
ABSTRACT

MISHRA, MUDIT. Frequency Domain Multiplexing of Pulse Mode Radiation Detectors. (Under the
direction of John Mattingly.)

Multiplexing of radiation detector signals into a single channel significantly reduces the need for a

large number of digitizer channels, which reduces the cost and power consumption of a data acquisition

system. Frequency domain multiplexing (FDM) has been previously applied to transition-edge sensors

(TESs) by amplitude modulating the carrier current flowing through each TES. Because amplitude

modulation cannot be implemented for pulse mode radiation detectors, a new method of frequency

domain multiplexing using convolution and deconvolution was developed for this dissertation: each

detector pulse was converted to a damped sinusoid of a specific frequency which was then combined

into a single channel; the combined signal was digitized and the original detector signal was recovered

from the damped sinusoid by deconvolution. This multiplexing method was demonstrated for organic

and inorganic scintillator pulses.

Multiplexing of two EJ-309 organic scintillators was demonstrated using a prototype FDM system.

When a single EJ-309 detector pulse was multiplexed in a digitized record, the pulse was recovered

precisely by deconvolution. When two detector pulses (one from each detector) were multiplexed in a

digitized record and the pulses did not overlap in time, the first pulse could be recovered precisely, while

the second pulse was recovered with a substantial loss in the energy and timing precision. When the

two pulses overlapped, it was demonstrated both theoretically and experimentally that the part of the

first pulse that did not overlap with the second could be recovered accurately (and precisely); the second

pulse could not be recovered accurately and the inaccuracy depended on the degree of overlap between

the two pulses. The design of the FDM system was also modified to implement 4 to 1 multiplexing of

64 EJ-204 organic scintillator pillars of the single volume scatter camera (SVSC) being developed at

Sandia National Laboratories. A multiplexing pattern for the pillars was identified to ensure that a single

pulse (from any four multiplexed pillars) was combined in a digitized record so that the pulse could be

recovered precisely. Using the new multiplexer, multiplexing of signals from four EJ-204 fast organic

scintillators cubes (5 mm in length), each coupled to a silicon photomultiplier (with 6 x 6 mm2 area), was

demonstrated. Calibrations to estimate charge collected and time of arrival from pulses reconstructed by

deconvolution were developed for the 4:1 SiPM multiplexer.
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CHAPTER

1

INTRODUCTION

1.1 Motivation

Multiplexing of signals from radiation detectors enables data acquisition using a low-channel-density

waveform digitizer, especially in the case when a large number of detector outputs must be digitized.

This reduces the cost per channel of the digitizer - which increases with increasing sampling speed - it

also reduces the data throughput for analysis.

1.2 Background

Signal multiplexing was �rst applied to an array of sodium iodide detectors (gamma camera), each

coupled to a photomultiplier tube, to estimate the X-Y location of a gamma-ray-emitting isotope [1]. The

application of the camera ranged from imaging radiological contamination to measuring123I uptake by

the thyroid gland in a human subject. With advancement in small photon-sensitive semiconductor devices

like silicon photomultipliers (SiPMs), a large number of scintillator detectors can be closely packed to

precisely localize an event within a small volume. Many of these photodetectors can be multiplexed

to reduce the complexity of the back-end data acquisition system. Several multiplexing schemes have

been applied to these highly pixelated detectors to detect annihilation photons at the opposite pixels of a

positron emission tomography (PET) system (Fig. 1.1a).

Signal multiplexing can also be applied to an array of backing detectors to detect a neutron that has
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previously scattered with a target detector whose light output response is to be measured [2]. Similarly,

multiplexing of detectors has become necessary for the coherent neutrino-nucleus scattering experiment

where data acquisition from a large number of sodium iodide (NaI) detectors is required (Fig. 1.1b).

Frequency domain multiplexing (FDM) is a technique that encodes multiple detector signals in the

frequency domain and combines them into a single channel. The combined signal is digitized using a

single digitizer input channel, and information about each individual detector signal can be recovered

from the combined signal in the frequency domain. This information includes:

• Origin of the detector signal: the detector number that produced it

• Energy and timing of the signal

• Particle identi�cation: the ability to distinguish a gamma event from a neutron event in some

organic scintillators based on the shape of the signal pulse
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(a) A 3-D position sensitive PET detector with 80 readout
channels proposed by Bieniosek et al. The system reads layers
of LYSO crystal coupled to SiPMs (in yellow) [3].

(b) The coherent neutrino-nucleus scattering
setup. Several NaI detectors are placed together to
increase the coherent scatter cross-section of neu-
trino by nucleons. (COHERENT collaboration,
https://sites.duke.edu/coherent/

Figure 1.1Examples of radiation detection system with a large number of readout channels.

