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REMAC: REpeated Measures Analysis for Complete data

User Guide

1. Introduct ion

This program (REMAC) is written in SAS IML and is for use with repeated

measures data in which:

1. observations are taken at the same time points for all individuals,

2. all individuals have a complete set of observations, and

3. the factors of the model for the means are all fixed. This would

normally exclude randomized block experiments since blocks are usually

a random factor. Used in a special way, the program can be useful in

estimating parameters for randomized block experiments (see Pantula

and Pollock 1986).

It is not necessary that the data come from an experiment which is balanced in

the sense that each treatment combination would have an equal number of

individuals. Other programs are available to handle data which do not conform

to restrictions 2 and 3 above.

REMAC is not extremely user friendly. Users must understand how to set up

design and hypothesis matrices for linear models. They must also be able to

input and manipulate data in SAS. The program uses estimated generalized least

squares (egls) as opposed to maximum likelihood in fitting models.

The general model considered by REMAC is

y. = G·13 + &.
1 1 1
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where y. is the t-vector of t repeated observations for the ith,
experimental unit (i=1, ... ,n),

G. is a txp matrix of constants defining the linear model,
for the experimental unit,

~ is a p-vector of unknown parameters of the linear model,

and

8. is a t-vector of errors for the repeated observations,
with

8. _ NID(O,V(9».,

Not only are the parameters of the covariance matrix (9) unknown, but the

structure of V is also unknown. The purpose of the program is to compute

statistics useful in determining the structure of V, estimate the parameters of

the covariance matrix (9) with their approximate standard errors, estimate the

parameters of the mean model (~) with their standard errors, and test linear

hypotheses involving parameters of the mean model.

The program considers one model (user specified) for the treatment means,

and 6 structures (supplied) for the covariance matrix:

1. unstructured model - If there are t repeated observations for each

experimental unit, this structure has t(t+1)/2 parameters, the maximum

number that could be considered for a symmetric matrix. In the output

from the program, the estimates for these parameters are printed in a

row composed of the first row of the covariance matrix, followed by

the last t-1 elements of the second row, followed by the last t-2

elements of the third row, etc.
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~ is a p-vector of unknown parameters of the linear model,

and

6. is a t-vector of errors for the repeated observations
1

with

6. _ NID(O,V(9)).
1

Not only are the parameters of the covariance matrix (9) unknown, but the

structure of V is also unknown. The purpose of the program is to compute

statisties useful in determining the structure of V, estimate the parameters of

the covariance matrix (9) with their approximate standard errors, estimate the

parameters of the mean model (~) with their standard errors, and test linear

hypotheses involving parameters of the mean model.

The program considers one model (user specified) for the treatment means,

and 6 structures (supplied) for the covariance matrix:

1. unstructured model - If there are t repeated observations for each

experimental unit, this structure has t(t+1)/2 parameters, the maximum

number that could be considered for a symmetric matrix. In the output

from the program, the estimates for these parameters are printed in a

row composed of the first row of the covariance matrix, followed by

the last t-1 elements of the second row, followed by the last t-2

elements of the third row, etc.
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2. banded or general stationary model - This model requires all elements

within any diagonal of the matrix to be equal. Thus it has t

parameters, and all stationary autoregressive and moving average

models are special cases of this model. The output prints the first

row of the estimated covariance matrix.

3. AR(1) structure described by Pantula and Pollock (1985) - Here O. 0'
'J

the random error associated with the 'th measurement on the ithJ_

experimental unit is assumed to be the sum

o..
'J

2= v. + u .. where v. _ NID(O,o ), , J , v

and u.. =C(U. . 1 + E ..
'J "J- 'J

2with IC(I < 1 and E .. _ NID(O,o ).
'J e

The number of parameters for this structure is thus 3 and the output

prints a row consisting of the estimate of 0
2 , the estimate of 02
v u

(where 02 =0
2/(1 - C(2), and the estimate of c(. If the estimate

u e

of 02 is negative, the program simply sets it to zero. If thev

absolute value of the estimate of C( is greater than 1, the estimate

is set to sgn(estimate of C()O.995.

4a. simple AR(1) structure - This is a special case of model 3 with

0
2= O. When the estimate of 02 has been set to zero for
v ·v

structure 3 because of a negative estimate, the estimates of C( and

02 under structure 4a are generally better. Estimates of C( which
u

are greater in absolute value than 1 are treated as in structure 3

above. 2The program prints out estimates of 0u and C(.
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4b. split plot structure - This is the structure assumed by the split

plot analysis of variance where time is treated as the sUbplot

treatment. It is also a special case of model 3 with a=O. Thus the

structure has 2 parameters, and the program prints out estimates of

2 2
o and 0 .

v e If the estimate of o~ is negative, the program

simply sets the estimate to zero.

5. ordinary least squares structure - As in ordinary least squares, the

covariance matrix is assumed to be of the form 02 I . This is a

2special case of model 4b with 0 =0. Similar to the relationshipv

between models 3 and 4a, when the estimate of 0
2 under structure 4b
v

has been set to zero the estimate of 0
2
=0

2 under structure 5 ise

generally better. 2Only 0 is estimated and printed out.

(See Jennrich and Schluchter (1986') and Pantula and Pollock (1985) for more

information on these structures)

2. Use of the Program

In order to use the program, the user must first use whatever system

commands are necessary to execute SAS. Within SAS, the user must input his

data in a DATA step and take whatever steps are necessary to ensure that the

data are sorted so that all of the observations for each individual are

together and occur in the correct time sequence. The program, which invokes

the IML procedure, is then inserted after the data step, and the data are read

into a matrix called VIT.

The user must supply the names and values indicated by lower case letters
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for the following sequence of commands near the start of the program:

N = n;
T = t;
P = p;
MAXIT = i;
TEST = h;

*--- READ IN DATA VALUES AND SET UP Y

NT = N*T;
YIT = J(NT,a)j
USE name;
READ ALL INTO YIT;
Y=YIT(I,bl);

where:

n = number of individuals or experimental units

t = number of observations for each individual

p = number of parameters in the mean model

= number of iterations desired for iterative
estimates of the parameters of the covariance
structures (i>O) - it should not be necessary
to set i greater than 10.

h = number of linear hypotheses to be tested
in the program (h>=O)

a = number of variables in the data set

name = name of the SAS data set containing the
sorted data

b = position in the data set of the variable which
is to be analysed.

The user must set up the NTxp model matrix (G) of the linear model for the

treatment means. In the current program, this matrix must be of full rank.

The matrix can be set up in the DATA step using, for example, statements of the

form

Gl = (SEX = 1).

•
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It can also be set up in the IML step using the ORPOL, HDIR, and DESIGN

functions. (See examples to follow for illustrations on the use of these

commands.)

The user must also set up matrices and vectors necessary in hypothesis

testing. R is a column vector giving the degrees of freedom for each of the

hypothesis tests. If we wish to test the hypotheses

and

we would vertically append K, and K2 into a single matrix called Hand

similarly append ., and -2 into a single vector called DL.

3. What the Program Does

After initially fitting the mean model to the data using ordinary least

squares, the program computes a pooled estimate of the covariance matrix using

the residuals. Based on this estimated covariance matrix, the mean model is

again fit using the egls procedure. A second pooled estimate of the covariance

matrix is then obtained as before using the egls residuals.

Taking the elements of this estimated unstructured covariance matrix as the

observed data, egls and estimated generalized nonlinear least squares are used

(as appropriate) to estimate the parameters of the covariance structures 2, 3,

4a, and 4b as described above. The standard errors of the estimates of the

variance-covariance parameters are also computed. Using each of the estimated

covariance matrices, egls is again used to get the estimates (and the estimates

of the standard errors) of the parameters of the mean model.
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4. Output From the Program

Printed output includes estimates of the parameters of the covariance

structures (the parameter estimates that are printed out in each case are

described in the introduction) and the corresponding egls estimates of the

parameters of the mean model. Standard errors for all of these parameter

estimates are also printed. In addition, for each covariance structure the

output includes the number of parameters fit, the residual sum of squares,

minus two times the log of the likelihood computed at the estimated parameter

values, and two chi square statistics helpful in comparing the fit of the data

to the various covariance structures (Fuller 1987, chapter 4). Values of the

statistics for testing hypotheses involving the mean model are printed with

their degrees of freedom. These can be evaluated by referring to appropriate

tables of chi-square percentiles.

The program also computes estimated standard errors of the ordinary least

squares estimates of the parameters of the mean model, under different

structures of the covariance matrix. Similarly, it computes and prints values

of the statistics for testing specified hypotheses based on these ordinary

least squares estimates of the parameters of the mean model but using different

estimates of the covariance structure. These are useful because the ordinary

least squares estimator is the only linear unbiased estimator considered in

this program and may have desirable small sample properties not shared by the

egls estimates.

An annotated set of typical output from the program follows. See example c

for a discussion of these results.
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THE RESULTS FOR MOoEL-l -- UNSTRUCTURED MODEL

THE RESIDUAL SUM OF SQUARES

RSS

107.8

THE NUMBER OF PARAMETERS IN THIS MODEL

NPARA
+ p

THE ESTIMATES OF THE PARAMETERS FOR THE MEANS MODEL

BETA

E41

J\ I )\ ~1 -1 I A _t

1.2991 -0.6192 -0.37 &, =[G- (I@V, )G1 G- (;r:®v, )1

THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

SEBE 0.1245 Oo383Y 5'e (~,J=

THE ESTIMATES OF THE PARAMETERS FOR THE COVARIANCE MATRIX

TH

5.0545 2.4578 3.6157 2.5320 3.9582 2.7170 3.0392 5.9788
3.8217 4.6292

THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

SETH
.A
Se..

1.3757 0.9822 1.2663 1.0507 1.0773 1.0723 1.0103
1.2599
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THE ESTIMATED COVARIANCE MATRIX

THE MINUS TWO LAMBDA STATISTIC

SHAT

5.1111
2.4420
3.6112
2.524'

2.4420
3.9307
2.7175
3.0603

3.6112
2.7175
5.9797
3.8233

A

.... ~__,V/*
2.5241
3 . 0603 ( b"'H.J.
3.8233
4.6186 wh€vtQ\S

OLS

oW') EG-LS.
A

V1 bc;uecA

Y' e.; i q\lI\ O\ls )

LAM

THE CHISQUARE STATISTICS

)\

n-t IOCj(~n) + n l03 IV, I +

"
( ~ - ~ ~1 J'(I @V1") (~ - G- ~1)

CHI2CHI1
~ ~ QI....~s ""0

TEST STATISTICS FOR HYPOTHESES (EGLS AND OLS) WITH D. F.

;\1\ 1\ ")
HTEST ~ (~1Y1) -r;. (P-rl Vi R Je~t'"ef..S J +,..eeJo~ tv- ~ o..~ T~.

