
2

d�1

n and 8

d�1

n edges in the Voronoi dual. The lower bound of Theorem 1 for

k = 1 is equal to the expected number of edges of the Gabriel graph, and agrees

with Devroye's results [2]. When k > 1, the Gabriel ball can extend arbitrarily

far from the sites that de�ne it, and this apparently makes it impossible to

extend our results to the broad classes of distributions Devroye treated for

k = 1.

One is perhaps the only value of k for which Theorem 3 has practical sig-

ni�cance: When k = 1, 2, 3, and 4, Theorem 2 gives tighter bounds for d � 12,

65, 372, and 1958 respectively. We hope that others can improve the bases of

our \merely exponential" bounds, as the gaps between upper and lower bounds

are unsatisfying large even when d and k are small.
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5 Numerical Results.

Numerical estimates of the upper and lower bounds on C

k;d

were computed for

1 � k � d � 15 using the Mathematica computer algebra system [10]. Values of

C

k;d

for 1 � k � d � 7 are given in Table 1. Upper and lower bounds are given

below and above the main diagonal respectively, i.e., an upper bound on C

3;5

is found in column 3, row 5, and a lower bound is found in row 3, column 5.

When k = d, the lower bound of Theorem 1 and the upper bound of Theorem 2

coincide; this number appears along the main diagonal. When k = d � 1, the

upper bound of Theorem 2 is exact, because equality is achieved in Inequality

3. Table 2 gives decimal logarithms of C

k;d

for 1 � k � d � 15 in a similar

format.

1 2 3 4 5 6 7

1 1.00000 3.00000 4.00000 8.00000 16.0000 32.0000 64.0000

2 3.00000 2.00000 13.5355 23.3333 69.3957 200.200 566.731

3 13.5355 13.5355 6.76773 79.4444 165.644 655.360 2457.02

4 79.4444 105.926 79.4444 31.7778 560.214 1352.08 6691.34

5 560.214 933.690 933.690 560.214 186.738 4537.57 12315.3

6 4537.57 9075.14 11343.9 9075.14 4537.57 1296.45 41047.0

7 41047.0 95776.4 143665. 143665. 95776.4 41047.0 10261.8

Table 1: Upper and lower bounds on C

k;d

for 1 � k � d � 7.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0 0.5 0.6 0.9 1.2 1.5 1.8 2.1 2.4 2.7 3.0 3.3 3.6 3.9 4.2

2 0.5 0.3 1.1 1.4 1.8 2.3 2.8 3.2 3.6 4.1 4.5 5.0 5.4 5.8 6.2

3 1.1 1.1 0.8 1.9 2.2 2.8 3.4 3.9 4.5 5.0 5.6 6.1 6.6 7.2 7.7

4 1.9 2.0 1.9 1.5 2.7 3.1 3.8 4.5 5.1 5.8 6.4 7.0 7.6 8.2 8.8

5 2.7 3.0 3.0 2.7 2.3 3.7 4.1 4.9 5.6 6.3 7.0 7.7 8.4 9.0 9.7

6 3.7 4.0 4.1 4.0 3.7 3.1 4.6 5.1 5.9 6.7 7.5 8.3 9.0 9.7 10.4

7 4.6 5.0 5.2 5.2 5.0 4.6 4.0 5.6 6.1 7.0 7.9 8.7 9.5 10.3 11.1

8 5.6 6.0 6.3 6.4 6.3 6.0 5.6 5.0 6.6 7.2 8.1 9.0 9.9 10.8 11.6

9 6.6 7.1 7.4 7.6 7.6 7.4 7.1 6.6 5.9 7.7 8.3 9.3 10.2 11.1 12.0

10 7.7 8.2 8.6 8.8 8.8 8.8 8.6 8.2 7.7 7.0 8.8 9.4 10.4 11.4 12.4

11 8.8 9.3 9.7 10.0 10.1 10.1 10.0 9.7 9.3 8.8 8.0 9.9 10.5 11.6 12.6

12 9.9 10.5 10.9 11.2 11.4 11.5 11.4 11.2 10.9 10.5 9.9 9.1 11.0 11.7 12.8

13 10.8 11.7 12.1 12.5 12.7 12.8 12.8 12.7 12.5 12.1 11.7 11.0 10.2 12.2 12.8

14 11.7 12.8 13.4 13.7 14.0 14.2 14.2 14.2 14.0 13.7 13.4 12.8 12.2 11.3 13.3

15 12.6 14.0 14.6 15.0 15.3 15.5 15.6 15.6 15.5 15.3 15.0 14.6 14.0 13.3 12.4

Table 2: Upper and lower bounds on log

10

C

k;d

for 1 � k � d � 15.

