar to the strict clock case, y = 10,m = 106 and y = 100,m = 107, with generation

time of 10 years are assumed. For simplification, we assume the rate at the tip is equivalent

to the rate of the corresponding branch when doing the analysis. The rate information from

the mutation data on tip 1 can reduce the uncertainty in branch rate r

1

(see Figure 3.7 for two

di↵erent sets of mutation data).

Figures 3.8 and 3.9 show the joint posterior distributions of t and r

1

, r
2

, respectively, for

two sequence data sets (x = 55, n = 100 and x = 550, n = 1000). Note that the joint posterior

distributions of t, r
1

and t, r
2

are identically di↵use without mutation data. In contrast, the

posterior variances of t and r

1

are reduced when mutation data are available for Species 1 as

shown in Figure 3.8. However, the e↵ect of mutation data is not as significant as the strict

clock case. In addition, the e↵ect of mutation data on reducing the uncertainty in rate r
2

is not

as much as r
1

(Figure 3.9). In fact, as the amount of mutation data increases for Species 1, the

uncertainty in r

2

remains almost the same. The rate information of Species 1 can influence the

rate r
2

through reducing the uncertainty of root rate r
0

. The influence of mutation data on the

inference of r
2

depends on how much autocorrelation is present between rates and the times

that separate these rates. If there is strong autocorrelation between rates (smaller ⌫) or if the

time separates the two species is shorter (smaller t), then the rate information from Species 1

will have a greater influence on rate r

2

.

Note that even if infinite sequence and mutation data from one species are available, the

divergence time t depends on the free parameter r

2

and remains uncertain. Only if there are

infinite mutation data on both branches can the divergence time t be known. The marginal

posterior distribution of time t with di↵erent combination of sequence and mutation data can

be seen in Figure 3.10(a).
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3.4 Computer Simulations for Eight Species Case

The simulation design is aimed to examine the e↵ect of mutation data with varying lengths of

molecular sequence alignments under di↵erent circumstances: either alignments are generated

under the strict clock or the autocorrelated relaxed clock, and whether the underlying phylogeny

is balanced or not. To demonstrate the influence of the shape of the phylogeny, we used two

di↵erent phylogenies of eight species, balanced and unbalanced trees, as shown in Figure 3.11.

Molecular sequence data were generated using the EVOLVER program in the PAML package[12]

and Jukes and Cantor model was assumed without rate heterogeneity among sites. For the strict

clock case, the rate was assumed to be 1 nucleotide substitution per time unit, and our time units

represent 100 million years (Myr). For the autocorrelated lognormal relaxed clock, the root rate

was 1 nucleotide change per time unit and the rate variation among branches was modeled by

a lognormal distribution with variance parameter ⌫ = 0.1. That is, the autocorrelated rates for

branches described in Section 3.2.2 was used to sample the true rates among branches for each

replicate. For each replicate, the unique rates sampled were multiplied by the true divergence

times to generate branch lengths as the input for EVOLVER.

The mutation data consisted of the number of mutations that occurred per generation in a

total 108 bases scanned for each species. We set the generation times for all species to be 20

years. The number of mutations that occurred for each species was generated from a Poisson

distribution with mean N ⇥ µ, where N is the total number of bases scanned and µ is the

mutation rate per site per generation. So if the true rate is r substitutions per site per 100

Myr, the mean of the Poisson distribution is 108 ⇥ r⇥ 1

100⇥10

6 ⇥ 20 = 20r. For the strict clock,

mutation data were assigned only to Species A. For the autocorrelated relaxed clock, mutation

data were placed either only on Species A or all species. Note that the rates on branches were

sampled for each replicate for the autocorrelated relaxed clock case, so the rates were not the

same for each replicate and thus the mutation data varied among replicates.

One hundred alignments were simulated with lengths n = 10, 102, 103, 104 and then analyzed

with the program BEAST[14] to generate posterior samples of divergence times. The Jukes

and Cantor model and the birth-death process with the default priors on the birth rate and the

relative death rate were used in BEAST. The prior for the rate (root rate in the autocorrelated

relaxed clock) was gamma with mean and standard deviation equal to 1 substitutions per

site per 100 Myr. The root time prior was a gamma distribution with mean and standard

deviation equal to 100 Myr and 20 Myr, respectively. And finally, the variance parameter in

the autocorrelated relaxed clock, ⌫, had a gamma prior with mean and standard deviation equal

to 0.001. Note that because we used one million years as one time unit in BEAST, we scaled

the variance parameter due to time scale change. To reduce the computational burden, the tree

topologies were fixed at all times. The average means and widths of 95% credible intervals for
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divergence times between Species A and Species B, Species A and Species D and the root time

among 100 replicates were reported.

The results are shown in Table 3.1 - Table 3.4. We find that the tree shape was an issue.

The inferred divergence times were more biased for the unbalanced tree than the balanced tree

when the length of the aligned sequences was short (n = 10 or 100), regardless of whether the

strict clock or the autocorrelated relaxed clock was assumed. For longer alignments (n = 1000

or 10000), the e↵ect of the tree shape on the estimated divergence times was minor for the

strict clock case. But for the autocorrelated relaxed clock case, the estimated divergence times

of Species A and Species B, and Species A and Species D were more biased when the true

phylogeny was an unbalanced tree than a balanced tree with longer alignments and no mutation

data. Since the widths of the 95% credible intervals for the divergence times were proportional

to the magnitude of estimated divergence times, they were narrower for the unbalanced tree case

than the balanced tree case. These results could be due to the method for sampling rates under

the autocorrelated relaxed clock. The terminal branch rate of Species A for the balanced tree

was sampled conditioned on its ancestral branch rate, which is itself conditioned on its ancestral

branch rate. This kind of conditioning repeated 3 times to sample the terminal branch rate of

Species A for the balanced tree, but repeated 7 times for the unbalanced tree. The terminal

branch rate of Species A for the unbalanced tree could vary a lot between di↵erent simulated

samples than for the balanced case, which led to more biases in divergence times of Species A

and Species B, and Species A and Species D, especially when no mutation data are present.

Second, the influence of the mutation data was noticeable. The underestimation of the root

time was reduced when mutation data were available, under both the strict and the autocor-

related relaxed clock. Moreover, the widths of the 95% credible intervals for all the divergence

times were substantially shorten with mutation data. The widths of the 95% credible intervals

for divergence times and the estimated divergence times were in direct proportion, and so was

the amount of shrinkage of the widths because of the mutation data.

Third, the mutation data and the tree shape a↵ected the estimated divergence times dif-

ferently with the autocorrelated clock than with the strict clock. The e↵ect of the mutation

data on the widths of the 95% credible intervals was similar between the balanced and the

unbalanced tree under the strict clock. In contrast, the influence of the mutation data was

distinct under the autocorrelated clock. The estimated divergence times and the widths of

the 95% credible intervals of Species A and Species B were alike between the balanced and

the unbalanced tree if mutation data were available for Species A. However, the 95% credible

interval of the divergence time of Species A and Species B was narrower under the unbalanced

tree than under the balanced tree, although the mutation data were available for both Species

A and Species B. In addition, the 95% credible interval of the divergence time of Species A and

Species D was narrower under the unbalanced tree than under the balanced tree.
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Finally, if mutation information were available for all the extant species, the widths of the

95% credible intervals for the divergence times reported were significantly reduced compared

to the case with only mutation information for one species.
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Figure 3.5: The marginal posterior distribution of the time under the strict clock. Without
mutation information, increasing the sequence length from n = 100 to infinity has little e↵ect
on the posterior distribution of the time. The e↵ect of the mutation data can be seen from the
decrease in uncertainty in the marginal posterior distribution of the time.
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Figure 3.7: The joint prior and the e↵ect of mutation data on the prior under the autocorrelated
relaxed clock model. The ancestral rate and the rate at the midpoint of the child branch are
correlated in the prior due to the autocorrelated relaxed clock model assumption. Two sets of
mutation data are used, one with y = 10 mutations in a total of m = 106 bases scanned, and
the other with y = 100 mutations in a total of m = 107 bases scanned. Similar to the strict
clock case, increasing the size of the mutation data from m = 106 to m = 107 can narrow down
the variance of the rate prior, but it has almost no influence on the time prior.
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Figure 3.8: The posterior distribution of the branch rate r

1

and the time for two datasets of a
pairwise sequence alignment under the autocorrelated relaxed clock model. The figures on the
first row are from x = 55, n = 100 and the figures on the second row are from x = 550, n = 1000.
The mutation data are placed on branch 1. There are two sets of mutation data, one with y = 10
observed mutations inm = 106 bases scanned, and the other with y = 100 mutations inm = 107

bases scanned. The joint posterior distribution of the branch rate r

1

and the time with the
mutation data are shown in the second and the third column.
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Figure 3.9: The posterior distribution of the branch rate r

2

and the time for two datasets of a
pairwise sequence alignment under the autocorrelated relaxed clock model. The figures on the
first row are from x = 55, n = 100 and the figures on the second row are from x = 550, n = 1000.
The mutation data are placed on branch 1. There are two sets of mutation data, one with y = 10
observed mutations inm = 106 bases scanned, and the other with y = 100 mutations inm = 107

bases scanned. The joint posterior distribution of the branch rate r

2

and the time with the
mutation data are shown in the second and the third column.
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Figure 3.10: The marginal posterior distribution of the time under the autocorrelated relaxed
clock model. Without mutation information, increasing the sequence length from n = 100 to
infinity has little e↵ect on the posterior distribution of the time. On the other hand, increasing
the amount of the mutation data on branch 1 does decrease the uncertainty in time. However,
it can also be seen from this figure that infinite sequence data as well as infinite mutation data
on branch 1 does not make the uncertainty in time shrink to zero.
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Figure 3.11: Two tree topologies of 8 species used in the simulations. The time on the scale is
in million years.
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Table 3.1: Divergence times for a balanced tree and a strict clock. The true phylogeny is in Figure 3.11(a). The means and the
widths of the 95% posterior CIs of divergence times with varying alignment lengths are reported. The “No Mut” rows display
the results without mutation information. The “Mut” rows display the results with the mutation data generated from a Poisson
distribution.

