
ABSTRACT

FAN, XIANG. Adaptive Control of Hysteretic Smart Material Systems. (Under the
direction of Dr. Ralph C. Smith).

Smart materials exhibit nonlinear behaviors and hysteresis when driven at field

levels necessary to meet stringent performance criteria in high performance applications.

This requires models and control designs that effectively compensate for the nonlinear,

hysteretic field-coupled material behavior. In this dissertation, we investigate model iden-

tification using the homogenized energy model and adaptive control of hysteresis in smart

hysteretic system, while the approaches are applicable to control of a wide class of ferroelec-

tric, ferromagnetic and ferroelastic materials, we illustrate the ideas through the example

of controlling a ferroelectric actuator.

We pursue the problem of hysteresis control through two complimentary approaches:

linear adaptive control using an inverse compensator and nonlinear adaptive control.

Inverse control is a fundamental approach to accommodate hysteresis effect by

constructing a right inverse of the hysteresis. Due to the open-loop nature of inverse con-

trol, the performance of the inverse compensation is susceptible to model uncertainties and

to error introduced by inexact inverse algorithms. The objective of adaptive control is to

design a controller that can adjust its behavior to tolerate uncertainties or time-varying

parameters. We employ the homogenized energy model to quantify the hysteresis. On

the basis of the hysteresis model, we propose an adaptive control framework by combining

inverse compensation with adaptive control techniques, and investigate the parameter iden-

tification methods for the hysteresis model. We prove the asymptotic tracking property of

the proposed adaptive inverse control algorithm, discuss the issue of parameters convergence

and illustrate the performance of the proposed control method through simulations.

Adaptive nonlinear control is a more challenging task and has received increasing

attention in recent years. The challenge addressed here is how to fuse hysteresis models

with available adaptive control techniques to have the basic requirement of stability of the

system. In this dissertation, an adaptive variable structure control approach, serving as an

illustration, is fused with the homogenized energy model without constructing a hysteresis

inverse. The global stability of the system and tracking a desire trajectory to a certain

precision are achieved under certain conditions. Simulations are performed on an unstable



nonlinear system. The purpose of exploring new avenues to fuse the model of hysteresis

nonlinearities with the available adaptive controller designs without constructing a hystere-

sis inverse is achieved and illustrated with the promising simulation results. This provides

a step toward the development of a general nonlinear adaptive control framework for hys-

teretic systems.
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Chapter 1

Introduction

A growing emphasis in advanced control systems design focuses on the use of multi-

functional materials, such as piezoceramics, magnetostrictives, and shape memory alloys, in

integrated transducers to improve control authority and performance, reduce weight, and

minimize power requirements. For example, piezoceramic compounds have both actuator

and sensor capabilities due to the direct and converse piezoelectric effects, microscale set

point accuracy, and high frequency (kHz) operating capabilities. This has led to their use

in applications ranging from nano-positioning mechanisms in an atomic force microscope

(AFM) [37] to inertial sensors in an accelerometer. Magnetostrictive materials also offer

both actuator and sensor capabilities as well as broadband transduction and large output

forces. Recent applications and products exploiting these properties include high accuracy,

high speed milling devices [40] and torque sensing for steering systems [39]. Shape memory

alloys operate at lower frequencies (< 100 Hz for bulk materials) but offer the largest power

densities of the three compounds. Hence they are being considered for applications ranging

from vibration dissipation in buildings and flexible aerospace structures to active shape

configuration of an airfoil to optimize flight characteristics while minimizing drag [39, 44].

Although smart materials have been successfully implemented in a number of

applications, limitations associated with nonlinear and hysteretic behavior have presented

challenges in developing high performance actuation responses over a broad frequency range.

In ferroelectric and ferromagnetic materials, the nonlinear and hysteretic behavior is pri-

marily due to the reorientation of local electric or magnetic variants that align with the

applied electric or magnetic fields. Moderate to large field levels can induce 0.1% strain
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(a) (b)

Figure 1.1: (a) Inherent hysteresis behavior, and (b) phase delay caused by hysteresis in
Terfenol-D.

in PZT and up to 6% strain in shape memory alloys. At these fields levels, if hysteresis

is not accommodated, it can induce a phase delay in the response of the actuator, which

significantly complicates control design. This phenomena is illustrated in Figure 1.1(b) for

an open-loop simulation of a Terfenol-D transducer.

This has motivated research in developing new control designs that can effec-

tively compensate for nonlinearities and hysteresis induced by ferroelectric or ferromagnetic

switching while still providing accurate forces or displacement over a broad frequency range.

Two general strategies are typically considered when designing control laws for hys-

teretic actuators. One strategy is to employ the models to construct inverse representations

or compensators that can be employed as filters before the hysteretic actuator, as illus-

trated in Figure 1.2. The other one is to employ nonlinear constitutive models to construct

nonlinear control designs that accommodate the hysteresis and constitutive nonlinearities.

Both of the approaches are discussed in this dissertation. We focus first on the in-

corporation of a model-based inverse compensator directly into the control design, as shown

in Figure 1.2(a). The key to constructing an inverse compensator that accommodates hys-

teretic behavior is the development of material models that can be efficiently inverted. We

note that model-based control designs for hysteretic systems have received considerable

attention in areas relating to adaptive, classical and optimal control. These models typi-
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Figure 1.2: (a) Linear control design employing an inverse filter, and (b) nonlinear control
design.

cally accommodate hysteretic material behavior by implementing Preisach operators [53] or

domain wall models [18]. Although Preisach models can reasonably predict nonlinear, hys-

teretic material behavior observed in smart materials such as piezoelectric, magnetostrictive

and shape memory alloys, a significant number of non-physical parameters are necessary to

model minor loop hysteresis. Domain wall models avoid this issue by incorporating energy

principles at the domain length scale to predict macroscopic material behavior, but exten-

sive modifications are required to guarantee closure of minor loops. Our work employs the

homogenized energy model due to its energy basis and flexibility with regard to numerous

operating conditions. As detailed in [3], it has been demonstrated that its corresponding

inversion can be achieved at reasonable accuracy and speed. For the nonlinear adaptive con-

trol approach depicted in Figure 1.2(b), the challenge is how to fuse the hysteresis model

with the available control techniques to achieve at least the basic stability requirement for

the concerned system. As an illustration, we propose an adaptive variable structure [51, 61]

to mitigate the effects of the hysteresis without using the inverse of homogenized energy

model.
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1.1 Contributions of the Dissertation

1.1.1 Control of hysteresis based on the homogenized energy model

The emphasis in this dissertation focuses on the incorporation of physics through

energy-based techniques to provide control designs capable of achieving stringent tracking

and speed criteria.

• Model-based linear control designs

We focus on the development of model-based control designs having the capability

for real-time implementation at the speeds dictated by eventual applications. We rely

on the model reference adaptive control (MRAC) technique [10, 23] and L1 control

theory [7, 8] to provide starting points from which to initiate adaptive control designs

that incorporate the physical mechanisms which produce hysteresis through inverse

compensators.

• Nonlinear adaptive control design

We introduce a new nonlinear adaptive control structure to mitigate the effect of

hysteresis behavior. The related results presented in this dissertation can serve as an

initial step to the further investigation.

1.1.2 Adaptive Identification of material parameters in the inversion of

homogenized energy model

The model, which describe the nonlinearities and hysteresis for the smart mate-

rials, contains several material-dependent parameters that must be identified in order to

effectively utilize resulting inverse compensators. Additionally, material parameters in the

models may slowly vary as a result of changes in the operating conditions such as tem-

perature or creep. It is desired to identify or update the material parameters during the

operation of the transducer as opposed to applying off-line parameter estimation algorithms

such as least square fits to data. We propose a method capable of adaptively estimating

nonlinearly occurring parameters in the hysteresis inverse model. This method ensures

that the inverse compensators based on the hysteresis model continue to provide adequate

attenuation of the hysteresis behaviors in the smart systems.
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1.2 Organization of the Dissertation

In Chapter 2, we provide an introduction to the homogenized energy model, and

summarize inversion schemes for the homogenized energy operator. The dynamic hystere-

sis model is studied in Chapter 3. In Chapter 4 and 5, we discuss two adaptive inverse

control frameworks for smart hysteretic systems: modified MRAC and L1 adaptive control.

Simulation results are summarized. Chapter 6 describes an adaptive parameter estimation

algorithm capable of identifying nonlinearly occurring material parameters in the inversion

of the homogenized energy model. In Chapter 7 we propose an adaptive nonlinear control

structure, which is an initial step to a more general nonlinear control framework using the

homogenized energy model. Conclusions are provided in Chapter 8.
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Chapter 2

Identification and Approximate

Inversion of the Homogenized

Energy Model

In this chapter, we summarize aspects of the homogenized energy model and we

discuss the identification of the hysteresis parameters. Finally we summarize the inversion

of the homogenized energy model.

2.1 Homogenized Energy Model

In this section, we introduce the homogenized energy operator and some of its

properties [4, 39, 40, 41, 42, 45, 47]. The homogenized energy model is based on an energy

description at the mesoscopic length scale. This local energy formulation is used to predict

macroscopic behavior using a stochastic representation of material inhomogeneities. Our

work in this dissertation employs the homogenized energy model due to its energy basis and

flexibility with regard to numerous operating conditions. Compared with Preisach model

[53] and domain wall model [18], a major benefit of the homogenized energy model is the

incorporation of various rate and temperature-dependences. The Preisach models and the

domain wall models are derived under the assumptions that thermal relaxation mechanisms

are negligible and hysteresis properties are rate-independent. For many operating regimes,

these assumptions are reasonable and the models provide reasonable accuracy. In other
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cases, the after-effect and accommodation (reptation) phenomena cause nonclosure of minor

loops thus negating the deletion properties. Another benefit of this model is its ability to

predict biased minor loops efficiently and accurately. Although Preisach models can also

reasonably achieve minor loop, a significant number of non-physical parameters can be

necessary to achieve material characterizations. Domain wall models avoid this issue by

incorporating energy principles at the domain length scale to predict macroscopic material

behavior, but modifications are required to guarantee closure of minor loops.

Since we will be applying feedback control methods to the smart transducers, we

often have no a priori knowledge of the signal to be input into the transducers. Therefore,

it is advantageous to be able to model biased inner loops accurately. While the domain

wall model can predict symmetric inner loops, it does not guarantee minor loop closure

without a priori knowledge of input field. While Preisach model provide the capability for

accurately quantifying minor loop behavior, this accuracy typically comes at the price of

increased computational complexity.

As mentioned previously, the homogenized energy model is based on the quan-

tification of energy required to reorient dipoles or moments in combination with stochastic

homogenization techniques to accommodate variations in coercive and interaction fields.

While analogous models exist for ferroelastic and ferromagnetic materials, the model will

be summarized in the context of ferroelectric materials.

2.1.1 Local Constitutive Relations

We consider s Helmholtz relation that incorporates the internal energy due to the

interaction of electric dipoles. The model assumes that dipoles have two preferred orienta-

tions, namely in the direction of the stress-induced easy axis and against it. Therefore, a

double well potential can be employed to approximate the Helmholtz free energy. Statistical

mechanics analysis [39, 45] indicates that a first-order approximation to the potential be-

haves quadratically in the neighborhood of the three equilibria. Therefore, we can formulate
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the Helmholtz energy as

ψ(P ) =





η(P + PR)2/2, P ≤ −PI

η

2
(PI − PR)

(
P 2

PI
− PR

)
, |P | < PI

η(P − PR)2/2, P ≥ PI .

(2.1)

As depicted in Figure 2.1, PR and PI respectively denote the point at which the minimum

of φ occurs and the inflection point.

For an applied electric field E, the Landau energy is given by

G(E, P ) = ψ(P )− EP. (2.2)

The Landau free energy balances the internal Helmholtz energy with the electrostatic en-

ergy; i.e., work performed by the applied external field E. As detailed in [39], where the

Legendre transform properties of the Landau energy are discussed, G is a function the

independent variable E and the dependent variable P .

For regimes in which thermal relaxation is negligible, direct minimization of (2.1)

via the relation ∂G
∂P = 0 yields the kernel

P (E;x+) =
1
η
(E) + 2PRx+ − PR (2.3)

where x+ = 1 for positively oriented dipoles and x+ = 0 for negatively oriented dipoles.

Thermal activation is manifested by dipoles having sufficient thermal energy to

switch states before a minima of the Landau energy is eliminated. To quantify this, the

Landau energy is balanced with the relative thermal energy through Boltzmann’s relation

µ(G) = C exp
(
−GV

kT

)
(2.4)

where V is the mesoscopic volume being modeled, k is Boltzmann’s constant, T is the

material temperature in degree Kelvin, and C is a constant chosen to ensure integration to

unity. The local average polarization [39, 41, 47] is then given by

P = x+〈P+〉+ x−〈P−〉 (2.5)

where 〈P+〉 and 〈P−〉 denote the expected values of the polarization for dipoles having

positive and negative orientations, respectively. We can quantify 〈P+〉 and 〈P−〉 by

〈P+〉 =

∫∞
P0

P exp
(−G(E,P )V

kT

)
dP

∫∞
P0

exp
(−G(E,P )V

kT

)
dP

, 〈P−〉 =

∫ −∞
−P0

P exp
(−G(E,P )V

kT

)
dP

∫ −∞
−P0

exp
(−G(E,P )V

kT

)
dP

. (2.6)
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Figure 2.1: (a) Landau energy G, and (b) the corresponding local polarization P for in-
creasing field E.

Here, P0 denotes the unstable equilibrium (see Figure 2.1). For implementation, PI can

replace P0. This simplifies the approximation of the integrals and is reasonable since the

maximum restoring force occurs at PI and −PI . And also if the thermal activation is

reduced to zero, the interaction points and unstable equilibria coincide (see [45]).

The dipole fractions satisfy the evolution equations

ẋ+ = −p+−x+ + p−+x−, x− = 1− x+ (2.7)

where p+− and p−+ are the likelihoods of switching from positive to negative orientation

and switching from negative to positive orientation, respectively. They are given by

p+− =

√
kT

2πm

exp
(−G(E,P0)V

kT

)

∫∞
P0

exp
(−G(E,P )

kT

)
dP

, p−+ =

√
kT

2πm

exp
(−G(E,−P0)V

kT

)

∫∞
P0

exp
(−G(E,P )

kT

)
dP

(2.8)

where m is the mass of the lattice volume V . The relation between the applied field E

and the polarization P exhibits both hysteresis and nonlinear transition because the local

polarization (2.5) is probabilistic. The steepness of the transition depends on the ratio of

GV to kT . It is also shown in [39] and [47] that the kernel P given by (2.5) converges to

(2.3) in the limit kT/V → 0 of negligible thermal activation.
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2.1.2 Global Constitutive Relations

To incorporate the effects of material inhomogeneities, microcrystallinity, and vari-

able effective field Ee = E +EI , we assume that the interaction field EI , due to neighboring

dipoles and certain electromechanical interactions [2], and local coercive field Ec are mani-

festations of underlying distributions rather than constants. If we designate the associated

densities by νc(Ec) and νI(EI), the macroscopic polarization is quantified by the relation

[P (E)](t) =
∫ ∞

0

∫ ∞

−∞
νc(Ec)νI(EI)P (E(t) + EI ;Ec, x+) dEIdEc (2.9)

where νc(Ec), νI(EI) respectively denote the densities of coercive field Ec and interaction

field EI . The densities are constrained by the physical relations:

1. both νc and νI are bounded by decaying exponentials,

2. νc is strictly positive,

3. νI is symmetric about 0, and

4.
∫∞
0 νc(Ec)dEc = 1,

∫∞
−∞ νI(EI)dEc = 1.

The model is sufficiently simple to allow the possibility of real time implementation

and has a relatively low number of material dependent parameters. The parameters for the

PZT sample are given in Table 2.1.

For computational purposes, the integrals in (2.9) are solved numerically with

quadrature relations; i.e.,

[P (E)](t) ≈
Nc∑

i=1

NI∑

j=1

νc(Eci)νI(EIj )P
(
E(t) + EIj ;Eci ;x

ij
+

)
wciwIj (2.10)

where wc and wI give the quadrature weights. The model for ferromagnetic compounds is

equivalent [39].
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Table 2.1: Parameters for PZT4.

E = 1800V

PR 0.045 C/m2 c 0.3018 V 2/m2

Ec 1.05× 105 V/m b 2.1924× 1011 V 2/m2

η 4.0× 108 C 6.8287× 10−12

2.2 Parameter Estimation

2.2.1 Lognormal and Normal Densities

One choice for the coercive and interaction field densities are the lognormal or

normal relations
νc(Ec) = c1e

−[ln(Ec/Ec)/2c]2 ,

νI(EI) = c2e
−E2

I /2b2 .
(2.11)

In this case, the parameters to be estimated are

q = [PR, η, Ec, c, b, C]T , where C = c1 · c2 . (2.12)

The material parameters (2.12) for PZT4 are given in Table 2.1. These parameters were

estimated through a least squares fit to high drive level data in [47].