When k = 1, Theorem 1 and Theorem 3 give lower and upper bounds of

8



Lemma 3 Let the Gabriel ball of a set of k + 1 sites be divided into 2

d�k

segments of equal volume by any system of d � k orthogonal hyperplanes, each

of which contains all k+1 sites. If the k+1 sites de�ne a k-face of the Voronoi

dual, then at least one of these segments is empty.

Proof. Without loss of generality, let the Gabriel ball be centered at the origin

and have radius 1, with the k + 1 sites lying on the k-
at x

k+1

= x

k+2

= � � � =

x

d

= 0. Let the d�k orthogonal hyperplanes be x

k+1

= 0, x

k+2

= 0, : : : , x

d

= 0.

The center c of any empty ball must be equidistant from all the points on the

unit sphere in R

k

; therefore, it must satisfy c

1

= c

2

= : : : = c

k

= 0, and the

radius of the empty ball must equal the distance from c to e

1

= (1; 0; 0; : : : ; 0),

or

�

1 +

P

d

i=k+1

c

2

i

�

1=2

. Let s be any point in the segment de�ned by

fs j c

k+1

s

k+1

; c

k+2

s

k+2

; : : : ; c

d

s

d

� 0 and jsj � 1g:

Then the distance from c to s is

d

i=1

(s

i

� c

i

)

2

1=2

=

d

i=1

s

2

i

+

d

i=k+1

c

2

i

� 2

d

i=k+1

s

i

c

i

1=2

�

�

1 + jcj

2

�

1=2

:

Since every point in the segment lies inside the empty ball, the segment itself

must be empty.

Theorem 3 For �xed k and d as n grows without bound, EF

k;d

� C

k;d

n with

C

k;d

�

2

(d�k)(k+1)+1

�

k=2

d

k�1

k(k + 1)

�

�

B

�

dk

2

;

d� k + 1

2

��

�1

�

�

�(d=2)

�((d+ 1)=2)

�

k

:

Proof. Similar to the proof of Theorem 1. The probability that at least one

segment of the Gabriel ball is empty is 2

d�k

(1 � G)

n�k�1

, with G = 2

k�d

r

d

;

thus, the c of Fact 3 is 2

k�d

.

It is not too di�cult to apply Stirling's approximation to see that the upper

bound of Theorem 3 is \merely exponential" in d for �xed k, or, more precisely,

that for each k there exists a constant �

k

such that C

k;d

= O(�

d

k

). In particular,

we note that when k is �xed,

2

(d�k)(k+1)+1

= �((2

k+1

)

d

);

�

�(d=2)

�((d+ 1)=2)

�

k

� (2=d)

k=2

;

�

B

�

dk

2

;

d� k + 1

2

��

�1

=

�(dk + d� k + 1=2)

�(dk=2)�(d� k + 1=2)

= �(d

1=2

)

�

(k + 1)

k+1

k

k

�

d=2

:
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�

�

1

0

(1� G)

n�k�1

r

dk�1

dr

�

:

Applying Facts 1{4 and making appropriate cancellations give the sought-for

lower bound.

4 Upper Bounds.

In this section, we will derive upper bounds on C

k;d

. The �rst bound will

follow rather directly from known values of C

d;d

. The second bound will involve

argumentation similar to that of Section 3. For any �xed k, the �rst bound is

tighter for small d, but the second is tighter for all large d. For �xed d, the

second bound is tighter for small k, but the �rst is always tighter for large k.

Lemma 2 Let K be a k-simplex of a simplicial complex. Then either K is a

face of the boundary of the convex hull of the entire complex, or K is contained

by d� k + 1 or more d-simplices.

Proof.K is surely contained by at least one d-simplex S. None of the

�

d�k

d�(k+1)

�

=

d� k + 1 (d � 1)-faces of S containing K is a convex-hull face; therefore, each

of these (d� 1)-faces is a face of another d-simplex containing K. Including S

itself, this gives d� k + 1 or more d-simplices containing K.