ROW1 16.1276 14.1930 e To -1:es{ {k.. h~fot\\"is l-I ~. ~ ,
~c;.L~ o~~ . ;\

THE RESULTS FOR MODEL-2 == BANDED MODEL 11 ~ (Hfi-1-~)' [H(c;.'(r.®v;')~r1 \t']-l("i'\-~n,

THE RES!DUAL SUM OF SQUARES T" : (f1i.-,n'[H(Co:'Gr1
l<'(I (i) iI,) (;- (f,.' G-r' f1'") -1

1\

( ~ P-s- -~ ) .

RSS

107.9

THE NUMBER OF PARAMETERS IN THIS MODEL

NPARA

cGOOO)-------.,,~ t ~ p
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THE ESTIMATES OF THE PARAMETERS FOR THE MEANS MODEL

BETA

E7'
/\

1.2732 -0.7105~ ~ B~

THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

SEB

E,30a 0.4'5~ )

THE ESTIMATES OF THE PARAMETERS FOR THE COVARIANCE MATRIX

3.4125

1\ 1\ JI A) ~\ )e ~ ( lV) (V,-) LV.. 1" (V). )1'"- ~ ,. 11 ".. 1). ,. ~ ,

THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

SETH

~ 0.9795 0.9793 1.~
THE ESTIMATED COVARIANCE MATRIX

SHAT

4.9504
3.0522
3.4125
2.3459

3.0522
4.9504
3.0522
3.4125

3.4125
3.0522
4.9504
3.0522

1\

Va-

THE MINUS TWO LAMBDA STATISTIC

LAM
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R

THE CHISQUARE STATISTICS

HTEST

ROW1 E __15_._1_79_0 2_._0~ 1; (~.'o. J
THE RESULTS FOR MODEL-3 == PANTULA-POLLOCK AR(1) MODEL

THE RESIDUAL SUM OF SQUARES

RSS

107.8

THE NUMBER OF PARAMETERS IN THIS MODEL

NPARA 8------,., 3 + P

THE ESTIMATES OF THE PARAMETERS FOR THE MEANS MODEL

BETA 1\

1.2653 ---::r ~}

THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

SEB /\ /l)
0.1160 0.4057 0.1160 se ( ~~
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THE ESTIMATES OF THE PARAMETERS FOR THE COVARIANCE MATRIX

TH

E3' -~
11 J\ ~ 1\ 1\

1.8214 ~ e :: ( ~ \f~ 0< )
-3 '"

THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

SETH E 0.3082 oy /\ 1\

S-e.( Cl~)

THE ESTIMATED COVARIANCE MATRIX

SHAT

2.9694 3.0994 3.0907 A 1\
j\ d- 1\ '). 1\ (i-~\

4.9126 2.9694 3.0994 V3
W~ ~ V'e., (V).. .::.

~ + \T 01..
2.9694 4.9126 2.9694 3 'J lAo

3.0994 2.9694 4.9126

THE MINUS TWO LAMBDA STATISTIC

LAM

THE CHISQUARE STATISTICS

CHI2CHI1
~ .;l " .. 1\ )

~4" 7.~ 'f-., (V, J V,
~------

TEST STATISTICS FOR HYPOTHESES (EGLS AND OLS) WITH D. F.

RHTEST

ROW1 E_4_5_1_6_.9_2_3_5 ~_._OO_~
THE RESULTS FOR MODEL-4A == SIMPLE AR(l) MODEL



THE RESIDUAL SUM OF SQUARES

RSS

107.7

THE NUMBER OF PARAMETERS IN THIS MODEL

NPARA

8-----~~ J + p

THE ESTIMATES OF THE PARAMETERS FOR THE MEANS MODEL
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BETA

Eoo"'-1.2533 -0.7784~

THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

SEB

~oo 0.4257~
THE ESTIMATES OF THE PARAMETERS FOR THE COVARIANCE MATRIX

TH E 0.6:0\-----7~
THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

SETH Eo.o:>



THE ESTIMATED COVARIANCE MATRIX

Page 14

2.9719
4.8999
2.9719
1.8025

1.8025
2.9719
4.8999
2.9719

THE MINUS TWO LAMBDA STATISTIC

LAM

CHI2

THE CHISQUARE STATISTICS

CHI1

E02 '9.1~
--------

TEST STATISTICS FOR HYPOTHESES (EGLS AND OLS) WITH D. F.

HTEST

ROW'~ '4.8025

R

THE RESULTS FOR MODEL-4B -- SPLIT-PLOT MODEL

THE RESIDUAL SUM OF SQUARES

RSS

107.7

THE NUMBER OF PARAMETERS IN THIS MODEL

NPARA



THE ESTIMATES OF THE PARAMETERS FOR THE MEANS MODEL

BETA _--0:-------___ AE 1.2639 -0.7033 -0.3OV- '7 ft-'b
THE STANDARD ERRORS FOR THE ABOVE ESTIMATES
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SEB --E 0.1201 0.4083 O~
THE ESTIMATES OF THE PARAMETERS FOR THE COVARIANCE MATRIX

A

( ~J

TH

E97 ~r---77
THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

1\

\fe.~ )

SETH

ES4 0.2V

THE ESTIMATED COVARIANCE MATRIX

SHAT

3.0297
4.9101
3.0297
3.0297

3.0297
3.0297
4.9101
3.0297

= +

THE MINUS TWO LAMBDA STATISTIC

LAM
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CHI1 CHI2

Em- 7.9~
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TEST STATISTICS FOR HYPOTHESES (EGLS AND OLS) WITH D. F.

HTEST

ROW1 E763 16.4763

R

2.000~

THE RESULTS FOR MODEL-5 -- ORDINARY LEAST SQUARES MODEL

THE RESIDUAL SUM OF SQUARES

RSS

108.0

THE NUMBER OF PARAMETERS IN THIS MODEL

NPARA

THE ESTIMATES OF THE PARAMETERS FOR THE MEANS MODEL

BETA
AE24 :==

1.2639 -0.7033 -O.~ ~~

THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

SEB

(§, )/\

0.1940 0.3629 0.1940 .., S<...
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0;)---~)

THE STANDARD ERRORS FOR THE ABOVE ESTIMATES

SETH

~6550t--~)

THE ESTIMATED COVARIANCE MATRIX

SHAT

o
4.9052

o
o

o
o

4.9052
o

o
o
o

4.9052

THE MINUS TWO LAMBDA STATISTIC

LAM

THE CHISQUARE STATISTICS

~s 64.9~
--------

CHI1 CHI2

R

TEST STATISTICS FOR HYPOTHESES (EGLS AND OLS) WITH D. F.

HTEST

ROW1 Esa 2.00~
------
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THE OLS ESTIMATES FOR THE PARAMETERS OF THE MEANS MODEL
AND THEIR STANDARD ERRORS UNDER DIFFERENT COVARIANCE STRUCTURES

BETA COLl SEBOl COLl SEB02 COLl SEB03 COLl

0.1161

0.4058

COLlCOLl SEBD5SEBD4BCDLlSEBD4A

0.4322

0.1820

0.4322

0.1201

0.4083
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5. Inference Based on the Output

To determine the appropriate covariance structure, note that except for

structures 4a and 4b, the covariance models are hierarchical. That is, model 2

is a special case of model 1, model 3 is a special case of model 2, etc. To

test the hypothesis, for example, that model 2 (with fewer parameters) fits the

data as well as model 1, subtract the (-2) log likelihood statistic for model 1

from that for model 2. The resulting statistic has an approximate chi square

distribution with degrees of freedom equal to

# parameters for model 1 - # parameters for model 2.

A similar procedure could be done using the chi square statistics suggested

by Fuller (1987). As the seq~ence of comparisons (2 vs 1, 3 vs 2, 4a vs 3, 4b

vs 3, 5 vs 4a, 5 vs 4b) is carried out, one would stop as soon as one

comparison is significant. For example, if the comparison of model 4b to 3 is

the first to be significant, model 3 would be selected as the appropriate

covariance structure.

When the estimate of 0
2 from model 3 is zero, the goodness-of-fit
v

statistics used to compare model 4a with model 3 may be negative, and the tests

cannot be carried out. A similar situation may arise in comparing model 5 to

model 4b. In these cases, as mentioned previously, model 4a is preferable to

model 3 or model 5 is preferable to model 4b.

Simulations have been carried out to verify that sizes of the tests based

on the above statistics for small samples from normal populations are

approximately correct. However, other simulations have shown that the tests

described above are sensitive to non-normality of the data. Therefore
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rejection of a particular structure for the covariance matrix may be due to

either the structure being wrong or the data following a distribution that is

far from normal. Research is continuing into more robust procedures for

selecting the appropriate covariance structure for the data.

Once the structure of the covariance matrix has been determined, the

program is useful in several ways for testing linear hypotheses concerning

parameters of the means model:

1. The G matrix could be set up such that the parameterization of the model

involves contrasts of interest. The parameter estimates with their

standard errors are then directly useful in testing single degree of

freedom hypotheses.

2. Full and reduced models could be fit on separate runs of the program.

T~e (-2) log likelihood statistics can be used to compute likelihood

ratio test statistics with approximate chi-square distributions under

the null hypotheses.

3. On a single run of the program, the covariance matrices of the parameter

estimates could be used to construct chi-square statistics for testing

different hypotheses. These tests are done automatically by setting up

the R, H, and DL arrays as described previously.

Both procedures 2 and 3 are useful for multiple degree of freedom tests, but

they will not usually give the same values for the test statistics.
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6. Examples

Nine examples will be given to illustrate the use of this program. The

first 2 are simple introductory examples, the next 4 involve well known data

sets from the repeated measures literature, and the final 3 involve data

received from the U.S. Fish and Wildlife Service.

a. White Mouse Sperm Count Data

Weekly 24-hr sperm counts were observed from 30 surgically modified white

mice for 7 weeks. No treatments were applied to the mice, but there was

interest in determining the variability of the counts, both between mice and

between weeks for individual mice. There was also interest in determining the

correlation structure of the weekly sperm counts from an individual.