1.3 Prior work

FDM of radiation detectors has been previously implemented for transition-edge sensor (TES) calorime-

ters to measure the energy deposited by a photon. The TES arrays operate at sub-Kelvin temperatures,

and FDM helps to reduce the heat load associated with large number of wires connecting the cryogenic

hardware to room-temperature electronics. Multiplexing of transition-edge sensors is performed by

modulating a carrier current �owing through each TES with its sensor signal in the time domain. The
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carrier current is a sinusoid of a speci�c frequency (sin(2p fct)) that gives a 'tag' to each sensor, and the

amplitude of the carrier is modulated by the sensor signalx(t) to give an outputy(t):

y(t) = x(t)sin(2p fct) (1.1)

The equivalent equation in the frequency domain is:

Y( f ) =
X( f � fc) � X( f + fc)

2i
(1.2)

The modulation of two signals in time is convolution between them in frequency. As a result, modulation

between the sensor signal and its sinusoidal carrier signal moves the spectrum of the sensor signal

from the baseband to a passband centered at frequencyfc of the carrier, shown by Eq. 1.2. All the

amplitude-modulated carrier currents �owing through their respective TESs are summed into a single

channel and �nally demodulated to recover each individual TES signal [4–7]. This concept is analogous

to the transmission of multiple analog voice signals over a single channel by shifting each signal to a

unique frequency subband in a frequency division multiplexed telephone system [8]. In order to recover

the sensor signal from the modulated signal, the positive frequency components of Y(f) are shifted back

to baseband and the inverse Fourier transform1 is applied:

x(t) = 2iF � 1(Y( f + fc)u( f + fc)) (1.3)

whereu is the unit step function.

1.3.1 Multiplexing of transition-edge sensors

TESs are voltage-biased with a constant voltage for stability [9]. When each sensor to be multiplexed is

voltage-biased with a sinusoidal voltage of a constant amplitude and a speci�c frequency, multiplexing of

sensors can be achieved in the frequency domain.

Carrier currents of different frequencies enter the cryostat in a single wire where the sensors to

be multiplexed are connected in parallel. Fig. 1.2 shows a frequency-domain multiplexed system to

multiplex four TESs (shown as variable resistors) into a single channel; in this case, four carriers of

different frequencies enter the cold electronics. A tuned bandpass �lter consisting of an inductorLi and a

capacitorCi is connected in series to each sensor. Each LC �lter allows a carrier current of a speci�c

frequencies to pass through and suppresses the other frequencies. This results in carrier currents of

different frequencies �owing through the sensors in parallel.

A carrier current �owing through a TES is amplitude modulated due to change in its resistance

when a photon deposits energy on it. This results in a sensor signalxk(t) corresponding to carrier

1F =
R+ ¥
� ¥ e� i2p f tdt andF � 1 =

R+ ¥
� ¥ ei2p f td f
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Figure 1.2Frequency domain multiplexed system to combine signals from four TESs into a single channel via
modulation between the carrier and the sensor signal. The combined signal is ampli�ed using a transimpedance
ampli�er. The sensor signal corresponding to a carrier can be recovered from the ampli�ed signal by multiplying
the carrier signal to the combined signal and passing the resulting signal to a low-pass �lter.

frequencyfck, wherek = 0;1;2; :::N � 1. The amplitude modulated carrier currents from the sensors are

combined into a single channel, and the combined signal is ampli�ed using a transimpedance ampli�er
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(a current-to-voltage converter). The ampli�ed signal is passed to the room-temperature electronics

where demodulation is performed to recover the individual sensor signals. The ampli�ed signal for a N:1

multiplexed system is given by:

y(t) =
N� 1

å
k= 0

xk(t)sin(2p fckt) (1.4)

The equivalent equation in the frequency domain is:

Y( f ) =
N� 1

å
k= 0

Xk( f � fck) � Xk( f + fck)
2i

(1.5)

Eq. 1.5 shows that the spectrum of each sensor signal is shifted to its carrier frequency. When the carrier

frequencies are chosen to be far enough from each other so that the spectrum of each sensor signal resides

in a separate band in the frequency domain, the individual signals are recoverable from the multiplexed

signal through demodulation.

1.3.1.1 LC �lters

When several TESs are connected in parallel, each individual sensor biased with a sinusoidal voltage of a

speci�c frequency is a series RLC circuit as shown in Fig. 1.3. The transfer functionH(w) of the circuit

is given by the ratio of the voltage across the TES to the input voltage:

H(w) =
VRi

Vi
=

wRC
q

(1� w2LC)2 + ( wRC)2
(1.6)

wherew is the angular frequency. The transfer function shows that the LC �lter offers very low impedance

around the resonant frequencyfLC = 1
2p

p
LC

, thereby allowing the current around frequencyfLC to �ow

through the TES while blocking currents of other frequencies (Fig. 1.4). The values ofL andC for each

TES are chosen such that its resonant frequencyfLC matches one of the carrier frequencies. This ensures

that each sensor chooses a carrier current of a speci�c frequency and rejects other off-resonance carrier

currents that enter the cryostat.
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Figure 1.3The circuit diagram depicting one of the TESs in the multiplexed case. The TES only allows the
carrier current whose frequency matches with the resonant frequency of the circuitfLC.

Figure 1.4The response of a series RLC �lter withLi = 20uH,Ci = 5 nC andRi = 1 ohm. The peak lies at the
resonant frequency offi = 1

2pLiCi
= 500 KHz.