Time A & B (t=20) Time A & D (t=50) Root time (t=100)

n 10 100 1000 10000 10 100 1000 10000 10 100 1000 10000

No Mut
Mean 15.72 18.56 18.68 18.62 35.52 46.92 46.41 46.93 91.69 92.01 91.59 91.73

95% C.I. width 35.46 23.03 15.62 14.26 67.16 53.27 37.8 35.9 72.66 71.74 70.87 69.84

Mut
Mean 16.06 20.25 19.42 19.83 37.08 51.27 48.31 50 91.65 96.37 95.39 97.77

95% C.I. width 33.17 19.42 12.08 11.22 59.73 42.46 28.85 28.24 66.71 60.22 54.18 55.08
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Table 3.2: Divergence times for an unbalanced tree and a strict clock. The true phylogeny is in Figure 3.11(b). The means and
the widths of the 95% posterior CIs of divergence times with varying alignment lengths are reported. The “No Mut” rows display
the results without mutation information. The “Mut” rows display the results with the mutation data generated from a Poisson
distribution.

Time A & B (t=20) Time A & D (t=50) Root time (t=100)

n 10 100 1000 10000 10 100 1000 10000 10 100 1000 10000

No Mut
Mean 7.81 26.38 18.01 18 22.23 47.79 45.56 45 94.02 91.92 91.58 91.44

95% C.I. width 17.85 30.31 15.31 14.22 40.67 49.49 38.11 35.44 73.45 71.9 72.45 71.68

Mut
Mean 9.6 27.89 18.64 19.26 27.54 50.45 47.2 48.16 96.92 94.95 94.74 97.92

95% C.I. width 19.39 24.84 11.62 10.85 38.35 36.78 28.46 27.06 69.1 58.91 54.43 54.63
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Table 3.3: Divergence times for a balanced tree and an autocorrelated lognormal relaxed clock. The true phylogeny is in
Figure 3.11(a). The means and the widths of the 95% posterior CIs of divergence times with varying alignment lengths are
reported. The “No Mut” rows display the results without mutation information. The “One Mut” rows display the results with
the mutation data for Species A, which were generated from a Poisson distribution. The “All Mut” rows are for the results with
mutation data available for all the extant species.

Time A & B (t=20) Time A & D (t=50) Root time (t=100)

n 10 100 1000 10000 10 100 1000 10000 10 100 1000 10000

No Mut
Mean 21.57 18.94 19.12 19.15 49.44 45.52 47.46 47.32 93.03 92.69 92.29 93.11

95% C.I. width 45.17 27.18 21.45 20.09 77.31 56.7 47.93 46.71 72.91 72.29 71.92 71.63

One Mut
Mean 22.14 20.31 20.06 19.71 50.93 49.14 49.99 48.85 93.5 95.91 96.04 96.34

95% C.I. width 41.4 21.22 15.31 13.44 69.02 45.19 37.04 33.29 68.85 64.71 61.82 60.23

All Mut
Mean 22.8 20.83 20.12 20.22 52.74 50.52 50.51 50.11 94.16 97.66 98.88 98.63

95% C.I. width 41.28 18.91 11.35 9.56 66.64 36.03 23.5 21.58 65.61 51.96 37.93 34.53
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Table 3.4: Divergence times for an unbalanced tree and an autocorrelated lognormal relaxed clock. The true phylogeny is in
Figure 3.11(b). The means and the widths of the 95% posterior CIs of divergence times with varying alignment lengths are
reported. The “No Mut” rows display the results without mutation information. The “One Mut” rows display the results with
the mutation data for Species A, which were generated from a Poisson distribution. The “All Mut” rows are for the results with
mutation data available for all the extant species.

Time A & B (t=20) Time A & D (t=50) Root time (t=100)

n 10 100 1000 10000 10 100 1000 10000 10 100 1000 10000

No Mut
Mean 10.76 14.81 16.35 16.59 29.23 36.57 41.34 41.84 94.95 92.39 91.66 91.32

95% C.I. width 23.48 21.68 18.31 17.5 49.23 46.61 43.3 42.05 73.52 71.96 71.44 71.13

One Mut
Mean 14.99 18 19.02 18.97 38.95 44.29 47.98 47.76 101.21 99.09 99.23 98.8

95% C.I. width 27.26 18.09 13.51 12.54 48.1 37.48 33.25 31.14 71.44 65.84 62.86 61.68

All Mut
Mean 15.44 19.61 19.89 19.65 40.77 48.4 50.1 49.67 102.14 103.01 100.57 101.04

95% C.I. width 27.18 16.71 9.35 7.55 45.79 28.26 19.51 16.84 67.94 52.96 40.78 38.48

70



3.5 Discussion and Conclusions

Mutation data can provide information about the rates of evolution, and therefore reduce the

amount of uncertainty about rates in divergence time estimation. However, less uncertainty

about rates is not guaranteed to yield comparatively less uncertainty about times. The uncer-

tainty in times depends on prior information, the rate information from the mutation data, and

the likelihood of the interspecific sequence data (Figure 3.1).

Even if branch lengths could be perfectly estimated from infinitely long sequences that

diverged via a strict clock and a known model of nucleotide substitution, variances in the

posterior distribution of rates and times will be nonzero unless there is additional fossil or

mutation information available for separating rates and times. When infinitely long sequences

and a strict clock are coupled with infinitely much mutation data, evolutionary rates and

divergence times can be identified without error.

On the other hand, if a strict clock is not valid and relaxed clocks are used, then having

an infinite amount of mutation data for one species will only help us know the rate of the tip

associated with species. The degree to which the mutation data is informative for separating

rates and times depends on the level of rate autocorrelation among branches. With rate auto-

correlation, mutation data on one tip is relatively informative about rate for adjacent branches

that separate closely related species. It becomes less informative about rates for branches that

are far from the tips where mutation data are available.

If mutation data are available for every extant species, the divergence times of Species A and

B, C and D, E and F, G and H on the balanced tree (Figure 3.2(b)) can have less associated

uncertainty by having double the amount of mutation information from both species. The

uncertainty of the deeper divergence times for other combinations of species on the balanced

tree relies on the strength of the rate signals on the tips and the level of rate autocorrelation

among branches. On the other hand, mutation data from extant species (e.g. Species H)

on the unbalanced tree (Figure 3.2(c)) can provide rate information for branches with deeper

divergence times (e.g. root-to-H branch). The shape of the underlying phylogeny could a↵ect

the rate autocorrelation structure and how mutation rate information on tips of the tree acts

on divergence time estimation. Its e↵ect is complicated and needs to be investigated case by

case.

Last but not least, mutation rates vary among chromosomes[149] and genomic regions be-

cause of di↵erences in base composition and recombination rates[150]. There are some muta-

tional hotspots within the genome (e.g. CpG sites[23, 109]), and mutation rates are generally

higher in synonymous sites in the coding regions than in noncoding regions[22]. Mutation

rates also vary among individuals[102, 109] due to environment[151, 152], parental age[109],

sex[153, 151, 154, 21] and many other factors. However, mutation data are usually collected
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from whole genome analyses. Experimentally derived mutation rates are thus averages over

di↵erent genomic regions and over di↵erent individuals, and they may not be representative

of the region used to estimate divergence times. Future research about mutation mechanism

can allow incorporation of the uncertainty in the mutation rates and improve divergence time

estimation.
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Chapter 4

Relaxing the molecular clock to

di↵erent degrees for di↵erent

substitution types

4.1 Abstract

Rates of molecular evolution can vary over time. Diverse statistical techniques for divergence

time estimation have been developed to accommodate this variation. These typically require

that all sequence (or codon) positions at a locus change independently of one another. They

also generally assume that the rates of di↵erent types of nucleotide substitutions vary across

a phylogeny in the same way. This permits divergence time estimation procedures to employ

an instantaneous rate matrix with relative rates that do not di↵er among branches. However,

previous studies have suggested that some substitution types (e.g., CpG to TpG changes in

mammals) are more clock-like than others. As has been noted by others, this is biologically

plausible given the mutational mechanism of CpG to TpG changes. Via stochastic mapping

of sequence histories from context-independent substitution models, our approach allows for

context-dependent nucleotide substitutions to change their relative rates over time. We apply

our approach to the analysis of an 0.15 Megabase region from 8 primates. In accord with previ-

ous findings, we find comparatively little rate variation over time for CpG to TpG substitutions

but we find more for other substitution types. We conclude by discussing the limitations and

prospects of our approach.
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4.2 Introduction

Molecular sequence data provide information about the amount of evolution, or the branch

lengths, between species, but they do not su�ce for disentangling rates and times. If, however,

sequences evolve at a constant rate, then inferring divergence times with fossil and molecular

data becomes relatively straightforward because separation of rates and times on one branch of

a phylogenetic tree allows separation on other branches as well. Even though the chronologically

constant rate of a molecular clock has been widely assumed in phylogenetic studies, mutations

do not arise uniformly throughout the genome and the clock ticks at di↵erent rates in di↵erent

genomic regions. In addition, di↵erent proteins may change according to their own molecular

clocks because of natural selection. Moreover, di↵erent parts within the same protein can even

evolve at distinct rates, depending on the strength of the selective constraint (either functional

or structural) at that region.