2.2.2 General Densities

Performing parameter estimation with lognormal coercive and normal interaction

field densities is fast and the fits to data are smooth. However, when more accurate model

predictions are critical, a general density can be fit to data. Some techniques for iden-

tifying the densities νc and νI are illustrated in [14, 15, 43]. If we use a general density

approximation in which we estimate all of the quadrature values in Equation (2.10), then

q = [PR, η, {νc(Eci)}, {νI(EIj )}]T . (2.13)

In this case, the parameter algorithms perform better (lower least-square residual), as shown

in Figure 2.2 [14], but may take significantly longer runtimes. For example, in the case of
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Figure 2.2: Fit to data with 100 Hz current input using (a) lognormally distributed coercive
and normally distributed interaction field densities (b) generally distributed densities [14].

4-point Gaussian quadrature, the dimension of q is 2 + 6N for N quadrature intervals. For

large N , the dimension of the parameter space is quite large resulting in long estimation

runtime. Moreover, the general densities are often not smooth and may be multi-modal or

even non-decaying which are both non-physical attributes.

Galerkin Expansion Density Representations

In comparison to general density formulation [43], the Galerkin expansion formu-

lations of densities shown in [14] and [15] exhibits decreased parameter estimation runtime

and increased smoothness in the fit of the data.

We employ Galerkin expansions of the form

νc(Ec) =
n∑

i=0

αiφi(Ec) and νI(EI) =
m∑

j=0

βjφj(EI) (2.14)

where φi and φj are basis functions and αi, βj are the coefficients to be identified.

One basis choice is the piecewise continuous cubic B-spline functions, as defined

in [39]. The result of the use of cubic spline is increased smoothness of the densities which

translates directly to a smoother fit [14], but the resultant densities can be nonphysical and

corresponding constraint were incorporated into the numerical optimization to generate

expected density behavior.

Another choice is the lognormal basis elements

φi(Ec) =
1√

2πEc σi
c

e−[ln(Ec)−µi
c]

2/2(σi
c)

2
and φj(EI) =

1√
2πσj

I

e−E2
I /2(σj

I)2 (2.15)
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as defined in [15]. Here the standard deviation of each coercive density basis φi is varied

according to

σi
c = σc − vσc +

(
2σc v

Ni

)
i for i = 0 · · ·Nσ (2.16)

for Nσ standard deviations. The mean values µi
c may also be altered in a similar fashion

to that of the σi
c. Standard deviations of each interaction density basis are created in a

manner similar to (2.16). These basis elements have physical interpretations and do not

require constraints on the densities for decay. The only requirement imposed is the positivity

of the expansion coefficients αi and βj .

In this case, the parameter estimation problem can be formulated as a bounded

optimization problem [15], and the parameters to be estimated are

q = [PR, η, {αi}, {βj}]T (2.17)

for the negligible relaxation model and

q =
[
PR, η, τ(T ), {αi}, {βj}

]T
, τ(T ) =

√
2πm

kT
(2.18)

when thermal relaxation is included. This reduces the size of q to approximately 2+3N/2 for

N composite quadrature intervals. The optimized thermal relaxation homogenized energy

model fits are shown with physical data collected from a PZT sample in Figure 2.3 [15].

2.3 Inverse Hysteresis Model

The general structure of models for smart actuators that quantify both hysteresis

and dynamic behavior is shown in Figure 2.4 [57]. In the figure, P (s) represents the transfer

function of the linear part in the actuator, while H(s) denotes a hysteretic nonlinearity.

As mentioned in the Introduction, a basic idea for controller synthesis for such

systems is to design a right inverse compensator Ĥ−1 for H as shown in Figure 2.5. The

controller design problem is then reduced to designing a linear controller K(s) for the system

P (s).

In the context of this dissertation, we consider H to be the homogenized energy

operator. A definition of the inverse homogenized energy model is the following: given any

valid state x+ and any specified P̂ within the operating range of the material, determine
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Figure 2.3: Homogenized energy model fits to PZT (a) minor loop, (b) creep, and (c) major
loop data from [36].

the field level E such that P = P̂ . The homogenized energy operator is highly nonlinear,

and, in general, we cannot find a closed-form formula for the inverse compensator unless

the density functions are of some special form. Thus to construct the inverse compensator,

the problem is reformulated as a numerical root finding problem, namely determining the

value E such that for a given x+ and P̂ ,

P (E;x+)− P̂ = 0. (2.19)

To determine the electric field E required to achieve a desired polarization P̂ , the mono-

tonicity of the hysteresis model is exploited and the hysteresis model is advanced until the

desired polarization is surpassed. Then the electric field is computed by a linear interpo-

lation between the last two points. The computational speed of the inverse compensator
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Figure 2.4: Structure of models for smart actuators

.

Figure 2.5: A generic approach to controlling a system with hysteresis. First, an inverse
operator is constructed to approximately cancel the hysteresis nonlinearity. The feedback
controller K is then designed to accommodate the linear dynamics P(s) and the inversion
error.

depends on the size of the step taken in advancing the hysteresis model. Larger steps will

increase the speed while decreasing the accuracy of the inverse compensator. To facilitate

real time control, a larger step size is desired, therefore the control method must be designed

to reject significant amount of error in linearization of the hysteresis [52, 53].

2.4 Concluding Remarks

This chapter summarized the homogenized energy model used to quantify the hys-

teretic behavior exhibited by ferroelectric materials as well as the inverse compensator for

the model. This model quantifies the energy required to reorient the electric dipoles in fer-

roelectric materials and then utilizes stochastic homogenization techniques to accommodate

variation in coercive and effective fields. Employing quadrature approximations, the model

can be implemented algebraically and from this implementation algorithm an inverse com-

pensator can be developed. Although the model summarized here quantifies the inherent

hysteresis in ferroelectric compounds, all of the modeling techniques can be applied to sev-

eral smart material including ferromagnetic and, under certain conditions, shape memory

alloys.
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Chapter 3

A Dynamic Model For

Ferroelectric Actuators

To provide a motivating example, we consider a piezoelectric nanopositioning stage

as illustrated in Figure 3.1.

The side view illustrates the nanopositioning stage and piezoelectric actuator that

controls the sample height relative to the cantilever. In this mode of operation, the cantilever

position is defined by using a photodiode to measure changes in a reflected laser beam and

a feedback law is used to reposition the sample to maintain constant stresses. A 2-D scan

in this manner yields the surface topography of the sample. A top view of the positioning

stage is illustrated in Figure 3.1(b) where two additional piezoelectric stack actuators are

used to control in-plane displacement. In this design, in-plane actuator coupling is typically

negligible which allows development of the control design for a single z-direction actuator.

Nanopositioning stages may also utilize piezoelectric tube actuators to control in-plane and

out-of-plane displacement. This design uses segmented electrodes where the application of

an electric field forces the tube to bend thus creating lateral displacement. This design has

been shown to provide improved linear behavior but the non-negligible coupling between

in-plane displacements further complicates the control design [46]. The decoupled stack

actuator nanopositioner design is considered here to focus on control development.

In the previous chapter, a model for the relationship between the applied field E

and the polarization P in a ferroelectric material was described. However, the displacements

generated by the stack actuator must be quantified for implementation within the control
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Figure 3.1: Schematic of an atomic force microscope: (a) side view of the AFM set-up
with z-control piezoelectric actuator; (b) top view of the positioning stage illustrating the
configuration of the x-y control piezoelectric actuators.

design. As detailed in [39], this is provided by the incorporation of the electroelastic coupling

in the Helmholtz energy relation

ψ(P, ε) = ψ(P ) +
1
2
Y P ε2 − h1ε(P − P τ )− h2ε(P − P τ )2

and the corresponding Landau energy relation

G(E, P, ε) = ψ(P, ε)− EP − σε (3.1)

where Y P is the elastic modulus at constant polarization, ε is the linear strain component

in the direction of loading, h1 is the piezoelectric coefficient and h2 is the electrostrictive

coefficient. The polarization P is computed using equation (2.9) where P τ is the initial

macroscopic remanent state of the material. In all simulations presented here, the actuator

is initially poled with a field equal to 2Ec which results in P τ = 0.206C/m2.

To obtain an elastic constitutive relation, the equilibrium condition ∂G
∂ε = 0 is

invoked to obtain the stress relation

σ = Y P ε− h1(P (E)− P τ )− h2(P (E)− P τ )2. (3.2)

It is assumed that stress fields are limited to the linear elastic regime, which means that

relationship (3.2) quantifies the linear relationship between stresses σ and strains ε of the
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Figure 3.2: Piezoelectric stack actuator with damped oscillator used to quantify loads dur-
ing scanning operations of an AFM nanopositioning stage. Disturbance forces along the
actuator are denoted by Fd and the control input is u(t).

piezoelectric actuator as well as the nonlinear hysteretic dependence of the stress on applied

fields E through the polarization P .

The direct use of the constitutive relation (3.2) will yield an undamped model

for the piezoelectric stacked actuator. We assume that stress is proportional to strain and

strain rate to incorporate Kelvin-Voigt damping. Thus, the stress at any point of the stacked

actuator is given by

σ = Y P ε + cD ε̇− h1(P (E)− P τ )− h2(P (E)− P τ )2 (3.3)

where cD is the Kevin-Voigt damping coefficient.

3.1 Rod Model for the Stacked Actuator

The constitutive relation (3.3) quantifies the electromechanical behavior of piezo-

ceramic material operating below the coercive stress σc where ferroelectric switching com-

mences. To facilitate the control design, the constitutive relations given by (2.9) and (3.3)

are used to develop a system model that quantifies forces and displacements when a elec-

tric field or stress is applied to the piezoelectric stack actuator used in the nanopositioning

stage. The partial differential equation model is first given and then formulated as set of

ordinary differential equations through a finite element discretization in space. The struc-

tural coupling of the nanopositioning stage is modeled as a damped oscillator to account

for boundary conditions at the end of the piezoelectric actuator. The geometry used in

constructing the structural model is illustrated in Figure 3.2.
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One end of the piezoelectric actuator (x = 0) is assumed to be fixed while the

other end (x = L) is constrained by a damped oscillator and has a point mass attached, as

depicted in Figure 3.2. The Kelvin-Voigt damping coefficient, density and point mass are

respectively denoted by cD, ρ and ML.

The damping spring has stiffness kL and damping coefficient cL. A balance of

forces for the structural model is given by the relation [39, 43]

ρA
∂2w

∂t2
=

∂Ntot

∂x
(3.4)

where A is the cross-section area of the piezoelectric actuator and the w is the displacement.

The total force Ntot acting on the actuator is

Ntot(t, x) = Y P A
∂w

∂x
+ cDA

∂2w

∂x∂t
+ Fp(E) + Fd (3.5)

the elastic force is given by the first term on the right hand side of (3.5) and Kelvin-Voigt

damping is incorporated in the second term. The linear elastic strain component in the

direction of loading is defined by ε = ∂w
∂x . The term Fd incorporates external disturbance

loads and the coupling force Fp represents forces generated by an applied electric field where

Fp(E) = A
[
h1(P (E)− P τ ) + h2(P (E)− P τ )2

]
(3.6)

and the hysteretic and nonlinear E − P relation is specified by Equation (2.9).

As illustrated in Figure 3.2, the boundary condition are defined by a zero displace-

ment at x = 0 and the balance of forces at x = L yields

Ntot(t, L) = −kLw(t, L)− cL
∂w

∂t
(t, L)−mL

∂2w

∂t2
(t, L). (3.7)

The initial boundary conditions are w(t, 0) = 0 and ∂w
∂x (0, x) = 0. Model parameters

associated with the stack actuator and damped oscillator used in the control design are

given in Table (3.1) [45].

The strong form of the PDE model given by Equation (3.1) can be written in a

variational form for finite element implementation. Multiplication by weight functions and

integration by parts yields
∫ L

0
ρA

∂2w

∂t2
φdx = −

∫ L

0

[
Y P A

∂w

∂x
+ cDA

∂2w

∂x∂t
+ Fp(E) + Fd

]
∂φ

∂x
dx

−
[
kLw(t, L) + cL

∂w

∂t
(t, L) + mL

∂2w

∂t2(t, L)

]
φ(L)

(3.8)
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Table 3.1: Model parameters associated with the piezoelectric stacked actuator [45].

Y P = 60× 109 N/m2 ρ = 7.5× 103 kg/m3 kL = 3.04× 106 N/m

h1 = 1.0× 106 N/C A = 5.07× 10−4 m2 cL = 3.04× 102 Ns/m

h2 = 1.0× 103 Nm2/C2 cD = 3.7× 106 Ns/m mL = 40 g

PR = 0.3 C/m2 L = 0.1 m

where the space of test functions is H1
0 (0, L) = {φ ∈ H1(0, L) |φ(0) = 0}. For simulation

and control implementation, it is necessary to discretize the infinite dimension model (3.8)

in a manner similar to that described in [9, 39].

3.1.1 Finite Element Method

The piezoelectric stack actuator model given by Equation (3.8) is discretized in

space followed by a finite-difference approximation. The transducer is divided into N equal

segments over the length [0, L] with points xi = ih, i = 0, 1, · · · , N and step size h = L/N .

The spatial basis φN
i=1 is comprised of the linear basis functions

φi(x) =
1
h





(x− xi−1), xi−1 ≤ x < xi

(xi+1 − x), xi ≤ x < xi+1

0, otherwise

(3.9)

for i = 1, · · · , N − 1. For i = N , the basis function is defined to be

φN (x) =
1
h





(x− xN−1), xN−1 ≤ x < xN

0, otherwise.
(3.10)

Figure 3.3 depicts the basis elements (see [32, 39] for details).

The approximate solution to Equation (3.8) is given by a linear superposition of

the basis functions

wN (t, x) =
N∑

i=1

wi(t)φi(x) (3.11)
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Figure 3.3: Basis functions.

where wi(t) are the nodal displacement solutions along the length of the transducer. Note

that (3.11) satisfies wN (t, 0) = 0 and, since HN = span φN
i=1 ∈ H1

0 (0, L), then arbitrary

displacements at x = L can be attained.

By substituting wN (t, x) into Equation (3.9), with the basis functions employed

as the weight functions, a second order matrix equation

Mẅ + CDẇ + K w = Fp(E)b + fd (3.12)

is obtained. Here w(t) = [w1(t), · · · , wN (t)], and M ∈ RN×N , CD ∈ RN×N and K ∈ RN×N

denote the mass, damping and stiffness matrices. The vectors b ∈ RN and fd ∈ RN

include the integrated basis functions related to the control input and the disturbance

loads, respectively. Components of the system matrices and vectors can be found in [39]

and in the Appendix A.

3.1.2 Lumped Rod Model

The assumption that electric fields and stresses are uniform along the PZT rod

length motivates the conclusion that strains also exhibit negligible x−dependence [46]. Since

the position of the sample is dictated by the position of the PZT rod tip at x = L, this

motivates the development of a lumped model which quantifies wL(t) = w(t, L).

From the assumption of uniform strains along the rod length, we take ε = w(t, L)/L

in (3.3). Balancing the force σA for the rod with those of the restoring mechanism yields

the lumped model

m
d2wL

dt2
(t) + c

dwL

dt
+ kwL(t) = Fp(E) + Fd(t) (3.13)

where

m = ρAL + mL, c =
cDA

L
+ cL, k =

Y P A

L
+ kL. (3.14)
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The term Fp(E) on the right hand side of (3.14) is specified by (3.6).

The model (3.13) can also be written as the first-order ODE system

ẋ(t) = Ax(t) + [B(v)](t) + Fd(t), x(0) = x0

y(t) = cTx(t)
(3.15)

where x(t) = [wL(t), ẇL(t), ]. The matrix A incorporates the mass, damping and stiffness

terms given in (3.14). The mass and stiffness terms could slightly vary in time due to the

internal damping and heating that depends on the strain rate. Here [B(v)](t) includes the

nonlinear input where v(t) is defined as the electric field. The initial conditions are defined

by x0. The output of the system y(t) is a function of the system states according to the

vector c. In the nanopositioning stage, it is assumed that only the displacement at x = L is

observed which yields c =
[
1 0

]T
. External disturbances are incorporated in Fd(t). The

system matrix A, input vector B(v) and disturbance load Fd(t) are

A =


 0 1

−k/m −c/m


 , B(v) = m−1Fp(v)


0

1


 , Fd(t) =


 0

m−1fd(t)


 . (3.16)

To further simplify the dynamics of the PZT stacked actuator, we shall linearize

the electrostrictive relationship about a biasing polarization level. This is motivated by

the physical observation that transducers operating about a biased electric filed exhibit a

nearly linear relation between polarization and strains for moderate drive level regimes.