The data were read in using the following comma~ds:

DATA SPERM;
INPUT C1-C7;
DROP C1-C7;
ARRAY C(I) C1-C7;
DO I=1 TO 7;

Y=LOG(C);
OUTPUT;

END;
CARDS;

The data set SPERM consisted of 210 lines with 2 variables, I and Y. The

relevant PROC IML commands necessary to read in the data, set up the analysis,
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and create the design matrix (G) were:

N=30;
T=7;
P=1;
MAXIT=5 ;
TEST=O;

*--- READ IN DATA VALUES AND SET UP Y

NT=N*T;
YIT=J(NT,2);
USE SPERM;
READ All INTO YIT;
Y=YIT ( I ,21 ) ;

*--- SET UP THE G MATRIX

G=J(NT,P,1);

Since no effect of time was expected, the only fixed effect was the general

mean, and the design matrix was simply a column of ones. The output from the

program is long, but the foll~ing statistics from the output are useful:

Model number of parameters -2*10g(likelihood) chi-square2

1 29 368.9 0
2 8 389.6 21.23
3 4 393.9 25.19
4a 3 429.0 53.50
4b 3 394.4 26.15
5 2 515.3 267.40

Neither 389.6-368.9 = 20.7 nor 21.23-0 = 21.23 was significant when compared to

a chi-square distribution with 29-8 = 21 degrees of freedom. Hence we could

not reject the hypothesis that model 2 was an appropriate structure for the

covariance matrix. Similar comparisons indicated that neither models 3 nor 4b

could be rejected as appropriate models. Comparisons of model 5 to 4b and
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model 4a to 3, however, provided strong evidence that models 5 and 4a were not

correct for these data. Choosing the most parsimonious acceptable model we

selected model 4b, the split plot model, as the best model.

'rhe output for model 4b gave the following estimates:

2 0.4246 (s.e. 0.1196 )0 =v
2 0.2694 (s.e. 0.0284)°e =

gen.mean 5.5608 (s.e. = 0.1242)

b. Simulated AR(1) Data

In the DATA step of SAS, random data were generated in which there were two

treatment groups of 10 and 14 individuals repectively. In each group the

individuals' responses increased linearly over time, each group having a

d'ifferent intercept and slope. The errors followed the AR( 1) structure of

Pantula and Pollock and observations were taken at 5 evenly spaced time

intervals for each individual.

Data were generated using the following statements:

DATA ONEj
SEED=182720;SV=2.1;SE=0.5;AL=0.6;
A1=5jB1=2jA2=4jB2=2.75j
T=1;
00 1=1 TO 10j

V=RANNOR(SEED)*SV;E=RANNOR(SEED)*SE/SQRT(1-AL**2);
J=1jV=A1+B1+V+EjOUTPUTj
00 J=2 TO 5j

E=AL*E+RANNOR(SEED)*SE;
Y=A1+J*B1+V+E;OUTPUTj

ENDj
END;
T=2j
00 1=1 TO 14;

V=RANNOR(SEED)*SVjE=RANNOR(SEED)*SE/SQRT(1-AL**2);
J=1jY=A2+B2+V+EjOUTPUTj
DO J=2 TO 5;

E=AL*E+RANNOR(SEED)*SEj
Y=A2+J*B2+V+EjOUTPUTj

ENDj
END;



Page 24

A second DATA step was used to set up the design matrix:

DATA TWO;
SET ONE;
G1=1;
G2=1;
IF T=2 THEN G2=-1;
G3=J;
G4=G2*G3;
KEEP Y G1 G2 G3 G4;

The second column of G refers to the difference between the two intercepts

and the third column refers to the difference between the slopes. The PROC IML

statements necessary to read the data and run the program were:

N=24;
T=5;
P=4;
MAXIT=5;
TEST=O;

*--- READ IN DATA VALUES AND SET UP Y

NT=N*T;
YIT=J(NT ,5);
USE TWO;
READ ALL INTO YIT;
Y=YIT(I,11);

*--- SET UP THE G MATRIX ---;

G=J(NT,P,1);
G=YIT ( I ,2: 51 ) ;
FREE YIT;

•

The goodness of fit statistics printed by the program were:

Model number of parameters -2*log(likelihood) chi-square2

1 19 264.8 0
2 9 272.8 8.50
3 7 273.8 8.88
4a 6 282.1 16.68
4b 6 282.5 17.75
5 5 545.4 222.70

The first significant tests in the sequence were those comparing models 4a

and 4b to model 3. For the former hypothesis we compared 282.1 - 273.8 = 8.3
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or 16.68 - 8.88 = 7.80 to a chi-square random variable with 7 - 6 = 1 degrees

of freedom to conclude that there was strong evidence that model 4a, the simple

AR(1) model, did not fit the data. For the latter, we compared 282.5 - 273.8 =

8.7 and 17.75 - 8.88 = 8.87 to a chi-square random variable also with 7 - 6 =
degrees of freedom to similarly conclude that there was strong evidence that

model 4b, the split plot model, did not fit. We concluded, as we should have,

that the Pantula-Pollock AR(1) model was best for these data.

The estimates of the parameters of the covariance structure for model 3

were all within standard error of the true values:

Parameter True Value Estimate Standard Error

2 4.410 5.197 1.538a v
2 0.391 0.323 0.090au

ex 0.600 0.438 0.162

The true values and estimates (with standard errors in parentheses) of the

parameters of the mean model under various structures of the covariance matrix

were:

True Value

4.500
0.500
2.375
-.375

Estimate Estimate Estimate Estimate
P-P AR(1) Unstructured Split Plot Ordinary
Structure Cov. Matrix Structure Least Squares

4.53 (.49) 4.45 ( .49) 4.52 ( .49) 4.52 ( .51 )
0.71 ( .49) 0.59 ( .49) 0.70 ( .49) 0.70 ( .51 )
2.41 ( .04) 2.39 (.04) 2.41 ( .03) 2.41 ( . 15 )
-.31 ( .04) -.33 ( .04) -.31 ( .03) -.31 ( .15)

No matter what covariance structure was used, the estimates were reasonably

good. However the standard errors under the ordinary least squares structure

were not in agreement with the rest.
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c. Potthoff and Roy (1964) Growth Data

This is a famous data set in the growth curve literature. It involves

measurements of the distance from the center of the pituitary to the

pterygomaxillary fissure taken at ages 8, 10, 12 and 14 from 11 boys and 16

girls. It was analysed by Potthoff and Roy (1964), Morrison (1976) and

Jennrich and Schluchter (1986).

The DATA step used to read in the data was:

DATA DIST;
INPUT SEX 01-04;
DROP SEX 01-04;
ARRAY 0(1) 01-04;
DO 1=1 TO 4;

DIST=D;
OUTPUT;

END;

The data were already sorted by sex, so no further manipulation of the data

was needed. It w~s decided to model the growth pattern for each individual.

using a straight line. The design matrix was set up so that the parameters of

the model were: the intercept for the boy group, the slope for the boy group,

the difference between the boy and girl intercepts, and the difference between

the boy and girl slopes. The PROC IMl statements needed to run this data set

and set up the design matrix were:

N=27;
T=4;
P=4;
MAXIT=5 ;
TEST=l;

*--- READ IN DATA VALUES AND SET UP Y

NT=N*T;
YIT=J (NT, 2) ;
USE DIST;
READ ALL INTO YIT;
Y=YIT(I,21);
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*--- SET UP THE G MATRIX

G=J(NT,P,l)j
XO=(0:3);
Xl=J(108,1,1) ;
X2=REPEAT(XO,27,1)j
X31=J(44,1,1)j
X32=J(64,1,-1);
X3=X31jjX32j
X4=X2#X3j
G=Xl I IX21 IX31 IX4;
FREE YIT XO Xl X2 X31 X32 X3 X4j

It was desired to carry out a test for whether the growth curves for the

boys and the girls were coincident (ie. whether they had the same slope and

intercept). The following statements were used:

*--- SET UP THE H, DL AND R MATRICES ---;

R={2}j
RT=SUM(R) j

H=J(RT,P,O)j
H(ll,31)=lj
H(12,41)=lj
DL=J(2,1,0)j

The goodness of fit statistics printed by the program were:

Model number of parameters -2*log(likelihood) chi-square2

1 14 419.5 0
2 8 424.6 5.05
3 7 428.5 7.77
4a 6 440.7 19.76
4b 6 428.6 7.92
5 5 478.2 64.93

The goodness of fit tests of the various covariance structures led us to

accept the split plot structure (model 4b) as a parsimonious model that fit the

data adequately. The estimated parameters of the covariance matrix were:

20v 3.03 (s.e. = 0.96)

2a e 1.88 (s.e. = 0.30)
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The estimates of the parameters of the mean model with their standard

errors were:

estimate

21.912
1.264
-.703
-.305

standard error

.408
.120
.408
.120

The test of coincidence of the growth curves for the two sexes had 2

degrees of freedom. The value of the test statistic computed by the program

was 16.5. The value of the test statistic for the same hypothesis obtained by

running the program a second time with the last two columns of the G matrix

left off was

443.3 - 428.6 = 14.8.

In both cases, comparison of the test statistic to a chi-square random

variable with 2 degrees of freedom indicated that the test was significant.

Hence we rejected the hypothesis of coincidence of the two growth curves. We

can test for paralellism of the two growth curves without setting up a

hypothesis matrix as above. Since th~ last parameter was the difference

between the slopes for the two groups, we can simply divide its estimate by the

standard error and square the result to get

2(-.305 / .120) = 6.45.

This is significant when compared to a chi-square random variable with 1

degree of freedom. Hence we conclude that the growth curves for the two sexes

were not coincident and were not even parallel.
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d. Rat Weight Data

This data set is from the book by Millike~ and Johnson (1984) and was

analysed by them using the AR(1) structure described by Pantula and Pollock

(1985). Their analysis followed methods suggested by Alboholi (1983) who

independently worked with the same covariance structure in the same context as

Pantula and Pollock. 2 2Their estimators of a , a , and a were different than
v u

those used in REMAC and they had no tests of adequacy of the covariance model.

The data set consists of weights taken at 11 equally spaced times on 50

rats. Ten of the rats had been assigned to each of 5 doses of a drug. Many

analyses were done on these data: several different models were used for the

weight gain patterns over time, various transformations were used, treatments

were left out, and sets of times were left out. In general, all of the

analyses led to the conclusion that no stationary covariance structure was

appropriate for these data. In order to be able to compare our results to

those of Milliken and Johnson (1984), we present the results of the analysis of

untransformed data using the full set of indicator variables for the times of

weighing.