In addition to rate variation among di↵erent genomic regions, the molecular clock does

not tick at the same rate for all phylogenetic lineages. The rate at which sequences change

depends on a large number of factors (e.g., population size, generation time, mutation rate).

These factors vary among lineages. When substitution rates change over time, divergence time

estimation becomes more challenging because separation of rates and times on one part of a

phylogeny does not guarantee that rates and times can be well-separated on other parts of the

tree.

A wide variety of relaxed clock methods have been proposed and studied for facilitating this

separation[41, 9, 42, 43, 10, 44, 45, 46, 47]. One promising direction is to identify factors that

cause rate variation over time or that at least covary with this rate variation. For example,

Lartillot and Delsuc[155] have considered how life history traits such as body size might covary

with nucleotide substitution rates. By combining life history trait information of extant species

with the sequence data from these species, Lartillot and Delsuc are able to partially separate

evolutionary rates and times by exploiting covariation across a phylogeny between body size

and evolutionary rates.

Other potential ways to partially or completely separate rates and times are motivated by

other factors that a↵ect substitution rates. These include the possibility that natural selection

induces a correlation between substitution rate and e↵ective population size[156] and the ability

to better understand substitution rates by incorporating mutation data (see Chapters 2 and

3). Although diverse treatments of substitution rate variation over time are available, a typical

assumption is that the relative rates of di↵erent substitution types vary among branches on

a phylogenetic tree in relatively simple ways. For example, the rates of all substitution types

at one instant in time might be exactly some multiplicative factor of the corresponding rates

at some other instant. Alternatively, e↵ective population size might vary among branches of a
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tree so that mutation-selection balance approaches inspired by population genetics can assist

in the determination of how rates of di↵erent substitution types vary among branches (e.g., see

Yang and Nielsen[119] and Rodrigue et al.[120]).

Beyond the e↵ects of generation time and natural selection, there are compelling biological

reasons to believe that additional flexibility in substitution rate variation over time is war-

ranted. Even for a neutrally evolving sequence, variation across the phylogeny in generation

length might be insu�cient to completely explain variation across the phylogeny in substitution

rates. Although mutation rate equals substitution rate with neutral evolution[30, 31], di↵erent

mutational mechanisms underlie di↵erent types of point mutations. If mutation occurred only

in meiosis, then mutation rate variation over time might be exclusively attributable to changes

in generation length. But, this is not the situation. Some mutational mechanisms seem prone

to yielding almost clock-like substitution behavior because they can operate nearly at any time

during a life cycle whereas other mutational mechanisms are meiotic and therefore prone to

a↵ecting a sequence site only once per generation. In addition, the relative importance of

mutational mechanisms can change across a phylogeny because the genetic and environmental

components a↵ecting them can change.

Despite the fact that the molecular clock seldom holds in empirical analyses, it has been

suggested that CpG dinucleotides may evolve in a comparatively clock-like fashion in mammals

and primates[157, 158, 159]. Since DNA methylation could occur in the early development

stage of germ-line cells or embryonic cells[23], mutations associated with DNA methylation can

accumulate throughout the lifespan of germ-line cells[158]. Hwang and Green implemented a

pioneering Bayesian Markov chain Monte Carlo method that allows substitution rates to depend

on neighboring nucleotides. They observed that CpG transitions have a relatively clock-like

behavior in mammals[157]. Kim et al. noted that divergence times between the human and

chimpanzee species pair and the macaque and baboon species pair are thought to be similar,

but the human-chimpanzee pair has longer generation times. They pointed out that macaque-

baboon pair had accumulated significantly more transitions than the other pair in non-CpG

sites, probably by virtue of the generation-time e↵ect. However, inferred amounts of transition

substitutions were similar between pairs in CpG sites[158]. As emphasized by the authors of

these studies, methylation-origin mutations at CpG sites may be dependent on chronological

time rather than on time measured in generations. In other words, CpG sites might serve as

the basis of a relatively accurate molecular clock even for a phylogeny relating lineages with

diverse generation times.

Inspired by these studies on CpG substitution and also by the realization that there are

a variety of other reasons why substitution rates may vary over time di↵erently for di↵erent

substitution types, we aim to investigate the clock-like natures of di↵erent kinds of (possibly

context-dependent) nucleotide substitutions and we aim to simultaneously improve divergence
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time estimation.

4.3 Materials and Methods

4.3.1 Augmented Data Likelihood

The observed data are the homologous sequence alignment D of length N from S species.

The species are related through a rooted phylogenetic tree via a tree topology that is assumed

known. We will use the index i for sites and index j for nodes throughout the text. The root

has index 0, tips have indices j = 1, ..., S, and internal nodes have indices j = S +1, ..., 2S � 2.

A branch will have the same index as the node at its end.

Consider a specific branch j on a tree and a specific site i in a DNA sequence. Assume the

full substitution history of the DNA sequence on branch j is observed. The substitution rate

per site on branch j from site context a to nucleotide b will be µ
abj

. Here, “context” represents

both the state of the site being followed and (possibly) states at other sites. The vector µ
j

will

represent the entire collection of µ
abj

for all possible contexts a and nucleotides b on branch j.

We are interested in the product of µ
abj

and time for each branch, and we refer this product

the “substitution length” of branch j from context a to nucleotide b. Although the product can

be estimated from sequence data, rates and the branch time are confounded. We will set the

branch time at 1 for all branches. This means that the substitution length for change from a

to b is known on branch j if µ
abj

is known. Let �
aij

(�
aij

2 [0, 1]) be the proportion of time

site i has context a on branch j with �
ij

being a vector representing values of �
aij

for all a,

and let n

abij

be the number of changes from context a to nucleotide b at site i on branch j

and with n
ij

being the vector of n
abij

for all a and b. If the nucleotide substitution process is

represented as a continuous time Markov chain, then the likelihood for the observed history of

site i on branch j is

p(n
ij

,�
ij

|µ
j

, s

ij0

) =
Y

a

Y

b

µ

nabij

abj

exp{��
aij

µ

abj

}, (4.1)

where s

ij0

is the initial state of site i on branch j. The likelihood without conditioning on the

initial state s

ij0

would be

p(n
ij

,�
ij

|µ
j

, s

ij0

)p(s
ij0

|µ
j

) = p(n
ij

,�
ij

, s

ij0

|µ
j

).

One simplification that is often made when modeling molecular evolution is to assume station-

arity of the substitution process. The stationarity assumption means that the initial state s

ij0

has some information pertaining to the rate parameters. Rather than assume stationarity, we

treat p(s
ij0

|µ
j

) as free parameter. This means that Equation 4.1 summarizes the information
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about µ
j

in our likelihood.

Suppose the complete substitution history of every site is available, then the likelihood for

the observed history of all sites on branch j is then

p(n
j

,�
j

|µ
j

, s
j0

) =
Y

i

Y

a

Y

b

µ

nabij

abj

exp{��
aij

µ

abj

} (4.2)

=
Y

a

Y

b

µ

P
i nabij

abj

exp{�µ

abj

X

i

�

aij

}, (4.3)

where n
j

, �
j

and s
j0

are respectively vectors of n
ij

, �
ij

and s

ij0

. The log-likelihood is then

log p(n
j

,�
j

|µ
j

, s
j0

) =
X

i

X

a

X

b

n

abij

log{µ
ab

}� �

aij

µ

ab

(4.4)

=
X

a

X

b

N

abj

log{µ
ab

}� �
aj

µ

ab

, (4.5)

where N

abj

=
P

i

n

abij

and �
aj

=
P

i

�

aij

. By setting the first derivative to zero and solving,

we have the maximum likelihood estimates

µ̂

abj

=
N

abj

�
aj

.

In other words, the su�cient statistics of µ
abj

on branch j consists of the total time spent in

context a on branch j, �
aj

, and the number of changes from context a to nucleotide b on branch

j, N
abj

.

We can consider µ
ab

as a vector of substitution lengths of changes from context a to nu-

cleotide b on the phylogenetic tree.

µ
ab

=

0

BB@

µ

ab1

...

