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1. Introduction. Daniels (1945) in the context of the distribution theory of

the strength of a bundle of parallel filaments considered the statistic

(1.1) D, =max{ (n-i+1)X .. :1<i<n},

where Xn:l Cevo< Xn:n stand for the order statistics corresponding to n inde-
pendent and identically distributed (i.i.d.) nonnegative random variables (r.v.)
X1’°°"’Xn from a continuous distribution funétion (d.f.) F, defined on RY =
(0,°). It may be noted [ viz., Suh et, al (1970) and Sen(1973)] that Zn =n D
actually estimates the parameter

(1.2) 8 = 0(F) = sup{ x[1-F(x)] : x € R* },

It the context of some sampling problems in technology, Cox(1969) has stressed

on the role of length-biased (1.b.) sampling with some emphasis on the estimation
problems with the bundle-strength of fibres, A d.f, G( = GF) is called a 1ength;

biased distribution corresponding to a d.f. F, if

(1.3) Gx) = u X yaEy) , yer®
where 4
(1.4) B VI fﬁ xdF(x) is assumed to be finite and positive,

For some other applications of 1.b, sampling, we may also refer to Patil and
Rao(1977,1978) and Coleman(1979), among others, |

We conceive of a set {Yl"°"Yn} of i,i.d.nonnegative r.v.'s from the 1.b,
distribution G, and our problem is to provide a suitable estimator of 6(F) in .
(1.2) (based on the Yi) and to study its various properties, Along with the
preliminary notions, the proposed estimator is introduced in Section 2. Asympto-
tic properties of the estimators are studied in Section 3. In this context,
weak convergence results on the empirical 1.b, distribution play a vital role
and some of these are also presented along with. Some strong cénvergence
resulté are also presented side by sidegA jackknife variance estimator is

presented in the last section.



2. The estimator, Note that by (1.3), dG(x) = u"lxdFCx), x e R , SO that

1-F(x) = f: dF(x) = u £wy*ldG(y) = MuK(x), say. As such, by (1,2) and (1.3),

(2,1) 6 = sup {uxK(x): x € R} = ( sup{ xK(x):x € R} )/K(0).

Note that xK(x) < 1 for all x € R" and K(0)} = u_l » SO that 6 < u

Let now Gn(y) = n—122=11(Yi <y), Yy E R be the empiricél d.f. (based on the

Yi) and let

© -1 ~len ~1 +
(2,2) K (x) fx y "d6 (y) n zi=1 YOI, 2 %), x ER,

Then, by (2,1) and (2.2), we consider the following estimator of 6 :

N

&) = . £ +
(2.3) o ( sup{ xKn(x) : x €R} )/Kn(O) .
Ify -Li °'°§-Yn'n be the ordered r,v,'s correspondiﬁg to Y1’°°°’Yn , then we

may write (2.3) explicitly as

~ _ max n . n "1
@5 8 = acicnt O Yy Y Beer Yo ? -

It may be noted that { Kn(x),x e R ; N z_l} is a reverse martingale (process),
and hence, {sup{xKn(x): x€eR}, n > 1} is a reverse sub-martingale , where we
note that sup{ XK (x) : x € R"} <1 , with probability one, for all n > 1, Also,
{Kn(O);n > 1} is a reverse martingale with EK (0) = K(0) = u_l <o by (1.4).
Hence, by the reverse (sub-)martingale convergence theorem, as n >
(2.5) sup{xKn(x): x e R"} » sup{xK(x): x € R'} , almost surely (a.s.)
and
(2.6) K(0) * K(0) a.s.

From, (2.1), (2.5) and (2.6), we conclude that whenever E Y—1 = f: y_ldG(y) < o,

~

(2.7) en converges a,s, to 6 as n > ® ,

G

Note that for the strong consistency of the estimator we do not need other
regularity conditions, as will be introduced subsequently for more refined
results, Towards this, we define the Kolmogorov-norm

(2,.8) u = n? sup{]Gn(x) - G| 1 xe R},




and note that [ viz., Dvoretzky, Kiefer and Wolfowitz(1956)] for every n>1,
(2.9) P{ Un >u }f__Z exp{ -2u2 o, V ue R s

so that Un is uniformly (in n) exponentially integrable. Further, by partial
integration, we obtain that for every n > 1 and x € R ,

2.10) n%K 60 - k| = 2%/ y e ) - 60 |

= nl/zlGn(x) - 6| +|Xf: n G -60) ya |

< u x7 y % 2 U
—-Un PR XY dy = n’?