To read in the data and set up columns of the design matrix for the drug

doses, the DATA step consisted of the following statements:

DATA RAT;
INPUT DOSE RAT T1-T11;
DROP DOSE RAT T1-T11;
GO=1;
G1=(DOSE=O);G2=(DOSE=0.5);G3=(DOSE=1);G4=(DOSE=4);
IF DOSE=8 THEN 00; G1=-1;G2=-1;G3=-1;G4=-1;END;
ARRAY W(I) W1-W10;
00 1=3 TO 11;

WGT=W;
WEEK=I;
OUTPUT;

END;
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Milliken and Johnson (1984) used the full set of contrasts to model the

weight gain patterns of the rats. We accomplished the same here by using a

tenth order polynomial to model the responses over the 11 time periods. The

PROC IML statements needed to set up the columns of the design matrix for the

times and the interactions between times and doses, and run this data set were:

N=50;
T=11 ;
P=55;
MAXIT=16;
TEST=3;

*--- READ IN DATA VALUES AND SET UP Y ---;

NT=N*T;
YIT=J(NT, 10);
USE RAT;
READ ALL INTO YIT;
Y=YIT(I,71);

*--- SET UP THE G MATRIX ---;

G=J(NT,P,1)i

G( 1,2:51 )=YIT( I ,2:51);
XO=1:T;
PO=ORPOL (XO , T) ; P1=PO ( 1,2: TI ) ;G( I ,6: 15 1)=REPEAT (P1, N, 1) ;
FREE PO P1 XO YIT;
G( 1,16:551 )=HDIR(G( 1,2:51 ),G( 1,6:151 ));

To carry out ANOVA tests for main effects of doses and times, and for the

interaction between doses and times, the following statements were used:

*--- SET UP THE H, DL AND R MATRICES

R={4,10,40};
RT=SUM(R) ;
H=J(RT,P,O);
HP=I(RT+1);
H=HP( 12:RT+1, I);
FREE HP;
DL=J(RT,1 ,0);
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The goodness of fit statistics printed by the program were:

Model number of parameters -2*10g(likelihood) chi-square 2

1 121 2653.7 0
2 66 2841.7 166.2
3 58 2907.0 204.6
4a 57 2910.9 198.5
4b 57 3181.0 1065.4
5 56 4312.1 2476.3

Comparing 2841.7 - 2653.7 = 188.0 and 166.2 to a chi-square random variable

with 121 - 66 = 55 degrees of freedom, we reject the hypothesis that the banded

model fit the data as well as the unstructured model. Hence we chose the

unstructured model as best for these data. The estimated unstructured

correlation matrix (with variances inserted on the diagonal) was:

83.4 .97 .97 .93 .95 .88 .89 .90 .90 .90 .88
92.8 .98 .94 .94 .89 .91 .91 .90 .91 .88

108.6 .95 .96 .91 .94 .93 .93 .93 .91
97.1 .95 .91 .94 .96 .95 .95 .93

135.2 .95 .97 .96 .95 .95 .94
156.3 .96 .96 .96 .96 .95

170.5 .98 .96 .97 .97
172.9 .98 .98 .98

172 .0 .98 .98
212.7 .98

234.6

Even though the unstructured model is best for these data, it is

interesting to examine the values of the test statistics assuming various

structures for the covariance matrix:

Effect Tested d.f. Values of Test Statistic Under Model:

1 2 3 4a 4b 5

Doses
Times
Doses x Times

4 6.8 6.3 6.7 6.6 6.8 69.2
10 4367.0 3522.3 4462.1 2770.4 19816.7 1636.2
40 102.0 70.2 79.8 74.4 123.6 10.2
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The same conclusions regarding significance of the effects would be reached

under all but the ordinary least squares model, but the values of the test

statistics varied greatly among the models.

For covariance structure 3, the REMAC estimates and the Milliken and

Johnson (1984) estimates were quite different:

parameter REMAC estimates

121.50

31.18

.853

Milliken and Johnson estimates

148.08

15.73

.604

-2(10g likelihood) 2907.0 2938.8

e. Grizzle and Allen Dog Data

This data set was used as an example by Grizzle and Allen (1969). Thirty-

six dogs were divided (unequally) into 4 surgical treatment groups. At two

minute intervals for the first 13 minutes after coronary occlusion, coronary

sinus potassium concentrations were measured. Grizzle and Allen used an

unstructured approach to analysis of the untransformed data. They modeled the

responses over time with a third degree polynomial. In our analyses, we also

used a third degree polynomial, but the data were transformed to the log scale

in an effort to fit a stationary covariance structure.

To read in the data and set up the columns of the design matrix for the

surgical groups, the following DATA step statements were used:
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DATA DOG;
INPUT GROUP Tl-T7;
DROP GROUP Tl-T7;
GO=l;
Gl=(GROUP=1);G2=(GROUP=2);G3=(GROUP=3);
IF GROUP=4 THEN DO; Gl=-1;G2=-1;G3=-1;END;
ARRAY T(I) Tl-T7;
DO 1=1 TO 7;

W=LOG(T) ;
OUTPUT;

END;

The PROC IML statements needed to run this data set, set up columns of the

design matrix for the cubic polynomial model for Times and the Group by Time

interaction, and carry out ANDVA tests for the main effects of surgical Group,

Time, and the Group x Time interaction, were:

N=36;
T=7;
P=16;
MAXIT=10;
TEST=3;

*--- READ IN DATA VALUES AND SET UP Y

NT=N*T;
YIT=J(NT ,6);
USE DOG;
READ ALL INTO YIT;
Y=YIT( I ,61);

*--- SET UP THE G MATRIX ---;

G=J(NT,P);

G( I ,1 : 41 )=Y,IT ( I , 1: 41 ) ;
XO=l:T;
PO=ORPOL(XO,3);Pl=PO(1 ,2:41);
G( I ,5: 71 )=REPEAT (P 1, N, 1) ;
FREE PO Pl XO YIT;
G( I ,8: 161 )=HD IR (G ( I ,2: 41 ) ,G( I ,5: 7 , ) ) ;

*--- SET UP THE H, DL AND R MATRICES ---;

R={3,3,9};
RT=SUM(R);
H=J(RT,P,O);
HP=I(RT+l);
H=HP ( 12: RT+1, I ) ;
FREE HP;
DL=J(RT,l ,0);
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The goodness of fit statistics printed by the program were:

Model number of parameters -2*log(likelihood) chi-square 2

1 44 -527.1 0
2 23 -489.4 29.7
3 19 -484.2 38.2
4a 18 -481.0 39.2
4b 18 -413.0 108.9
5 17 -250.4 356.5

The choice of a covariance structure was not entirely clear in this case.

Using the likelihood ratio statistic to compare the general stationary model

with the unstructured model, -489.4 - (-527.1) = 37.7 was significant at the

0.05 level. However the chi-square statistic for the same comparison, 29.7, was

not significant. If we were to accept the general stationary model as

acceptable, we would sUbsequently accept the Pantula-Pollock AR(1) model as

appropriate and the simple AR(1) model as appropriate using both the likelihood

ratio and chi square approaches. Hence, the choice of an appropriate

covariance model was between the unstructured model and the simple AR(1) model,

and had to be made somewhat sUbjectively.

The values of the test statistics for the ANOVA tests of Group and Time

main effects and the Group x Time interaction under the various covariance

structures were:

Effect Tested d.f. Values of Test Statistic Under Model:

Groups
Times
Groups x Times

3
3
9

24.5
47.7
30.4

2

21.0
37.9
23.8

3

21.8
33.4
24.0

4a

23.7
27.9
20.9

4b

22.1
62.3
45.1

5

107.8
22.9
16.6

Values of the test statistics were similar for the first four covariance

structures.
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f. Danford, Hughes and McNee PTD Data

This data set was used as an example by Danford et al (1960). Forty-five

individuals suffering from cancerous lesions were measured with 3 psychomotor

testing device (PTD) on ten consecutive days. Each day's score was the average

of 4 trials. The individuals were divided unequally into a control and three

treatment groups corresponding to three levels of whole-body x-radiation. In

our analysis, data for the last two days were excluded because of unusual

behavior of the control group means during these days. Also, in a preliminary

analysis the estimate of q for model 3 was very close to 1 and thus the data

were differenced prior to the analysis presented below.

To read in the data, compute the differences, and set up the columns of the

design matrix for comparisons of the treatment groups to the control group, the

following DATA step was used:

DATA PTO;
INPUT TRIAL $ INO PRE P1-P10j
Y1=P2-P1; Y2=P3-P2; Y3=P4-P3; Y4=P5-P4i
Y5=P6-P5; Y6=P7-P6i Y7=P8-P7;
DROP TRIAL--Y7;
GO=1i
G1=(TRIAL='1')iG2=(TRIAL='2')i G3=(TRIAL='3')i
IF TRIAL='C' THEN DO; G1=-1iG2=-1;G3=-1iENOi
ARRAY Y(I) Yl-Y7i
DO 1=1 TO 7i

X=Y;
OUTPUTi

END;

The PROC IML statements needed to run this data set, set up columns of the

design matrix for the quadratic model for Times and the Treatment by Time

interaction, and carry out ANDVA tests for the main effects of Treatment, Time,

and the Treatment x Time interaction, were:



N=45;
T=7;
P=12;
MAXIT=10;
TEST=3;

*--- READ IN DATA VALUES AND SET UP Y

NT=N*T;
YIT=J (NT, 6) ;
USE PTD;
READ ALL INTO YIT;
Y=YIT( I ,61);

*--- SET UP THE G MATRIX

G=J(NT, P) ;

G( I ,1 : 4 , )=YIT ( I ,1 : 41 ) ;
XO=l:T;
PO=ORPOL (XO , 2) ; P1=PO ( I ,2: 31 ) ;
G( I ,5 :61 )=REPEAT(P1, N, 1) ;
FREE PO P1 XO YIT;
G( I ,7: 121 )=HO IR (G ( 1 ,2: 41 ) , G( I ,5: 61 »;
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*--- SET UP THE H~ DL AND R MATRICES

R={3,2,6};
RT=SUM(R) ;
H=J(RT,P,O);
HP=I(RT+1);
H=HP( 12:RT+1, I);
FREE HP;
DL=J(RT,l,O);

---;

The goodness of fit statistics printed by the program were:

Model number of parameters -2*log(likelihood) chi-square2

1 40 2616.6 0
2 19 2653.9 35.7
3 15 2664.1 41.1
4a 14 2663.7 44.0
4b 14 2710.7 61.9
5 13 2709.4 73:3
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Comparing the general stationary model to the unstructured model using both

the likelihood ratio (2653.9 - 2616.6 = 37.3) and the chi square (35.7)

statistics led to rejection of the general stationary model at the .05 level

but not at the .01 level. The evidence is not overwhelming, but the

unstructured model should probably be chosen as the most appropriate for these

data. In this analysis, the estimate of 0
2 for covariance structure 3 was
v

negative and thus the estimate was set to zero. As expected,

2*log(likelihood) evaluated at the estimates of the parameters under structure

3 (with the estimate of 0
2 simply set to 0) was higher than that evaluated atv

the estimates under structure 4a in which estimation was done assuming 0
2 = o.
v

The values of the test statistics for the ANOVA tests of Treatment and Time

main effects and the Treatment x Time interaction under the various covariance

structures were:

Effect Tested d.f. Values of Test Statistic Under Model:

Groups
Times
Groups x Times

3
2
6

1

4.8
30.7
3.4

2

3.4
29.5
2.3

3

2.3
29.4
1.7

4a

2.4
30.5
1.8

4b

1.2
21.8
1.0

5

1.4
24.0
1.1

Values of the test statistics were similar for the first four covariance

structures.