Theorem 2 For �xed k and d as n grows without bound, EF

k;d

� C

k;d

n, where

C

k;d

�

2d

d�2

�

(d�1)=2

�((d

2

+ 1)=2)�(d=2)

d

(d+ 1)(d+ 2)�(d

2

=2)�((d+ 1)=2)

d

�

�

d+ 2

k + 1

�

:

Proof. We consider the size of the relation R

k;d

, which relates a k-face of the

Voronoi dual to every d-face that contains it. By Lemma 2, we have (asymp-

totically)

jR

k;d

j � (d� k + 1)F

k;d

; (3)

and, since every d-face contains exactly

�

d+1

k+1

�

k-faces,

jR

k;d

j =

�

d+ 1

k + 1

�

F

d;d

:

Therefore,

F

k;d

F

d;d

�

1

(d� k + 1)

�

d+ 1

k + 1

�

=

1

(d+ 2)

�

d+ 2

k + 1

�

:

Combining this with Equation 1 gives the result.
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where T is the k-volume of the simplex formed by the k + 1 points. Now we

apply an identity relating the k+1 points to the center C of their circum-(k�1)-

sphere [1, 6].

^

X

i

is a unit vector, and r is the radius of the (k � 1)-sphere, so

that X

0

i

= C + r

^

X

i

. We use

^

T
to represent the k-volume of the simplex formed

by the

^

X

i

. The result is

EF

k;d

=

�

n

k + 1

�

B

�(k+1)

d

(1�G)

n�k�1

(k!T )

d�k+1

r

(k+1)(k�2)+1

d�

k�1

(

^

X

0

) : : : d�

k�1

(

^

X

k

) d�

k

(C) dr d�

k

(L

k

):

=

�

n

k + 1

�

B

�(k+1)

d

(k!)

d�k+1

�

^

T

d�k+1

d�

k�1

(

^

X

0

) : : : d�

k�1

(

^

X

k

)

�

(1 �G)

n�k�1

r

(k+1)(k�2)+1

r

k(d�k+1)

d�

k

(C) dr d�

k

(L

k

):

The inner integral can be rewritten as E(

^

T

d�k+1

)S

k+1

k�1

.

Let L

[O]

d�k

be the unique (d�k)-
at perpendicular to L

k

and passing through

the origin, and let Q be the point L

k

\ L

[O]

d�k

. Then [8, xII.12.5] we have

d�

k

(L

k

) = d�

d�k

(Q) d


d�k

(L

[O]

d�k

), and

EF

k;d

=

�

n

k + 1

�

B

�(k+1)

d

(k!)

d�k+1

E(

^

T

d�k+1

)S

k+1

k�1

� (1 �G)

n�k�1

r

dk�1

d�

k

(C) dr d�

d�k

(Q) d


d�k

(L

[O]

d�k

):

Expressing C and Q in terms of lengths and unit vectors (p; U ) and (q; V ) on

their respective 
ats gives

EF

k;d

=

n

� � � (1� G)

n�k�1

r

dk�1

p

k�1

q

d�k�1

� dp d�

k�1

(U ) dq d�

d�k�1

(V ) dr d


d�k

(L

[O]

d�k

):

Recalling from Lemma 1 that we can restrict our attention to balls

B(X

0

; X

1

; : : : ; X

k

) � B

d

, and noting that p

2

+ q

2

is the distance from the

origin of R

d

to C, we obtain

EF

k;d

=

�

n

� � � S

k�1

S

d�k�1

�

d


d�k

(L

[O]

d�k

)

��

�

1

0

1�r

0

p

(1�r)

2

�q

2

0

(1�G)

n�k�1

r

dk�1

p

k�1

q

d�k�1

dp dq dr:

Setting p = R sin � and q = R cos �, and observing that G = r

d

gives

EF

k;d

=

h

� � �

i

�

1�r

0

R

d�1

dR

�

�=2

0

sin

k�1

� cos

d�k�1

� d�

5



must be empty for fX

0

; X

1

g to be an edge in the Gabriel graph [7, p. 255], a

familiar subgraph of the Voronoi dual. We call this the Gabriel ball of the k

points. We may think of Theorem 1 as providing our lower bound by analyzing

the size of the Gabriel hypergraph of order k, a subgraph of the hypergraph

formed by the k-faces of the Voronoi dual.