1.3.1.2 Demodulation

The sum of amplitude-modulated TES currents is read out by a low-noise transimpedance ampli�er. The

combined signal is digitized by an analog-to-digital converter (ADC) and processed further to recover
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the individual sensor signals. The combined signal in discrete-time y(n) is given by:

y(n) = å
k= 0;::;N� 1

xk(n)cos(2p fckn+ f k) (1.7)

wherexk(n) is the individual sensor signal andf k is the phase shift in the individual carriers due to

propagation delay through cables and digital processing.The digitized signal is frequency-shifted back to

zero with I/Q (in-phase/quadrature) demodulators for each carrier signal.

1.3.2 Other multiplexing schemes for detectors

Anger describes a multiplexing scheme (Anger logic) to combine outputs of multiple photomultiplier

tubes (PMTs) connected to a sodium iodide crystal into four channels [1]. The signals from the four

channels are used to estimate the X and Y locations of a scintillation pulse. Each PMT output current is

�rst distributed to two horizontal and two vertical branches(i.e., four branches) using four resistors. The

values of the resistors for each PMT are chosen such that a particular combination of four multiplexed

signals is proportional to the X and Y positions (Fig. 1.5a).

Siegel describes a discretized positioning circuit (DPC) to multiplex an 8x8 array of BGO crystals

coupled to a 64 channel MAPMT (multi-anode photomultiplier tube) to estimate the X and Y locations

of a scintillation pulse [10]. Each MAPMT output is connected to a node in a row of several resistors,

with a column of resistors at the two ends connecting each row. An 8x8 array of 64 channels is read by 4

output channels achieving a multiplexing ratio of 16:1. The values of the resistors in each row and in each

column at the two ends are again chosen so that a particular combination of the four multiplexed outputs

is proportional to the interaction location (Fig. 1.5b). Siegel also demonstrated a hybrid multiplexing

scheme, which was a combination of Anger and DPC multiplexing to couple 64 BGO crystals to an

MAPMT. DPC has also been applied to multiplex silicon photomultiplier (SiPM) readouts where the

four multiplexed signals are summed to estimate the energy deposited and the timing of an event [11,12].
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(a) Anger multiplexing circuit. Four PMT readouts (depicted by
black dots) are multiplexed into four outputs A, B, C and D. Each
PMT output current is shared between the four outputs (A, B, C, D)
using four resistors whose values are chosen such thatX = A

A+ B ,
Y = C

C+ D .

(b) Discretized positioning circuit. An 8x8 array of MAPMT channels (depicted
by black dots) are multiplexed into four outputs A, B, C and D. Each PMT
output current is shared between the four outputs (A, B, C, D) using a resistor
network; the values of the resistors in each row and in each column at the two
ends are chosen such thatX = A+ B

A+ B+ C+ D , Y = A+ D
A+ B+ C+ D .

Figure 1.5Circuits to implement resistive charge-division multiplexing schemes [10].
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Crosswire readout multiplexing sums the signals in each row and column of an NxM array of

PMTs/SiPMs to produce N+M readout channels. The multiplexed signal in any row/column is combined

using an Anger circuit to estimate the location of a scintillation pulse [13]. This technique uses fewer

resistors because Anger logic is only performed on the multiplexed signal of any row/column. The

energy and timing are estimated from the sum of multiplexed outputs; sometimes the timing signal is

independently extracted from the circuit [14].

The resistive charge-division methods described above, when applied to SiPMs, degrade the timing

resolution of the detectors due to the high RC time-constant depending on the position of the detector in

the resistive network. It can be overcome by using capacitive charge-division circuits, which also reduce

the accumulation of dark current as well as the summed capacitive load, because fewer neighboring

SiPMs are connected to the SiPM that produces the signal [15] (Fig. 1.6). Another way to minimize the

effect of dark noise is to combine only a few SiPM channels to a single comparator and then combine the

comparator outputs into a single channel [16]. Signal driven multiplexing (SDM) is another approach

to improve timing performance where a Schottky diode pair is connected to each SiPM [17]; Schottky

diodes only connect the SiPM that produces a signal to the multiplexed channel. Another variant of SDM

is the pulse width modulation (PWM) technique, where detector pulses are converted to digital signals

with pulse widths proportional to the energy deposited [3]. Each channel is connected to a charge-to-time

converter only when it receives a detector pulse, and the pulse is integrated over a set period to maintain

high signal-to-noise ratio.
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Figure 1.6Capacitive multiplexing scheme to combine 16 SiPM outputs. Each anode signal of the SiPMs is
divided into one or two signals using capacitors, which are then transferred to one of the four output channels
(P, Q, R, S). The summed capacitive load at the outputs is reduced because only 7 SiPMs are connected to each
output channnel (Courtesy: Choe et al. [15]).

Delay-grid multiplexing is a simple time-based multiplexing method to combine multiple SiPM

signals into a single channel by giving a unique transit time to each SiPM signal from the SiPM channel

to the readout channels [18]. This scheme multiplexes an arbitrary array of SiPMs into 4 readout

channels; the unique transit times for the SiPMs encode their position information. The energy and timing

information is estimated from the sum of all four multiplexed channels.