L
so that sup{naleh(x)-K(x)I: x e R },i 2Un » With probability 1, for every n,

Note that the law of iterated logarithm holds for {Un} . If we assume that

-2 © 22
= - <
then, noting that Kn(O) is . an average of i,i.d.r.v. with finite second moment,
we conclude that under (2,11), as n > , (i)

(2.12) n%{Kn(O) - K(0) } ?§§> NC0, v - n2 )y

so that n%lKn(O) - K] = 0,(1) , and (i)

(2.13) {n/(loglog n)}%lKn(O) - K| =o0(@) a.s.
By (2.1) and (2.3), we have then
| o, - 8 | =| Sphd XK (/K (00} =~ S R{ xK(x)/K(0)} |

(2.14) .
< supl len(x)- K(x)[}/K (0) + |x_(0) - K(O)IG/Kn(OJ ,

so that by (2.10), (2.12), (2.13) and (2.14), we conclude that under (2.11),
1/ A
(2.15) n*le -6 = 0, ,

(2.16)  {n/(loglog m)}* [6_- o |

1]

0(1) a.s., as n > o

For the study of other properties of the estimator, we need some extra
regularity conditions which are introduced below. We assume that {xK(x), x € R}
has a unique (global ) maximum (6/p) at a point XO:O < X, < ©, s0 that for every
§ (> 0), sufficiently small, there exists a 1 > 0, such that sup{ XK(X) :
Ix - xoi >nlt<6/p-26, Also, we assume that in some neighbourhood of Xy

h(x) = xK(x) (= u—lx[l—F(x)] ) has a continuous first order derivative h'(x)



(= u-l{l - F(x) - xf(x)} ). Note that f is the density function of the d.f, F and .
by aefinition h'(xo) = 0 and |

(2.17) E(x,xo) = sign(xo-x)h'(x) is > 0 for all x :|x-x6| <n,

Finally, for the moment convergence properties of the estimator, we may also

need to assume that for some r( > 2),

*
X 2y <=

F r+l

.

r o« T -
(2.18) ByY = [y d6(y) = p

We conclude this section with the remark that by definition
~ *
(2,19) Gn > onn(xo)/K(O) = Gn , Say,
and, we shall show that under the regularity conditions mentioned above, for
n *
the asymptotic theory , Gn may be replaced by en [@n which standard theory holds
under general conditions].

3. Asymptotic properties of §n . Note that by (2.10), (2.12) and (2.19),

A 1
(3.1) 6 > 8 > 8 -cn?

2> 9 , in probability,

where C(0 < € < *) is a suitable constant, If we let

(3.2) 1: {x : xK(X)/K(0) < 6 - 2cn" % } ,

1}

then, proceeding as in (2,14), we conclude that

1
-4

(3.3) lsup{xKn(x)/Kn(O):x 3 I; } - sup{xK(x)/K(0):x € I; Y| o= Op(n ),

and hence, by (3.1), (3.2) and (3.3), we obtain that as n > « ,

*

*
< . s
eI } 6 , in probability.

»

(3.4) mm{xgﬁw/gﬁm :

For n adequately large, I

+ *
RN\

1}

1
{x : xK(x)/K(0) > 6- 2cn" %} reduces to
a shrinking neighbourhood of X, s SO that by the assumptions made after (2.16),

for x € In s we have

(3.5)  xK (x) - x K (x)) = x[K (x)-KG)]-x [K (x)-K(x )] + xK(x) - x K(x)
= x[K () -K(x)-K_(x J+K(x )] + (x-x ) [K_(x )-K(x )] -EC;x ) |x-x |,

where, by (2.17), E(xﬂxo) is nonnegative, and x' = ax + (l-a)xo , 0<a<l,

Further, as in (2,10), we have



(3.6) n’x| K (x1-K(x) - K (x ) + cho)| f_ZUn| X --xol/xo , ¥xe I,

so that by (3.5), (3.6) and (2.9), we conclude that for every X € In’

1
-}

i}

(3.7) xKn(x)/Kn(O) ).