We �rst show that boundary e�ects can be ignored. Let F

0

k;d

be the number

of k-faces fX

i

0

; X

i

1

; : : : ; X

i

k

g of the Voronoi dual for whichB(X

i

0

; X

i

1

; : : : ; X

i

k

)

lies entirely inside B

d

.

Lemma 1 EF

k;d

� EF

0

k;d

for �xed k as n!1.

Proof. Modifying slightly our earlier proof [3] for k = d, let q be the distance

from the center of B(X

0

; : : : ; X

d

) to the center of B

d

, and let r be the radius of

B(X

0

; : : : ; X

d

). There (p. 351, Case i) we showed that

EF

d;d

� EF

0

d;d

�

�

d

n

d+1

d+ 1

1

0

1�q

0

I(q; r) dr dq �

�

d

n

d+ 1

d

d�2

d!�

d

for suitably de�ned �

d

, �

d

, and I(q; r). Exactly the same result is obtained if

the upper limit of integration over r is replaced by (1� q)=

p

2
. Since every k-

face is a subset of some d-face, the dominant fraction of the k-faces are subsets

of d-faces satisfying r � (1 � q)=

p

2
. Let r

0

be the radius of the Gabriel ball

of some k-face. Every such ball extends distance r

0

+ r

2

� (r

0

)

2

beyond the

center of the d-face's Gabriel ball. When r

0

= r=

p

2
, this distance is maximized

at r

p

2
� 1� q. Therefore, the Gabriel ball of the k-face lies entirely inside B

d

,

and EF

k;d

� EF

0

k;d

.

Theorem 1 For �xed k and d as n grow without bound, EF

k;d

� C

k;d

n with

C

k;d

�

2�

k=2

d

k�1

k(k + 1)

�

�

B

�

dk

2

;

d� k + 1

2

��

�1

�

�

�(d=2)

�((d+ 1)=2)

�

k

:

Proof. If the Gabriel ball B(X

0

; X

1

; : : : ; X

k

) is empty, then fX

0

; X

1

; : : : ; X

k

g is

surely a Voronoi-dual face; therefore, we calculate the probability that this ball

is empty. Since the sites are i.i.d., this probability is the same for all

�

n

k+1

�

sets

of k + 1 sites. If G is the probability content of the ball, then

EF

k;d

=

�

n

k + 1

�

(1�G)

n�k�1

B

�(k+1)

d

d�

d

(X

0

) : : :d�

d

(X

k

):

Applying the Blaschke-Petkantschin identity [8, p. 201], which relates the den-

sity of k + 1 points in R

d

to their density on the k-
at they de�ne, we have

EF

k;d

=

�

n

k + 1

�

B

�(k+1)

d

(1�G)

n�k�1

(k!T )

d�k

d�

k

(X

0

0

) : : : d�

k

(X

0

k

) d�

k

(L

k

);

4



k-dimensional sphere and its surface area. (S

k

is the boundary of B

k+1

.) �

k

represents k-dimensional volume, i.e., the usual uniform Lebesgue measure on

R

k

. The usual measure on the unit k-sphere is denoted by �

k

. L

k

represents

a k-
at in R

d

, and �

k

is the usual rigid-motion-invariant measure for k-
ats,

normalized as by Santal�o [8, xII.12.2]. Similarly, a k-
at passing through the

origin of R

d

is represented by L

[O]

k

, and 


k

denotes the corresponding measure

[8, xII.12.4].

�(x) is the usual extension of the factorial function to the real numbers. The

Beta function is de�ned by B(x; y) = �(x)�(y)=�(x + y).

The following facts will be helpful later.

Fact 1 (Santal�o [8, Eqn. 12.35])

d


d�k

(L

[O]

d�k

) =

d�k�1

i=0

S

i+k

S

i

Fact 2 (Substitute u = sin

2

�.)

�=2

0

(sin �)

n

(cos �)

m

d� =

1

2

B

�

n + 1

2

;

m + 1

2

�

Fact 3 (Substitute u = cnr

d

; replace (1� u=n)

n

by e

�u

[9, p. 242].)