µ

ab(2S�2)

1

CCA = (µ
ab1

, ..., µ

ab(2S�2)

)T . (4.6)

Instead of di↵erent genes having di↵erent branch lengths, now each type of change has its own

“substitution length.” The vectors with these substitution lengths for di↵erent branches are

represented by µ
ab

for context a and nucleotide b.

Let M = {M
ij

}
1iN,1j2S�2

represent the substitution history (mutation mapping) that

generates the molecular sequence data D such that M
ij

is the substitution history at site i on

branch j. The substitution history M

ij

can be summarized by the su�cient statistics for µ
abj

:

n

abij

and �
aij

.

M

ij

= (n
abij

,�

aij

) , i = 1, 2, ..., N ; j = 1, 2, ..., 2S � 2. (4.7)
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With a context-independent model of sequence change, there are 4 possible states (A, T, C,

G) and 4⇥ 3 = 12 possible types of single nucleotide substitutions (e.g. A ! T, A ! C, etc.)

if context is not considered. If strand-symmetry is assumed so that types have the same rate

as their complement (e.g., A ! T and T ! A have an identical rate), context-independence

yields 6 types of single nucleotide substitutions: 4 transversions and 2 transitions. These 6

types of single nucleotide substitutions are listed in Table 4.1. On the other hand, there are

9 types of changes (pooling together complementary changes) and 3 states (contexts) when

classifying a site according to whether it or its complement might have a methylated C in a

CpG dinucleotide. These 9 types of changes listed in Table 4.2 include 4 transversions and 2

transitions for non-CpG sites, and 2 transversions and 1 transition for CpG sites. For instance,

the substitution length of CpG transitions (Type 9 in Table 4.2) of a branch can be inferred

by the number of CpG transitions divided by the proportion of time CpG sites were located on

that branch if the substitution history is fully observed. Similarly, the substitution length of

non-CpG G ! C and C ! G substitutions (Type 1 in Table 4.2) is computed as the number

of G ! C and C ! G substitutions in non-CpG sites divided by the proportion of time that

non-CpG C or G sites exist on that branch. Note that the way we define substitution lengths

can be applied to other types of context-dependent substitutions not discussed here. It is

possible to derive the substitution lengths for contexts considering any combinations of 5’ and

3’ neighboring nucleotides.

Table 4.1: The 6 single nucleotide substitution types. Complementary substitutions are con-
sidered as the same type.

Type Substitutions

1 G ! C & C ! G
2 G ! T & C ! A
3 T ! A & A ! T
4 T ! G & A ! C
5 G ! A & C ! T
6 A ! G & T ! C

4.3.2 Sampling Substitution Histories

The ‘substitution lengths’ of di↵erent types of substitutions provide a basis for understanding

the rates of each kind of change. This quantity is hard to estimate directly for the molecu-
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Table 4.2: The 9 context-dependent CpG substitution types. Complementary substitutions
are considered as the same type.

Type Substitutions

1 Non-CpG G ! C & C ! G
2 Non-CpG G ! T & C ! A
3 Non-CpG T ! A & A ! T
4 Non-CpG T ! G & A ! C
5 Non-CpG G ! A & C ! T
6 Non-CpG A ! G & T ! C
7 CpG G ! C & C ! G
8 CpG G ! T & C ! A
9 CpG G ! A & C ! T

lar sequence alignment, but the estimation becomes rather straightforward if the substitution

histories (mappings) can be fully observed. We therefore employ data augmentation to help

estimate the ‘substitution lengths’ of each kind of change. That is, the augmented data (unob-

served substitution histories) are constructed from the observed sequence alignment.

Diverse strategies have been developed for sampling substitution histories M conditional

upon the sequence alignment D and a vector of parameters ⌦ that represents the tree topology

and the parameters of the substitution process. Sampling histories M from the distribution

Pr

⌦

(M|D) is categorized as endpoint-conditioned sampling because the sequence data D are

observed at the endpoints (tips) of the tree. Endpoint-conditioned sampling strategies for

molecular sequence data have been evaluated by Hobolth and Stone[160] and reviewed by

Hobolth and Thorne[161]. We will not review methods for endpoint-conditioned sampling here.

The probability of a mapping conditioned on the molecular sequence alignment can be

written as

Pr

⌦

(M|D) = Pr(M|D,⌦) =
Pr(M,D,⌦)

Pr(D,⌦))
. (4.8)

However, the true values of the parameters in ⌦ are usually unknown. A mapping sampled

from the marginal distribution Pr(M|D) by integrating out all possible parameter values in ⌦

has density

Pr(M|D) =

Z

⌦

Pr(M|D,⌦)Pr(⌦|D)d⌦. (4.9)

Lartillot proposed a sampling algorithm that includes data augmentation and conjugate Gibbs

sampling to obtain samples from the joint posterior probability distribution Pr(M,⌦|D)[162]

and implemented it in the PhyloBayes software[163]. The algorithm proceeds in two alternat-

ing steps: first, drawing a substitution history conditional on the parameters in ⌦ similar to
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Nielsen’s algorithm[164], and second, resample the parameters in ⌦ by a Gibbs sampler condi-

tional on the substitution history. A Gibbs sequence is generated after repeating this process

many times, where a subset of samples of ⌦ and substitution histories are taken as draws from

the full joint posterior distribution of all parameters. The Monte Carlo estimate of any mo-

ments (e.g. mean) for the marginal distribution of the substitution histories can be directly

computed from the realizations of the Gibbs sequence.

We use the PhyloBayes software with an independent-site time-reversible model to gener-

ate the substitution histories. We then use these sampled histories to make inferences about

parameters in a richer context-dependent substitution model. We do this by replying upon

the assumption that the distribution of substitution histories is robust to substitution model

specification. In other words, we assume that the endpoint-conditioned sampled by PhyloBayes

for our data set can be treated as an endpoint-conditioned sample according to our substitution

model of interest. For data sets with long branches that generate high probabilities of multiple

changes per site or high probabilities of changes at consecutive sites, this assumption will be

problematic. For data sets with short branches and little sequence divergence, the assumption

should be more appropriate.

4.3.3 Substitution Length Estimation

The PhyloBayes[163] software implements a Markov chain Monte Carlo approach for sampling

endpoint-conditioned substitution histories M and parameters ⌦ = (l, r,⇢,⇡) from the joint

posterior distribution Pr(M,⌦|D). By only keeping a set of widely spaced realizations of map-

pings and parameters, we can generate C approximately independent and identically distributed

samples of M and ⌦ from Pr(M,⌦|D). That is,

(M(1)

,⌦(1)), ..., (M(c)

,⌦(c)), ..., (M(C)

,⌦(C))
iid⇠ Pr(M,⌦|D),

where (M(c)

,⌦(c)) is the sample from the c-th iteration.

In this notation, M(c) = {M (c)

ij

}
1iN,1j2S�2,1cC

such that M

(c)

ij

is the substitution

history of site i on branch j in the c-th iteration and has su�cient statistics that are n

(c)

abij

and

�

(c)

aij

. Note that M (c)

ij

includes the number of substitutions from context a to nucleotide b at site

i on branch j and the proportion of time site i on branch j has context a in the c-th iteration.

The ‘substitution lengths’ of changes from context a to nucleotide b on the phylogeny µ
ab

can

be estimated by maximum likelihood estimates from M(c). The maximum likelihood estimate
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of µ
ab

for iteration c is

bµ(c)

ab

=

0

BB@

bµ(c)

ab1

...

bµ(c)

ab(2S�2)

1

CCA , (4.10)

where

bµ(c)

abj

=

P
i

n

(c)

abij

P
i

�

(c)

aij

=
N

(c)

abj

�(c)

aj

. (4.11)

And we can estimate µ
ab

by

bµ
ab

=
1

C

CX

c=1

bµ(c)

ab

, (4.12)

so that

bµ
abj

=
1

C

CX

c=1

bµ(c)

abj

. (4.13)

In Section 4.5, we will discuss alternative reasonable estimators of µ
ab

.

By assuming the maximum likelihood estimates are asymptotically normally distributed, we

approximate the variance of bµ(c)

abj

for iteration c by the inverse Fisher information. This yields

the variance estimate

� 1
d

2
log p(nj ,�j |µj ,sj0)

dµ

2
ab

���
bµ(c)
abj

=
bµ(c)2

abj
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abj

=
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abj
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abj

�(c)
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. (4.14)

By the Law of Total Variance, the variance of bµ
abj

is

V ar(bµ
abj

) = V ar

h
E

⇣
bµ
abj

|M (c)

⌘i
+ E

h
V ar

⇣
bµ
abj

|M (c)

⌘i
. (4.15)

The first term can be estimated from the sample variance of bµ(c)

abj

and the second term can be

estimated from the sample average of the inverse Fisher information,
bµ(c)
abj

�

(c)
aj

.

And we can estimate the variance-covariance matrix of bµ
ab

by

d
Cov(bµ

ab

) =

0

BBBB@

d
V ar(bµ

ab1

) d
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ab1

, bµ
ab2

) · · · d
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ab1

, bµ
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, bµ
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) · · · d
Cov(bµ

ab2

, bµ
ab(2S�2)

)
...
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(4.16)

81



where

d
V ar (bµ

abj

) =
1

C � 1
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abj

� bµ
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Note that some sources of uncertainty are unfortunately not included in the estimates. For

instance, we do not include uncertainty due to using substitution histories that are not generated

from a context-dependent model.