Therefore, by (3.7), supl xKn(x)/Kn(O) t X € In} = onano)/Kn(O) + op(n

“E(x! -
onn(xo)/Kn(O) E(x ,xo)lx xo| + op(n
-y
°),
and hence, using (3.4), we conclude that

*

LA
(3.8) nzlen -6 | -+ 0, in probability, as n > = ,

1
2

[ In fact, in (3.1) and (3.2), we may replace Cn~ - by C(n/{loglog n})'%' and
conclude that (3.4) holds éoso with C being replaced by C(loglog n)l/2 . As such,
(3.8) can be strengthened to o((loglog n)% ) a.s., as n > , If further, we
assume that h(x) has a second order derivative h'" in some neighbourhood of X
(where h”(xo) < 0, by definition) , then the diameter of Inis O(H—%(loglog)%),
S0 that by the same steps, it follows that
(3.9) n1/2|8n - 6;'| ='O_(,n"‘1/4 (loglog n)%) 8.S., as n > ®
This stronger resulﬁ (under more stringent conditions) is,however, not needed
in the Sequelo]

Let us denote by
(3.10) W _(x) = n? K () - KX}, xe R .
Then, by definition, we have

(3.11) n’t ( e; -08) = nl/zxo{ K (x)/K (0) - K()co)/K(Q) }

n® oy {(KOx) + 07 (e))/ (KO (0)) - KGx)/K(0) }

8 LW, (x)/K(x,) - W (0)/K(0) + 0, (n™%)},

I

Now, parallel to (2,11), we let

L2 + .. =
(3.12) vG(x) = [x y “dG(y), x € R, so that Vg = VG(O)Q

The joint asymptotic normality of ( Wn(O), Wn(xo) ) follows by a direct appeal

to the central limit theorem [using the Cramér-Wold characterization], and

hence, using (3.11) and (3.12), we obtain by some routine steps that as n ~ =
1 * *9

(3.13)  n* (8 -6) «——)m N, o),

where



(3.14) 072 = 0H vlx ) (/KGx) -1/K(0)7 ¢ (k(0)) g (0)- vglx ) 1.

Combining (3.08), (3.13) and (3.14), we arrive at the folloWing:
Theorem 1. Under (1.4), (2.11), (2.17) and the uniqueness of X, s 85N>,

(3.15) nt ("én -0) => N(o, 52,

It may be noted that for both the sequence'{Kano)} and {Kn(O)} , the law
of iterated logarithm holds [under (2,11)], so that in (3,11), we have actually
(3.16) n%(e; -0 )'= G{Wn(xo)/Kon) - Wn(O)/K(O)} + O(n—%(loglog n)%) a,S.,
as n >« , The first term on the right hand side of (3.16) is expressible as
(3.17) n-%Z;l:l z; where 2, = B{I(Y >x J/{Y,K(x )} -~ w/Y.} , i>1,

The Zi are i,i.d.r.v, with mean 0 and variance o2 » given by (3.14). Hence,
the law of iterated logarithm applies to'{n%(ez - 8)} as well, On the other

1
hand, by the remarks made after (3.8), under (2,11) and (2.17), n2|6n -0 |

= o((loglog n) ) a.s,, as n > ® , so that the law of iterated logarithm holds

for {n%( gn - 6)} . We may also note that in view of the backward invariance
principles for {n%[Km(xj— K(x)], x e R  ; m > n} [ along the lines of
Theorem 2.6,3 of Sen (1981)], (3.8) may be strenghtened to sup{ n%lgm —6|:
ﬁ.i n} >0, in probability, as n >~ » , while, for 9; , being the ratio of
two means, a similar backward invariance principle may be worked out as in
Theorem 3,3.4 of Sen(1981), Thus, for the tail sequencev{n% (ém -6.):m 2.“}:
a backward invariance principle (relating to the weak convergence to a Wiener
process) holds under the same regularity conditions as in Theorem 1, This
result is particularly useful in studying the asymptotic normality result for
5n for random sample sizes,

In the rest of this section, we study the bias and mean square results for
- the estimator gno Note that by (2.10) and (2.14),
§

(3.18) n 8n -8 | 52U /K (0) + 8]w_(0)|/%_(0) ,

'where by the elementary inequality between the harmonic and arithmatic means,




-1 vl -1 -1.n =
(3.19) {K 0} " = ( n 21 Yi )Y T AT, =Y,
so that we have
L _ v
(3.20) n? e -0 | 2V fau + 8[W (0)]} <% T + u{2u +6 lwn(0)|}2

< 5T 440+ 0%l (0).
bt n n n

Now, under (2.18), for r=2, ?i is uniformly (in n) integrable, while, under

(1.4) and (2.11), Ui and Wi(O) are uniformly integrable, Further, by (3.8),

(3,16) and (3.18), we have

1 A —k i 1
208 .06y = . = pn~ 2
(3.21) n- ( n ) Zn + op(l) ; Zn n i=1Zi ,

where the Zi have 0 mean and finite variance a*? , and 7izis uniformly integrable,
Hence, by (3.20), (3.21) and a version of the Dominated Convergence Theoren,

we conclude that

(3.22) E{ n? ( 6 -68) =~ 0,asn >

so that Egn =80 + o(n-%) which shows that the relative bias converges to 0 as

n > *® , Further, by (3.18) and (3.19),

(3.23)  n( 8 -6 )2 < 8U2Y2 62Y W2(0) , for every n

where, by (2.9), for every finite k(> 0), Uﬁ is uniformly (in n) integrable.