g. Kestrel Body Temperature Data

Body temperatures were observed at times 1,3,6 and 11 for 23 birds. The

birds were divided into 5 treatment groups, 4 of size 5 and 1 of size 3. The

linear model used for these data involved the main effects for the 5

treatments, the main effects for the 4 time periods, and interactions between

treatments and time periods. The usual ANOVA main effect and interaction

hypotheses were tested. The data were read in and the main effect columns of

the design matrix were set up using the DATA statements:
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DATA TEMP;
INPUT TRT T1-T4;
Gl =1 ;
G2=(TRT=1);G3=(TRT=2);G4=(TRT=3);G5=(TRT=4);
IF TRT=5 THEN 00; G2=-1;G3=-1;G4=-1;G5=-1;END;
DROP TRT T1-T4;
ARRAY T(I) T1-T4;
DO 1=1 TO 4;

G6=(1=1);G7=(1=2);G8=(1=3);
IF 1=4 THEN DD;G6=-1;G7=-1;G8=-1;END;
TEMP=T;
OUTPUT;

END;

The PROC IML statements needed to read in the data, add the interaction

columns to the design matrix and set up the matrices used for testing the main

effects and interactions were:

N=23;
T=4;
P=20;
MAXIT=10;
TEST=3;

*--- READ IN DATA VALUES AND SET UP Y

NT=N*T;
YIT=J(NT, 10);
USE TEMP;
READ ALL INTO YIT;
Y=YIT(I,101);

*--- SET UP THE G MATRIX

G=J(NT,P,l);

G1=YIT(I,11);
G2=YIT ( I ,2: 51 ) ;
G3=YIT ( I ,7: 91 ) ;
G4=HDIR(G2,G3);
G=G1 II G211 G31 IG4;

FREE YIT G1 G2 G3 G4;

*--- SET UP THE H, DL AND R MATRICES ---;

R=(4,3,12};
RT=SUM(R) ;
H=J(RT,P,O);
HP=I(RT+1);
H=HP(12:RT+l,I);
FREE HP;
DL=J(RT,1,0);
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The goodness of fit 'statistics printed by the program were:

Model number of parameters -2*log(likelihood) chi-square
2

1 30 125.8 0
2 24 167.9 46.5
3 23 172.4 49.1
4a 22 173.5 45.6
4b 22 174.0 48.6
5 21 224.9 86.2

Since 167.9 - 125.8 = 42.1 and 46.2 - 0 = 46.2 were values of a test

statistic to be compared to a chisquare random variable with 30 - 24 = 6

degrees of freedom, we rejected the hypothesis that model 2 fit the data.

Hence we concluded that no stationary covariance structure was appropriate for

these data. This is not surprising, however, since the time periods were

unequally spaced. The appropriate inferences should thus be made using the

estimated unstructured covariance· matrix. In this particular analysis in which

the full set of main effects and interactions were included, all structures

gave the same estimates of the parameters. It is interesting to compare the

estimates of the standard errors under different covariance structures:

parameter
estimate

40.706
.464
.574
.469

- .126
.490

-.698
.001

-.720
.688
.209

-.490
.738

-.001
-.265

.343
-.076

.390
-.242
-.241

s.e·
1

.152
.290
.290
.290
.290
.112
.100
.070
.214
.191
.134
.214
.191
.134
.214
.191
.134
.214
.191
.134

s.e· 2

.154
.294
.294
.294
.294
.084
.089
.089
.161
.169
.169
.161
.169
.169
.161
.169
.169
.161
.169
.169

s.e·
3

.144

.274

.274
.274
.274
.095
.084
.084
.181
.160
.160
.181
.160
.160
.181
.160
.160
.181
.160
.160

s.e· 4a

.131

.251

.251
.251
.251
.110
.084
.084
.210
.161
.161
.210
.161
.161
.210
.161
.161
.210
.161
.161

s.e· 4b

.152
.290
.290
.290
.290
.087
.087
.087
.167
.167
.167
.167
.167
.167
.167
.167
.167
.167
.167
.167

s.e· 5

.087
.167
.167
.167
.167
.151
.151
.151
.289
.289
.289
.289
.289
.289
.289
.289
.289
.289
.289
.289
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The OLS model underestimates the s.e.'s for the treatment contrasts and

overestimates them for the time and time x treatment interaction contrasts. As

expected, the standard errors for the treatment contrasts are the same for the

split plot model as for the unstructured model.

The values of the test statistics under the various covariance structures

were:

Effect Tested d.f. Values of Test Statistic Under Model:

1 2 3 4a 4b 5

Treatments 4 18.3 17.8 20.4 24.5 18.3 55.1
Times 3 57.6 85.3 86.1 92.7 76.0 25.2
Treat x Time 12 78.8 113.9 111.7 119.1 99.3 32.9

h. Black Duck Weight Data

Weights were observed for 93 birds at 5 equally spaced times. The birds

were categorized according to their year of birth, their "age pair", arid their

brooe size (targe, medium, or small), and there was interest in the effects of

these factors separately and in combination on the weight gain patterns of the

birds. Two birds died after the first weight was taken, and a third after the

second weight. These were simply deleted in the present analysis. In an

effort to find a transformation for which a stationary covariance structure

might be appropriate, the analysis was done on weights which were

untransformed, log transformed, square root transformed, and fourth root

transformed. Since all transformations gave similar results, we will only

present results of the analysis of log transformed weights. A fourth degree

polynomial was used to model the weight gain pattern of the birds.

The following statements in the DATA step were used to read in the data and

create the columns of the design matrix corresponding to the main effects for

year of birth, age pair, and brood:
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DATA BOUCK;
INPUT YEAR 1-2 AGEPAIR 7 BROOD $ 9 W_1 WO W1 W2 W3 W4 W5;
IF W5 NE .;
Gl=l;
G2=(YEAR=76);G3=(YEAR=79);G4=(YEAR=80);
IF YEAR=81 THEN DO; G2=-1;G3=-1;G4=-1;ENO;
G5=1;IF AGEPAIR=2 THEN G5=-1;
G6=(BROOD='L');G7=(BROOO='M');
IF BROOD='S' THEN DO;G6=-1;G7=-1;END;
COV=WO;
DROP YEAR--W5;
ARRAY W(I) W1-W5;
DO 1=1 TO 5;

WGT=LOG(W) ;
OUTPUT;

END;

The following PROC IML statements were needed to input the data to IML, set

up columns of the design matrix for coefficients of the polynomial weight gain

patterns, and set up columns of the design matrix for the interactions. The 46

parameters in the mean model are due to: 1 for the mean + 3 for the year of

birth + 1 for the age pair + 2 for' the brood size + 4 for time + 35 for all

second order interactions.

N=90;
T=5;
P=46;
MAXIT=5 ;
TEST=10;

*--- READ IN DATA VALUES AND SET UP Y ---;

NT=N*T;
YIT=J(NT, 10);
USE BOUCK;
READ ALL INTO YIT;
Y=YIT(I,101);

*--- SET UP THE G MATRIX

G=J (NT , P, 1) ;

Xl =YIT ( I ,21 ) ;X2=YIT ( I ,3: 51 ) ;X3=YIT ( I ,61 ) ; X4=YIT ( I ,7: 81 ) ;
XO={l 2 3 45};
PO=ORPOL(XO,4);P1=PO(11:5,2:51 );X9=REPEAT(P1,90,1);
X5=HDIR(X2,X3);X6=HDIR(X2,X4);X7=HDIR(X3,X4);X8=HDIR(X4,X5);
X10=HDIR(X2,X9);X11=HDIR(X3,X9);X12=HDIR(X4,X9);
G=X11IX21IX31IX41IX51IX61IX71IX91IXl01IX1lIIX12;
FREE Xl X2 X3 X4 X5 X6 X7 X8 X9 Xl0 X11 X12 PO P1 YIT;
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*--- SET UP THE H, DL AND R MATRICES ---;

R={3,1,2,3,6,2,4,12,4,8};
RT=SUM(R) ;
H=J(RT,P,O);
HP=I(RT+1);
H=HP ( I2: RT+1 , I ) ;
FREE HP;
DL=J(RT,1,0);

The goodness of fit statistics printed by the program were:

Model number of parameters -2*log(likelihood) chi-square2

1 61 -802.2 0
2 51 -529.8 177.5
3 49 -528.6 174.3
4a 48 -529.3 178.3
4b 48 -468.2 230.2
5 47 -411. 0 290.3

We rejected the hypothesis that any stationary covariance structure was

appropriate for these data. The estimated unstructured covariance matrix was:

.04~3 .0235 .0064 .0020 .0024
.0447 .0133 .0049 .0038

.0138 .0083 .0065
.0093 .0062

.0058

For comparison, the estimated covariance matrix under the Pantula-Pollock

AR(1) model was:

.0257 .0148 .0085 .0049 .0028
.0257 .0148 .0085 .0049

.0257 .0148 .0085
.0257 .0148

.0257
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The values of the test statistics under the various covariance structures

were:

Effect Tested d.f. Values of Test Statistic Under Model:

1 2 3 4a 4b 5

YEAR (Y) 3 134.5 107.6 96.7 104.6 115.0 296.6
AGEPAIR (A) 1 9.6 10.0 9.2 9.9 9.0 21.1
BROOD (B) 2 1.1 2.1 1.9 2.0 2.4 5.7
Y x A 3 2.5 3.1 2.6 2.9 5.4 12.8
Y x B 6 16.4 12.7 11.5 12.4 12.8 29.9
A x B 2 .2 1.4 1.4 1.4 .5 1.3
TIME (T) 4 5412.0 7212.2 7126.7 7282.1 10090.7 7066.2
Y x T 12 102.7 99.5 101.3 102.6 135.7 95.0
A x T 4 14.0 19.9 20.1 20.4 30.0 21.0
B x T 8 13.8 12.1 12.4 12.5 16.2 11. 4

Here the first 6 tests (main plot effects) computed under the split plot

model do not coincide with the unstructured case because the third order

interactions were ignored.
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h. Black Duck Weight Data

Weights were observed for 93 birds at 5 equally spaced times. The birds

were categorized according to their year of birth, their "age pair", and their

brood size (large, medium, or small), and there was interest in the effects of

these factors separately and in combination on the weight gain patterns of the

birds. Two birds died after the first weight was taken, and a third after the

second weight. These were simply deleted in the present analysis. In an

effort to find a transformation for which a stationary covariance structure

might be appropriate, the analysis was done on weights which were

untransformed, log transformed, square root transformed, and fourth root

transformed. Since all transformations gave similar results, we will only

present results of the analysis of log transformed weights. A fourth degree

polynomial was used to model the weight gain pattern of the birds.