4.3.4 Divergence Time Estimation

Multidivtime is a Bayesian MCMC program for estimating divergence times on a known rooted

phylogeny with a relaxed autocorrelated clock model[9, 10, 165]. Data sets consisting of multiple

genes can be analyzed in Multidivtime by assuming a common set of divergence times but

allowing independent rate trajectories for each gene. Multidivtime takes a two-step procedure

to estimate species divergence times from multigene data sets. First, it estimates branch lengths

via maximum likelihood and uses the curvature of the log-likelihood surface to estimate a

variance-covariance matrix between the branch length estimates for each gene. Second, it adopts

an MCMC procedure to sample divergence times and rates by approximating the likelihood

surface with a multivariate normal distribution for each gene, which is determined by the

branch length estimates and the variance-covariance matrix obtained in the first step.

In this study, we use Multidivtime for data sets where ‘substitution lengths’ vary among

substitution types rather than data sets where branch lengths vary among genes. By sampling

the substitution histories from PhyloBayes, the substitution lengths and the associated variance-

covariance matrix can be estimated as described above for each kind of nucleotide substitution.

Di↵erent kinds of nucleotide substitutions are treated by Multidivtime in the same way as it

treats di↵erent genes that share the same set of divergence times. Just as Multidivtime allows

the rate trajectories of di↵erent genes to independently vary over the phylogeny and just as

it allows some genes to change rate in a more clock-like fashion than others, our analyses

with Multidivtime have di↵erent substitution types change rate independently and allow some

substitution types to be more clock-like than others. A weakness of Multidivtime that exists

for multigene analyses is that it ignores the possibility of correlated rate changes among genes.

Likewise, a weakness of our analyses of changing substitution rates over time is that correlated

changes in rate among substitution types are biologically plausible but Multidivtime assumes

the rates change independently. An additional shortcoming of using Multidivtime for studying

substitution rate change is the treatment of variance and covariance structure of estimated
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substitution lengths. Whereas Multidivtime can account for covariances in estimation error

of substitution lengths among branches for each substitution type, its current implementation

assumes no covariance in estimation error among among substitution types.

4.3.5 Data and Settings in PhyloBayes

We explored the clock-like fashion of CpG transitions using a subset of previously studied data

set from Kim et al.[158]. We obtained sequence data from 9 species of primates orthologous to

human Chromosome 16 (hg19.chr16:60842337-61130970) from Multiz alignments of 100 verte-

brates in UCSC genome browser[123]. The nine species of primates analyzed are related through

a phylogenetic tree in Figure 4.1 and bushbaby is the outgroup species. All the analyses are

done with the fixed tree topology in Figure 4.1. These 9 species were selected because they

yield a phylogeny for which branches are long enough to yield substantial information about

substitution lengths but short enough to lessen the chance of multiple substitutions per site

and avoid serious concerns about alignment uncertainty.

Because CpG islands are usually free of methylation and not hypermutable[23], the substi-

tution process for these regions is not similar to CpG dinucleotides in the rest of the genome.

Therefore, CpG islands with the following conditions are removed from the analysis: GC con-

tent of 50% or greater, length greater than 200 bp, observed/expected CpG content greater than

0.6. Similarly, positions in the exons and repetitive elements (identified by RepeatMasker[125])

are excluded from the analysis in the hope of obtaining neutrally evolving regions. The final

data set contains approximately 115 Kb for each species and the proportion of CpG sites is

around 1%.

We used the GTR [55] with four categories discrete gamma distributed rate model[66] to

generate the substitution histories. The substitution process is characterized by a vector of

parameters ⌦ = (l, r,⇢,⇡). The branch lengths are noted l = {l
j

}
1j2S�2

. Rate heterogeneity

among sites is modeled by a discrete-gamma distribution[66], and r = {r
i

}
1iN

are the relative

rates for each site. ⇢ = {⇢
ab

}
1a,b4

is the relative exchangeability between states and define

⇢

ab

= ⇢

ba

if a > b. The stationary probability of each state is ⇡ = {⇡(a)}
1a4

such that
P

a

⇡(a) = 1.

The priors for parameters in ⌦ in PhyloBayes are specified as follows. Branch lengths l are

i.i.d. from an exponential prior of mean �, which itself has an exponential prior of mean 0.1.

The discrete-gamma distribution of rate variation among sites r is parameterized by a shape

parameter ↵, with an exponential prior of mean 1. The exchangeability parameters ⇢ are i.i.d.

from an exponential of mean 1. And finally, the stationary probability of each nucleotide state

⇡ has a flat Dirichlet prior.
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Figure 4.1: Phylogenetic tree for nine primate species used in the divergence time estimation
analyses. There are 8 ingroup taxa with an outgroup species, bushbaby, to root the tree in the
analyses. Nodes are labeled from 0 to 14. The “true” divergence times for nodes are obtained
from TimeTree[4, 5] and indicated by the time line with time unit in one million years.

4.4 Results

4.4.1 Substitution Lengths for Each Type of Substitutions

We investigate the degree of deviation from clock-like behavior of each type of substitutions by

first checking the substitution lengths of each type. If the rate of certain types of substitution

is constant over time, then the root-to-tip substitution lengths for that type are expected to be

similar for all lineages. The substitution lengths for context-dependent and context-independent

substitution types are estimated from a sample of substitution histories from PhyloBayes. The

root-to-tip substitution lengths for all lineages are computed and normalized so that the average

root-to-tip substitution length within the same substitution type is 1. The normalized root-

to-tip substitution lengths are summarized in Figure 4.2 and Figure 4.3. These figures were

inspired by corresponding figures from Hwang and Green[157].

Among all lineages, the root-to-marmoset and root-to-squirrel monkey substitution lengths

are always the greatest, regardless of substitution types. Also, the root-to-human and root-

to-orangutan substitution lengths are always the smallest. Species within the same clade and

therefore similar generation times and body sizes tend to have similar root-to-tip substitution

lengths. This observation is consistent with the generation-time e↵ect such that rates of lineages

with relatively shorter generation times are elevated. Even though this phenomenon is relatively

minor for CpG transitions (Type 9), it reveals that CpG sites are still subject to mutations
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other than methylation-origin, e.g. replication errors.

The average root-to-tip substitution lengths for each substitution type before normalization

imply the rate of each type of substitution. For context-dependent substitutions, Type 9 (CpG

transitions) has the highest rate, while Type 3 (non-CpG T!A and A!T) and Type 4 (non-

CpG T!G and A!C) have the lowest rate. Moreover, CpG sites are mutational hotspots

so that the rates at CpG sites are accelerated. The CpG transition rate (Type9) is much

higher than non-CpG transition rates (Type 5 and Type 6). Furthermore, CpG transversion

rates (Type 7 and Type 8) are also much higher than non-CpG transversion rates (Type 1

and Type 2). Kong et al.[109] suggested that the high CpG transversion rate stems not only

from hypermutable CpG sites, but also from mutational bias favoring mutations that decrease

G+C content. As a matter of fact, CpG transversion rates are actually comparable to non-CpG

transition rates. For context-independent substitutions, transition rates (Type 5 and Type 6)

are higher than transversion rates (Type 1 - Type 4), while Type 5 (G!A and C!T) is the

highest among all. This observation is consistent with the hypothesis that mutation is bias

toward A+T content[166, 167].

The spread of the root-to-tip substitution lengths (quantified by the variance after normal-

ization) reflects the degree of deviation from clock-like behavior. Among all context-dependent

substitution types, Type 9 (CpG transitions) has the smallest variance after normalization,

showing that it is the most clock-like. Following CpG transitions, Type 8 (CpG G!T and

C!A) has the second smallest variance after normalization. This suggests that CpG sites are

more clock-like than non-CpG sites, but the other transversion types for CpG site, Type 7 (CpG

G!C and C!G), have a large normalized variance for the root-to-tip substitution lengths. In

addition, Type 1 (non-CpG G!C and C!G) and Type 6 (non-CpG A!G and T!C) have

relatively small variances, meaning they are more clock-like than other types. In fact, Type

1 (G!C and C!G) and Type 6 (A!G and T!C) are also the most clock-like among all

context-independent single nucleotide substitutions. This result, nevertheless, does not agree

with the observations of Kim et al.[158] that transversions exhibit less generation-time e↵ect

and were more clock-like than transitions.

4.4.2 Divergence Time and Substitution Rate Estimates

The divergence times and substitution rates of the phylogeny in Figure 4.1 were estimated

by considering one substitution type per analysis and by jointly considering the collection of

a strand-symmetric context-dependent subsetitution types. The divergence times were also

estimated from Multidivtime and BEAST with conventional analyses that have all substitution

types change rate in the same way on each branch. For the purposes of comparison, the root time

prior for all analyses was tight and was gamma with mean 44.2 Myr and standard deviation 0.1
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Myr. For all Multidivtime analyses, the lognormal autocorrelated relaxed clock model (ACLD)

was employed. The root rate had a gamma prior with mean and standard deviation 0.0012.