Hence, using the Holder inequality, it can be shown that Uﬁ?ﬁ is uniformly

integrable whenever (2.18) holds for some r > 2, Further, note that

2,.%2 _ =3 en -1 2
(3.24) W (O)Y, =n { 2o -WTTY) + I -y}

15i#j<n J(
and this is uniformly integrable whenever (2.11) and (2.18) hold. Hence, again’
using the Dominated Convergence Theorem along with (3.21) and (3.23), we have

N *
(3.25) Eln( 6 - 0 32} > 0% L asn > ®,
Thus, in (3.15), one may also use the natural parameters and conclude that

A 1L

(3.26) ( 6n -8 )/{Var(_en)}2 TiSé- X, 1) , asn~> =, |
It may be noted that (3,18), (3.19) and some simple inequalities may be used
1

~
to establish the convergence of higher order moments of nfcen -8 ). However,

this will require higher order moment conditions on Y™l as well as Y.



"~ Al
4, Jackknife estimators, If we write.kn=6nKn(0) and A = 6/u , then, we have

A

(4.1) 8 =0+ uCR - A )+ (WK (O -u)+ (A -2 )A/K (0)

1

U)o

We have noticed earlier that {Xn} is a reverse sub-martingale sequence converging
a,s, to A, asn >« and hence, it can be shown easily that Ein > A,for every
finite n., Similarly, Kn(O) unbiasedly estimates u—l and is nonnegative., Hence,
E{Kn(o)}—l > u, for every finite n, though K (0) converges a.s. to u'1 as n» ®©
The last term on the right hand side of (4.1) represents a covariance term and

is of lower order of magnitude . Hence, from (4.1) we conclude that upto the
first order , 6n may not be unbiased and has a nonnegative bias, for every

finite n. For this reason, it may be worthwhile to coﬁsider the jackknife
estimator to reduce this bias and also to provide an estimator of the unknown

N

* ~ A A
variance 0‘2. Towards this goal, we define 6 = G(Xn), An = X(Xn) . Xn =

Al . A .
(Yl,DQO,Yn) and eéi) G(Y(li J, Kéii = A(Ycl)) , where Yéii is the subvector

of Xn deleting Yi , for i=1,...,n, Let then .
A ~ ~(i) A -l.n %
{4.2) Gn,i = - (n- 1)6 1 i=1,.00,0; en =n Zi=1 n,i?
and
2 -1 A 2
(4,3) s, = (n-1) i=1( i~ Gn 17,

Thus, Gn is the usual jackknife estimator of 0 and si is the estimator of

*
the variance 0 2. Our basic goal is to study the properties of these estimators,

For this, we define G(li s éli etc, as in Section 2 where Yn is replaced by
Yéli , for i=1,...,n. Also, we write
8 = o) _ (1), G ()
(4.4) Gn = an (x ) and Gn-l =X 1 N 1( ) 1,000,003
where x_ ( and the xC ) ) relate to the particular order statistics (Y at
n P :r

which the maximum is attained. Note that under the assumed uniqueness of X,

4.5 + ] FQ n —-) R Q
(4.5) x X, @.S., as

Now, proceeding as in (2,10}, we obtain that

(4.6)

su
X € R

lx{K( )(x) KM sz o Gm(x} - G (x|

X € R

= 25Up {|(n-1)'1{1(Yi <x) -G T < 2/(n-1), ¥ isl,...,n
X



@B R - A = B 0N oo - S o] )
< 22;§P {79 | K(l)(x) -k (O} < 2/
@8 22 kD0 -k @] < @k (0]

-4
=o(n °) a.s., as n>o

where the last step is based on the well known result that for a distribution

1
5
having finite second moment, the sample range is o(n”) a,s.,, as n > « [ and

(2.11) insures this for the YTl ]. Let us rewrite

(4.9) Kéf{ A= x@) (1)(x(1) - x K (x.)