This yields the approximate relation B(v) as B(v) = P (v)


 0

m−1b


.

Two temporal discretization methods of the system (3.15) are used to numerically

analyze the dynamic performance. First, the implicit Euler rule is adopted since it is A-

stable and requires minimum computer storage capability. The implicit Euler discretization

yields the relations for each iteration

xk+1 = (I−∆tA)−1
(
xk + [B(vk)] + Fd(tk+1)

)

x(0) = x0

where a temporal step-size ∆t is employed giving a discretization in time defined by tk =

k∆t. The values xk approximate x(tk). The matrix I−∆tA is created once for numerical

implementation yielding approximate solutions with O(h2, (∆t)) accuracy. In the discretized

relation, only values for the control input as the present time tk are included in the temporal
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discretization since the control input can only be dependent on the current and previous

states.

Secondly, the trapezoid rule is used to numerically analyze the performance. The

trapezoidal discretization yields the relation for each iteration

xk+1 = Uxk
+ V[B(vk)] +

1
2
V[Fd(tk) + Fd(tk+1)]

x(0) = x0.

Similar to the implicit Euler, a temporal step size ∆t generates a discretization tk = k∆t.

The matrices

U =
[
I− ∆t

2
A

]−1 [
I +

∆t

2
A

]

V = ∆t

[
I− ∆t

2
A

]−1

are created once for numerical implementation yielding approximate solution with O(h2, (∆t)).

3.2 Control Design

Here we outline the general tracking problem to provide relations used when de-

veloping the adaptive control tracking law.

To simplify the control design, we will just consider a lumped parameter model (3.15)

with the linear forcing term B(u) for the control designs. The lumped parameter model

assumes the σ - ε and E - P are uniform along the rod which has been shown be a reason-

able approximation for many architectures [46]. It was also determined that this lumped

parameter model was sufficient to accurately model the piezoelectric actuator dynamics for

a 100 Hz scan rate; thus the state space system reduces to scalar coefficients. Then the

dynamical system takes the form

ẋ(t) = Ax(t) + bu(t), u(t) = [P (v)](t)

y(t) = cTx(t)
(3.17)

with the system state x(t) ∈ R2 and the system output y(t) = x1(t) ∈ R. Term u(t) =

[P (v)](t) ∈ R is the driving force generated by the hysteretic actuator P where v(t) is the

input electric field to the actuator. The system matrix A is specified in (3.16).
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Next we incorporate the approximate of the inverse of homogenized energy model

as the compensator and use it before the actuator P as depicted in Figure 1.2. The driving

force can be then formulated as

u(t) = [P (v)](t) = [PP̂
−1

(ud)](t) (3.18)

where the signal ud(t) is used as the input of the inverse compensator P̂−1(·) to generate

the control field v(t) which is then applied to the hysteretic device.

While such model-based inverse compensation is never exact due to the discretiza-

tion or modeling errors, the mismatch between inverse and hysteretic actuator can be de-

signed to be small and thus be assumed bounded in magnitude; i.e.,

u(t) = ud(t) + σ(t) (3.19)

where σ(t) is the inversion error and satisfies |σ(t)| ≤ ∆0 ∈ R. We can thus model the

inversion error as an external time-varying disturbance. Then the dynamic system can be

rewritten as
ẋ(t) = Ax(t) + b

(
ud(t) + σ(t)

)

y(t) = cTx(t).
(3.20)

However, in general this approximation is not necessarily valid for all rod structures and

operating regimes. In these cases, implementation of the discretized PDE is necessary.

3.3 Concluding Remarks

This chapter summarized techniques for modeling the forces, strains and displace-

ments in a prototypical AFM nanopositioning stage driven by the piezoelectric actuators.

Under certain conditions, the transducers can be accurately modeled as a second-order-

ODE. While the transducer model in this chapter is developed in the context of an ferro-

electric material, the techniques can be applied to model transducers incorporating other

smart materials including including magnetostrictives and under certain conditions, shape

memory alloys.
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Chapter 4

Model Reference Adaptive Control

Adaptive control often focuses on systems where some of the parameters are un-

known or slowly time-varying. In this case, the basic idea is to estimate the unknown

parameters online using parameter estimation methods, and then to use the estimated pa-

rameters, in place of the unknown ones, in the feedback control law. Progress in nonlinear

systems theory in the mid 1970’s to 1980’s led to the development of fundamental theory for

stable adaptive control architectures, see [13, 21, 25, 28] and references therein. Two of the

important branches of adaptive control are: model reference control and pole placement.

In model reference control, the objective is asymptotic tracking of a large class of signals

as it is restricted to minimum phase plants. In pole placement, the objective is stability

and possibly asymptotic tracking of a small class of signals such as steps, and the minimum

phase property is not required. One of the most important schemes in the first branch of

adaptive control is model reference adaptive control (MRAC). Figure 4.1 shows the block

diagram of a classical MRAC architecture. In this approach, there is a stable reference

model which describes the desired input-output properties of the closed-loop system. The

control system consists of a control signal K(θ) with modifiable parameters θ along with

a modification mechanism, which estimates the controller parameters θ(t) online. Here r

is an exogenous signal and e = y − ym is the tracking error between the reference model

output and the physical system output.

The goal is to design the control law so that signals in the closed-loop system

are bounded and, for every bounded reference signal r(t), the tracking error e converges

asymptotically to zero with time. The classical assumptions [25, 28] are
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Figure 4.1: Block diagram of a MRAC system.

• the physical system is minimum phase,

• an upper bound on the physical system order is known,

• the physical system’s relative degree is known, and

• the sign of the system’s high frequency gain is known.

In the following sections, we develop a modified MRAC law for the placement

of the stage of the AFM illustrated in Figure 3.1. The control designs will employ in-

verse compensation based on the hysteresis model described in Chapter 2 to attenuate the

nonlinearities and hysteretic behavior in the piezoelectric stack actuator.

4.1 Problem Formulation

In this section, the structure of the uncertain physical system, reference model and

the controller are presented. The SISO linear, time-varying system is described by (3.17)

and (3.20).

A stable SISO reference model is given by

ẋm(t) = Amxm(t) + bmr(t)

ym(t) = cT
mxm(t).

(4.2)

where xm(t) =
[
xm ẋm

]
∈ R2 is the reference model state and r(t) ∈ R is the bounded,

piecewise continuous reference input. We set cT
m =

[
1 0

]
, which implies that we are just
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tracking the position variable; i.e., ym = xm. The reference model describes the desired

behavior of the closed-loop system and is chosen to be stable. The goal is to design a

control u(t) that provides stability and ensures that the physical system state tracks the

model reference state asymptotically. To this end, we define the state tracking error as

e(t) = x(t)− xm(t). (4.3)

We then have that the output tracking error is e = y − ym = e(1).

4.2 Adaptive Control Designs

In MRAC, the dynamic system can be regulated so that the pole of the plant can

coincide with the pole of the reference model by using the parameter vector [âx, âẋ], and the

DC gain of the physical plant can coincide with the DC gain of the reference model by using

the parameter âr. This has been widely analyzed in the literature of adaptive control; e.g.,

see [16, 26] To balance the hysteresis inversion error σ(t) in (3.19) and also other possible

external disturbances fd, we introduce an additional term d in the control signal design. It

turns out that it is sufficient that there be bounds on the derivatives of these parameters,

although jumps are also tolerated. To proceed, we collect all the parameters of the system

(3.20) into a single vector Θ =
[
ar, ax, aẋ

]
. As detailed in [23], assumptions on the

vector Θ are the following:

Assumption 4.1 : (Compact set) There exists a compact set Ω such that

Θ(t) ∈ Ω for all t ≥ 0.

Assumption 4.2 : (Bounded derivative) There exists a constant MΘ such that

‖Θ̇‖ ≤ MΘ.

Then the control signal is given by

ud = âr r +
[
âx âẋ

]

x

ẋ


− d̂ = Θ̂T Φ (4.4)
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with
Θ̂ =

[
âr, âx, d̂

]T
, âx =

[
âx, âẋ

]T

Φ =
[
r, x, −1

]T
(4.5)

denoting the estimated parameter vectors.

4.2.1 Design of Adaptation Algorithms

Substitution of the control signal ud(t) from Equation (4.4) into the physical system

(3.20) and rewriting it as a second-order ODE form yields

ẍ = −cp − âẋ

mp
ẋ− kp − âx

mp
x +

âr

mp
r − 1

mp
(d̂− σ). (4.6)

Also reformulating the reference model (4.2) into a second-order ODE form yields

ẍm = − c

m
ẋm − k

m
xm +

1
m

r. (4.7)

Comparison of (4.6) and (4.7) gives the values

a∗r =
mp

m
, a∗x =

[
a∗x, a∗ẋ

]T
=

[
kp − k

mp

m
, cp − c

mp

m

]
(4.8)

of the control parameter, which would lead the system output to the desired reference

output (4.7) and yields bounded tracking errors.

Next, we derive the error dynamics.

4.2.2 Error Equation

Denote the parameter errors as

Θ̃ = Θ̂−Θ∗, with Θ∗ =
[
a∗r a∗x d

]
. (4.9)

Then the tracking error dynamic takes the form

ė = Ame +
b

mp
Θ̃T Φ (4.10)

where

e =


e

ė


 , A =


 0 1

− k

m
− c

m


 , b =


0

1


 .
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We then choose the adaptation law as

˙̂Θ = −ΓbTeΦ + F (t), Φ =
[
r x −1

]
(4.11)

with F (t) a modification term

F (t) = −Γ ζΘ̂(t). (4.12)

Here

ζ =





0, if ‖Θ̂‖2 ≤ ‖Θ∗‖max

ζ0, else

with ζ0 > 0 and ‖Θ∗‖max is a known upper bound on the norm of the (unknown) matching

controller parameter vector Θ∗.

4.3 Stability Analysis

We begin our stability analysis by showing that there exists a compact set Ω such

that a solution to the error dynamics exists for t ≥ 0 and certain components of the solution

are uniformly bounded for any initial states in Ω.

Define the Lyapunov function candidate

V =
1
2

k

m
e2 +

1
2

ė2 +
1
2

1
Γmp

Θ̃T Θ̃. (4.13)

Denote Θr =
[
ar, ax

]T
and Φr =

[
r, x

]T
; i.e., Θ =

[
Θr, d

]T
and Φ =

[
Φr, −1

]T
. We

then can get the time derivative of V along the trajectories of (4.10) and (4.11)

V̇ =
k

m
eė + ėë− 1

mp
Θ̃T

(
bTeΦ + ζΘ̂

)

= − c

m
‖bTe‖2 +

ζbTe
mp

− ζ

mp
Θ̃T

r Θ̂r

≤ − c

m
‖e‖2 +

2∆0 ‖e‖
mp

− ζ

mp
Θ̃T

r Θ̂r

= − c

m

(
‖e‖ − m ∆0

cmp

)2

+
m∆2

0

cm2
p

− ζ

mp
Θ̃T

r Θ̂r.

Note that
‖Θ∗

r‖2 = ‖Θ̂r − Θ̃r‖2 = ‖Θ̂r‖2 + ‖Θ̃r‖2 − 2Θ̃T
r Θ̂r

=⇒ −ζΘ̃T
r Θ̂r ≤ −ζ

2
‖Θ̃r‖2 +

ζ

2
‖Θ∗

r‖2.
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Substituting the above inequality into (4.13) yields

V̇ ≤ − c

m

(
‖e‖ − m ∆0

cmp

)2

+
m∆2

0

cm2
p

− ζ

2mp
‖Θ̃r‖2 +

ζ

2mp
‖Θ∗

r‖2.

Define the constants c1 and c2 by

c1 =
m ∆0

cmp

c2 =
m∆2

0

cm2
p

+
ζ

2mp
‖Θ∗

r‖2.

Then V̇ < 0 as long as one of the following conditions holds:

‖e‖ > c1 +
√

mc2

c
, (4.14)

‖Θ̃r‖ > min
{

MΘ,

√
2 mp c2

ζ0

}
. (4.15)

Define a compact set

Ω =
{

(e, Θ̃r) | ‖e‖ ≤ c1 +
√

mc2

c
, ‖Θ̃r‖ ≤ min

{
MΘ,

√
2 mp c2

ζ0

}}
. (4.16)

Using Theorem 7.1 and Corollary 7.1 in [48], we see that Vmax = maxΩ(V ) exists, so we can

conclude that V (t) is bounded from above by Vmax and (e, Θ̃r)T converges to the bounded

compact set Ω for all any initial (e(0), Θ̃r(0)) ∈ Ω = {(e, Θ̃r) |V ≤ Vmax}.

4.4 Numerical Results

In this section, we conduct a simulation to examine the effectiveness of the pro-

posed controller design.

Consider the system

1.5 ẍ(t) + 1.8 ẋ(t) + 8.1 x(t) = u(t) ,

u = [H(v)](t)
(4.17)

or alternatively,
ẋ(t) = Ax(t) + bu(t), u(t) = [P (v)](t)

y(t) = cTx(t)
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with

A =


 0 1

−1.8
1.5 −8.1

1.8


 , b =


 0

1
1.5


 , and c =


1

0




in the ODE system form of (3.17).

The plant parameters mp = 1.5, cp = 1.8 and kp = 8.1 are assumed to be unknown

to the adaptive controllers. The reference model is chosen to be

ẍm(t) + 1.4 ẋm(t) + 10 xm(t) = r(t). (4.18)

or alternatively,
ẋm(t) = Amxm(t) + bmr(t)

ym(t) = cT
mxm(t).

(4.2)

with

Am =


 0 1

−1.4 −10


 , bm =


0

1


 , and cm =


1

0




in the ODE system form of (4.2).

The control law is taken to be

ud(t) = âr r(t) + âẋ ẋ(t) + âx x(t)− d̂(t)

v(t) = [H−1(ud)](t).
(4.19)

The adaptation law is

˙̂ar(t) = −ΓbTe r(t) + F (t), a∗r = 1.5

˙̂ax(t) = −ΓbTex(t) + F (t), a∗x = [−6.9, −0.3 ]T
(4.20)

and the disturbance parameter yields

˙̂
d = ΓbTe + F (t). (4.21)

We choose a conservative upper bound on the norm of the unknown parameter vector Θ;

i.e., we set ‖Θ∗‖max = 15 in the definition (4.12) of F (t).

The initial values of all parameters of the controller and plant are chosen to be 0,

indicating that no a priori knowledge is given. The initial conditions of the plant and the

model are both zero. System performance will be studied with different choices of reference

input r(t).
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The simulation results of the modified MRAC are shown in Figure 4.2 for the

reference input r(t) = 4 sin(3t) and in Figure 4.3 for the same reference input r(t) = 4 sin(3t)

but with an external disturbance fd(t) = 0.4 sin(30 t). Figure 4.4 and Figure 4.5 illustrate

the reference inputs r(t) = 4 t and r = 4, respectively. The control signals and hysteresis

inversion errors generated for each reference input are plotted in Figure 4.6 and Figure 4.7.

We observe from Figure 4.2(a) that the position tracking error e(t) = y(t)− ym(t)

decays to zero and the control signal is bounded (see Figure 4.6(a)), but it takes more than

10 seconds for adaptation and the tracking error at the first 5 seconds is about 40%. In

Figure 4.2(b), we also notice that although the parameter vector Θ̂ doesn’t converge to

the exact value Θ∗, the errors are still bounded and satisfy the inequality given in (2.14).

Figure 4.3 shows the performance of the modified MRAC for the same reference input but

adding a disturbance to the r(t) = 4 sin(3t), and we see that the tracking error is almost

zero and the estimated parameters are close the actual ones, which means that the modified

MRAC can effectively eliminate the disturbance but the transient behavior is as poor as

the first example. In the next simulation (see Figure 4.4) we are tracking a linear reference

signal. Figure 4.4 shows that although the tracking error converges to a small value and the

transient behavior is guaranteed , but because the initial conditions are poor, the parameters

estimated errors are large and the control signal is unbounded.

4.5 Concluding Remarks

In this chapter, we introduced a modified MRAC method and demonstrated its

strengths and weaknesses. In this method, a modification mechanism is used to estimate

unknown plant parameters, and these are used to update control parameters accordingly.