The actual marginal priors on divergence times were formed by the combination of the root

time prior and a Dirichlet process. The autocorrelation parameter in the ACLD model assumed

a gamma prior with mean and standard deviation 0.023, which is the inverse of the prior root

time. For BEAST analyses, either the strict clock or the uncorrelated lognormal relaxed clock

(UCLD) was selected. For the strict clock case, the single rate of the phylogeny had the same

prior as the root rate prior in Multidivtime analyses, while for the UCLD case the mean rate

had that prior. In addition to the root time prior, a birth-death process was assigned for the

priors on divergence times in BEAST analyses. The mean growth rate had a uniform (0, 100000)

prior and the relative death rate had a uniform (0, 1) prior. Rate heterogeneity among sites was

modeled by a four-category discrete-gamma rate model with an exponential prior with mean

0.5 for the gamma shape parameter.

The divergence time estimates and 95% credible intervals are listed in Table 4.3 and Ta-

ble 4.4. Because the root time had a very tight prior, the estimated root times are not reported

here. For Bayesian divergence time estimation, all the information for separating rates and

times comes from their prior distribution. Since there exists little knowledge about the pat-

terns of rate change and hence the prior on rates poorly characterized the rate change pattern,

substitutions that evolve at a relatively constant rate are expected to give better divergence time

estimates. This prediction is indeed consistent with the divergence time estimates from using the

CpG transitions only, which outperforms all other analyses in terms of precision and accuracy.

On the other hand, substitution types that occurred less frequently (e.g. CpG transversions)

would have greater uncertainty associated with the estimated substitution lengths, and thus

their divergence time estimates have greater uncertainty as well.

The divergence time estimates from combined analysis for context-dependent substitutions

are dominated by less clock-like non-CpG substitutions, because non-CpG sites occupy about

99% in the sequence alignment. If the proportion of clock-like substitution types in the sequence

alignment increases, the divergence time estimates from the combined analysis would improve.

The combined analysis assumed 9 genes (substitution types) and came with smaller uncertainty

for divergence times than the Multidivtime analysis with the sequence data directly, even though

they both presume the ACLD model. The BEAST analysis with a strict clock results in very

tight 95% credible intervals for all times, but their posterior means depart from the “true”

times in TimeTree[4, 5]. The posterior means of divergence times from BEAST UCLD analysis

are similar with the strict clock analysis, but because it allows rates to vary among branches,

the 95% credible intervals are wider.

For the purpose of demonstrating chronological substitution rate pattern for each type of

substitution, we placed constraints on all divergence times on the phylogeny with the “true” time
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and re-estimated the divergence times and substitution rates from Multidivtime by separately

analyzing each type of context-dependent substitutions. The inferred chronological substitution

rates for each branch and each substitution type are presented in Figure 4.4. The chronological

substitution rates for CpG substitutions are higher than non-CpG substitutions. To better

visualize the pattern of chronological substitution rates, the inferred rates are normalized so

that within type average is 1 and shown in Figure 4.5. It shows that the inferred rates among

branches are more constant for CpG transitions (Type 9), followed by Type 1, Type 6 and

Type 8 substitutions. This is consistent with the variance of normalized root-to-tip substitution

lengths.
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Figure 4.2: Normalized root-to-tip substitution lengths for each type of context-dependent
substitutions. Types are defined in Table 4.2. Root-to-tip substitution lengths are normalized
so that within type average substitution length is 1. The normalized root-to-tip substitution
lengths for each lineage are labeled with di↵erent colors. The average root-to-tip substitution
lengths for each type before normalization are reported as well as the variance after normaliza-
tion.
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Table 4.3: Divergence time estimates for context-dependent substitutions. The means and the widths of the 95% posterior CIs
of divergence times are reported. The nodes are labeled as in Figure 4.1 and the “true” divergence times are obtained from
TimeTree[4, 5] and listed in Table 4.4. The types of the context-dependent substitutions are defined in Table 4.2. The third to
the eleventh columns represent the results from Multidivtime and each type of context-dependent substitutions were analyzed
separately. The last column represents the results from Multidivtime and all types of context-dependent substitutions were
treated as di↵erent genes and analyzed jointly.

Node “True” time Type Combined
1 2 3 4 5 6 7 8 9

8 18.8 17.63 16.92 17.61 18.73 17.24 18.97 15.27 15.69 17.48 17.42
(14.99,20.69) (14.02,21.03) (14.98,20.95) (15.75,22.66) (14.73,20.56) (16.91,21.44) (8.07,25.46) (9.62,23.46) (14.44,20.71) (16.5,18.36)

9 8.8 6.26 6.48 6.5 5.88 7.16 6.38 5.88 4.68 7.55 6.04
(4.53,8.88) (4.14,10.88) (4.55,9.61) (4.07,8.91) (5.1,10.48) (4.98,8.37) (1.7,13.53) (1.82,9.9) (5.65,9.97) (5.43,6.7)

10 11.5 9.37 9.58 9.99 10 10.72 10.28 8.09 5.85 11.7 9.43
(7.06,12.94) (6.36,15.46) (7.3,14.2) (7.25,14.32) (7.93,15.01) (8.31,13.06) (3.11,17.04) (2.56,11.98) (9.13,14.84) (8.6,10.33)

11 15.1 19.11 18.77 17.64 19.9 19.81 20.42 15.87 12.12 16.56 18.48
(15.86,23.47) (14.51,24.68) (13.99,22.55) (15.81,25.35) (16.05,24.51) (17.73,23.69) (8.51,26.92) (6.89,20.64) (13.47,20.16) (17.27,19.73)

12 18.8 21.3 20.14 19.85 22.22 21.62 22.7 17.31 13.53 18.98 20.46
(17.89,25.69) (15.7,26.13) (15.97,24.89) (17.94,27.68) (17.74,26.35) (19.89,26.07) (9.66,28.6) (7.94,22.38) (15.67,22.78) (19.17,21.75)

13 29.6 30.99 30.45 30.29 31.72 31.26 31.77 24.8 22.47 30.01 30.41
(27.94,34.35) (26.6,34.89) (26.87,33.99) (28.13,35.47) (28.01,34.66) (29.4,34.28) (16,36.33) (15.24,31.87) (26.72,33.47) (29.3,31.5)
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Table 4.4: Divergence time estimates for single nucleotide substitutions. The means and the widths of the 95% posterior CIs
of divergence times are reported. The nodes are labeled as in Figure 4.1 and the “true” divergence times are obtained from
TimeTree[4, 5]. The types of the single nucleotide substitutions are defined in Table 4.1. The third to the eighth columns
represent the results from Multidivtime and each type of single nucleotide substitutions were analyzed separately. The ninth
column represents the results from Multidivtime and all types of context-dependent substitutions were treated as di↵erent genes
and analyzed jointly. The last three columns represent the results from Multidivtime and BEAST (with a strict clock and with
an uncorrelated lognormal relaxed clock) using the sequence alignment directly.

Node “True” time Type Combined Multidivtime BEAST BEAST
1 2 3 4 5 6 (clock) (UCLD)

8 18.8 17.12 17.38 17.4 18.63 17.26 18.96 17.65 17.69 23.41 23.22
(15.14,19.39) (14.09,21.87) (15.06,20.19) (16.00,22.16) (14.98,20.09) (17.02,21.36) (16.74,18.62) (15.83,20.05) (22.93,23.94) (18.26,27.86)

9 8.8 6.11 7.02 6.34 5.73 7.27 6.38 6.17 6.41 5.44 5.58
(4.82,8.05) (4.36,12.00) (4.68,8.84) (4.15,8.37) (5.4,10.03) (5.12,8.42) (5.56,6.90) (5.00,8.51) (5.22,5.67) (4.3,7.02)

10 11.5 9.08 10.17 9.8 9.84 10.92 10.27 9.72 9.99 8.48 8.82
(7.33,11.67) (6.52,16.61) (7.48,13.35) (7.38,13.81) (8.32,14.58) (8.42,13.12) (8.85,10.72) (7.98,12.98) (8.21,8.74) (7.18,10.61)

11 15.1 19.1 19.58 17.54 19.98 19.51 20.48 19.15 19.34 13.13 13.88
(16.57,22.46) (14.86,25.66) (14.3,21.54) (16.23,24.63) (16.09,23.62) (17.91,23.84) (17.92,20.45) (16.51,22.81) (12.69,13.48) (10.91,16.83)

12 18.8 21.21 20.94 19.75 22.29 21.43 22.74 21.2 21.4 14.75 15.37
(18.59,24.55) (16.02,27.05) (16.32,23.99) (18.31,27.04) (17.82,25.58) (20.07,26.18) (19.9,22.56) (18.43,24.92) (14.39,15.1) (12.32,18.38)

13 29.6 30.68 30.81 30.19 31.7 31.18 31.78 30.93 31.02 24.38 24.36
(28.28,33.37) (26.69,35.19) (27.19,33.39) (28.48,35.05) (28.09,34.2) (29.55,34.28) (29.86,31.98) (28.5,33.69) (23.9,24.81) (20.96,27.97)
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4.4.3 Simulation

To evaluate our method, especially the assumption that the distribution of substitution histories

is robust to substitution model specification, we performed a simulation. A simulated data set

was generated using the human sequence as the root sequence and the same tree topology from

the real data set. The sequences were simulated using the estimated substitution lengths for

each context-dependent substitution type on each branch. The simulated data set has about

the same proportions of CpG, non-CpG C+G, and non-CpG A+T sites as the real data set.