1.4 Novel contribution

The work presented in this dissertation demonstrates a new technique (both in theory and its hardware

implementation) to multiplex pulse mode detectors by encoding signals from each detector at a different

frequency. The frequency-encoded signals from all the detectors are combined into a single channel, and

the information about each individual detector signal is recovered from the multiplexed signal. The main

results of this work are:
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• An algorithm to multiplex/demultiplex signals from pulse-mode radiation detectors via convolu-

tion/deconvolution

• A hardware system to perform frequency domain multiplexing of signals via convolution

• Demonstration of multiplexing of two EJ-309 fast organic scintillators when one of the multiplexed

detectors produces a signal in any digitized record

• Demonstration of multiplexing when both the multiplexed EJ-309 detectors produce signals in any

digitized record

• Development of a pattern to multiplex 64 channels of the single volume scatter camera (SVSC) in

the 8x8 con�guration via frequency domain multiplexing to achieve a multiplexing ratio of 4:1 [19]

• A hardware system to multiplex 4 SiPM fast outputs (with each SiPM coupled to an EJ-204 cube

of 5 mm length) to demonstrate its application to the single volume scatter camera

1.5 Organization of dissertation

In the following chapters we will explain the technique of convolution/deconvolution in detail, discuss

the development of the hardware design of a prototype frequency domain multiplexer system, and

present the measurement and results of the multiplexer designed to combine signals from pulse mode

radiation detectors. We will also demonstrate an application of this technique to multiplex 128 channels

of the single volume scatter camera, currently being developed at Sandia National Laboratories, with a

multiplexing ratio of 4:1.
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CHAPTER

2

FREQUENCY DOMAIN MULTIPLEXING

BY CONVOLUTION AND

DECONVOLUTION

Frequency domain multiplexing (FDM) has been previously implemented for applications in astronomy

using amplitude modulation on radiation detectors such as transition-edge sensors. This technique of

amplitude modulation of carrier frequency is not feasible with pulse mode nuclear radiation detectors

because the detector signal consists of current impulses. Instead, we propose to use convolution [20]

as a new way to implement FDM for pulse mode detector signals (shown in Figure 2.2). The method

employs a resonator circuit whose impulse response is a damped sinusoid. The pulses from the radiation

detector act as input to this circuit, and the frequency of the resonator output gives a unique tag to each

detector. All the detectors to be multiplexed are connected to resonator circuits with different oscillation

frequencies respectively. If one of the multiplexed detectors emits a pulse, the resulting damped sinusoid

is passed to a single digitizer channel using a fan-in circuit.1

In this chapter, we describe the method to convert the resonator output back to the original detector

pulse that produced it by deconvolution. The pulse recovered through deconvolution can be used to

1We initially used the digitized sinusoidal output to estimate the charge collected and the time-of-arrival of the original
detector pulse; the amplitude and the leading edge of the sinusoid were respectively used to estimate the charge and the timing
of the original detector pulse (see Appendix A for details). We found deconvolution produced more precise estimates of charge
and arrival time.
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estimate the charge collected and the time-of-arrival using standard charge integration and time-pickoff

methods. Furthermore, for detectors that exhibit variations in pulse shape, particle identi�cation can be

implemented by applying pulse shape discrimination to the recovered pulse. This deconvolution method

is intended for single-event multiplexing where the probability of more than one multiplexed detector

producing signals in a single record is small. Our multiplexer system has been particularly designed to

acquire data for the radiation detection measurements with moderate aggregate count rate (. 104 counts

per second, see Fig. 2.1).

Figure 2.1The Poisson probability of more than one count in a single digitizer record length of 4ms. This
probability is 0.001 for count rates� 12000 cps.

2.1 FDM by convolution/deconvolution

Each detector is connected to a resonator with a unique oscillation frequency. When one of the multiplexed

detectors (e.g. detector 1 shown in Fig. 2.2) emits a pulse, the corresponding damped sinusoid produced

by its resonator r1 is passed into a single digitizer input channel by a fan-in circuit. The digitized output

y(n) is the convolution between the impulse responsehr1(n) of the resonator r1 in series with the fan-in

circuit and the detector input x(n) [21]:

y(n) =
n

å
m= 0

x(m)hr1(n� m) n = 0;1; :::;N � 1 (2.1)
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where N is the record length of the digitizer (i.e., the number of samples per record). The discrete Fourier

transform of y(n) is

Y(k) =
N� 1

å
n= 0

y(n)exp(
� j2pkn

N
) k = 0;1; :::;N � 1 (2.2)

In the frequency domain, the fan-in outputY(k) is equivalent to the product of the impulse response

Hr1(k) and the detector pulseX(k) given by

Y(k) = Hr1(k)X(k) k = 0;1; :::;N � 1 (2.3)

The detector pulseX(k) can be recovered from the damped sinusoidY(k) by deconvolution,

X(k) = Y(k)=Hr1(k) (2.4)

such that the discrete-time detector signal x(n) can �nally be recovered by performing inverse Fourier

transform on X(k):

x(n) =
1
N

N� 1

å
k= 0

X(k)exp(
j2pkn

N
) (2.5)
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Figure 2.2Block diagram of a frequency-domain multiplexer system using convolution/ deconvolution.
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2.2 Circuit design

The design described in this section is intended for fast organic scintillators which produce pulses having

a width of about 30 ns, with a rise and fall time of about 10 and 20 ns respectively. However, it can be

modi�ed for other types of detectors (as discussed in chapter 5).