The approach can tolerate parameter uncertainty. While the asymptotical behavior is al-

ways guaranteed, the transient behavior may be poor if the initial estimate is poor or the

parameters uncertainty is too large. In response to this, another approach of adaptive

control is discussed in the next chapter that has the following features:

• it provides smooth transient behavior (immediate tracking rather than asymptotic),

• it allows for rapidly time-varying parameters,

• the effect of initial conditions decays exponentially to zero, and

• the control signal is modest in size.
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Figure 4.2: Performance of modified MRAC for reference input r(t) = 4 sin(3t): (a) posi-
tion tracking performance and error; (b) estimated parameters with their true values and
parameter tracking errors: ar (solid), aẋ (dotted), ax (dashed).



34

0 5 10 15
−1

−0.5

0

0.5

1

Position Tracking performance, y(t)(blue/solid), y
m

(t)(green/dashed)

0 5 10 15
−0.5

0

0.5

Position Traking error y(t)−y
m

(t)

Time(sec)
(a)

0 5 10 15
−10

−5

0

5
Parameter estimation

0 5 10 15
−5

0

5

10
Parameter errors

Time (sec)
(b)

Figure 4.3: Performance of modified MRAC for reference input r(t) = 4 sin(3t) with an
external disturbance fd = 0.4 sin(30 t): (a) position tracking performance and error; (b)
estimated parameters and errors: ar (solid), aẋ (dotted), ax (dashed).
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Figure 4.4: Performance of modified MRAC for reference input r(t) = 4 t: (a) position
tracking performance and error; (b) estimated parameters and errors: ar (solid), aẋ (dotted),
ax (dashed).



36

Figure 4.5: Performance of modified MRAC for reference input r(t) = 4: (a) position
tracking performance and error; (b) estimated parameters and errors: ar (solid), aẋ (dotted),
ax (dashed).
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Figure 4.6: Control signals for reference inputs: (a) r(t) = 4 sin(3t); (b) r(t) = 4 sin(3t) +
0.3 sin(30t); (c) r(t) = 4 t; (d) r = 4.
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Figure 4.7: Hysteresis inversion error generated in the tracking process for the reference
input (a) r(t) = 4 sin(3t), and (b) r(t) = 4 sin(3t) + 0.4 sin(30t).
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Chapter 5

L1 Adaptive Control

Model Reference Adaptive Control (MRAC) was originally developed to control

linear systems with unknown coefficients [26, 38]. That architecture is facilitated by the

Lyapunov stability theory which gives sufficient conditions for stable performance without

characterizing the frequency properties of the resulting controller. Application of adaptive

controllers was therefore largely restricted due to the fact that the system uncertainties

during the transient response have led to unpredictable situations, involving control signals

of high-frequency or large amplitudes, large transient errors or slow convergence rate of

tracking errors, to name a few.

Improvement of the transient performance of adaptive controller has been ad-

dressed from various perspectives in numerous efforts [10, 16, 27, 38, 49, 59], etc. An exam-

ple presented in [59] demonstrated that the system output can have overly poor transient

tracking behavior before ideal asymptotic convergence can take place. On the other hand,

in [58] the author proved that it may not be possible to optimize L2 and L∞ performance

simultaneously by using a constant adaptation rate. Following these results, modifications

of adaptive controllers were proposed in [11, 49] that render the tracking error arbitrarily

small in terms of both mean-square and L∞ bounds. Further, it was shown in [11] that the

modifications proposed in [11, 49] could be derived as a linear feedback of the tracking error,

and the improved performance was obtained only due to a nonadaptive high-gain feedback

in that scheme. In [38], a composite adaptive controller was proposed, which suggests a new

adaptation law using both tracking error and prediction error that leads to less oscillatory

behavior in the presence of high adaptation gains as compared to MRAC. In [1], it is shown
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that an arbitrarily close transient bound can be achieved by enforcing parameter-dependent

persistence excitation condition.

However, some important aspects of the transient performance analysis are missing

in these papers. First, since the purpose of adaptive control is to ensure stable performance

in the presence of modeling uncertainties, one needs to ensure that the changes in refer-

ence input and unknown parameters due to possible faults or unexpected uncertainties do

not lead to unacceptable transient deviations or oscillatory control signals. This implies

that a re-tuning of adaptation parameters is required. Second, one needs to ensure that

whatever modifications or solutions are suggested for performance improvement of adaptive

controllers, they are not achieved only via high-gain feedback. As compared to prior results

in adaptive control, the architectures of L1 adaptive control theory proposed in [7, 8] have

guaranteed robustness in the presence of fast adaptation. This is possible to achieve by

appropriate modification of the control objective with the understanding that uncertainties

in any feedback loop can be compensated for only within the bandwidth of the control chan-

nel. By explicitly incorporating the robustness specification into the problem formulation,

it is possible to decouple adaptation from robustness via continuous feedback and increase

the speed of adaptation, subject only to hardware limitations. With L1 adaptive control

architectures, fast adaptation appears to be beneficial both for performance and robustness,

while the trade-off between the two is resolved via the selection of the underlying filtering

structure.

5.1 Mathematical Preliminaries

In this section we summarize basic definitions and facts from linear systems theory [19, 60].

5.1.1 Norm

Definition 5.1. For a signal ξ(t), t ≥ 0, ξ ∈ Rn, its truncated L∞ norm and L∞ norm are

‖ξt‖L∞ = max
i=1,··· ,n

( sup
0≤τ≤t

|ξi(t)|)

‖ξ‖L∞ = max
i=1,··· ,n

(sup
t≥0

|ξi(t)|)

where ξi is the ith component of ξ.
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Definition 5.2. The ‖ · ‖∞ of an m× n matrix A is defined as

‖A‖∞ = max
i

n∑

j=1

|aij |.

5.1.2 Lyapunov Stability

Theorem 5.3. [La-Salle’s invariance principle] Let Ω ⊂ D ⊂ Rn be a compact (i.e., closed

and bounded) set that is positively invariant with respect to the dynamics

ẋ = f(x), x(0) = x0, x ∈ Rn,

where f is locally Lipschitz in x. let V : Rn → R be a continuously differentiable function

on D such that V̇ (x(t)) ≤ 0 in Ω. Let E be the set of all points in Ω where V̇ (x(t)) = 0

and let M be the largest invariant set contained in E. Then every solution starting in Ω

converges to M as t →∞. If D = Rn, V : Rn → R is radially unbounded and V̇ (x(t)) ≤ 0

for all x ∈ Rn, then every solution starting in Rn converges to M ; i.e., the statement holds

globally.

A proof can be found in [19].

Lemma 5.4. ([33], Theorem 8.7 ) Suppose that for the linear state equation

ẋ(t) = A(t)x(t), x(t0) = x0,

with A(t) continuously differentiable, there exist positive constants µA, µλ such that for all

t ≥ 0, ‖A(t)‖∞ ≤ µA, and at each time t the eigenvalue of A(t) (point-wise eigenvalue)

satisfy Re[λ(t)] ≤ −µλ. Then there exists a positive constant ξ such that if the time-

derivative of A(t) satisfies ‖Ȧ(t)‖ ≤ ξ for all t ≥ 0, then the state equation is uniformly

exponentially stable.

The proof of this lemma reveals an important property needed for stability analysis

of the adaptive controller shown later, For details of this proof, refer to Theorem 8.7 of [33].

Notice that one important implication of this lemma is that if ‖Ȧ(t)‖∞ ≤ ξ for all t and

the point-wise eigenvalue condition holds, we have

‖Ṗ (t)‖∞ < 1

where P (t) is the unique positive definite solution of

AT (t)P (t) + P (t)A(t) = −I.

This result is crucial for the stability of adaptive controller, as shown later.
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5.1.3 L1 Stability

Definition 5.5. The L1 norm of a bounded-input bounded-output (BIBO) stable proper

single-input single-output (SISO) system is defined by

‖H(s)‖L1 =
∫ ∞

0
|h(t)|dt

where h(t) is the impulse response of the transfer function H(s).

Definition 5.6. The L1 norm of a BIBO stable proper SISO linear-time-varying (LTV)

system is defined by

‖H‖L1 = sup
∀t,τ≥0

∫ t

τ
|g(t, σ)|dσ

where g(t, σ) is the impulse response of the SISO system H.

Definition 5.7. The L1 norm of a BIBO stable proper m-input n-output (MIMO) system

is defined by

‖H(s)‖L1 = max
i=1,··· ,n

(
m∑

j=1

)‖hij(s)‖L1

where hij(s) is the corresponding entry of H(s).

Definition 5.8. The L1 norm of a BIBO stable proper MIMO LTV system is defined by

‖H‖L1 = max
i=1,··· ,n

(
m∑

j=1

)‖Hij‖L1

where ‖Hij‖L1 = sup∀t,τ,t≥τ

∫ t
τ |gij(t, σ)|dσ.

Lemma 5.9. For a BIBO stable proper MIMO system H(s) with input r(t) ∈ Rm and

output x(t) ∈ Rn, we have

‖xt‖L∞ ≤ ‖H(s)‖L1‖rt‖L∞ , ∀t > 0.

Corollary 5.10. For a stable proper MIMO system H(s), if the input r(t) ∈ Rm is

bounded, then the output x(t) ∈ Rn is also bounded, and ‖x‖L∞ ≤ ‖H(s)‖L1‖r‖L∞ .

Lemma 5.11. ([33], Lemma 12.4 ) Consider the LTI system

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t), x(t0) = 0.

Suppose the system is uniformly exponentially stable; i.e., there exist finite constant µB

and µC such that for all t ≥ t0

‖B(t)‖∞ ≤ µB, ‖C(t)‖∞ ≤ µC .
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Then the state equation is uniformly BIBO stable

‖xt‖L∞ ≤ ‖H‖L1‖ut‖L∞ .

Further, if the input u(t) is bounded, then ‖x‖L∞ ≤ ‖H(s)‖L1‖u‖L∞ .

Lemma 5.12. For a cascaded system H(s) = H2(s)H1(s), where H1(s) and H2(s) are

stable proper systems, we have ‖H(s)‖L1 ≤ ‖H2(s)‖L1‖H1(s)‖L1 .

Lemma 5.13.([19], Theorem 5.7 ) For a cascaded LTV system H = H2H1, where H1(s)

and H2(s) are stable proper LTV systems, we have ‖H(s)‖L1 ≤ ‖H2(s)‖L1‖H1(s)‖L1 .

This is the main statement we use in the control design to attain the L1 stability

requirement for the tracking. Hence we analyze the proof of it. For detail of this proof refer

to Theorem 5.7 of [19].

Proof : Let (u1(t), y1(t)) and (u2(t), y2(t)) be the input-output pairs of the sys-

tem H1 and H2 respectively, and u2(t) = y1(t). Further, let u1(t) be bounded. From

Lemma (5.11) we have

‖y1‖L∞ ≤ ‖H1‖L1‖u1‖L∞ ,

‖y2‖L∞ ≤ ‖H2‖L1‖u2‖L∞ .

Since H = H2H1, it follows that

y2(t) = Hu1(t) = H2

(
H1u1(t)

)
= H2y1(t).

Hence we have

‖y2‖L∞ ≤ ‖H2‖L1‖y1‖L∞ ≤ ‖H2‖L1‖H1‖L1‖u1‖L∞ , (5.1)

Recalling the input-output relationship of LTV system, we can write

‖y2(t)‖∞ =
∥∥∥∥
∫ t

t0

C(t)Φ(t, σ)B(σ)u1(σ)dσ

∥∥∥∥
∞

=

∥∥∥∥∥∥∥


∑m

j=1

∫ t

t0

g1j(t, σ)(u1)j(σ)dσ, · · · ,
m∑

j=1

∫ t

t0

gnj(t, σ)(u1)j(σ)dσ




T
∥∥∥∥∥∥∥
∞

= max
i=1,··· ,n

(∣∣∣∣
∑m

j=1

∫ t

t0

gij(t, σ)(u1)j(σ)dσ

∣∣∣∣
)

≤ max
i=1,··· ,n

(∑m
j=1

∫ t

t0

|gij(t, σ)| |(u1)j(σ)|
)

≤ max
i=1,··· ,n

(
∑m

j=1 sup
∀t,t0,t≥t0

∫ t
t0
|gij(t, σ)| dσ

)
sup
∀σ≥t0

|u1(σ)|∞
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where g(t, σ) is the impulse response of H. Then we can get

sup
t≥0

‖y2(t)‖∞ ≤ ‖H‖L1 sup
σ≥0

‖u1(σ)‖∞.

Thus, when ‖u1‖L∞ ≤ 1, we have supτ≥0 ‖y2(τ)‖∞ ≤ ‖H‖L1 , or ‖y2‖L∞ ≤ ‖H‖L1 .

Next we show that ‖H‖L1 is the least upper bound of ‖y2‖L∞ when ‖u1‖L∞ ≤ 1.

This can be obtained by contradiction. Let ‖u1‖L∞ ≤ 1 and let ‖y2‖L∞ ≤ ηy < ‖H‖L1 .

This implies that

sup
t≥0

‖y2(t)‖∞ ≤ ηy ≤ ‖H‖L1 .

Then there exist t1 and t2, t1 > t2, and index k such that

m∑

j=1

∫ t1

t2

|gkj(t1, σ)| dσ > ηy.

We can choose the control signal as

u1(σ) =
[
sign (gk1(t1, σ)) , · · · , sign (gkm(t1, σ))]T , σ ∈ [t2, t1

]T
,

and

u1(σ) = 0 for σ > t1.

Notice that for this control signal ‖(u1)t‖L∞ ≤ 1. Then we have

(y2)k(t1) =
m∑

j=1

∫ t1

t2

gkj(t1, σ)(u1)j(σ)dσ

=
∑m

j=1

∫ t1
t2

∣∣gkj(t1, σ)
∣∣dσ > ηy.

This implies sup
t≥0

‖y2(t)‖∞ ≥ ηy, which contradicts the fact that ηy is an upper bound for

‖y2‖L∞ is the least upper bound for ‖y2‖L∞ for ‖u1‖L∞ ≤ 1. To complete the proof, in

Equation (5.1) we consider ‖u1‖L∞ ≤ 1, which gives

‖y2‖L∞ ≤ ‖H2‖L1‖H1‖L1 .

Since ‖H‖L1 is the least upper bound, the proof is complete. 2

Theorem 5.14. ([19], Theorem 5.6 ) (L1 Small Gain Theorem) The interconnected system

w2(t) = ∆
(
w1(t)−Mw2(t)

)
with input w1(t) and output w2(t) is stable if ‖M‖L1‖∆‖L1 < 1.

For LTI systems, the result is similar.

The proof follows from the small gain Theorem 5.6 in [19].
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5.1.4 Parameter Estimation

Definition 5.15. (Projection Operator [31]) Consider a convex compact set with a smooth

boundary given by

Ωc , {θ ∈ Rn|f(θ) ≤ c}, 0 ≤ c ≤ 1,

where f : Rn → R is the following smooth convex function

f(θ) =
θT θ − θ2

max

εθθ2
max

.

Here θmax is the norm bound imposed on the parameter vector θ and εθ denotes the conver-

gence tolerance of our choice. Let the true value of the parameter θ, denoted by θ∗, belong

to Ω0; i.e., θ∗ ∈ Ω0. The projection operator is defined as illustrated in Figure 5.1 and

Proj(θ, y) ,





y, f(θ) < 0,

y, f(θ) > 0 and ∇fT y ≤ 0,

y − ∇f

‖∇f‖︸ ︷︷ ︸
unit vector

〈 ∇fT

‖∇f‖ , y

〉

︸ ︷︷ ︸
projection

f(θ)︸︷︷︸
scaling

, f(θ) > 0 and ∇fT y > 0.

Figure 5.1: Illustration of the projection operator [31].

5.2 Problem Formulation

Consider the dynamic system (3.17)

ẋ(t) = Ax(t) + bu(t), u(t) = [H(v)](t)

y(t) = CTx(t)
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where x is the system state vector. The matrix A =


 0 1

−k/m −c/m


 may be unknown

or unstable. Moreover, the mass and stiffness terms could be slightly time-varying due

to internal damping and heating that depends on the strain rate. Further we assume

that there exists a known and stable matrix Am =


 0 1

−a1 −a2


 ∈ R2×2 and a vector of

ideal parameters θ ∈ R2 such that (Am, b) is controllable and A −Am = b θT ; i.e., θ =[
a1 − k/m, a2 − c/m

]T
. We further assume that the (time-varying unknown) parameter

vector θ belongs to a given compact convex set Θ. The signal u(t) = [H(v)](t) is the driving

force generated by the hysteretic actuator H where v(t) is the input field to the actuator

H.