The following statements in the DATA step were used to read in the data and

create the columns of the design matrix corresponding to the main effects for

year of birth, age pair, and brood:

DATA BOUCK;
INPUT YEAR 1-2 AGEPAIR 7 BROOD $ 9 W_1 WO W1 W2 W3 W4 W5;
IF W5 NE .;
G1=1;
G2=(YEAR=76);G3=(YEAR=79);G4=(YEAR=80);
IF YEAR=81 THEN 00; G2=-1;G3=-1;G4=-1;ENO;
G5=1;IF AGEPAIR=2 THEN G5=-1;
G6=(BROOO='L');G7=(BROOD='M');
IF BROOO='S' THEN 00;G6=-1;G7=-1;ENO;
COV=WO;
DROP YEAR--W5;
ARRAY W(I) W1-W5;
00 1=1 TO 5;

WGT=LOG(W);
OUTPUT;

END;
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The following PROC IML statements were needed to input the data to IML, set

up columns of the design matrix for coefficients of the polynomial weight gain

patterns, and set up columns of the design matrix for the interactions. The 46

parameters in the mean model are due to: 1 for the mean + 3 for the year of

birth + 1 for the agepair + 2 for the brood size + 4 for time + 35 for all

second order interactions.

N=90;
T=5;
P=46;
MAXIT=5 ;
TEST=10;

*--- READ IN DATA VALUES AND SET UP Y

NT=N*T;
YIT=J(NT, 10);
USE BOUCK;
READ ALL INTO YIT;
Y=YIT ( 1,10 I ) ;

*--- SET UP THE G MATRIX

G=J (NT, P, 1) ;

Xl=YIT( I ,21 );X2=YIT( 1,3:5! );X3=YIT( 1,61 );X4=YIT( 1,7:81);
XO={l 2 3 4 5};
PO=ORPOL(XO,4) ;Pl=PO( 11 :5,2:51) ;X9=REPEAT(Pl ,90,1);
X5=HDIR(X2,X3);X6=HDIR(X2,X4);X7=HDIR(X3,X4);X8=HDIR(X4,X5);
Xl0=HDIR(X2,X9);Xll=HDIR(X3,X9);X12=HDIR(X4,X9);
G=XlIIX21IX31IX41IX51IX61IX71IX91IXl01IXl11IX12;
FREE Xl X2 X3 X4 X5 X6 X7 X8 X9 Xl0 Xl1 X12 PO Pl YIT;

*--- SET UP THE H, DL AND R MATRICES

R={3,1,2,3,6,2,4,12,4,8};
RT=SUM(R) ;
H=J(RT,P,O);
HP=I(RT+l);
H=HP ( I2: RT+1, I ) ;
FREE HP;
DL=J(RT,l ,0);
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The goodness of fit statistics printed by the program were:

Model number of parameters -2*log(likelihood) chi-square 2

1 61 -802.2 0
2 51 -529.8 177.5
3 49 -528.6 174.3
4a 48 -529.3 178.3
4b 48 -468.2 230.2
5 47 -411. 0 290.3

We rejected the hypothesis that any stationary covariance structure was

appropriate for these data. The estimated unstructured covariance matrix was:

.0473 .0235 .0064 .0020 .0024
.0447 .0133 .0049 .0038

.0138 .0083 .0065
.0093 .0062

.0058

For comparison, the estimated covariance matrix under the Pantula-Pollock

AR(1) model was:

.0257 .0148 .0085 .0049 .0028
.0257 .0148 .0085 .0049

.0257 .0148 .0085
.0257 .0148

.0257

The values of the test statistics under the various covariance structures

were:

Effect Tested d.f. Values of Test Statistic Under Model:

2 3 4a 4b 5

YEAR (Y) 3 134.5 107.6 96.7 104.6 115.0 296.6
AGEPAIR (A) 1 9.6 10.0 9.2 9.9 9.0 21. 1
BROOD (B) 2 1.1 2.1 1.9 2.0 2.4 5.7
Y x A 3 2.5 3.1 2.6 2.9 5.4 12.8
Y x B 6 16.4 12.7 11.5 12.4 12.8 29.9
A x B 2 .2 1.4 1.4 1.4 .5 1.3
TIME (T) 4 5412.0 7212.2 7126.7 7282.1 10090.7 7066.2
Y x T 12 102.7 99.5 101.3 102.6 135.7 95.0
A x T 4 14.0 19.9 20.1 20.4 30.0 21.0
B x T 8 13.8 12.1 12.4 12.5 16.2 11.4
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Here the first 6 tests (main plot effects) computed under the split plot

model do not coincide with the unstructured case because the third order

interactions were ignored.

i. Mallard Weight Data

Weights were observed for 210 mallards at each of 10 equally spaced times.

One of 9 treatments was applied to each of the birds, and at the end of the

experiment the sex of each bird was determined. Those birds (12) which died

during the experiment or for which information on their sex was not available

were not included in the analysis. Also, 3 of the treatments had only 10 birds

assigned to them as opposed to 30 birds per treatment for the other 6

treaments. In one of the treatment groups with only 10 birds, there were no

male birds at all. Because of space limitations and since there was interest

in the treatment x sex interaction, birds in the small treatment groups were

also left out of the analysis. In all, data on 174 birds were analysed.

Many different analyses were done on these data in an effort to determine

the best model for the covariance structure. The data were analysed

untransformed, log transformed and square root transformed. A third degree and

a fourth degree polynomial were used to model the response pattern over time

for each bird. The data were also differenced prior to analysis on both the

arithmetic and logarithmic scales. Also, the first two weights were left off

of the data set prior to analysis. No transformation or change in the mean

model could be found for which the covariance structure appeared to be

stationary. We will present the results of the analysis of untransformed and

undifferenced data consisting of only the last eight weights, using a fourth

degree polynomial model for the weight gain pattern.
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To read in the data, drop out some observations as noted above, and set up

some columns of the design matrix, the DATA step consisted of the following

statements:

DATA MALLARD;
INPUT TRT $ 1-3 SEX $ 6 WO W1-W10;
IF SEX = '.' OR SEX = ' , OR W10=. THEN DELETE;
IF TRT='C01' OR TRT='C02' OR TRT='C03' THEN DELETE;
DROP TRT SEX WO W1-W10;
GO=1;
G1=(TRT='B10');G2=(TRT='B40');G3=(TRT='B16');
G4=(TRT='A03');G5=(TRT='A10');
IF TRT='A30' THEN DO; G1=-1;G2=-1;G3=-1;G4=-1;G5=-1;END;
G6=1;IF SEX='M' THEN G6=-1;
ARRAY WeI) W1-W10;
DO 1=3 TO 10;

WGT=W;
COV=WO;
OUTPUT;

END;

The PROC IML statements needed to complete the design matrix and set up the

hypothesis matrices were:

N=174;
T=8;
P=35;
MAXIT=5 ;
TEST=5;

*--- READ IN DATA VALUES AND SET UP Y

NT=N*T;
YIT=J(NT, 10);
USE MALLARD;
READ ALL INTO YIT;
Y=YIT ( I ,91 ) ;

*--- SET UP THE G MATRIX

G=J(NT,P,1);

G( I ,1 : 71 )=YIT ( I , 1: 71 ) ;
XO={1 2 3 4 5 6 7 8};
PO=ORPOL(XO,4) ;P1=PO( I ,2:5! ) ;G( I ,8: 111 )=REPEAT(P1 ,N, 1);
FREE PO P1 XO YIT;
G( 1,12: 31 I )=HDIR (G ( I ,2: 61 ) , G( I ,8: 11 I ) ) ;
G( I ,32 : 35 I )=HD IR(G( I ,7 I ) ,G( I , 8 : 11 I ) ) ;
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*--- SET UP THE H, DL AND R MATRICES

R={5,1,4,20,4}i
RT=SUM(R) i

H=J(RT,P,O)i
. HP=I (RT+1) i

H=HP ( I2: RT+1 , , ) i

FREE HPi
DL=J(RT,1,0)i

The goodness of fit statistics printed by the program were:

Model number of parameters -2*log(likelihood) chi-square2

1 71 21005.1 °2 43 21231.5 199.5
3 38 21254.2 224.2
4a 37 21254.3 225.3
4b 37 21741.3 802.3
5 36 22692.8 2279.7

We rejected the hypothesis that any stationary covariance structure was

appropriate for these data. The estimated unstructured correlation matrix

(with variances inserted on the diagonal) was:

412.1 .91
520.3

.79
.86

784.5

.66

.79
.74

915.3

.71

.68

.65
.86

824.2

.45
.59
.57
.76
.84

744.4

.35

.48

.52
.69
.78
.90

720.5

.26

.36

.41
.48
.60
.68
.78

741.1

For comparison, the estimated correlation matrix under the usual AR(1)

model was:

663.6 .82 .67 .55 .45 .37 .30 .25
663. 6 .82 .67 .55 .45 .37 .30

663.6 .82 .67 .55 .45 .37
663.6 .82 .67 .55 .45

663.6 .82 .67 .55
663.6 .82 .67

663.6 .82
663.6



Page 50

The values of the test statistics under the various covariance structures

were:

Effect Tested d.t. Values at Test Statistic Under Model:

2 3 4a 4b 5

TRMT (TR) 5 72.9 83.5 82.2 82.8 71.7 395.1
SEX (S) 1 51.1 56.4 55.5 55.9 48.4 266.8
TIME (TI) 4 14476 9811 10346 10114 31495 11389
TR x TI 20 108.0 86.7 78.2 77.3 185.6 67.1
S x TI 4 77.0 54.3 59.8 58.2 215.4 77 .9
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8. Program Code

DATA oIST;
INPUT SEX 01-04;
DROP SEX 01-04;
ARRAY 0(1) 01-04;
00 1=1 TO 4;

oIST=o;
OUTPUT;

END;

*---INPUT THE POTTHOFF AND ROY oATA---;

CARDS;

1 21 20 21.5 23
1 21 21.5 24 25.5
1 20.5 24 24.5 26
1 23.5 24.5 25 26.5
1 21.5 23 22.5 23.5
1 20 21 21 22.5
1 21.5 22.5 23 25
1 23 23 23.5 24
1 20 21 22 21.5
1 16.5 19 19 19.5
1 24.5 25 28 28
2 26 25 29 31
2 21.5 22.5 23 26.5
2 23 22.5 24 27.5
2 25.5 27.5 26.5 27
2 20 23.5 22.5 26
2 24.5 25.5 27 28.5
2 22 22 24.5 26.5
2 24 21.5 24.5 25.5
2 23 20.5 31 26
2 27.5 28 31 31.5
2 23 23 23.5 25
2 21.5 23.5 24 28
2 17 24.5 26 29.5
2 22.5 25.5 25.5 26
2 23 24.5 26 30
2 22 21.5 23.5 25
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*---1=FEMALE

PROC IML;

START REMAC;

2=MALE DATA WERE TAKEN AT AGE 8 10 12 14
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*--- EGLS REPEATED MEASURES ANALYSIS FOR COMPLETE DATA

*--- DEFINE PARAMETERS OF THE PROBLEM

*--- N = NUMBER OF INDIVIDUALS ---i

*--- T = NUMBER OF TIME PERIODS FOR EACH INDIVIDUAL ,
*--- P = NUMBER OF PARAMETERS IN THE MODEL FOR THE MEANS ,
*--- Y = DATA VECTOR ARRANGED SUCH THAT ALL OBSERVATIONS FOR A