The resonator circuit, shown in Figure 2.3, is a parallel RLC circuit connected as a negative feedback

to an operational ampli�er in non-inverting con�guration. It is a linear time-invariant (LTI) system

described by a linear second-order differential equation that exhibits oscillatory behavior:

1
w2

LC

d2Vout

dt
+

1
QwLC

dVout

dt
+ Vout =

1
w2

LC

d2Vin

dt
+ (

1
QwLC

+
ZLC

R2wLC
)
dVin

dt
+ Vin (2.6)

whereQ = R1

q
C1
L1

, wLC = 1p
L1C1

andZLC =
q

L1
C1

. The impulse response of the circuit is an under-

damped sinusoid, given by [22]

Vout µ exp(
� wLCt

2Q
)sin

�
wTt + F

�
(2.7)

wherewT = wLC

q
1� 1

4Q2 and F depends on the initial conditions (i.e., initial voltage across the

capacitor). The Q factor dictates the decay time of the damped sinusoid andfT = wT
2p is the frequency of

oscillation.

Figure 2.3The resonator circuit.

The amplitude of the sinusoid decays to approximately 4% of its original value in Q cycles of

oscillation. A large Q results infT � wLC
2p = 1

2p
p

L1C1
; soL1 andC1 determine the frequency of oscillation.
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The value ofR1 determines the Q factor for �xedL1 andC1. The transfer function of the non-inverting

ampli�er, de�ned as the ratio of the Fourier transform of the output to the input with zero initial conditions,

is [22]

H(w) =
Vout

�
w

�

Vin
�
w

� = 1+
ZLC
R2

j
� w

wLC
� wLC

w

�
+ 1

Q

(2.8)

The transfer function has a maximum gain of
�
1+ R1

R2

�
with a phase of zero at resonant frequency

fT � wLC
2p due to the non-inverting con�guration. The bandwidthBW = wLC

2pQ, is the difference between

half power frequencies. The half power occurs at the frequencies for which the amplitude of the output

voltage equals 1=
p

(2) of its maximum.

Four resonator prototypes were designed and fabricated. We chose the decay time of the damped

sinusoid< 1.5ms for each resonator, which resulted inR1C1 < 0.233ms so that the sinusoids completely

decay to zero within a digitizer record (of length 4ms). This ensured that the resonator output is

completely acquired in a digitized record to be able to perform deconvolution. We chose resonant

frequencies high enough (starting from 7 MHz) so that Q> 10 for each resonator, which led to the

bandwidthBW � 2MHz. With resonator bandwidths of less than 2 MHz, we chose a difference of about

2 MHz between adjacent resonant frequencies to be able to distinguish them from one another. We chose

the values ofC1 andL1 to keep the resonant frequencies between 7 and 15 MHz; the value ofR1 was

chosen to keep the Q factor between 10 and 20 (Table 2.1). The value ofR2 was 50 ohm for all the

circuits.

Each resonator has a pass-through that permits the original signal to be simultaneously digitized. The

pass-through allows us to characterize the accuracy of the pulses reconstructed by deconvolution; it is not

a necessary feature of the resonator. The pass-through is 50 ohm terminated.

The fan-in circuit is a summing ampli�er that combines the incoming sinusoidal waveforms into a

single output channel. A voltage adder circuit with a gain of 2 was used in an inverting con�guration

using a high bandwidth operational ampli�er. The circuit shown in Figure 2.4 combines four damped

sinusoids into a single channel.

The resonator uses OPA690, a high bandwidth (500 MHz for a gain of 1), low noise (5.5 nV/
p

Hz)

operational ampli�er [23]. The fan-in design uses OPA659 [24], a high bandwidth (650 MHz for a gain

of 1) operational ampli�er. A double sided printed circuit board was used to make the circuits, with signal

traces on the top layer and a full ground plane on the bottom. The short traces along with the bottom

ground plane ensured lowest possible impedance in the current return paths to eliminate electromagnetic

interference.
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Figure 2.4The fan-in circuit (R5
R1

= R5
R2

= R5
R3

= R5
R4

= 2).

Table 2.1The values of the components used in the resonators.

Resonator R1 L1 C1 fT Q
MHz ohm mH pF MHz cycles
7.0 416 1.0 560 6.7 9.8
9.0 233 0.33 1000 8.8 13.0

11.25 416 0.33 560 11.7 17.1
15.25 1000 0.68 150 15.8 23.0

19



(a) The resonator layout as sent to fabrication. The
orange traces are in the top layer.

(b) The fan-in layout as sent to fabrication. The
orange traces are in the top layer.

Figure 2.5Resonator and fan-in PCB layouts.