Next we incorporate the approximate inverse of the homogenized energy model as

the inverse compensator and use it before the actuator H; as illustrated in Figure 2.5. The

input u(t) can be rewritten as

u(t) = [H(v)](t) = [HĤ−1
(ud)](t) (5.2)

where the signal ud(t) is used as the input of the inverse compensator Ĥ−1(·) to generate

the control field v(t) which is then applied to the hysteretic device.

Substituting Equation (5.2) and the relation A −Am = bθT into Equation (5.1)

yields
ẋ(t) = Amx(t) + b

(
u(t) + θTx(t)

)
, u(t) = [HĤ−1

(ud)](t)

y(t) = cTx(t).
(5.3)

Our objective is to design a low-frequency adaptive controller ud(t) such that y(t) tracks a

given bounded reference signal r(t) while all other error signals remain bounded.

Note that such model-based inverse compensation is never exact due to the dis-

cretization or modeling errors, but the mismatch between inverse and hysteretic actuator

can be designed to be small and thus be assumed bounded in magnitude; i.e.,

u(t) = ud(t) + σ(t) (5.4)

where σ(t) is the inversion error which satisfies |σ(t)| ≤ ∆0 ∈ R. Then we can model

the inversion error as an external time-varying disturbance and attenuate its impact by L1

control techniques [7].
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Assumption 5.1 : We assume that parameter vector θ(t) and inversion error σ(t) are con-

tinuously differentiable and their derivatives are uniformly bounded:

‖θ̇(t)‖2 ≤ dθ < ∞, ‖σ̇(t)‖2 ≤ dσ < ∞, ∀t > 0

where the numbers dθ, dσ can be arbitrarily large.

The control objective is to design a full-state feedback controller such that y(t)

tracks a given bounded reference signal r(t) both in transient and steady state, while all

other error signals remain bounded.

5.3 L1 Adaptive Control Architecture

In this section, the elements of the L1 adaptive control architecture are summarized. This

control architecture permits complete transient characterization for system state x(t).

State Predictor: Consider the state predictor

˙̂x(t) = Amx̂(t) + b(ud(t) + θ̂Tx(t) + σ̂(t)),

ŷ(t) = cT x̂(t)
(5.5)

which has a similar structure as the system in Equation (5.3). The differences are: the

unknown parameter vector θ(t) in Equation (5.3) is replaced by its adaptive estimate θ̂(t);

the driving force u(t) is replaced by the Equation (5.4) with inversion error estimate σ̂(t),

and parameters θ̂T , σ̂(t) are governed by the following adaptation laws.

Adaptation Laws: Adaptive estimates

˙̂
θ(t) = ΓcProj (θ̂(t), −x(t)x̃T (t)Pb), θ̂(0) = 0

˙̂σ(t) = ΓcProj (σ̂(t), −x̃T (t)Pb), σ̂(0) = 0
(5.6)

are defined via the projection operator (Definition 5.15). Here x̃(t) = x̂(t)−x(t) is the error

between the states of the system and the predictor and P is the solution of the algebraic

Lyapunov equation AT
mP + PAm = −I. The existence of P (t) follows from the proof of

Lemma 5.4. In the implementation of the projection operator, we use the compact set Θ.

One advantage of the L1 control over the conventional MRAC is that L1 control

allows for the incorporation of a low-pass filter into the feedback loop to generate control

signal. A low-pass filter, by definition, is a filter that offers easy passage to low-frequency
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signals and attenuates (reduces the amplitude of) high-frequency signals, more specifically,

the frequencies higher than the cutoff frequency. The actual amount of attenuation for each

frequency varies from filter to filter. These properties of low-pass filters offer a possibility

to eliminate the inversion error and other external or internal disturbances faster and more

efficiently. Then the L1 control signal is generated via a low-pass filter C(s).

Control Law: The control signal ud(t) is generated through gain feedback of the system

X (s) = D(s)r̄(s), ud(s) = −kX (s), (5.7)

where k ∈ R+ is a feedback gain, r̄(s) is the Laplace transformation of

r̄(t) = ud(t) + θ̂Tx(t) + σ̂(t)− kgr(t), kg = − 1
cTA−1

m b
(5.8)

and D(s) is a transfer function that leads to strictly proper stable system

C(s) =
kD(s)

1 + kD(s)
(5.9)

with low-pass gain C(0) = 1.

Theorem 5.16. ([8], L1-gain stability requirement): Design D(s) and k to satisfy

‖G(s)‖L1L < 1, L = max
θ∈Θ

n∑

i=1

|θi(t)| (5.10)

where G(s) = H(s)C(s) = (sI−Am)−1b(1−C(s)), with H : R→ Rn being the input-output

map of the dynamic system ẋ(t) = Amx(t) + bu(t) and C being the input-output map of

the C(s) = 1− C(s). Thus, G : R→ Rn.

The proof is similar to the stability requirement proof given in [7] and it follows

from the small gain Theorem 5.14 ([19], Theorem 5.6), written for the L1 gain.

Proof : To establish the stability requirement in Equation (5.10), consider the

reference companion system with its control signal

ẋm(t) = Amxm(t) + b
(
ud(t) + θTxm(t) + σ(t)

)
, xm(0) = x0

ud(s) = C(s)
(
kgr(s)− θTx(s)− σ(s)

)
.

(5.11)

Letting H(s) = (sI−Am)−1b, it follows from Equation (5.11) that

xm(s) = H(s)
(
C(s)(kgr(s)− r1(s)) + r1(s)

)
+ (sI−Am)−1x0

= H(s)C(s)kgr(s) + H(s)(1− C(s))r1(s) + (sI−Am)−1x0

(5.12)



49

where r1(s) is the Laplace transformation of r1(t) = θTxm(t) + σ(t).

Letting G(s) = H(s)
(
1 − C(s)

)
and using Corollary 5.10, we arrive at the upper

bound

‖xm‖L∞ ≤ ‖kgC(s)H(s)‖L1‖r‖L∞ + ‖G(s)‖L1‖r1‖L∞ + ‖(sI−Am)−1x0‖L∞ . (5.13)

Since ‖xm(0)‖∞ = ‖x0‖∞ < ρ0 and r1(s) is subject to the following L∞ bound

‖r1‖L∞ ≤ ‖θ‖L1 ‖xm‖L∞ + ‖σ‖L∞ = L‖xm‖L∞ + ‖σ‖L∞ (5.14)

where L = max
θ∈Θ

n∑
i=1

|θi(t)|, we then have

‖ xm‖L∞ ≤ ‖G(s)‖L1L‖xm‖L∞ + ‖G(s)‖L1‖σ‖L∞
+‖kgC(s)H(s)‖L1‖r‖L∞ + ‖(sI−Am)−1x0‖L∞ .

Theorem 5.14 then ensures that the closed-loop system in Equation (5.11) is stable if Equa-

tion (5.10) is satisfied; i.e.,

‖G(s)‖L1L < 1, G(s) = (sI−Am)−1b(1− C(s)). 2

In the case of constant θ(t) and a first order low-pass filter C(s) =
k

s + k
, the

stability requirement can be simplified to stabilize the companion system

˙̂x(t) = Amx̂(t) + b
(
ud(t) + σ̂(t) + θ̂T (t)x

)

u̇d(t) = −kud(t) + k
(
kgr(t)− θ̂T (t)x(t)− σ̂(t)

)

which is reduced to the stability requirement that

Ag =


Am + b θT b

−kθT −k




is Hurwitz for all θ ∈ Θ.

The close-loop system with it is illustrated in Figure 5.2.

5.4 Analysis of the L1 Adaptive Control Architecture

5.4.1 Stability of Closed-loop Reference System

Consider the following ideal version of the adaptive controller in Equation (5.7)-

(5.9)

uref (s) = C(s)(kgr(s)− θT xref (s)− σ(s)). (5.15)
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- Ĥ−1 H G(s)
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ud + θ̂t x + σ̂

θ̂T , σ̂

- D(s) -

¾ud = −kX (s)

6
ud

X

Control Law with Low-pass Filter

Figure 5.2: Closed-loop system with the L1 adaptive control architecture.

The control law in Equation (5.15) yields the closed-loop dynamics

ẋref(s) = Amxref (t) + b(uref (t) + θT (t)xref (t) + σ(t)), xref (0) = 0. (5.16)

Lemma 5.17. ([7], Lemma 5 ) If the D(s) satisfies the condition in Theorem 5.16, the

reference system in (5.15)-(5.16) is stable.

The proof is similar to the proof of Lemma 5 given in [7].

Proof: Let C : R → R be the input-output map of the transfer function C(s),

and let the map Hin : Rn → Rn represent the zero-input response of the linear system

ẋ(t) = Amx(t). It follows from (5.15)-(5.16) that xref = Gr1 + HCkgr + Hinx0, where

r1(t) = θT (t)xref (t) + σ(t) is subject to the bound ‖r1‖L∞ ≤ L‖xref‖L∞ + ‖σ‖L∞ . We can

consider G and θT as the two interconnected systems defined in Theorem 5.14. The block

diagram is shown in Figure 5.3. Since D(s) satisfies the condition in Theorem 5.16 and the
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Figure 5.3: Block diagram of the closed-loop reference system.

inversion error σ(t) and signals HCkgr and Hinx0 are bounded, Theorem 5.14 guarantees

that the closed-loop system in (5.15)-(5.16) is stable. 2

Note that when C(s) = 1, uref reduces to the ideal control signal

uid(t) = kgr(t)− θTxid − σ(t) (5.17)

and uid leads the closed-loop reference system (5.16) to the reference model of MRAC

ẋid(t) = Amxid(t) + bkgr(t) (5.18)

by canceling the uncertainties exactly. In the closed-loop predictor system defined by Equa-

tions (5.5)− (5.7), uid(t) is further low-pass filtered by C(s) in Equation (5.9) to guarantee

low-frequency range. Thus, the system defined by Equations (5.5) − (5.7) has a different

response as compared to ideal reference system (5.18) achieved with (5.17). It has been

proven in [7] that the response of the state predictor Equation (5.6) can be made as close

as possible to the response of the ideal system Equation (5.18) by reducing ‖G(s)‖L1 ar-

bitrarily small, and ‖G(s)‖L1 can be made arbitrarily small by appropriately choosing the

design constants, further details may be found in [7] and [8].

5.4.2 Steady State Performance

Theorem 5.18. ([7], Lemma 6 ) Given the system in Equation (5.1) and the L1 adaptive

controller defined via Equations (5.5)-(5.7) subject to Equation (5.10), the prediction error

between the system state and the predicor is bounded.

The proof is similar to the proof of Lemma 6 given in [7].

Proof : Consider the candidate Lyapunov function

V
(
x̃(t), θ̃(t), σ̃(t)

)
= x̃T (t)P (t)x̃(t) + Γ−1

c θ̃T (t)θ̃(t) + Γ−1
c σ2(t) (5.18)
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where θ̃(t) = θ̂(t)− θ(t), σ̃(t) = σ̂(t)− σ(t).

The projection algorithm (5.6) ensures that θ̂ ∈ Θ, |σ̂(t)| < ∆0 for all t ≥ 0, and

therefore

max
t≥0

(
Γ−1

c θ̃(t)θ̃(t) + Γ−1
c σ̃2(t)

)
≤ 1

Γc

(
max
θ∈Θ

n∑

i=1

4θ2
i + 4∆2

0

)
(5.19)

for any t ≥ 0.

Prediction error dynamics can be derived from Equations (5.3)-(5.5) yielding

˙̃x(t) = Amx̃(t) + b
(
u(t) + θ̃(t)x(t) + σ̃(t)

)
, x̃(0) = 0.

Using the projection-based adaptation laws in Equation (5.6), one has the upper

bound of the Lyapunov candidate derivative

V̇ (t) = ˙̃xT (t)P (t)x̃(t) + x̃T (t)P (t) ˙̃x(t) + x̃T (t)Ṗ (t)x̃(t)

+2Γ−1
c θT (t) ˙̃

θ(t) + 2Γ−1
c σ̃T ˙̃σ(t)

= −x̃T (t)
(
I− Ṗ (t)

)
x̃(t)− 2Γ−1

c θT (t)θ̇(t)− 2Γ−1
c σ̃T σ̇(t)

≤ −x̃T (t)
(
I− Ṗ (t)

)
x̃(t) + 2Γ−1

c

∣∣∣θ̃T (t)θ̇(t) + σ̃(t)σ̇(t)
∣∣∣ .

(5.20)

The upper bounds for θ and σ along with the projection based adaptive laws lead to the

upper bound ∣∣∣θ̃T (t)θ̇(t) + σ̃(t)σ̇(t)
∣∣∣ ≤ 2max

θ∈Θ
‖θ‖∞dθ + dσ∆. (5.21)

Define the constant

θmax = max
θ∈Θ

n∑

i=1

4θ2
i + 4∆2

0 + 4
λPmax

1− εP

(
dσ∆ + max

θ∈Θ
‖θ‖∞dθ

)

with λPmax = max
t∈[0,∞)

λmax

(
P (t)

)
.

If V (t) ≥ θm/Γc at some t, it then follows from Equation (5.19) that

x̃T (t)P (t)x̃(t) ≥ 4
λPmax

Γc(1− εP )

(
dσ∆ + max

θ∈Θ
‖θ‖∞dθ

)
.

Hence

x̃(t)
(
I− Ṗ (t)

)
x̃(t) ≥ 1− εP

λPmax

x̃T (t)P (t)x̃(t) ≥ 4
Γc

(
max
θ∈Θ

‖θ‖∞dθ + dσ∆
)

. (5.22)

Hence if V (t) ≥ θmax/Γc, it follows from Equations (5.21) and (5.22) that

V̇ (t) ≤ 0, for all t ≥ tm. (5.23)
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Since we have set x̂(0) = x(0), then we can verify that

V (0) ≤ Γ−1
c θ̃(t)θ̃(t) + Γ−1

c σ̃2(t) ≤ Γ−1
c

(
max
θ∈Θ

n∑

i=1

4θ2
i + 4∆2

)
< θmax/Γc.

It follows from (5.23) that V (t) ≤ θmax/Γc for any t ≥ 0. Since λPmin‖x̃(t)‖2
L∞ ≤

x̃T (t)P (t)x̃(t) ≤ V (t), we then have the prediction error

‖x̃(t)‖2
L∞ ≤ θmax

λPmin

≤ θmax

λPminΓc
(5.24)

which concludes the proof. Notice that this bound is proportional to the rate of variation of

uncertainties and is inverse proportional to the adaptation gain. 2

Furthermore, we can show that the prediction error x̃(t) converges to zero asymp-

totically; i.e., lim
t→∞ x̃(t) = 0.

Using the triangle relationship for norms, we can get

∣∣ ‖x̂(t)‖L∞ − ‖x(t)‖L∞
∣∣ ≤

√
V (0)

λmin(P )
. (5.25)

The projection technique in Equation (5.6) ensures that θ̂(t) ∈ Θ, for all t ≥ 0 and |σ̂(t)| ≤
∆0. Applying Corollary 5.10 to the predictor system Equation (5.6) yields

‖x̂(t)‖L∞ ≤ ‖G(s)‖L1L‖x̂(t)‖L∞ + ‖G(s)‖L1‖σ‖L∞ + ‖kgC(s)H(s)‖L1‖r‖L∞ .

Let λ = ‖G(s)‖L1L. From the stability requirement, we know that λ < 1, so the

relationship in Equation (5.25) can be rewritten as

‖x̂(t)‖L∞ ≤ 1
1− λ

(
λ

√
V (0)

λmin(P )
+ ‖G(s)‖L1∆0 + ‖kgC(s)H(s)‖L1‖r‖L∞

)
. (5.26)

Since V (0), λmin(P ), ‖G(s)‖L1 , ‖kgC(s)H(s)‖L1 and ‖r(t)‖L∞ are all finite and λ < 1, the

relationship in Equation (5.26) implies that ‖x̂(t)‖L∞ is finite for any t > 0 and hence

x̂(t) is bounded. The adaptation law in (5.6) ensures that the estimates θ̂(t) and σ̂(t) are

also bounded, it can be checked easily that ˙̃x(t) is bounded, and it follows from Barbalat’s

lemma [38] that lim
t→∞ x̃(t) = 0.

Theorem 5.19. ([7],Theorem 2 ) Given the system in Equation (5.1) and the L1 adaptive

controller defined via Equations (5.5)-(5.7) subject to Equation (5.10), we have

‖x− xref‖L∞ ≤ γ, where γ =
‖C‖L1

1− ‖HC‖L1L

√
θm

λPminΓc
.
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The proof is similar to the proof of Theorem 2 given in [7].

Proof: Let

r̃2(t) = θ̃T (t)x(t) + σ̃(t), r2(t) = θT (t)x(t) + σ(t).

