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Let
x
(1) v - J (o) M2 o /2 44, x> 0.
0
G. Polya /1 ] and J. D. Williems / 2 ] proved independently that

2, 1/2
(2) v < gl-;%/n/

Two simple questions follow neturelly. 1. Is it possible to replace the
constant 2/n in (2) by a smeller quantity without breaking the inequality?
2. Does there exist a lower bound, in a similer form, for v? We find the
follo%ing answer .

If for a1l x > C, the integral v given by (1) satisfies

o2 12

(3) 31-e svez (-,

then it is necessery snd sufficient thet a < 1/2 and b > 2/x.

The proof of this statement is simple. First

2
Lin  vo/(1 - e P%) = (2m) 7L .
X —= 0

Hence if (3) is true, b > 2/n. On the other hend, xe/ [-log(1 - lw2):[ < 1/a

for ell real x. Since the limit of this retio, as x —— o0, is 2. We have
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a < 1/2. Finelly, it is easy to prove that

1/2
< V.

2
1a - o% /3

Further, it follows from /1 7 end /2 7 that as x varies from 0 to 0o,

2, 1/2
2v/(1 - o 2% /7
decreases steadily from 1 to its minimum value .9930 at x = 1.6 (epproximately),
then increases steadily. Using a similar method used by G. Polya, it cen be
ghown that

2,, 1/2
(%) 2v/(1 - & /3)
is a steadiiy decreasing function of x for all x > 0. This is because the

derivative of this retio (4) has the same sign as

b4
2 2 2
2(e* /2 . 1) - x & /2 ot /2 at,
0
which ie non-positive since
x
exe/e e‘t2/2 ab = Og x2n-l
=1 1'3...(2:1-1)
0

As a consequence, we obtain that the ratio (4) has en upper bound (h/n)l/e.
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