2.3 FDM setup

Two 7.6 cm x 7.6 cm EJ-309 liquid organic scintillators, each coupled to an Electron Tube 9821KEB

photomultiplier tube (PMT), were connected to two resonators with resonant frequencies of 7.00 MHz

and 15.25 MHz, shown in Fig. 2.6. The detector signals acted as inputs to the resonator circuits. The

resulting damped sinusoids from the resonator outputs were combined using the fan-in circuit. The fan-in

output was connected to a CAEN DT5730B 14-bit 500 megasample/sec (MS/s) digitizer. The digitizer

saved a record length of 4ms (2000 samples) for each channel when triggered.
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Figure 2.6The FDM system. Two EJ-309 liquid organic scintillators were connected to two resonators, and
the resonator outputs were �nally combined by the fan-in circuit. For scale, the connectors shown are SMA
connectors.

2.4 Measurements and results

2.4.1 Impulse response

When one of the multiplexed detectors emits a pulse, the digitized damped sinusoidal output is decon-

volved in the frequency domain using the impulse response of the corresponding resonator in series

with the fan-in circuit. The impulse response of each resonator was measured by connecting it to the

fan-in circuit and feeding it a 1 MHz, 1 Vpp noise signal from a function generator. We simultaneously

digitized the noise input via the resonator pass-through and the corresponding resonator output via the

fan-in circuit.

We used the cross-correlation technique to measure the impulse response of each resonator in series

with the fan-in circuit. The cross-correlation between the output and the input sequence is given by [21]

ryx(m) =
m

å
l= 0

h(l )rxx(m� l ) m= 0;1; :::;N � 1 (2.9)

whereryx is the cross-correlation of the fan-in output with the noise input,rxx is the autocorrelation of the

noise input, andh is the impulse response;ryx andrxx are de�ned as
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rxx(m) = å
n

x(n)x(n+ m);

ryx(m) = å
n

y(n)x(n+ m)
(2.10)

The autocorrelation of an ideal white noise signal is a delta function (which is �at in the frequency

domain) and the corresponding cross-correlation output provides the impulse response; the noise signal

produced by the signal generator was pink; the autocorrelation functionSxx(k) (whereSxx is the Fourier

transform ofrxx) is shown in Fig. 2.7. The corresponding relationship in the frequency domain is

Syx(k) = H(k)Sxx(k), such that the impulse response can be estimated from

H(k) =
Syx(k)
Sxx(k)

k = 0;1; :::;N � 1 (2.11)

whereH(k), Syx(k) andSxx(k) are the discrete Fourier transforms ofh, ryx andrxx in the discrete-time

domain. With N = 2,000, the range0 � k � N
2 � 1 corresponds to a frequency range between 0 and 250

MHz for the sampling rate of 500 MS/s.

Figure 2.7The autocorrelation of noise signal in the frequency domain.

We �rst acquired 10,000 records (each with 2,000 samples) of noise input and the corresponding

fan-in output. We then computed the cross-correlation and the autocorrelation sequences for each of the

10,000 records. Subsequently, the average cross-correlation (ryx) and the average autocorrelation (rxx)

were computed by averaging the individual cross-correlation and the autocorrelation overall records. The

impulse response was �nally computed by dividing the Fourier transform of the average cross-correlation

(Syx) by the Fourier transform of the average autocorrelation (Sxx). The impulse response of the 7 MHz

and 15.25 MHz resonator in series with the fan-in circuit is shown in Fig. 2.8.
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(a) The impulse response of the 7.00 MHz resonator in series with the fan-in
circuit in the frequency domain. The inset plot shows the peak at 7 MHz.

(b) The impulse response of the 15.25 MHz resonator in series with the
fan-in circuit in the frequency domain. The inset plot shows the peak at

15.25 MHz.

Figure 2.8Resonator/fan-in impulse response.
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2.4.2 Deconvolution

Deconvolution can be performed by dividing the discrete Fourier transform of the output sequence Y(k)

by the impulse response H(k) of the corresponding resonator in series with the fan-in circuit,

X(k) =
Y(k)
H(k)

k = 0;1; :::;N � 1 f or N = 2000 (2.12)

IdeallyY(k) = H(k)X(k), but in reality the additive noise of the systemN(k) is summed with the fan-in

output which results inY(k) = H(k)X(k) + N(k). Fig. 2.8 shows that the amplitude of the impulse

response above 200 MHz is close to zero because the fan-in output signal becomes comparable to the

noise of the system. Therefore, after deconvolution,X(k) = Y(k)=H(k) + N(k)=H(k) which results in

the ampli�cation of noise termN(k)=H(k) in the recovered signal X(k) at these high frequencies [25].

This noise is �ltered from the recovered signal X(k) by applying an optimized fourth order Butterworth

low-pass �lter with a cutoff frequency of 160 MHz [26].

2.4.3 Signal reconstruction

Deconvolution was performed on the damped sinusoids when one of the multiplexed detectors �red in a

particular record of digitized data. The anode pulses induced by a Cs-137 source were simultaneously

digitized via the resonator pass-through and the damped sinusoids via the fan-in output. Fig. 2.9 compares

the original anode pulses from each of the EJ-309 detectors to the corresponding recovered pulses

deconvolved from the damped sinusoids produced by each of the resonators. This comparison is shown

for a low amplitude and a high amplitude pulse. The residual shown for each pulse exhibits a ringing

corresponding to the resonant frequency in the additive noise which was not removed by deconvolution.

Note the amplitude of the residuals do not change with pulse amplitude.