It follows from (5.6) that χ(x) = D(s)ru(s) where

ru(t) = ud(t) + r2(t) + r̃2(t)− kgr(t).

Consequently

χ(s) =
D(s)

1 + kD(s)
r3(s), ud(s) = − kD(s)

1 + kD(s)
r3(s),

where r3(t) = r2(t)− kg(t)r(t) + r̃(t). Using the definition of C(s) from Equation (5.9), we

can write

ud(s) = −C(s)r3(s) (5.27)

and the physical system consequently takes the form

x = HCr2 + HCkgr −HCr̃2 (5.28)

where H : R → Rn is the input-output map of the linear time varying system ẋ(t) =

Am(t)x(t) + bu(t), and C is the input-output map of C(s) = 1− C(s).

It follows from Equations (5.17) and (5.18) that

xref = HCr1 + HCkgr, r1(t) = θT (t)xref (t) + σ(t).

Let e(t) = x(t)− xref (t). Using (19) one gets

e = HCr4 −HCr̃2, e(0) = 0 (5.29)

where

r4(t) = θT (t)e(t). (5.30)

We thus get the upper bound

‖e‖L∞ ≤ ‖HC‖L1‖r4‖L∞ + ‖CHr̃2‖L∞ . (5.31)

Using the definition of L in Equation (5.10), it is straight forward to verify that

‖θT e‖L∞ ≤ L‖e‖L∞ .
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Moreover, from (5.30) we have that ‖r4‖L∞ ≤ L‖e‖L∞ . From (5.31) it follows that

‖e‖L∞ ≤ ‖HC‖L1‖e‖L∞ + ‖C‖L1‖x̃‖L∞ .

The upper bound for x̃ from (5.24) and the L1-norm upper bound from (5.10) lead to the

following upper bound

‖e‖L∞ ≤ ‖C‖L1

1− ‖HC‖L1L

√
θm

λPmaxΓc

for e, which holds uniformly for all t ≥ 0 and therefore leads to

‖x− xref‖L∞ ≤ γ, γ =
‖C‖L1

1− ‖HC‖L1L

√
θm

λPminΓc
.

Thus, the tracking error between x(t) and xref (t) is uniformly bounded by a con-

stant inverse proportional to Γc. This implies that one can arbitrarily close tracking per-

formance by uniformly increasing the adaptation gain Γc. 2

5.5 Simulation Results

5.5.1 Tracking Using a 1st Order Low-pass Filter

We first consider using a first order low-pass filter to generate control signal. Con-

sider the dynamic system in (5.3) with

A =


0 1

5 7


 , b =


0

1


 , c =


1

0




and the state predictor in (5.5) with

Am =


 0 1

−5 −3


 , θ =


10

10


 .

We note that matrix A has poles in the right half plane and hence it is an unstable

non-minimum phase system. While the unstable system does not illustrate the physical

AFM dynamics, we use it to demonstrate the effectiveness of the proposed L1 inverse

control structure on a worst-case scenario. The constant θ is assumed to be unknown and

the compact set can be conservatively chosen as Ω = {θ1 ∈ [0, 20], θ2 ∈ [0, 20]}. The
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Figure 5.4: Bode diagram; (a) Low-pass filter, (b) the reference model.

control objective is to design an adaptive controller ud(t) to ensure that x1(t) tracks any

reference signal r(t) both in transient and steady state.

To implement the L1 adaptive control architecture (5.5), (5.6), (5.7), we need

to verify the simplified version of L1 stability requirement in (5.10). For constant θ =[
10 10

]T
, we have

Ag =


Am + bθT b

−kθT −k


 =




0 1 0

5 7 1

−10k −10k −k


 . (5.32)

Note that for k > 50, the matrix Ag is Hurwitz. We set k = 100 which means that the

transfer function for the low-pass filter takes the form

Gfil(s) =
100

s + 100
=

1
s

ω0
+ 1

, ω0 = 100. (5.33)

Figure 5.4(a) illustrates the bode plot for the transfer function (5.33).

The bode magnitude plot tells us that at the break frequency, ω = ω0 = 102

rad/sec, the gain is about 3.01 dB and the phase is −π
4 degree. At lower frequencies,

ω ¿ ω0, the gain is approximatly zero, and at higher frequencies, ω À ω0, the gain

increases at 20 dB/decades and goes through the break frequency at 0 dB; that is, for every

factor of 10 increase in frequency, the magnitude drops by 20 dB. We can thus say that the

low-pass filter (5.33) can pass all signals with frequencies lower than the break frequency
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102 rad/sec and attenuates (reduces the amplitude of) signals with frequencies higher than

102 rad/sec (Note that 1 Hz=2π rad/sec).

Similarly, we can write the transfer function of the reference model (5.16) as

Gref (s) =
5

s2 + 3s + 5
=

1(
s

ω0

)2

+ 2ζ

(
s

ω0

)
+ 1

, ω0 =
√

5, ζ = h
3

2
√

5
. (5.34)

Figure 5.4(b) illustrates the bode plot for the transfer function Equation (5.34).

We note from the bode magnitude plot that at frequencies higher than the break

frequency, ω0 =
√

5 rad/sec, the gain increases at 40 dB/decades and goes through the

break frequency at 0 dB; that is, for every factor of 10 increase in frequency, the magnitude

drops by 40 dB. At lower frequencies, ω ¿ ω0, the gain is approximately zero and a peak

occurs in the magnitude plot near the break frequency ω0. The peak has a magnitude of

|Gref (jωr)| = −20 lg(2ζ
√

1− ζ2) = 0.004 dB ∼ 0

where ωr = ω0

√
1− 2ζ2 = 0.7.

To solve the ODE system (5.5) − (5.7), we consider two techniques: use of the

MATLAB routine ode15s and an implicit Euler technique.

Matlab Routine: ODE15s

For all the simulation results included in this section, we explore the case where the

hysteresis inverse model is discretized on a coarse mesh and integrated using an relatively

inexact integration rule. More specifically, both the coercive field Ec and interaction field EI

are discretized into 4 intervals, and 2-point Gauss quadrature rule is applied to approximate

the inverse model. The inversion error bound of this discretization is about 0.01.

We first consider a simple single-frequency sinusoidal function r(t) = cos(t). The

frequency of r(t) is 1/2π Hz (= 1 rad/sec). Based on the previous analysis, this r(t) could

pass the filter and reference model unchanged. Theoretically, the tracking output x1(t)

should exactly match the shape of r(t) = cos(t) after x1(t) converges.

Simulation results for reference input r(t) = cos(t) are shown in Figure 5.5(a). We

note that the system output x1(t) converges to r(t) asymptotically whereas x1(t) lags behind

the reference signal r(t) with a delay time of about t0 = 0.62 sec. The time history of control

signal and the inversion error is plotted in Figure 5.5(b). The generated control signal ud(t)
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is well bounded and hysteresis inversion error is |σ(t)| = |u(t) − ud(t)| ≤ 6.3716e − 002.

The generated control signal ud(t) exactly compensates for the inversion error and leads the

system state to the desired response.

To cancel the delay problem, we can redefine r(t) by r(t + t0) , so it requires that

we should have an exact prediction of the time-delay t0 in advance. The performance for

r(t) = cos(t) with time compensation is shown in Figure 5.7, and we can see that the x1(t)

could exactly track the reference signal r(t) if we have a good prediction of the time delay.

Next, we consider a multi-frequency sinusoidal reference signal r(t) = 2 cos(t) +

10 cos(πt/5). We keep the same values for all other parameters. This multi-frequency r(t)

could also pass the filter and reference model unchanged. The simulation result shown in

Figure 5.8(a) illustrates that the time-delay is independent of the frequencies of the reference

signal r(t); it only depends on the model and controller (low-pass filter) we choose. A rigor-

ous relationship between the model and time-delay has not been derived. The performance

for r(t) = 2 cos(t) + 10 cos(πt/5) with time compensation is shown in Figure 5.8(b).

We additionally consider two typical trajectories common to nanopositioning and

industrial applications. Simulation results for the trajectories r1(t) and r2(t) are plotted

respectively in Figure 5.9. The results Figure 5.10 and Figure 5.11 illustrate that the

L1 control design employing homogenized energy model based inverse filters can maintain

a tracking accuracy once prediction tracking commences even though the transducer is

operating in the hysteretic and nonlinear regime.

To compare with the modified MRAC method described in Chapter 4, we apply

the L1 control method to the system dynamics (4.17) for a similar reference signal shown

in Figure 4.3(a), the L1 tracking results are shown in Figure 5.17. We observe that L1

control can provide much faster tracking than MRAC, also the generated control signal is

well bounded and modest in size.

Implicit Euler Method

Secondly we apply the implicit Euler method to solve the ODE system (5.5)−(5.7).

Using the implicit Euler method, we aim to see if it changes the time delay problem. The

simulation results for reference input r = cos(t) are shown in Figure 5.12. We can see

that neither tracking performance nor time delay is significantly improved compared to the

results obtained by ODE15s (see Figure 5.5-5.7). Next, we apply the implicit Euler method
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to the same multi-frequency reference signal that we used before; i.e., r(t) = 2 cos(t) +

10 cos(πt/5). We note that the results, shown in Figure 5.13, are quite similar to the results

we got by using ode15s. We then can conclude that the implicit Euler method doesn’t

improve much on either the tracking performance or dynamic lag problem. However, it is

significantly more efficient to implement.

5.5.2 2nd Order Low-pass Filter Tracking

In some cases, we also require high speed tracking. For example, the physical

milling device using Terfenol-D as the actuator is designed to operate at 3000 rpm while

maintaining tracking tolerances of 1 − 2µm. A typical high frequency trajectory common

to this type of industrial applications is plotted in Figure 5.15.

Consider the dynamic system (5.3) with

A =


0 1

5 7


 , b =


0

1


 , c =


1

0




and the state predictor in (5.5) with

Am =


 0 1

−10 −10


 , θ =


15

17


 .

The constant θ is assumed to be unknown and the compact set can be conserva-

tively chosen as Ω = {θ1 ∈ [0, 25], θ2 ∈ [0, 25]}. For implementation of the L1 adaptive

control structure, (5.5), (5.6), (5.7), we need to verify the L1 stability requirement in (5.10).

Considering the low-pass filter C(s) =
3k2s + k3

(s + k)3
, we have

G(s) = H(s)
(
1− C(s)

)
=

(
1− 3k2s + k3

(s + k)3

)
H(s),

where H(s) = (sI−Am)−1b =
[

1
s2 + 10s + 10

s

s2 + 10s + 10

]
.

We choose the conservative value of L = 50. It can be verified numerically that

‖G(s)‖L1 = 0.0191 so that ‖G(s)‖L1 L = 0.0191 · 50 = 0.957 < 1. Hence, the L1 stability

requirement in (5.10) holds.

The frequency of the reference signal r(t) is about 70π Hz so it could pass the filter

and reference model unchanged. Theoretically, the tracking output x1(t) should exactly
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match the shape of reference signal after x1(t) converges. Simulation results are shown

in Figure 5.16(a). We note that the system output x1(t) converges to r(t) asymptotically

whereas x1(t) lags behind the reference signal r(t) with a delay time of about t0 = 2×10−3s.

The system output x1(t) and predictor output x̂1(t) are almost the same. To cancel the

delay, we could redefine r(t) by r(t + t0), so it requires that we should have an exact

prediction of the time-delay t0 in advance. The performance with time compensation is

shown in Figure 5.16(b), and it illustrates that the pre-specified tolerance of 1 − 2µm is

achieved in the presence of disturbances and inversion errors.

5.6 Concluding Remarks

In this chapter, we presented adaptive control designs that incorporate external

disturbances to the system due to unattenuated hysteretic behavior and actuator noise

in the control design. To accommodate the disturbances, L1 control design is utilized.

Two crucial components of the control design involve the construction of a companion

system which predicts the output of physical smart material system and the incorporation

of a low-pass filter which eliminates or attenuates unmodeled hysteresis, actuator noise

and disturbances. For the numerical examples considered in this chapter, the choice of

appropriate low-pass filters had more impact on the final tracking authority than did the

specification of L1 control designs. It was shown that the controller designs utilizing an

inverse compensator based on the homogenized energy model of hysteresis Equation (2.9)

were able to achieve accurate tracking while rejecting the disturbances due to actuator noise

and the inherent hysteresis. A disadvantage of this L1 control design is the tracking time

delay due to the low-pass filter. To improve the controller’s performance, rigorous relation

between the delay time and control structure must be deduced.
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Figure 5.5: Performance of L1 adaptive controller for reference input r = cos(t): (a) dis-
placement tracking and error, and (b) generated control signal and hysteresis inversion
error.
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(a) (b)

Figure 5.6: (a) Generated inverse compensation loop, and (b) hysteresis loop.
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Figure 5.11: Performance of L1 adaptive controller for r2(t) using ODE15s with (a) no time
compensation and (b) time compensation.
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Figure 5.12: Performance of L1 adaptive controller for r(t) = cos(t) using the implicit Euler
method with (a) no time compensation and (b) time compensation.
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Figure 5.13: Performance of L1 adaptive controller for r = 2 cos(t) + 10 cos(πt/5) using the
implicit Euler method with (a) no time compensation and (b) time compensation.
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Figure 5.14: Performance of L1 adaptive controller for r1(t) and r2(t) using the implicit
Euler method with (a) no time compensation and (b) time compensation.
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Figure 5.15: Reference Trajectory r3(t)
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Figure 5.16: Performance of L1 adaptive controller for r3(t) using ODE15s with (a) no time
compensation and (b) time compensation.
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Figure 5.17: L1 adaptive control performance that can be compared with MRAC results
shown in Figure 4.3(a) and Figure 4.6(a): (a) tracking performance and error; (b) control
signal and history of hysteresis inversion error.
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Chapter 6

Nonlinear Parameter Estimation

In the filter design paradigm (see Figure 6.1) for systems with hysteresis inversion-

based, three sources of error exist. The first is the fact that the model is not an exact

representation for the system. The second source is the fact that the inverse operator

does not have an analytic form and is approximately inverted using iteration algorithms

[3, 4, 5, 39]. The implication is that ud(t) is not generally equal to u(t) in Figure 6.1 or

Figure 2.5, even if the homogenized distribution functions are accurately known. The third

source of error is uncertainty in the distribution functions and hysteresis kernel parameters.

For example, internal heat generating during the operation of the transducer may affect the

behavior of the inherent hysteresis in the material [34]. Figure 6.2 illustrates the effect of

temperature on the hysteresis behavior in PLZT.

Identification of the hysteresis distribution functions can be accomplished using

methods that are either nonparametric or parametric. In nonparametric methods, the

homogenized energy model is discretized, and data fitting techniques, such as least square

[43], are used to determine material parameters. This approach requires a significant amount

of data and time and also must be done prior to the activation of the transducer. In

parametric methods, a form for the distribution functions, such as Gauss-Gauss, lognormal-

Gauss, or lognormal-normal, is assumed, and the unknown parameters in the distribution

functions are estimated. However, it may be necessary to adjust the parameters in the

hysteresis model to be adjustable to reflect changes in hysteretic behavior caused by the

internal heat or temperature changes.

The nonlinear parameter estimation techniques proposed in [17, 56] have proven to



74

Figure 6.1: Depiction of hysteresis inversion. Here ud represents the desired output for the
hysteresis operator H. The (approximate) inverse operator Ĥ−1 takes ud as its input and
outputs a signal v so that the output u of H is close to ud.

be effective for identifying parameters in the Preisach hysteresis model while the transducer

is operating and can provide either continuous or periodic tuning of parameters which may

vary during the operation. In this chapter, we extend this parameter identification method

to the homogenized energy model and develop adaptive parameter estimation algorithms

to estimate and update parameters online.

6.1 Adaptive Parameter Estimation When Physical Hystere-

sis Output is available

In this section, feedback from the physical hysteresis output is used to estimate

hysteresis parameters in the inverse filter and ultimately reduce the inversion error to achieve

the control objective. This adaptive inverse estimation approach is illustrated in Figure 6.3.

6.1.1 Galerkin Representation of Densities

We consider the problem of estimating parameters using the Galerkin expanded

densities (2.14)-(2.15). To illustrate it in more detail, we consider the homogenized energy

operator H in the context of ferroelectric materials; i.e., Equation (2.9)

[P (E)](t) =
∫ ∞

−∞

∫ ∞

0
νc(Ec)νI(EI)P (EI + E(t);Ec, x+)dEcdEI

where νc(Ec), νI(EI) respectively denote the coercive and interaction field densities. Den-

sities are represented by Galerkin expansion in Equation (2.14); i.e.,

νc(Ec) =
n∑

i=0

αiφi(Ec) and νI(EI) =
m∑

j=0

βjφj(EI)

where φi and φj are basis functions specified by (2.15).
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Figure 6.2: Temperature-dependence of the hysteresis loops for the PLZT 10/65/35
ceramics.