We then sampled the substitution histories from PhyloBayes and estimated the substitution

lengths for each context-dependent substitution type as the real data analysis.

First, we used the estimated conventional branch lengths, which represent the expected

number of substitutions per site on branches, to check if the substitution model is sensitive. We

estimated the branch lengths from a sample of substitution histories by counting the number of

substitutions on each branch. The branch lengths can also be estimated from other phylogenetic

software (e.g. PAML[12]), and those estimates are similar to our estimates from sampling

substitution histories (results not shown). The branch lengths of the real and the simulated

data are similar and are listed in Table 4.5.

The root-to-tip substitution lengths for each context-dependent substitution type are com-

pared between the real and the simulated data set in Figure 4.6. The substitution lengths are

generally consistent between the real and the simulated data set, except that the root-to-tip

substitution lengths for CpG transitions in the simulated data set are slightly less than those

in the real data set. Since the CpG transition rate is significantly high, it may have multiple

substitutions per site occurred when simulating the sequences, which are hard to be detected

and led to smaller CpG substitution lengths. In general, it suggests that substitution histories

are relatively insensitive to misspecification of the substitution model.

The divergence time estimates for the simulated data set are listed in Table 4.6. Similar

to the real data analyses, the divergence time estimates for CpG transitions outperform other

types of substitutions, with the exception in the divergence time between human and rhesus.

This relatively deep divergence time on the phylogeny is vulnerable to multiple substitutions

per site and it becomes di�cult to estimate for CpG transition analysis.
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Figure 4.4: Estimated substitution rates at nodes for each type of substitutions with time
constraints for all nodes. Rates were normalized so that within-type average is 1. Horizontal
and vertical bars indicate 95% credible intervals.
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Figure 4.4: Estimated substitution rates at nodes for each type of substitutions with time
constraints for all nodes. Rates were normalized so that within-type average is 1. Horizontal
and vertical bars indicate 95% credible intervals.

93



0 2 4 6 8 10 12 14

0.
00

02
0.

00
06

0.
00

10

Type 7

Node

R
at

e 
at

 n
od

e

0 2 4 6 8 10 12 14

0.
00

05
0.

00
10

0.
00

15

Type 8

Node
R

at
e 

at
 n

od
e

0 2 4 6 8 10 12 14

0.
00

4
0.

00
5

0.
00

6
0.

00
7

0.
00

8
0.

00
9 Type 9

Node

R
at

e 
at

 n
od

e

Figure 4.4: Estimated substitution rates at nodes for each type of substitutions with time
constraints for all nodes. Rates were normalized so that within-type average is 1. Horizontal
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Figure 4.5: Estimated substitution rates at nodes for each type of substitutions with time
constraints for all nodes. Rates were normalized so that within-type average is 1. Horizontal
and vertical bars indicate 95% credible intervals.
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Figure 4.5: Estimated substitution rates at nodes for each type of substitutions with time
constraints for all nodes. Rates were normalized so that within-type average is 1. Horizontal
and vertical bars indicate 95% credible intervals.
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Figure 4.5: Estimated substitution rates at nodes for each type of substitutions with time
constraints for all nodes. Rates were normalized so that within-type average is 1. Horizontal
and vertical bars indicate 95% credible intervals.
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Table 4.5: Comparison of the branch lengths from the real and the simulated data. The
branches are labeled in Figure 4.1. The branch lengths are estimated from a sample of substi-
tution histories by counting the number of substitutions for each branch.

Branch 0 1 2 3 4 5 6

Real data set 0.017334405 0.018901747 0.021634821 0.008157588 0.008328057 0.013420232 0.034580416
Simulated data set 0.016930604 0.018891276 0.021600704 0.007794052 0.008389608 0.013761355 0.036239078

Branch 7 8 9 10 11 12 13

Real data set 0.033825342 0.04274415 0.004759923 0.027628383 0.002071451 0.01109103 0.016625831
Simulated data set 0.033225726 0.044344769 0.004548446 0.028231608 0.002105073 0.010993123 0.016636274
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Figure 4.6: Comparison of the root-to-tip substitution lengths for each type of context-
dependent substitutions between the real and the simulated data set. Substitution types are
defined in Table 4.2 and labeled with di↵erent symbols. Each point represents the log root-to-
tip substitution length in the real and the simulated data set for a particular substitution type.
The substitution lengths are generally consistent between the real and the simulated data set,
except that the root-to-tip substitution lengths for CpG transitions in the simulated data set
are slightly less than those in the real data set.
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Table 4.6: Divergence time estimates for context-dependent substitutions for the simulated data set. The means and the widths
of the 95% posterior CIs of divergence times are reported. The nodes are labeled as in Figure 4.1. The types of the context-
dependent substitutions are defined in Table 4.2. The third to the eleventh columns represent the results from Multidivtime and
each type of context-dependent substitutions were analyzed separately. The last column represents the results from Multidivtime
and all types of context-dependent substitutions were treated as di↵erent genes and analyzed jointly.

Node Truth Type Combined
1 2 3 4 5 6 7 8 9

8 18.8 18.36 17.14 17.73 17.04 17.24 18.54 13.18 18.12 16.94 17.23
(15.44,22.37) (14.31,20.92) (15.13,21.24) (14.13,20.98) (14.71,20.51) (16.35,21.26) (6.83,22.3) (11.92,25.75) (13.95,20.2) (16.32,18.17)

9 8.8 7.33 6.37 6.33 5.52 6.99 6.79 6.5 4.14 7.61 6.18
(5.07,11.38) (4.07,10.61) (4.37,9.63) (3.74,8.57) (5.02,10.13) (5.18,13.91) (1.64,15.58) (1.49,10.06) (5.61,10.21) (5.52,6.9)

10 11.5 10.03 9.38 9.49 9.24 10.8 10.67 9.13 4.67 11.05 9.49
(7.22,14.86) (6.29,14.86) (6.8,13.93) (6.6,13.75) (8.02,15.04) (8.4,13.91) (3.26,19.88) (1.81,11.15) (8.45,14.26) (8.57,10.46)

11 15.1 19.7 19.33 17.24 20.82 20.46 20.17 16.8 9.36 15.66 18.76
(15.89,24.99) (15.14,24.75) (13.47,22.57) (16.67,26.2) (16.64,24.98) (17.13,23.82) (8.76,27.75) (3.94,19.24) (12.63,19.31) (17.46,20.09)

12 18.8 21.67 20.86 19.4 23.44 22.37 22.59 17.95 11.4 17.88 20.8
(17.73,27.09) (16.54,26.45) (15.43,24.9) (19.13,28.92) (18.4,27.04) (19.37,26.35) (9.61,29.11) (5.25,21.99) (14.67,21.72) (19.44,22.19)

13 29.6 31.78 31.93 29.24 31.99 31.95 31.84 28.4 21.73 25.83 30.64
(28.47,35.66) (28.31,35.72) (25.7,33.31) (28.38,35.79) (28.71,35.23) (29.19,34.57) (18.79,39.02) (14.36,31.13) (22.41,29.54) (29.29,31.78)
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4.5 Discussion and Conclusions

Unfortunately, complete substitution histories and therefore the N

abj

and �
aj

values are not

observed when phylogenetically related interspecific data sets are collected. Instead, only the

sequences at the tips of a rooted evolutionary tree are observed. This lack of complete infor-

mation makes the inference problem more challenging. Since allowing di↵erent substitution

types to have di↵erent clocks is computationally daunting with context-dependent substitu-

tion, we provide another non-ideal solution. In this study, we collect substitution histories

of homologous sequences according to their posterior distribution using context-independent

substitution model via PhyloBayes[163]. These substitution histories are then used to infer

context-dependent rates on each branch. Instead of di↵erent genes having di↵erent branch

lengths, now we have di↵erent kinds of nucleotide substitutions with di↵erent ‘substitution

lengths’. The substitution types share the same set of divergence times, but each substitu-

tion types has its own rate trajectory on the phylogeny. The substitution lengths and the

associated uncertainty for each substitution type can be approximated given the substitution

histories. And finally, the divergence times and chronological substitution rates of each kind

of substitutions are estimated with a relaxed molecular clock using another MCMC software,

Multidivtime[9, 10, 165].

Another possible approach is to consider a Monte Carlo EM algorithm. Assuming the rooted

tree topology is known, an expectation-maximization approach to maximizing the likelihood

would proceed by specifying the initial guesses µ(0)

abj

for the parameter values. Thereafter, new

parameter estimates µ

(k+1)

abj

for iteration k + 1 could be obtained by finding the values of µ
abj

that maximize

E

h
log p(n

j

,�
j

|µ
j

, s
j0

)|µ(k)

abj

i
=
X

a

X

b

E

h
N

abj

|µ(k)

abj

i
log{µ

ab

}� E

h
�
aj

|µ(k)

abj

i
µ

ab

. (4.19)

However, the expectations E[N
abj

|µ(k)

abj

] and E[�
aj

|µ(k)

abj

] are di�cult to analytically deter-

mine. A Monte Carlo EM approach[168, 169] would instead sample a large number of sub-

stitution histories M(1)(k), ..., M(C)(k) from Pr(M|D,µ(k)

ab

). Each substitution history M(c)(k)

would be associated with its own values of the su�cient statistics N (c)

abj

and �(c)

aj

for all branches.