We also used a CeBr3 inorganic scintillator connected to the circuits2. Fig. 2.10 compares the anode

pulses induced by a Cs-137 source to the corresponding recovered pulses.

2The CeBr3 inorganic scintillator was chosen because its pulse shape is comparable to an organic scintillator so that we did
not have to redesign the FDM circuits. We estimated the width of the photopeak at 662 keV using the original and recovered
pulses.
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(a) The comparison between the anode and the recovered pulses for the detector 1
connected to the 7.00 MHz resonator. The difference between the anode and the
recovered pulses is shown on the right.

(b) The comparison between the anode and the recovered pulses for the detector 2
connected to the 15.25 MHz resonator. The difference between the anode and the
recovered pulses is shown on the right.

Figure 2.9Anode signal recovery.
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Figure 2.10Anode pulse recovery using a CeBr3 detector connected to the 7.00 MHz resonator in series with
the fan-in circuit. The difference between the anode and the recovered pulses is shown on the right.

2.4.4 Charge estimation using the recovered pulse

The charge collected (i.e., the area under the anode pulse) from the EJ-309 detector can be estimated

from the corresponding recovered pulse. Each resonator was connected to the fan-in circuit separately,

and anode pulses were induced using a Cs-137 source. The charge collected under the anode pulse

acquired via the resonator pass-through was compared to the charge collected under the recovered pulse

deconvolved from the corresponding damped sinusoid. Fig. 2.11a shows the scatter plot between the

charge under the anode pulse and the charge under the recovered pulse. Fig. 2.11b shows the events of

the scatter plot as the histogram of the difference between the anode charge and the recovered charge.

The distribution exhibits 3.3� 0.03 keVee standard deviation in the estimate of the anode charge from

the recovered charge.
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(a) Scatter plot between the anode charge from EJ-309 plotted against the recov-
ered charge using the 7.00 MHz resonator in series with the fan-in circuit.

(b) The events of the scatter plot in Fig. 2.11a shown as the histogram of the
difference between the anode charge and the recovered charge with a standard
deviation of 3.3� 0.03 keVee.

Figure 2.11Estimation of the charge collected under the anode pulse from the recovered pulse using EJ-309.
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We also used a CeBr3 detector connected to the 7.00 MHz resonator in series with the fan-in circuit

to accumulate the pulse height spectrum using a Cs-137 source. The anode pulses were again digitized

via the resonator pass-through and the corresponding damped sinusoids were digitized via the fan-in

output. Fig. 2.12a shows the scatter plot between the anode charge and the recovered charge, which is

also shown as the histogram of the difference between the anode charge and the recovered charge in Fig.

2.12b. The standard deviation in the recovered charge is 3.2� 0.3 keV. Fig. 2.13 compares the pulse

height spectrum using the anode pulses from the CeBr3 detector to the spectrum using the deconvolved

pulses from the corresponding damped sinusoids. The standard deviation of the photopeak at 662 keV for

the spectrum using the anode pulses (Fig. A.8a) is 13.5� 0.4 keV while the standard deviation using the

recovered pulses (Fig. A.8b) is 13.8� 0.4 keV. Note the area under the 662 keV photopeak is identical in

both spectra. In both tests, a slight bias in the mean is due to the ringing corresponding to the resonant

frequency in the additive noise; the bias tends to increase with increasing pulse amplitude.
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(a) Scatter plot between the anode charge from CeBr3 plotted
against the recovered charge using the 7.00 MHz resonator in
series with the fan-in circuit.

(b) The events of the scatter plot in Fig. 2.12a shown as the
histogram of the difference between the anode charge and the
recovered charge with a standard deviation of 3.2� 0.3 keV.

Figure 2.12Estimation of the charge collected under the anode pulse from the recovered pulse using CeBr3.
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(a) Pulse height spectrum measured from the anode pulses.
The standard deviation at 662 keV is 13.5� 0.4 keV.

(b) Pulse height spectrum measured from the recovered pulses.
The standard deviation at 662 keV is 13.8� 0.4 keV.

Figure 2.13Comparison ofg-ray spectra from CeBr3 measuring Cs-137 using the anode pulses and the recov-
ered pulses respectively.

2.4.5 Time pick-off using the recovered pulse

Constant fraction discrimination (CFD) [27] was performed on the anode pulse and the recovered pulse

respectively. The CFD time pick-off used an attenuation fraction of 0.2 with a 6.4 ns delay. Fig. 2.14a

shows the scatter plot of the time-pickoff between the anode pulse and the recovered pulse. The same

plot is also shown as the histogram of the difference between the anode timing and the recovered timing
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in Fig. 2.14b. The uncertainty in the estimate of the anode timing from the recovered pulse is 88� 2 ps3;

a slight bias in the mean is due to the ringing corresponding to the resonant frequency in the additive

noise. The error in CFD timing remains the same as a function of pulse amplitude (see Table 2.2).

(a) Scatter plot between time pick-off of the anode pulse from
EJ-309 plotted against the time pick-off of the recovered pulse
using the 7.00 MHz resonator in series with the fan-in circuit.

(b) The events of the scatter plot in Fig. 2.14a shown as the
histogram of the difference between the anode timing and the
recovered timing with a standard deviation of 88� 2 ps.