In this case, the parameters that need to be identified for the model are the

Galerkin expansion coefficients αi and βj , the remanence PR, and the reciprocal slope η.

To simplify analysis relating these parameters to the estimation algorithm, we assume that

remanence PR and reciprocal slope η are accurately estimated off-line and remain approxi-

mately constant during operation. Following positive saturation, the modeled polarization

at E = 0 is

[P (0)](t) = PR

∫ ∞

−∞

∫ ∞

0
νc(Ec)νI(EI)[x+(EI ;Ec)](t)dEcdEI . (6.1)

Consequently, by examining the data value at E = 0, we can estimate the remanent polar-

ization PR, as illustrated in Figure 6.4.

For the reciprocal slope η, we then can examine the E−P hysteresis loop in areas

of polarization saturation which yields the reciprocal susceptibility relation

η =
∂E

∂P
. (6.2)
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Figure 6.3: Schematic of adaptive inverse control. The inversion error e0 = ud − u is used
to update the hysteresis parameters online. It is assumed here that the output u of the
hysteresis operator can be measured.

By choosing two data points (E1, P1) and (E2, P2), we approximate η−1 via the relation

η−1 ≈ ∆P

∆E
=

P2 − P1

E2 − E1
. (6.3)

The parameters to be estimated reduce to the Galerkin expansion coefficients. To

derive the adaptive estimation algorithm for Galerkin expansion coefficients, we consider

the polarization model (2.14) formulated in terms of the joint density

ν = νc · νI = ΘT Φ(Ec, EI) (6.4)

where Φ(Ec, EI) is the joint basis functions and ΘT is the joint coefficient vector to be

estimated. The goal is to design an adaptive algorithm that provides stability and assumes

that the parameter vector Θ tracks its real value. To this end, we first make an assumption

through the chapter that we have a physical hysteretic device H with its output denoted

Figure 6.4: Ferroelectric hysteresis, remanent polarization PR, and coercive field Ec.
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by u(t). Since it has been shown theoretically and experimentally in [3, 4, 36, 39, 45] that

the modeling errors between the physical hysteretic device H and the homogenized energy

model H are bounded, it is reasonable for us to use the precise homogenized energy model to

approximate the physical device output u(t) in the algorithm development and simulations.

We then define two errors:

• Inversion error e0 = ud − u,

• Prediction error e = û− u.

As illustrated in Figure 6.3, ud is the desired output to be generated, u is the real output of

the physical hysteresis operator, which is assumed available for measurement and approx-

imated by the precise homogenized energy model in the simulation. Here, û, which is not

shown in Figure 6.3, represents the output of homogenized energy model with parameter

estimate Θ̂.

The estimation algorithm is designed based on the hysteresis output difference

and a discrete-time setting is considered in the following analysis. To avoid ambiguity, it is

assumed that the input to the homogenized energy model is monotonically changed from

u(n) to u(n + 1).

The output u(n) of the physical piezoelectric actuator, which is approximated by

the precise polarization model, can be expressed as a combination of the real density values;

i.e.,

u(n) =
∫ ∞

0

∫ ∞

−∞
ΘT (n)Φ(n)P (EI + v;Ec, x+)dEIdEc. (6.5)

Since the true values of coefficient vector Θ are unknown, the inversion process has to be

performed based on a parameter estimation Θ̂. Equivalently, the modeled polarization P̂

with parameter vector Θ̂ is inverted at instant time n yielding the output

û(n + 1) =
∫ ∞

0

∫ ∞

−∞
Θ̂T (n + 1)Φ(n + 1)P (EI + v(t);Ec, x+)dEIdEc. (6.6)

Since the physical output u(n) and polarization model û(n) have the same electric field

input v(·), and they are assumed to be represented by the same basis functions Φ(Ec, EI),

the prediction error, as defined previously, is

e(n + 1) = û(n + 1)− u(n + 1) ≤
∫ ∞

0

∫ ∞

−∞
Θ̃T (n)Φ(n + 1)PmaxdEIdEc. (6.7)

Here Θ̃ = Θ̂ − Θ is the parameter estimation error and Pmax is an upper bound of the

kernel P .
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Motivated by the prediction error relation (6,7), the Galerkin parameter vector Θ̂

is updated in the inverse filter using the gradient-based algorithm

Θ̂(n + 1) = Θ̂(n)− γ
e(n + 1)Pmax Φ(n + 1)

ΦT (n + 1)Φ(n + 1)
. (6.8)

If the true parameter vector Θ is known to lie in a bounded set, a projection step (Def-

inition 5.15) can be used to ensure that the parameter estimate Θ̂ also lies within the

set.

6.1.2 Inverse Estimation Scheme for Hysteresis Parameters

The adaptive inverse parameter estimation approach, which is illustrated in Fig-

ure 6.3, is summarized in the following steps

• v(n + 1) =





vmin, ud(n + 1) < −ûsat(n)

Ĥ−1(ud(n + 1)), −ûsat(n) ≤ ud(n + 1) ≤ ûsat(n)

vmax, ud(n + 1) > ûsat(n)

• Update the hysteresis parameter vector Θ in the inverse filter using algorithm (6.8)

• n:=n+1, and iterate

Here ±ûsat are the saturation bounds provided by the homogenized energy model.

6.1.3 Parameter Convergence

The convergence of the parameter vector Θ in Equation (6.8) is established by the

following theorem.

Theorem 6.1 ([56], Parameter Convergence Requirement): If the adaptation gain γ in

parameter estimation algorithm (6.8) satisfies the condition γ ∈ (0, 2), then the parameter

vector estimate Θ̂ converges to some constant vector Θ̂∞.

The proof is similar to the proof of Parameter Convergence Requirement in [56].

Proof ([56]): Denoting ε(n) = Θ̃T (n)Θ̃(n), we can represent the quadratic form of

the parameter error as

ε(n + 1)− ε(n) = Θ̃T (n + 1)Θ̃(n + 1)− Θ̃T (n)Θ̃(n)

=
(
Θ̂T (n + 1)− Θ̂T (n)

)(
Θ̃(n + 1) + Θ̃(n)

)
.

(6.9)
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It then follows from Equations (6.8) and (6.9) that

ε(n + 1) ≤ ε(n)− γ(2− γ)
e2(n + 1)P 2

Pmax

ΦT (n + 1)Φ(n + 1)
≤ ε(n) (6.10)

for any 0 < γ < 2.

Since ε(n) > 0, inequality (6.10) implies that ε(n) → ε∞ as n → ∞, for some

constant ε∞. Consequently, Θ̂(n) → Θ̂∞, for some constant vector Θ̂∞.

Furthermore, we reformulate the relation (6.10) as

e2(n + 1)P 2
max

ΦT (n + 1)Φ(n + 1)
= −ε(n + 1)− ε(n)

γ(2− γ)
. (6.11)

Summing relation (6.11) over n yields

∞∑

n=0

e2(n + 1)P 2
max

ΦT (n + 1)Φ(n + 1)
=

1
γ(2− γ)

(ε(0)− ε∞) ≤ ∞. (6.12)

Since 0 < ΦT (n + 1)Φ(n + 1) < CΦ for some constant CΦ > 0, then relation (6.12) implies

that e(n) → 0 as n →∞. 2

Theorem 6.2 ([56]) Given the hysteresis model (2.9) with the Galerkin expansion densi-

ties, and the parameter estimation algorithm (6.8) subject to the Theorem 6.1 (parameter

convergence requirement), the inversion error between the physical hysteretic operator and

the desired signal is bounded.

Proof ([56]) : From the adaptation algorithm, the inversion at time n + 1 is exact

with û(n + 1) = ud(n + 1) if |ud(n + 1)| < ûsat(n). If the latter condition fails,we can show

that |e0(n + 1)| ≤ |e(n + 1)|. Indeed, suppose usat ≥ ud(n + 1) > ûsat(n). The inversion

algorithm produces v(n + 1) = vmax, resulting in un+1 = usat and ûn+1 = ûsat. Therefore,

from e(n) → 0, it follows that the tracking error e0(n) → 0 as n →∞. 2

6.2 Adaptive Parameter Estimation when Hysteresis Output

is not Available

The adaptive parameter estimation algorithm depicted in Figure 6.3 assumes the

availability of the polarization (or magnetization) output for feedback. In applications, the

hysteresis module is coupled with other dynamics of a system and its output often cannot

be directly measured. The structure depicted in Figure 2.5 is typical, where the feedback
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Figure 6.5: L1 adaptive inverse control with parameter update in the hysteresis model when
the output of physical hysteresis operator is unavailable to measure.

signal is the output of a dynamic module. The algorithm discussed in Section 6.1.2 can be

extended to accommodate the latter requirement. It is investigated in [52], where unknown

parameters are present in both linear dynamics and hysteresis. Over-parameterization is

used to accommodate the bilinearly coupled parameters in hysteresis and dynamics. We can

consider extending the parameter estimation method proposed in [52] to systems involving

the homogenized energy model. It also would be interesting to combine the hysteresis

parameter estimation method [52] with the L1 control method described in Chapter 5 to

regulate the tracking output of the smart hysteretic systems, as illustrated in Figure 6.5.

Both of these constitute our future work.

6.3 Simulation Results

Simulations have been conducted to illustrate the adaptive estimation algorithm

(6.8) used to estimate hysteresis parameters in the inverse filter. We assume here that the

interaction density is known. The result displayed in Figures 6.5 and 6.6 incorporate 9

coercive field bases for νc(Ec) (three standard deviation, three means) and five interaction

field bases in the expansion of νI(EI). Final parameters for the coefficients of the coercive

field bases are compiled in Table 6.1. A fit to data is presented is Figure 6.8 with estimated

coercive density coefficients, the residual of the model versus data can be greatly decreased

if more density basis functions are incorporated.

Simulations are also conducted for tracking a typical reference signal in a dynamic

system, under the assumption that the physical output is measurable. In this case where
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Figure 6.6: (a) Parameter estimation value for α2 and (b) Parameter estimation value for α8.

tracking error must be considered, a feedback controller may be utilized as depicted in Fig-

ure 1.2(a). To illustrate this, we introduce a proportional integral (PI) feedback control to

the dynamics depicted in Figure 1.2(a), which means that the system responds in proportion

to the tracking error and the integral of the tracking error over time. Proportional control

moves the physical output to the reference trajectory when it is very far away the reference

signal, and integral control adjusts the proportional offset to ensure that the physical output

accurately stays around the reference trajectory. PI feedback is chosen here because it is

easy to implement and moderately accurate.

The positioning error of a PI feedback control using hysteresis parameter estima-

tion algorithm is shown in Figure 6.9 for kP = 0.4 and kI = 104. As can be seen, the peak

error is about 5 microns which occurs at the discontinuous point of the reference trajectory.

This is fairly accurate for a simple PI control.

Table 6.1: Coefficient for coercive basic elements

α1 = −2.7688× 10−2 α4 = 9.6098× 10−3 α7 = 3.4007× 10−2

α2 = 1.5279× 10−2 α5 = −5.9536× 10−2 α8 = 1.054

α3 = 6.7787× 10−2 α6 = 1.2366× 10−2 α9 = −4.7734× 10−2
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Figure 6.7: Galerkin coercive basis elements used to construct the employed coercive and
interaction field densities

6.4 Concluding Remarks

The nonlinear parameter identification techniques developed in [56] have been

shown to be effective for identifying parameters in the Preisach hysteresis model incorpo-

rated as a part of inverse control. We have extended this parameter identification method

to apply to the hysteretic system involving the homogenized energy model. The proposed

adaptive parameter estimation algorithm can be used to estimate parameters for a wide

range of smart materials including ferroelectric and ferromagnetics and ferroelastic, as long

as the hysteresis is quantified by the homogenized energy model. This parameter online-

estimated algorithm may be more efficient and accurate than current methods of parameter

identification, such as least square fits to data. For now, we assume that we already have a

good estimate of remanence PR and reciprocal slope η; next, we would apply this method

to identify the full set of parameters in the homogenized energy inverse model, including

PR and η; i.e., update Θ = [PR, η, α1, · · · , αNi , β1, · · · , βNj ] simultaneously online.
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Figure 6.8: Adaptive estimated polarization model fits to PZT major loop data from [36].

Figure 6.9: Simulation result of tracking a typical reference trajectory with adaptive hys-
teresis parameter estimation.
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Chapter 7

Adaptive Nonlinear Control

Adaptive control is a well-establish methodology for the design of feedback control

systems. In the 1980s, most of the effort in adaptive control research focused on robust

adaptive control for linear systems, which dealt with modifications to the adaptive algo-

rithms and the control law to address some types of uncertainties [13, 21, 25, 26, 28]. The

adaptive laws and control schemes developed and analyzed in Chapter 4 and 5 are based

on the adaptive linear control techniques to eliminate the inversion error introduced by the

hysteresis inverse model. It is interesting to note similarities and differences between robust

and adaptive control designs. The robust approaches treat the uncertainties as an unknown

where the only available information available is some bounds. The robust control law is

obtained based on these bounds and, in fact, is designed to stabilize the systems for any

uncertainty within the assumed bounds. As a result, the robust control law tends to be

conservative and may lead to large control input signals or control saturation. On the other

hand, adaptive control assumes a special structure for the uncertainty where the nonlinear-

ities are known but the parameter are unknown. In contrast to robust control, in adaptive

control the objective is to try to eliminate the uncertain or time-varying parameters to

reduce the level of uncertainty.

The area of adaptive nonlinear control has evolved quickly on quickly since the

early 1990s as illustrated by the survey paper [29] and three textbooks [20, 22, 38]. We

observe that the development of most adaptive nonlinear controller designs are based on

Lyapunov methods; e.g., small-signal linearization, feedback linearization, and backstep-

ping, etc.
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A physical plant driven by a smart actuator is a typical nonlinear system with

inherent hysteresis behavior and constitutive nonlinearities. The most common approach

to cancel these nonlinearities is to construct an inverse filter and then design control signal

to minimize the hysteresis; e.g., see the methods described in Chapter 4 and 5. The use of

inverse filters has the advantage of providing linear control designs and can improve tracking

performance by effectively compensating for nonlinear and irreversible material behavior;

however, these advantages are only realized if the constitutive model is efficient enough to

be inverted in real time. This complexity can sometimes be avoided by the use of nonlinear

control designs which circumvents the need for an inverse filter and determines the input

signals that directly incorporate actuator nonlinearities.

The development of adaptive nonlinear control techniques to mitigate the effects

of hysteresis has been studied for several years, and recently has reattracted significant

attention [24] with the development of different types of hysteresis models; e.g., the nonlinear

control algorithms have been designed for the backlash-like hysteresis model and Prandtl-

Ishlinskii hysteresis model in [51] and [61], respectively. However it is quite challenging to

construct a general nonlinear control framework for smart hysteretic systems (see Figure

1.2(b)) to achieve at least the basic stability requirement and implement it in real time.

In this chapter, we introduce a nonlinear control structure that combines the

homogenized energy model with the available adaptive control techniques to minimize the

effects of hysteresis.

7.1 Problem Formulation

Consider the hysteretic dynamics; e.g., the motion of the PZT-based stage in AFM

design in Figure 3.1(a),

ẍ + a1ẋ + a2x = b[P (u)](t). (7.1)

Here u(t) is the input to the hysteretic operator and [P (u)](t) the generated driving force.

The parameters a1, a2 are unknown constants. Control gain b is assumed to be known and,

without loss of generality, we assume that b > 0.

The control objective is to design a control law for u(t) in the system Equation (7.1)

so that the plant state x(t) tracks a pre-specified reference trajectory xd(t); i.e., x(t) → xd(t)

as t →∞.
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The following assumption is made through the chapter:

Assumption 7.1 : The vector of reference states xd = [xd, ẋd]T is continuous.

Furthermore, there exists a compact set Ωd such that

[xd, ẍd ]T ∈ Ωd ∈ R3.

7.2 Nonlinear Control Design

To combine the homogenized energy model with the currently available control

techniques, we consider an alternative form of polarization model relation (2.9) using the

kernel expression (2.3)

[P (u)](t) =
u(t)
η

− PR

︸ ︷︷ ︸
(1)

+2PR

∫ ∞

0

∫ ∞

−∞
ν(Ec, EI)x+(EI + u(t); Ec)dEIdEc

︸ ︷︷ ︸
(2)

. (7.2)

Here ν(Ec, EI) is the joint density function of coercive and interaction field and x+ ∈ [0, 1]

is the fraction of positively orientated dipoles.