1

0

(1� cr

d

)

n�k�1

r

dk�1

dr � c

�k

n

�k

d

�1

(k � 1)!

Fact 4 (Miles [5]; Santal�o

1

[8, p. 212]) If k+1 points are chosen independently

from the uniform distribution on a unit k-ball, then the volume

^

T
of their convex

hull satis�es

E(

^

T

d�k+1

) =

�

1

k!

�

d�k+1

�

k

d+ 1

�

k+1

�

�((k + 1)(d+ 1)=2 + 1)

�((d+ 2)k=2 + 1)

�

�

�

�(k=2)

�((d+ 1)=2)

�

k

k�1

h=1

�((d� k + 1 + h)=2))

�(h=2)

:

o er Bounds.

As in our earlier work [3], we will consider the uniform distribution in the unit

d-ball. For any set of k + 1 � d+ 1 points, let B(X

0

; X

1

; : : : ; X

k

) be the d-ball

with the same center and radius as the unique (with probability 1) k-ball with

boundary passing through X

0

, X

1

,: : : , and X

k

. When k = 1, precisely this ball

1

Santal�o's re rinting of iles's for ula contains a ty ogra ic error: e \ " at t e en

of t e nu erator of t e secon line s oul e \ ".
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The interior of this set contains all points of R

d

lying closer to site X

i

than

to any other site; points on the boundary are equally close to X

i

and to some

other site or sites. The Voronoi diagram has a natural geometric dual. In R

2

,

this dual is usually called the Delaunay triangulation. If the points of are in

general position, the Voronoi dual forms a simplicial cell complex. The (convex

hull of) a set of k+1 sites forms a k-dimensional face of this cell complex if and

only if some closed d-dimensional ball contains these and no other sites. In the

worst case, the number of k-dimensional faces can grow as �(n

min(k+1;dd=2e)

)

for �xed k and d as n grows without bound. [7, p. 246]

Our purpose is to investigate the expected number of faces of all dimensions

in the Voronoi dual. In some applications, it is not necessary to determine the

entire structure of the Voronoi dual. For example, non-parametric two-sample

testing [4] requires only that a graph be constructed on the sites | the set of

one-dimensional faces. The expected number of k-faces has obvious implications

for the expected running time of algorithms to enumerate them, and our results

show potential for great savings if algorithms can be designed to enumerate the

Voronoi dual's edges, for example, without enumerating its d-simplices.

Previous work [3] has given the following rather precise asymptotic bound

on the expected number of d-simplices in the Voronoi dual when d is �xed and

n grows without bound:

EF

d;d

=

2d

d�2

�

(d�1)=2

�((d

2

+ 1)=2)�(d=2)

d

(d+ 1)�(d

2

=2)�((d+ 1)=2)

d

� n+ (n) (1)

2

(d+1)=2

e

1=

�

(d�1)=2

d

(d�2)=2

d+ 1

n for d � 5. (2)

Thus, the asymptotic behavior of the dimension-dependent factor can be de-

scribed loosely as \factorial" or \d

d

". Our main result here is to show that the

expected number of k-faces in d dimensions satis�es

EF

k;d

� C

k;d

n;

where C

k;d

is \merely exponential" (c

d

) for �xed k as d ! 1. As in previous

work, we assume that the n sites are independent and uniformly distributed in

the unit d-ball.

The following section presents notations and other useful background. Sec-

tion 3 is devoted to deriving an exponential lower bound on C

k;d

. Two upper

bounds on C

k;d

, one for k d and another for k d, are derived in Section 4.

The remarks of the �nal section include numerical approximations of both lower

and upper bounds for some small values of k and d.

reliminaries

We use many of the usual concepts and notations of integral geometry. B

k

represents the unit k-ball, and also its volume. S

k

represents both the unit
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Let

n

= fX

0

; X

1

; : : : ; X

n�1

g be a set of independent random points uniform

in B

d

, the d-dimensional unit ball. We call these points sites. Let (X

i

; X )

be the closed half-space bounded by the perpendicular bisector of X

i

and X

containing X

i

. The Voronoi diagram of

n

maps X

i

to the set

Vor(X

i

) =

=i

(X

i

; X ):
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