Figure 2.14Estimation of the time pick-off of the anode pulse from the recovered pulse using EJ-309.

3The uncertainty include the additive noise by FDM and the timing uncertainty inherent to the digitizer. The inherent timing
uncertainty of DT5730 digitizer was not estimated separately.
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Table 2.2The error in CFD timing for different energy ranges.

Energy range Error in timing

keVee ps

80-120 -37 � 6

120-160 -42 � 4

160-200 -46 � 4

200-300 -45 � 4

300-400 -49 � 2

400-600 -50 � 2

We also performed coincidence measurements using two EJ-309 detectors to measure the uncertainty

in the time pick-off of the anode pulses and the recovered pulses. We placed an Na-22 source between

the two detectors, which were connected to the 7.00 MHz and 15.25 MHz resonators respectively. Each

resonator was connected to a separate fan-in circuit to digitize sinusoids from coincident events. The

anode pulses from the detectors and the corresponding damped sinusoids from the fan-ins were digitized

simultaneously. We then calculated the time-of-arrival of the coincident pulses using CFD. Fig. 2.15

shows the histogram of the difference in the time-of-arrival of the coincident events using the anode pulse

(standard deviation = 603� 9 ps) and using the recovered pulse (standard deviation = 617� 13 ps).

The increased timing uncertainty in Fig. 2.15b is the result of the additional uncertainty (see Fig. 2.14)

introduced when the recovered pulses are used to calculate the time-of-arrival. If the inherent uncertainty

in the timingt1, t2 of the original coincident pulses (from Fig. 2.15a) iss t = s t1 = s t2 = s t1� t2=
p

2, and

the errors introduced to the timing of the recovered coincident pulsestr1, tr2 by the ampli�ed noise aree1

ande2 respectively, then

tr1 = t1 + e1; tr2 = t2 + e2

tr1 � tr2 = t1 � t2 + e1 � e2

s 2
tr1� tr2 = 2s 2

t + s 2
e1

+ s 2
e2

� 2cov(e1;e2)

(2.13)

If s 2
e1 = s 2

e1 = s 2
e ,

s 2
tr1� tr2 = 2s 2

t + 2s 2
e � 2cov(e1;e2)

s tr1� tr2 =
q

2(s 2
t + s 2

e � cov(e1;e2))
(2.14)

Because the correlation coef�cient betweene1 ande2 is less than 2%, the uncertainty estimates oftr1, tr2
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were assumed to be independent:

s tr1� tr2 =
q

2(s 2
t + s 2

e ) (2.15)

(a) The histogram of the difference in the time of arrival of the coincident
gamma rays using anode pulses (standard deviation = 603� 9 ps).

(b) The histogram of the difference in the time of arrival of the coincident
gamma rays using recovered pulses (standard deviation = 617� 13 ps).

Figure 2.15Coincidence measurements with Na-22.
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2.4.6 Pulse-shape discrimination (PSD) using the recovered pulse

We used a Cf-252 source to induce pulses in an EJ-309 detector connected to the 7.00 MHz resonator in

series with the fan-in circuit. The charge-integration method was used to discriminate the neutron pulses

from the gamma pulses.

The discrimination parameter (QS=QL) was chosen as the ratio of the area under the anode pulse

excluding its tail (QS, "S" for "short"), to the total area (QL, "L" for "long") under the pulse (Fig. 2.16).

The start time of the pulse was �xed at six samples to the left of the pulse peak. The pulse length was

kept constant at 120 samples. The stop time of the integration length forQS was optimized by varying it

from 0 to 20 samples and selecting the integration length that maximized the �gure of merit (FOM) [28].

The �gure of merit (FOM) was calculated using the ratio of the difference between the means of the two

peaks to the sum of the full-width at half-maxima (FWHM) of the two peaks.

FOM =
mgamma� mneutron

FWHMgamma+ FWHMneutron
(2.16)

wheremdenotes centroid andFWHM denotes full-width at half-maximum. Fig. 2.17 shows the 2D-

histogram of the discrimination parameterQS=QL against the total chargeQL of the pulse for the anode

and the recovered pulses respectively. The gamma band at the top and the neutron band at the bottom

for the recovered pulses (Fig. 2.17b) show equally good separation compared to the anode pulses

(Fig. 2.17a) for a lower threshold of 80 keVee. Fig. 2.18 shows the distribution of the discrimination

parameter when the 2D-histograms shown in Fig. 2.17 were summed onto the y-axis. The peak with

lower discrimination parameter corresponds to the neutrons and the peak with the higher parameter

corresponds to the gamma-rays.
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Figure 2.16The normalised anode pulse. The areasQS andQL are marked.

We obtained an FOM of 1.20 using the original anode pulses; it decreased slightly to 1.08 when

recovered pulses were used; that was most likely due to ampli�ed noise on the baseline of the recovered

pulses. The ampli�ed noise at high frequencies makes it more dif�cult to precisely calculate the area

under the tail of the recovered pulse to determineQL. This reduces the sensitivity of the discrimination

parameter to the shape of the pulse, which increases the FWHM, and consequently reduces the FOM.
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