n n 1 n-1 nn n

=MDy -k cOhr e B el cxk ),

*n- 1 n " n-1
so that by (4.6) and (4.7),

@10) 2% kW By ok o) | o< v/,

1<i<n *n-1%
But
(4.11) IEliK (X(l) - xnl(n(xn) = x(l)[ n ( r(lli (1))] )

xn[Kn(xn)- K(xn)] +{x(1)KQx(1)) - X K(x )}

where,by (2.10), the first two terms on the right hand side are each
1 L ,
O(n 6(loglog n)?) a.s., as n > ® ,so that by (4.10), the last term is also
-y 1
O(n"*(loglog n)* ) a.s., as n > ® , Combining this with (4.5), we obtain that
max (1)

(4.12) X - X

- - 00
1<i<n! *n-1 n ] 0 a.s., as n

Also, we note that for each i(=1,...,n),

5 - AT P ¢ A1) (1)
(4.13) en,i {Kn(O)} { (A, - (n DA )+ 6,1 n [K 1 (0)-K (01},
so that using (4.7), (4.8) and (4.13), we conclude that as n + = ,

max

1<i<nl ®nyi T T 2oyt - DA 48 ik (0)-kE) (@13] 40 a.s.

(4.14)

Further,

(4.15) n(K -k 0] = -7t

- K (0) ] :°°°:n9
and, by definition,

P meni@ _ )y y = x vk ‘
(4.16) nAn -(n l)xn-Lf-nann(Xn) (n'l)ann-I(xn) = xn[Yi I(Yii xn)],



10

(4.17) nf_ —(n-l)iﬁii._ (l)x (x(l)) (n-1)x B g4 (11) (1)Y I(Y, (1)),

n- 1 n-1 n 1

so that by (4.12), (4.16) and (4.17), we obtain that
2 (1) -1 .
(4.18) nkn - (n-l))\n_1 = ani I(Yi 2_xn) UL i=l,...,0,

where

1.0
12;§p lu;l <1 and n7EL_ Ju .| >0as., asnoe )

Therefore, by (4.14), (4.18) and (4.19), we conclude that

-1 -l.n -1 2 : ’
{Kn(O)} xn{n Zi=1Yi I(Yii_xn)}+ en.O + o(1) a,s.

(4.19)

R

(4.20) Gn

H

ann(xn)/Kn(O) + 0o(l) a.s.

N

= Bn + 0(l) a,s.,, as n > w,

Similarly, by (4.3), (4.14), (4.18), (4.19) and (4.20), we have

2

~-lon A A2
2@l e L -0 )

(4.21) s n,i

i

1}

K @320 @07 ey, ox) - K (x)1°

-2N

ei n(n-1)"257_ (v7'- Kn(O))z -

2n(n~1)—1§hxn (n—l)-122=1[Y;1-Kn(0)][Y;ll(Yizxn)—Kn(xn)]} + o(1)

A ~l.n -2 2. -len 2,2
6 {(n-1) Lioq¥p LOY, >x )/K (x )+ (n-1)77Z0_ Y. 7/K(0)

-len -2 :
- 2(n-1) Zi=1Yi I(Yizvxn)/Kn(O)Kn(xn) } + o(l)a,s., as n> » ,
If parallel to (3.12), we define the sample counterpart

© = 2 : -
(4.22) Vn(x) = fx y dGn(y) n Z 1Y1 I(Y >x) ,xeR ,
then, under (2.11), it is easy to show that
(4.23)  sup{ ]Vn(x) - vG(x)I: xeR }+ 0a.s., asn +o,
Also, by the continuity and boundedness of vG(x), for every € > 0, there exists
a § (> 0), such that
(4.24) [ VG(X) - VG(XO)I < g for every x:lx—xol <3§ .

Now, by (4.21) and (4.22),

(4.25) 52 = /(-1 B2{ V, (x)/KE(x) + V(0)/K2(0) - 2V (x )/K (00K (x))

+ o(l) 24.,5., @8 n > ®© ,

Since sup{lKn(x)-K(x)I:x e R} converges a.s. to 0 as n + «,and K(x) is a



11

continuous and nonnegative function of x, by using (4.5), (4.23), (4.24) and

(4.25), we obtain that

2 *2
(4.26) s, = 0 + o(1l) a.s.,, as n > ®

*
where ¢ 2 is defined by (3.14). This gives the almost sure convergence of

the jackknife estimator si .
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