Notice that the second term

(2) ≡
∫ ∞

0

∫ ∞

−∞
ν(Ec, EI)x+(EI + u(t); Ec)dEIdEc (7.3)

of the right-hand side of (7.2) is formulated as an integral equation. Considering that

the joint density function ν(Ec, EI) is not a function in time, it possible to treat it as a

parameter of the hysteresis model (7.1) and an adaptation law can be developed.

For the polarization model (7.2), define

bη = b/η, bR = bPR

[PB(u)] (t) =
∫ ∞

0

∫ ∞

−∞
pb(Ec, EI) x+(EI + u(t);Ec)dEIdEc

pb(Ec, EI) = 2bRν(Ec, EI).

(7.4)

Here we assume that the reciprocal slope η and the joint density ν(Ec, EI) of the hysteresis

model are unknown, which implies that adaption laws will be assigned to bη and term

pb(Ec, EI) to obtain estimates of the corresponding unknowns.

Using expressions in (7.4), the nonlinearly system dynamics described in (7.1) then

can be represented as

ẍ + a1ẋ + a2x = bηu(t)− bR + [PB(u)](t) (7.5)
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which yields a linear function of the input signal u(t) together with a nonlinear term

[PB(u)](t).

The system (7.6) can be reformed as the ODE system

ẋ1 = x2

ẋ2 = aTx + bηu(t)− bR + [PB(u)] (t)
(7.6)

where
x1(t) = x(t), x2(t) = ẋ(t), x(t) = [x1, x2]T

a = [−a1, −a2]T .
(7.7)

Again, it is assumed that the parameter vector a is unknown.

To develop the control law and adaptation laws for the parameters, we first define

φ , b−1
η = η/b

the reciprocal of bη with the unknown parameter η. We then employ the parameter error

definitions
ã(t) = a− â(t)

φ̃(t) = φ− φ̂(t)

p̃b (t;Ec, EI) = pb(Ec, EI)− p̂b(t;Ec, EI)

(7.8)

where â, φ̂ and p̂b are the adaptive estimates of the corresponding parameters. The adaption

laws for updating these parameters are given in (7.11).

For the system dynamics (7.6) with (7.7) subject to the Assumption 7.1, we intro-

duce the following nonlinear control structure.

Control law: The control signal u(t) is generated by the relation

u(t) = φ̂(t)vr(t)

where

vr(t) = ẍd − âTx + uN − c2z2 − z1 + α̇1 (7.9)

and
z1 = x1 − xd

z2 = x2 − ẋd − α1

α1 = −c1z1

uN = −
( [

P̂B(u)
]
(t)− bR

)

(7.10)
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where c1, c2 are prescribed positive constants. The term uN (t) represents the compensator

component for the integral function [PB(u)] (t). Here

[
P̂B(u)

]
(t) =

∫ ∞

0

∫ ∞

−∞
p̂b(t;Ec, EI) x+(EI + u(t);Ec)dEIdEc

is expressed as an integral equation with the joint density parameter estimate p̂b(t;Ec, EI).

Adaptation laws: The parameters φ̂, â and joint density function estimate p̂b will be

updated by the following adaptation laws

˙̂a(t) = γ1 x(t)z2(t)
˙̂
φ(t) = −γ2 vr(t) z2(t)

∂

∂t
p̂b(t;Ec, EI) = γ3 x+

(
EI + u(t);Ec

)
z2(t)

(7.11)

where γ1, γ2 and γ3 are positive constants determining the rates of the adaptation.

Note that if the true values of φ and a are known to lie in some bounded compact

sets, the projection operator (Definition 5.15) can be used to ensure that the parameter

estimates φ̂ and â also lie within the bounded sets.

The stability of the closed-loop system described in (7.6) and (7.7) with the non-

linear control structure (7.9)-(7.11) is established in the following Theorem.

Theorem 7.1 (Stability): For the hysteretic dynamics given in (7.1) with the homogenized

energy hysteresis model (7.2), subject to Assumption 7.1, the adaptive nonlinear control

structure specified by (7.9)-(7.11) ensures that all the closed-loop signals are bounded and

x(t) → xd(t) as t →∞.

Proof : Using the expression (7.7) and the definition of z2 in (7.10), we note that

bηu(t) = bηφ̂(t)vr(t) = bη

(
φ− φ̃(t)

)
vr(t) = vr(t)− bηφ̃(t)vr(t). (7.12)

One can also obtain

z1ż1 = z1(ẋ1 − ẋd) = z1(z2 + α1) = z1(z2 − c1z1) = −c1z
2
1 + z1z2

ż2 = ẋ2 − ẍd − α̇1

= aTx + bηu− bR + PB(u)−
(
vr + âTx + c2z2 + z1 − uN

)

= ãTx− bηφ̃ vr − bR + PB(u)− c2z2 − z1 + uN

z2ż2 = −c2z
2
2 − z1z2 + ãTxz2 − bη φ̃ vrz2 +

(
PB(u)− bR

)
z2 + uNz2.

(7.13)
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Define the Lyapunov function candidate

V (t) =
1
2
(z2

1 + z2
2) +

1
2γ1

ãT ã +
bη

2γ2
φ̃2 +

1
2γ3

∫ ∞

−∞

∫ ∞

0
p̃2

b(t;Ec, EI)dEIdEc

The derivative V̇ is given by

V̇ (t) = z1ż1 + z2ż2 +
1
γ1

ãT ˙̃a +
bη

γ2
φ̃

˙̃
φ +

1
γ3

∫ ∞

0

∫ ∞

−∞
p̃b(t;Ec, EI)

∂

∂t
p̃b(t;Ec, EI)dEIdEc

= −c1z
2
1 + z1z2 − c2z

2
2 − z1z2

+ãTxz2 − bηφ̃vr(t)z2 +
(
[PB(u)](t)− bR

)
z2 + uNz2

+
1
γ1

ãT (ȧ− γ1xz2) +
bη

γ2
φ̃

(
φ̇ + γ2vrz2

)

+
1
γ3

∫ ∞

0

∫ ∞

−∞
p̃b(t, EI ;Ec)

(
∂

∂t
pb(Ec, EI)− γ3x+

(
EI + u(t);Ec

)
z2

)
dEIdEc

= −c1z
2
1 − c2z

2
2 +

1
γ1

ãT ȧ +
bη

γ2
φ̃φ̇ +

(
[PB(u)](t)− bR

)
z2 + uNz2

−z2

∫ ∞

0

∫ ∞

−∞
p̃b(t, EI ;Ec)x+

(
EI + u(t);Ec

)
dEIdEc

= −c1z
2
1 − c2z

2
2 +

1
γ1

ãT ȧ +
bη

γ2
φ̃φ̇ +

(
[PB(u)](t)− [P̃B(u)](t)

)
z2 − bRz2 + uNz2

= −c1z
2
1 − c2z

2
2 +

1
γ1

ãT ȧ +
bη

γ2
φ̃φ̇ + [P̂B(u)](t)z2 − bRz2 + uNz2

The term uN (t) = −
([

P̂B(u)
]
(t)− bR

)
is a compensation component for the

integral function [PB(u)](t). We then can get

V̇ (t) = −c1z
2
1 − c2z

2
2 +

1
γ1

ãT ȧ +
bη

γ2
φ̃φ̇ = −c1z

2
1 − c2z

2
2 ≤ 0

which implies that V is nonincreasing. Hence, z1(t), z2(t) and â(t), φ̂(t), p̂b(t;Ec, EI) are

bounded. By applying that Lasalle-Yoshizawa theorem, it follows that z1(t) → 0, z2(t) → 0

as t →∞, which implies that lim
t→∞[x(t)− xd(t)] = 0. 2

Note that the above statement is true only for constant parameter vector a and

φ = η/b. If the parameter a(t) and φ(t) = η
b (t) are slowly time-varying, we then have to

choose large enough gains γ1 and γ2 such that V̇ ≤ 0 which implies that the Lyapunov

candidate V (t) is nonincreasing which ensure the boundedness of parameter estimates. The

criterion regarding to the choice of appropriate gains γ1 and γ2 and how the gains relate to

the parameter convergence or persistence excitation condition are still under investigation.
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Figure 7.1: Performance of the adaptive nonlinear controller for tracking the reference
trajectory xd(t) = 5 sin(2t) + cos(3.2t).

7.3 Simulation Results

Since the homogenized energy model is a well developed hysteresis model, and

to simplify the simulations for the initial step implementation, we assume here that the

reciprocal slope η and integral function [PB(u)](t) with parameter pb are known and coupling

term b is unknown in the proposed control structure.

Here we illustrate the control structure numerically using a simple lumped dynamic

model

ÿ +
1.8
1.5

ẏ +
8.1
1.5

y = [P (u)](t). (7.14)

The objective is to design a control signal so that the state x tracks the desired trajectory

xd(t) = 5 sin(2t) + cos(3.2t). The state trajectory and tracking error for the reference

signal are shown in Figure 7.1. The simulation result illustrates that the proposed control

structure mitigates the effect of hysteresis behavior and achieves reasonable precision. Note

that the tracking error is not increasing towards the end, it is just oscillating to zero at

extremely slow rate. Parameter tracking results for φ and vector a are shown in Figure 7.2.
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Figure 7.2: Parameter tracking performance and errors

7.4 Concluding Remarks

In this chapter, we explore the possibility of combining hysteresis model with the

available control design methodology without constructing a hysteresis inverse. As a initial

result, an adaptive nonlinear control architecture is developed for a class of smart hysteretic

systems that models hysteresis using the homogenized energy model. The proposed control

structure ensures the global stability of the entire system and achieves the stable tracking

performance within a reasonable precision under certain conditions on the adaptation gains.

Simulation results illustrate and validate the effectiveness of the proposed approach. While

the main statements given in this chapter focus solely on tracking performance and pa-
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rameter convergence and persistence excitation is still under investigation, they still can be

viewed as a stepping stone to a more general control framework for the hysteretic systems.
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Chapter 8

Conclusions

8.1 A Summary

This dissertation has focused on the modeling and control of a piezoelectric actu-

ator. The techniques for the control of the actuator include the employment of an inverse

compensator as well as a nonlinear design to attenuate the effects of the inherent hysteresis

in the smart materials. Emphasis was placed on the utilization of hysteresis models and

inverse compensators that are sufficiently simple to facilitate into control methods to al-

low the possibility of real time implementation. Whereas the models are applicable to a

wide class of ferroelectric, ferromagnetic and ferroelastic materials, we illustrate the ideas

through the example of a ferroelectric actuator.

The homogenized energy hysteresis model is summarized in the context of piezo-

electric materials in Chapter 2 and an inverse model based on this hysteresis model is

summarized. The homogenized energy model utilizes energy principles to quantify the re-

lationship between the applied electric field and the polarization in a piezoelectric material.

This model provides accurate description of the hysteresis inherent in ferroelectric materials

including biased minor loop behavior and also can be implemented algebraically; thus it is

ideal for using in the control designs.

Once the hysteretic behavior in the piezoelectric material has been quantified,

the strains, forces and displacement in the actuator are specified in Chapter 3. The elec-

trostrictive effects are included in the quantification of the strains in the piezoceramic stack

actuators as is a term incorporating Kelvin-Voight damping. The PDE identifying the
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displacement of the actuator at any time can be numerically implemented by applying a

Galerkin finite element approximation method. Under certain conditions, the ferroelectric

transducer can be modeled as an ODE elastic equation with a nonlinear hysteretic input.

Chapter 4 introduced the classical MRAC method and modified it to accommo-

date the inversion error and possible actuator noise and disturbances. In this method, an

identifier is used to estimate unknown plant parameters, and these parameters are used to

update control parameters accordingly. This approach can accommodate parameter un-

certainty and slowly time-varying dynamics. Whereas the asymptotic tracking behavior

is always guaranteed, the transient behavior may be poor and the control signal may be

extremely large if the parameter uncertainty is too large and the initial estimate is poor.

To alleviate these drawbacks, L1 control is considered in Chapter 5.

Similar to the modified MRAC described in Chapter 4, L1 control designs include

the presence of external disturbances to the system such as the errors caused by the hys-

teretic material and actuator noise. Additionally, model uncertainty is also incorporated

into the control design system. Compared to the conventional MRAC, this technique pro-

vides asymptotic convergence of tracking errors, generates bounded control signals and also

can tolerate high adaptation gains. This yields improved transient performance.

The simulation results presented in this dissertation illustrate that the incorpora-

tion of an inverse filter based on the homogenized energy hysteresis model provides signif-

icant attenuation of the inherent hysteresis in the piezoelectric actuator. It is also noted

that the control designs that incorporate the error due to hysteresis and the presence of

actuator noise in the design system provide relatively higher levels of performance.

Chapter 6 provides an adaptive parameter estimation algorithm. This method

is able to determine nonlinearly occurring parameters in the transducer models during

the actuation process. This method may be preferable to off-line parameter estimation

methods such as a least square fit to data since the parameters can be updated on-line. To

effectively employ inverse compensation techniques, the parameters in the inverse model

must be accurately estimated. The hysteretic behavior of the piezoelectric actuator is

affected by changes in operating conditions such as temperature. Thus, it is advantageous

for material parameters to develop a method of re-identifying slowly varying nonlinear

without interrupting the actuation and control.

The control methods described in Chapter 4 and 5 and the hysteresis parameter
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estimation algorithm introduced in Chapter 6 are based on incorporating an inverse filter

into the feedback loop as developed by Tao and Kokotović [52, 53]. In Chapter 7, an adaptive

nonlinear control architecture is developed for smart hysteretic systems without constructing

the inverse hysteresis model. The proposed control structure ensures the global stability of

the entire system and achieves stable tracking performance within a desired precision under

certain conditions on the adaptation gain. Simulation results further illustrate and validate

the effectiveness of the proposed approach. While the main statements given in this chapter

are just some initial results, and the parameter convergence or persistence excitation is still

under investigation, they still can be viewed as an initial step toward a more general control

framework for the hysteretic systems.

The techniques for transducer modeling, robust adaptive control and nonlinear

parameter estimation were developed in the context of a ferroelectric transducer but they

are sufficiently general to be extended to many smart systems. In [5], it is shown that anal-

ogous energy hysteresis formulations can be developed for magnetostrictive and, in certain

operating regimes, ferroelastic materials. These hysteresis models can be incorporated into

a model of the full transducer and the robust L1 adaptive control designs in Chapter 5 can

be employed.

8.2 Future Research

The investigation of control techniques presented in this dissertation is by no means

exhaustive. It would be interesting to combine the hysteresis parameter estimation method

introduced in Chapter 6 with the L1 control method described in Chapter 5 to regulate

the tracking output of the smart hysteretic systems. Also, we would like to improve the

nonlinear control structure proposed in Chapter 7 to achieve parameter convergence and

persistence excitation. Another area of interest is the experimental implementation of the

control designs discussed in Chapter 5-7. The performance of the inverse compensator and

the robustness of the control designs can be validated through simulation but the ultimate

goal is the implementation of these methods in physical experiments.
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APPENDIX A. Mathematical Relations

The matrices and vectors given in Section 3.1.1 are formulated using linear inter-

polation functions. The approximate displacements in Equation (3.11) are substituted into

the variational form of the dynamic equation Equation (3.8) which gives

N∑

j=1

ẅj(t)
∫ L

0
ρAφiφjdx +

N∑

j=1

ẇj(t)
∫ L

0
cDAφ

′
iφ
′
jdx +

N∑

j=1

wj(t)
∫ L

0
Y P Aφ

′
iφ
′
jdx

= Fp(E)
∫ L
0 φ

′
idx +

∫ L

0
Fdφidx

−
(
kLwN (t)φN (L) + cLẇN (t)φN (L) + mLẅNφN (L)

)
φN (L)

By comparing the above relation to Equation (3.12), the global mass, stiffness, and damping

matrices contain the components

[M]ij =





∫ L
0 ρAφiφjdx, i 6= N or j 6= N

∫ L
0 ρAφiφjdx + mL, i = N or j = N

[cD]ij =





∫ L
0 cDAφ

′
iφ
′
jdx, i 6= N or j 6= N

∫ L
0 cDAφ

′
iφ
′
jdx + cL, i = N or j = N

[K]ij =





∫ L
0 Y P Aφ

′
iφ
′
jdx, i 6= N or j 6= N

∫ L
0 Y P Aφ

′
iφ
′
jdx + kL, i = N or j = N

whereas the force vectors have the components

[fd]i =
∫ L

0
Fdφidx, [b]i =

∫ L

0
φ
′
idx.

Details regarding the formulation of these matrices can be found in Chapter 8 of [39].