The sample means would then be substituted for the expectations in Equation 4.19 so that the

values of µ(k+1)

abj

would maximize

X

a

X

b

P
C

c=1

N

(c)

abj

C

log{µ
ab

}�
P

C

c=1

�(c)

aj

C

µ

ab

.

Endpoint-conditioned sampling of substitution histories conditional on the observed data
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has received increasing attention in statistical and molecular evolutionary literature[164, 170,

171, 162, 172, 173, 174, 175, 169, 160, 176, 177], but we instead choose to make a cruder approx-

imation than would be obtained by Monte Carlo EM. The advantages of our approximation is

feasibility of implementation and computation. Our approach is simply to sample mappings

M(1), ..., M(C) from a simple and computationally tractable distribution and to then assume

that these histories are actually sampled from Pr(M|D,µ
ab

). We then estimate µ

abj

as

1

C

CX

c=1

N

(c)

abj

�(c)

aj

.

While this estimator may be less promising than
P

c N
(c)
abjP

c �
(c)
aj

, the sampling distribution of our

estimator can be asymptotically normal with its variance approximated by the law of total

variance.

Our results indicate that CpG transitions occurred at a higher rate and are more clock-like

than other types of substitutions in primates. The CpG transition analysis performs better than

other analyses in estimating the primate divergence times. In addition, the degree to which

other substitution types change rates over time can be diverse. It suggests that divergence time

analyses should not assume that all substitution types change rates over time in the same way.

Our approach allows other types of context-dependent rates not included in this study to be

investigated. Future research direction includes sampling substitution histories directly from a

context-dependent substitution model.

4.6 Appendix

The inferred substitution rates for each type of context-independent substitutions on each

branch are presented in Figure 4.7. Complementary substitutions are placed side-by-side so

that it is easier to check if combining complementary substitutions are reasonable. In general,

the inferred substitution rates for complementary substitutions are alike except the inferred

rate of G!C and C!G are di↵erent for some branches.
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Figure 4.7: Estimated substitution rates at nodes for each type of single nucleotide substitu-
tions with time constraints for all nodes. Horizontal and vertical bars indicate 95% credible
intervals.
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Chapter 5

Modeling Extensions

The mutation model implemented in Chapter 2 and Chapter 3 requires some assumptions about

the mutation data or the sequence data. In this chapter, the mutation model is extended to

relax some of the assumptions.

5.1 Incorporation of uncertainty in generation times in the mu-

tation model

One of the possible extensions to the mutation model described in Chapter 2 is to relax the

assumption of fixed known generation times.

Let R be branch rates and T be divergence times for the phylogenetic tree. Let X be

the interspecific homologous aligned sequence and M be the mutation data on one branch.

Moreover, we have one extra parameter g, which denotes the generation time of the branch

with mutation data. The calculation of the likelihood of the aligned sequence data does not

depend on generation time g.

P (R, T, g|X) / P (X|R, T )P (R, T, g) = P (X|R, T )P (R|T )P (T )P (g). (5.1)

Then,

P (R, T |X) =

Z

g

P (R, T, g|X)dg /
Z

g

P (X|R, T )P (R|T )P (T )P (g)dg (5.2)

= P (X|R, T )P (R|T )P (T )

Z

g

P (g)dg = P (X|R, T )P (R|T )P (T ). (5.3)
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For cases where mutation data is present,

P (R, T, g|X,M) / P (X,M |R, T, g)P (R, T, g) = P (X|R, T )P (M |R, g)P (R|T )P (T )P (g).

(5.4)

Then,

P (R, T |X,M) =

Z

g

P (R, T, g|X,M)dg /
Z

g

P (X|R, T )P (M |R, g)P (R|T )P (T )P (g)dg (5.5)

= P (X|R, T )P (R|T )P (T )

Z

g

P (M |R, g)P (g)dg. (5.6)

Let us denote R = {R⇤
, R

C

}, where R

⇤ is the rate of the branch corresponding to tips with

mutation data, and R

C

are the branch rates of the rest. Assuming the number of mutations

per site per generation y in a total of m bases screened follows a Poisson distribution, then

P (M |R, g) = P (M |R⇤
, g) =

(m⇥R

⇤ ⇥ g)y exp{�m⇥R

⇤ ⇥ g}
y!

. (5.7)

If we assign a gamma prior for the generation time with a shape parameter ↵ and a rate

parameter �, then the prior density for the generation time is

P (g) =
�

↵

�(↵)
g

↵�1

e

��g

. (5.8)

The prior mean and the variance of the generation time is ↵

�

and ↵

�

2 , respectively. We can now

simplify the integral in Equation (5.6) as follows.

Z

g

P (M |R, g)P (g)dg =

Z

g

(m⇥R

⇤ ⇥ g)y exp{�m⇥R

⇤ ⇥ g}
y!

⇥ �

↵

�(↵)
g

↵�1

e

��g

dg (5.9)

=

Z 1

0

(m⇥R

⇤)y�↵

�(y + 1)�(↵)
⇥ g

y+↵�1

e

�(m⇥R

⇤
+�)g

dg (5.10)

=
(m⇥R

⇤)y�↵

�(y + 1)�(↵)

Z 1

0

g

y+↵�1

e

�(m⇥R

⇤
+�)g

dg (5.11)

=
(m⇥R

⇤)y�↵

�(y + 1)�(↵)
⇥ �(y + ↵)

(m⇥R

⇤ + �)y+↵

(5.12)

=
1

y ⇥B(y,↵)
⇥ (m⇥R

⇤)y�↵

(m⇥R

⇤ + �)y+↵

(5.13)

In other words, we replace the Poisson model of the mutation data by a new model in

Equation 5.13. It takes parameters: number of mutations per site per generation, branch rate

R

⇤, total number of bases scanned, and ↵ and � for specifying the prior distribution of the

generation time.
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5.2 Incorporation of false negative rate in the mutation model

The false negative rate refers to the mutations that have occurred but failed to be detected

in the experiments to derive mutation rates. The uncertainty in the base-calling algorithm to

count mutations can be incorporated in the mutation model described in Chapter 2.

Let p be the probability that a mutation that occurred is detected, and therefore the false

negative rate is 1 � p. One way to model the false negative rate is to assume the number of

mutations detected in the experiment is Poisson with mean equal to the product of the true

mutation rate and the probability that a true mutation is detected. That is,

P (M |R, p) =
(m⇥R⇥ g ⇥ p)y exp{�m⇥R⇥ g ⇥ p}

y!
, (5.14)

where R is the mutation rate per site per year, g is the generation time in years, and y is the

number of mutations detected in a total of m bases assayed.

Another method to incorporate the false negative rate is as follows. The number of muta-

tions Y that occurred in a total of m bases scanned is the sum of the mutations that occurred

and were detected (true positives), y
TP

, and the mutations that occurred but were not detected

(false negatives), y
FN

.

Y = y

TP

+ y

FN

. (5.15)

We assume the true positives y
TP

is binomial so that the number of trials is Y and the proba-

bility of success in each trial is p. Then the likelihood of observing y mutations in a total of m

bases scanned in the experiment is

Pr(y
TP

= y|m, p) =
mX

i=y

✓
i

y

◆
(i� y)1�p

y

p

exp{�m⇥R⇥ g}(m⇥R⇥ g)i

i!
(5.16)

=
mX

i=y

1

(i� y � 1)!y!

✓
y

i� y

◆
p

exp{�m⇥R⇥ g}(�m⇥R⇥ g)i. (5.17)

This likelihood can replace the Poisson mutation likelihood but it is more computationally

intensive.

5.3 Relaxing the neutral assumption of the mutation model by

a mutation-selection balance model

The neutral assumption allows substitution rates and mutation rates to match so that mutation

data could directly be informative for substitution rates. This assumption restricts our mutation

model to be only applied to neutrally evolving regions. The mutation-selection balance model
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(e.g. Halpern and Bruno[115]) provides a possible solution to relax the neutral assumption.

The rate of a particular nucleotide substitution R

ij

from nucleotide i to j can be expressed as

the product of the mutation rate, µ
ij

, and the fixation probability, Pr(Z
ij

). With low mutation

rates, the fixation probability is a function of the product of the e↵ective population size, N
e

,

and the relative fitness di↵erence between nucleotides before and after the substitution, s[115].

Pr(Z
ij

) ⇡ 2s

1� exp{�2N
e

s} .

And this product N
e

s can be inferred from interspecific sequence data. Therefore, we could link

substitution rate to mutation rate by scaling the mutation rate with the fixation probability.

Note that the mutation rate µ

ij

is specified for nucleotides before and after the substitution in

the mutation-selection balance model. Future mutation data containing information for each

type of mutation might shed light on substitution rates of each kind through the mutation-

selection balance model.
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