SINGLE INDIVIDUAL ARE CONSECUTIVE AND IN THE PROPER ORDER ---i

*--- G = DESIGN MATRIX WHICH MUST BE SET UP ENTIRELY BY THE USER
AND MUST BE OF FULL RANK ---i

*--- MAXIT = NUMBER OF ITERATIONS DESIRED FOR ITERATIVE ESTIMATES
AND WE SUGGEST THAT IT BE <= 5 ---i

*--- TEST = VARIABLE INDICATING HOW MANY LINEAR HYPOTHESES ARE TO BE
TESTED. MUST BE SET TO ZERO IF NONE---i

*--- H,DL = MATRICES DEFINING THE LINEAR HYPOTHESES TO BE TESTED. IF WE
WISH TO TEST THE HYPOTHESES

H: H1 B = DL1
AND H: H2 B = DL2,
THEN H=H1//H2 AND DL=DL1//DL2i

*--- R = COLUMN VECTOR GIVING THE DEGREES OF FREEDOM FOR EACH OF THE
HYPOTHESIS TESTS. SET EQUAL TO 1 IF NONE~--i

N=27i
T=4i
P=4i
MAXIT=5;
TEST=1;

*--- READ IN DATA VALUES AND SETUP Y ---;

NT=N*T;
YIT=J (NT, 2) ;
USE DIST;
READ ALL INTO YIT;
Y=YIT(I,21)i

*--- SET UP G MATRIX---;

G=J(NT, P) i

XO=(0:3)-;
X1 =J (108,1 , 1) i

X2=REPEAT(XO,27,1);
X31 =J (44, 1, 1) i

X32=J(64,1,-1)i
X3=X31//X32i
X4=X2#X3i
G=X1 I IX21 IX31 IX4 i
FREE YIT XO X1 X2 X31 X32 X3 X4;



*--- SET UP THE H, DL, AND R MATRICES---;

R = {2};
RT = SUM(R);
H = J(RT,P,O);
H(11,31) = 1;
H(12,41) = 1;
DL = J ( 2, 1,0) ;

*---COMPUTATION FOR PSI AND PHI MATRICES AND CONST

CONST=NT*LOG(4*ARSIN(1»;

T1 =T* (T+1)/2 ;

PSI=J (T1 , T*T, 0) ;
PHI=PSI';
CR=-T-1;
DO JP=1 TO T;
CR=CR+T-JP+2;
DO IP=JP TO T;
DO KP=1 TO T;
DO SP=1 TO T;
CP=CR+IP-JP+1;
RP=(SP-1)#T+KP;
PSI(ICP,RPI)=«1#(KP=JP»*(1#(SP=IP»+(1#(KP=IP»*(1#(SP=JP»)/2;
PHI( IRP ,CP 1)=( 2-( 1#(KP=SP» )#PSI ( ICP ,RP I);
END;END;END;END;

*--- CREATE EGLS SUBROUTINE ---;

START EGLS(BETA,SEB,RSS,LAM,CHI1,CHI2,SEBO,HTEST,RM,SIGMA,IVI,IV,
N,T,P,Y,G,PSI,SHAT1ST,TEST,H,DL,R,GG,BO);

NT=N*T;
CONST=NT*LOG(4*ARSIN(1»;
IS=INV(SIGMA);
LSO=J(P,P,O);
LS1=LSO;
LS2=J(P,1 ,0);
DO K = 1 TO (N-1)*T+1 BY T;
KP = K+T-1;
GP=G ( IK: KP , 1: PI) ;
LSO=LSO+GP'*SIGMA*GP;
LS1=LS1+GP'*IS*GP;
LS2=LS2+GP'*IS*Y(IK:KP,1 I);
END;
CB=GINV(LS1);
BETA=CB*LS2;
SEB=SQRT(VECDIAG(CB»;
CBO=GG*LSO*GG;
SEBO=SQRT(VECOIAG(CBO»;
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RES=Y-G*BETAi
RM=SHAPE(RES,N,T);
RSS=Oi
DO K = 1 TO Ni
RSS=RSS+RM(IK,I)*IS*RM(IK,I)'i
END;
D=DET(SIGMA) ;
LAM=N*LOG(D)+RSS+CONST;

E=SHAT1ST-PSI*SHAPE(SIGMA,T*T,1);
CHI1=E'*IV*E;
CHI2=E'*IVI*E;
IF TEST>O THEN DO;
HTEST=J(TEST,2,O)i
11 =1; I 2=R ( 11 , 1 I ) ;
DO K=1 TO TEST;
HTEST ( IK, 1 I )=(H ( I11 : 12, I )*BETA-DL ( I11 : 12, I ) ) '*

INV(H( 111: 12,1 )*CB*H( I11: 12, 1)')*
(H( II1:I2,1)*BETA-DL( 111:12, I»;

IF K<TEST THEN DO;
11 =1 1+R ( IK, 1 I ) ;
I2=I2+R( IK+1, 11);
END;
END;
I1=1;I2=R(11,11);
DO K~1 TO TEST;
HTEST ( IK, 21 )=(H ( I11 : 12, I )*BO-DL ( I11 :12, I ) ) '*

INV(H( 111: 12,1 )*CBO*H ( 111: 12, 1)')*
(H(II1:I2,1)*BO-DL(II1:I2, I »);

IF K<TEST THEN DOi
I 1=I 1+R ( IK, 1 I ) ;
12=I 2+R ( IK+1, 1 I ) ;
END;
END;
END;
ELSE HTEST=O;

FREE LSO LS1 LS2 GP CB E RES;

FINISH;

PRINT 'MODEL-1 == UNSTRUCTURED MODEL';
PRINT 'MODEL-2 == BANDED MODEL';
PRINT 'MODEL-3 == PANTULA-POLLOCK AR(1) MODEL';
PRINT 'MODEL-4A == SIMPLE AR(1) MODEL';
PRINT 'MODEL-4B == SPLIT-PLOT MODEL';
PRINT 'MODEL-5 == ORDINARY LEAST SQUARES MODEL';
PRINT '
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*--- MODEL-S == ORDINARY LEAST SQUARES MODEL

GG=INV(G'*G);
BETA5=GG*G'*y;
RES=Y-G*BETA5;
RESS=RES'*RES;
SES=RESS/NT;
THS=SES; NPARAS=P+l ;
SETHS=SE5/NT*SQRT(2*(NT-P»;
RSSS=NT;
SHATS=SES*I(T); ISS=l/SES*I(T);
IVS=N/2*PHI'*(ISS@ISS)*PHI; FREE ISS;
SEB5=SQRT(VECDIAG(GG*SE5»;
SEBOS=SEB5;
RM=SHAPE(RES,N,T);
SHATO=RM'*RM/N;
IF TEST>O THEN DO;
HTESTS=J(TEST,l,O);
11=1;12=R(ll,11 );
DO K=l TO TEST;
HTESTS ( IK, 1 I )=(H ( I11: 12, I )*BETA5-DL ( I11: 12, I ) ) '*

INV (H ( I 11 : 12, I )*GG*SES*H ( I 11 : 12, I ) , )*
(H( 111 :12, I )*BETAS-DL( 111: 12, I»;

IF K<TEST THEN DO;
I 1=I 1+R ( IK, 1 I ) ;
I2=I2+R( IK+l, 11);
END;
END;
END;
ELSE HTESTS=O;
FREE RES RM;

*--- MODEL-l == UNSTRUCTURED COVARIANCE MATRIX MODEL ---;

IV1=J(Tl,Tl,O); IV=J(Tl,Tl,O); SHAT1ST=J(Tl,1,O);
RUN EGLS(BETA1,SEB1,RSS1,LAM1,CHlll,CHI21,SEB01,HTEST1,RM,SHATO,IV1,IV,

N,T,P,Y,G,PSI,SHAT1ST,TEST,H,DL,R,GG,BETAS);
SHAT1=RM'*RM/N; IS1=INV(SHAT1); FREE RM;
IV=N/2*PHI'*(IS1@IS1)*PHI; FREE IS1;
SHAT1ST=PSI*SHAPE(SHAT1,T*T,1); NPARA1=T*(T+l)/2+P;
TH1=PSI*SHAPE(SHATO,T*T,1);
CB=2/N*PSI*(SHATO@SHATO)*PSI'; FREE SHATO;
SETH1=SQRT(VECDIAG(CB»; FREE CB;

*--- STATISTICS FOR MODEL-5 ---;

LAMS=NT*LOG(SE5)+RSSS+CONST;
E=SHAT1ST-PSI*SHAPE(SHATS,T*T,1);
CHllS=E'*IV*E;
CHI2S=E'*IVS*E;
FREE E IV5;
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*---MODEL-2 == BANDED MODEL ---;

F=J(T*T,T,O);
DO K = 1 TO T;
DO L = 1 TO T;
M=(L-1)*T+K;
AD=ABS(K-L)+1;
F( IM,ADI )=1;
END; END;
FP=PSI*F;
SHAT2=J(T, T);

DO M = 1 TO MAXIT;
IF M=1 THEN IVI=I(T1);
ELSE DO;
IS2=INV(SHAT2);
IVI=N/2*PHI'*(IS2@IS2)*PHI;
CB=INV(FP'*IVI*FP);
TH2=CB*FP'*IVI*SHAT1ST;

DO K = 1 TO T;
DO L = 0 TO T-K;
SHAT2(!K,K+LI)=TH2(IL+1,1 I);
SHAT2( IK+L,K I )=TH2( IL+1, 11);
END; END;
END;

•
SETH2=SQRT(VECDIAG(CB»);
NPARA2=T+P;

FREE CB IS2;

END;

RUN EGLS(BETA2,SEB2,RSS2,LAM2,CHI12,CHI22,SEB02,HTEST2,RM,SHAT2,IVI,IV,
N,T,P,Y,G,PSI,SHAT1ST,TEST,H,DL,R,GG,BETA5);

FREE RM F FP;

*---COMPUTATIONS FOR INITIAL ESTIMATES OF ALPHA AND VARIANCE COMPONENTS
FOR MODELS 3 AND 4A---;

MW14A=TH2(I1,11); MW24A=TH2( 12,11);
MW13=TH2 ( 11 ,1 I )-TH2 ( 12,1 1); MW23=TH2 ( 12,1 I )-TH2 ( 13,1 I ) ;

AL4A=MW24A/MW14A; AL3=MW23/MW13;
IF AL4A > 0.995 THEN AL4A=0.995;
IF AL4A < -0.995 THEN AL4A=-0.995;
IF AL3 > 0.995 THEN AL3=0.995;
IF AL3 < -0.995 THEN AL3=-0.995;

SE3=MW13*(1+AL3);
SV3=MW14A-SE3/(1-AL3**2);

SE4A=MW14A*(1-AL4A**2);

*--- MODEL-3 == PANTULA-POLLOCK AR(1) MODEL

SN=SE3/(1-AL3**2);
F=J(T*T,3,1);
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SHAT3=J(T,T};
DO II = 1 TO T;
DO JJ = 1 TO T;
SHAT3(III,JJI }=SE3/(1-AL3**2}*(AL3**ABS(II-JJ)}+SV3;
END; END;

DO M = 1 TO MAXIT;
DO JJ=l TO T;
DO II=l TO T;
K=( JJ-1 }*T+II;
AD=ABS(II-JJ) ;
F( !K,21 )=AL3**AD;
F(IK,3!}=AD*SN*AL3**(AD-l};
END;END;
EP=SHAT1ST-PSI*SHAPE(SHAT3,T*T,1);
FP=PSI*F;
IS3=INV(SHAT3);
IVI=N/2*PHI'*(IS3@IS3}*PHI;
CB=INV(FP'*IVI*FP);
DEL=CB*FP'*IVI*EP;
SV3=SV3+DEL( 11,1 I };IF SV3 < 0 THEN SV3=0;
AL3=AL3+DEL( 13,11 );IF ABS(AL3) >= 1 THEN DO;

IF AL3 < 0 THEN AL3=-.995;ELSE AL3=.995;END;
SN=SN+OEL(12,11 );IF SN < 0 THEN SN=SE3/(1-AL3**2);
QO II=l TO T;
DO JJ=1 TO T;
SHAT3(III,JJ! )=SV3+SN*AL3**ABS(II-JJ);
END;END;

END; FREE F FP EP IS3 DEL;

TH3=J(3,1,SV3};
TH3 ( ,2, 1! )=SN ;
TH3( 13,11 )=AL3;
SETH3=SQRT(VECDIAG(CB});

NPARA3=P+3;

FREE CB;

RUN EGLS(BETA3,SEB3,RSS3,LAM3,CHI13,CHI23,SEB03,HTEST3,RM,SHAT3,IVI,IV,
N,T,P,Y,G,PSI,SHAT1ST,TEST,H,DL,R,GG,BETA5);

FREE RM;

*--- MODEL-4A == SIMPLE AR(1) MODEL

SN=SE4A/(1-AL4A**2);
F=J(T*T,2,O);

SHAT4A=J (T, T) ;
DO II = 1 TO T;
DO JJ = 1 TO T;
SHAT4A(III,JJ!)=SE4A/(1-AL4A**2)*(AL4A**ABS(II-JJ});
ENO; END;
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00 M = 1 TO MAXIT;
00 II = 1 TO T;
00 JJ = 1 TO T;
K=(JJ-1 )*T+II;
AO=ABS ( II -JJ ) ;
F(IK,11)=1/(1-AL4A**2)*(AL4A**AO);
IF AO=O THEN F(IK,21 )=SN*2*AL4A/«1-AL4A**2)**2);
ELSE F(IK,21)=

SN*(AO*AL4A**(AO-1)/(1-AL4A**2)+2*AL4A**(AO+1)/«1-AL4A**2)**2));
ENOi ENOi

EP=SHAT1ST-PSI*SHAPE(SHAT4A,T*T,1)i
FP=PSI*F;
IS4A=INV(SHAT4A)i
IVI=N/2*PHI'*(IS4A@IS4A)*PHI;
CB=INV(FP'*IVI*FP);
OEl=CB*FP'*IVI*EP;
AL4A=AL4A+OEL(12,11);
IF ABS(Al4A) >= 1 THEN OOi

IF AL4A < 0 THEN AL4A=-.995i ELSE AL4A=.995; END;
SN=SN+OEL(11,1!);
IF SN < 0 THEN SN=SE4A/(1-Al4A**2);

00 II = 1 TO T;
00 JJ = 1 TO T;
SHAT4A(III,JJI)=SN/(1-AL4A**2)*(Al4A**ABS(II-JJ));
ENOi END;

END; FREE F FP EP DEL IS4A;

TH4A=J(2,1,SN/(1-AL4A**2))i
TH4A(12,1!)=AL4A;
SETH4A=SQRT(VECOIAG(CB)); FREE CBi

NPARA4A=P+2i

ENDi

RUN EGLS(BETA4A,SEB4A,RSS4A,LAM4A,CHI14A,CHI24A,SEB04A,HTEST4A,RM,SHAT4A
,IVI,IV,N,T,P,Y,G,PSI,SHAT1ST,TEST,H,OL,R,GG,BETA5);

FREE RM;

*--- MODEL-4B == SPLIT-PLOT MODEL

F=J(T*T,2,1)i

DO II = 1 TO T;
DO JJ = 1 TO Ti
K=( JJ-1 )*T+ II ;
AD=ABS(II-JJ) ;
IF AD=O THEN -F( IK,21 )=1;

ELSE F( IK, 21 )=0;
END;

FP=PSI*Fi
SHAT4B=J(T, T);



00 M = 1 TO MAXIT;
IF M=l THEN IVI=I(T1);
ELSE 00;
IS4B=INV(SHAT4B);
IVI=N/2*PHI'*(IS4B@IS4B)*PHI;
CB=INV(FP'*IVI*FP);
TH4B=CB*FP'*IVI*SHAT1ST;

IF TH4B( 11,11 )<0 THEN TH4B(! 1,11 )=0;
SHAT4B=TH4B ( 12,1 1)*1 (T) +J (T , T, TH4B ( 11 ,1 I ) ) ;

END;

SETH4B=SQRT(VECDIAG(CB»;
FREE CB IS4B F FP;

END;

NPARA4B=P+2;
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RUN EGLS(BETA4B,SEB4B,RSS4B,LAM4B,CHI14B,CHI24B,SEB04B,HTEST4B,RM,SHAT4B
,IVI,IV,N,T,P,Y,G,PSI,SHAT1ST,TEST,H,DL,R,GG,BETA5);

FREE RM;

*--- END OF ALL COMPUTATIONS ---;

PRINT' ***---&&&---###---&&&---***
PRINT I;
*--- PRINTOUT OF FINAL RESULTS ---;
PRINT' , ;

I.,

START PRINTOUT(Tl,RSS,NPARA,BETA,SEB,TH,SETH,SHAT,LAM,CHll,CHI2,
HTEST,R,TEST);

Bl={" "}; BLK=REPEAT(Bl,l,Tl);

PRINT 'THE RESIDUAL SUM OF SQUARES';
PRINT RSS (IROWNAME=BLK COLNAME=BLKI);
PRINT 'THE NUMBER OF PARAMETERS IN THIS MODEL';
PRINT NPARA (IROWNAME=BLK COLNAME=BLK!);
PRINT 'THE ESTIMATES OF THE PARAMETERS FOR THE MEANS MODEL';
BETA=BETA' ;
PRINT BETA (!ROWNAME=BLK COLNAME=BLKI);
PRINT 'THE STANDARD ERRORS FOR THE ABOVE ESTIMATES'; SEB=SEB';
PRINT SEB (IROWNAME=BLK COLNAME=BLKI);
PRINT 'THE ESTIMATES OF THE PARAMETERS FOR THE COVARIANCE MATRIX';
TH=TH' ;
PRINT TH (IROWNAME=BLK COLNAME=BLKI);
PRINT 'THE STANDARD ERRORS FOR THE ABOVE ESTIMATES'; SETH=SETH';
PRINT SETH (IROWNAME=BLK COLNAME=BLKI);
PRINT 'THE ESTIMATED COVARIANCE MATRIX';
PRINT SHAT (IROWNAME=BLK COLNAME=BLK!);
PRINT 'THE MINUS TWO LAMBDA STATISTIC';
PRINT LAM (IROWNAME=BLK COLNAME=BLKI);
PRINT 'THE CHISQUARE STATISTICS';
PRINT CHI1 (IROWNAME=BLK COLNAME=BLKI)

CHI2 (IROWNAME=BLK COLNAME=BLKI);



IF TEST>O THEN PRINT
'TEST STATISTICS FOR HYPOTHESES (EGlS AND OlS) WITH D.
IF TEST>O THEN PRINT HTEST (ICOlNAME=BlKI)

R (IROWNAME=BlK COlNAME=BlKI);

FINISH;

F ' .. ,
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PRINT I;
PRINT 'THE RESULTS FOR MODEL-1 == UNSTRUCTURED MODEL';
RUN PRINTOUT(T1,RSS1,NPARA1,BETA1,SEB1,TH1,SETH1,SHAT1,lAM1,CHI1l,

CHI21,HTEST1,R,TEST);

PRINT I;
PRINT 'THE RESULTS FOR MODEL-2 == BANDED MODEL';
RUN PRINTOUT(Tl,RSS2,NPARA2,BETA2,SEB2,TH2,SETH2,SHAT2,lAM2,CHI12,

CHI22,HTEST2,R,TEST);

PRINT I;
PRINT 'THE RESULTS FOR MODEl-3 == PANTULA-POLlOCK AR(1) MODEL';
RUN PRINTOUT(Tl,RSS3,NPARA3,BETA3,SEB3,TH3,SETH3,SHAT3,LAM3,CHI13,

CHI23,HTEST3,R,TEST);

PRINT I;
PRINT 'THE RESULTS FOR MODEL-4A == SIMPLE AR(1) MODEL';
RUN PRINTOUT(T1,RSS4A,NPARA4A,BETA4A,SEB4A,TH4A,SETH4A,SHAT4A,LAM4A,

CHI14A,CHI24A,HTEST4A,R,TEST);

PRINT I;
PRINT 'THE RESULTS FOR MODEL-4B == SPLIT-PLOT MODEL';
RUN PRINTOUT(T1,RSS4B,NPARA4B,BETA4B,SEB4B,TH4B,SETH4B,SHAT4B,LAM4B,

CHI14B,CHI24B,HTEST4B,R,TEST);

PRINT I;
PRINT 'THE RESULTS FOR MODEL-5 == ORDINARY LEAST SQUARES MODEL';
RUN PRINTOUT(Tl,RSS5,NPARA5,BETA5,SEB5,TH5,SETH5,SHAT5,LAM5,CHI15,

CHI25,HTEST5,R,TEST);

PRINT I ';

PRINT 'THE OlS ESTIMATES FOR THE PARAMETERS OF THE MEANS MODEL';
PRINT 'AND THEIR STANDARD ERRORS UNDER DIFFERENT COVARIANCE STRUCTURES';
B1={" "}; BlK=REPEAT(B1,1,T); BETA=BETAS';
PRINT BETA (IROWNAME=BLKI) SEB01 (IROWNAME=BLKI)

SEB02 (IROWNAME=BLKI) SEB03 (IROWNAME=BLKI);
PRINT SEB04A (!ROWNAME=BLKI) SEB04B (IROWNAME=BLKj)

SEBOS (IROWNAME=BLKI);

FINISH;
RUN REMAC;


