ABSTRACT

WHITE, KYLE ROSS. Model-Agnostic Variable Selection Through Measurement Error
Model Selection Likelihoods. (Under the direction of Leonard A. Stefanski and Yichao Wu.)

A new wrapper method of variable selection is developed that can be applied to any “black-
box” prediction model without the requirement of a likelihood. We first establish a connection
between measurement error attenuation and Li- and Lo-penalized linear regression by showing
that weak model features may be viewed as contaminated with measurement error. Then, we
force “false” measurement error into a fitting procedure and optimize the distribution of the
errors across the predictors such that in-sample black-box predictions are impacted the least. The
least important variables will absorb the most error. Using an inverse measurement error variance
parameterization, we achieve variable selection by allowing features to absorb an infinite amount
of error. We call this approach Measurement Error Model Selection Likelihoods, MEMSEL.

We define a four-step outline to MEMSEL and demonstrate it in the familiar context of
linear regression. We prove the equivalence between MEMSEL and LASSO in the linear model.
Thus, MEMSEL is a penalty-free generalization of LASSO. We apply it to the problem of
variable selection in nonparametric classification, resulting in a new kernel-based classifier with
LASSO-like variable shrinkage and selection properties. Finite-sample performance of the new
classification method is studied via simulation and real-data examples, and consistency of the
method is studied theoretically.

The MEMSEL approach is extended to density-based nonparametric regression. The Measure-
ment Error Kernel Regression Operator (MEKRO) has the same form as the Nadaraya-Watson
kernel estimator, but optimizes a Selection Likelihood to estimate the kernel bandwidths. Much
like LASSO or COSSO solution paths, MEKRO results in solution paths depending on a tuning
parameter that controls shrinkage and selection via a bound on the harmonic mean of the false
measurement error standard deviations. We use small-sample-corrected AIC to select the tuning

parameter. Large-sample properties of MEKRO are studied and small-sample properties are



explored via Monte Carlo experiments and applications to data.

Measurement Error Model Selection Likelihoods are generalized to allow any black-box
prediction model. First, a new tuning method (Selection Information Criterion, SIC) is defined
that penalizes overfitting more aggressively than BIC. Simulations suggest using SIC when the
true model is sparse. Then we discuss a variety of ways to contaminate the black-box predictors.
Variants of general MEMSEL are explored in the linear model. Two MEMSEL variants with
favorable linear model performance are applied to a random forest black box using SIC for tuning.
This outperforms competing random forest variable selection procedures on both selection and

prediction. Finally a real-data example is given.
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CHAPTER

INTRODUCTION

We study an algorithm to achieve variable selection generally, agnostic to the choice of model
describing observed data. A common approach to variable selection adds an Li-penalty term to
the likelihood to encourage coefficient sparsity. This is not straightforward or even sensible on
complex models or models without coefficients or a likelihood. We propose a “wrapper method”
variable selection approach to apply to any black-box method that produces a prediction
function from input data. The idea is closely related to the coefficient attenuation observed
when predictors are contaminated with measurement error, coining this approach broadly as
Measurement Error Model Selection Likelihoods (MEMSEL). The acronym MEMSEL may be
used to describe either the proposed variable selection method or the selection likelihood itself.

This dissertation contains two previously-published papers as chapters, and a chapter that is
not yet submitted for publication. This introduction is then intentionally kept brief. The chapter

layout is as follows:



e Chapter 2. Taken verbatim (with minor stylistic edits) from [68],

Stefanski, L. A. et al. “Variable Selection in Nonparametric Classification Via Measurement
Error Model Selection Likelihoods.” Journal of the American Statistical Association

109.506 (2014), pp. 574-589.

This chapter describes the relationship between measurement error and variable selection.
It outlines a four-step approach for building measurement error selection likelihoods and
proves the equivalence between (one variant of) MEMSEL in the linear model and LASSO.
MEMSEL is applied to kernel-based discriminant analysis to produce Sparse Kernel
Discriminant Analysis (SKDA) that demonstrates favorable performance over other sparse
classifiers. Two real-data examples regarding breast cancer and gas well classification are

given. Selection consistency for the MEMSEL classifier is proved.

e Chapter 3. Taken verbatim (with minor stylistic edits) from [79],

White, K. R. et al. “Variable Selection in Kernel Regression Using Measurement Error
Selection Likelihoods.” Journal of the American Statistical Association (accepted, to
appear).

This chapter extends the work from Chapter 2 and applies MEMSEL to kernel density-based
regression. The result is the Measurement Error Kernel Regression Operator (MEKRO).
It has the same form as the Nadaraya-Watson estimator [53, 78] but with smoothing
parameters determined by the MEMSEL variable selection algorithm. A method of handling
categorical input variables is defined. Simulations demonstrate that MEKRO has superior
selection and predictive performance to other selection-capable nonparametric regression
approaches on models with many interactions. Real-data examples on robot arm movement

and prostate cancer are provided. An argument for selection consistency is given.

e Chapter 4. This chapter formalizes a generalization of MEMSEL to be applied to any
black-box model. It introduces and studies a new tuning criterion, Selection Information

Criterion (SIC), that outperforms AIC, BIC, cross validation, and others in many cases



for selection. The four-step method from Chapter 2 is then generalized to include different
forms of predictor contamination. As an aid to understanding how the new approach
works, general MEMSEL variants are applied to linear models in detail via theory and
simulation. A subset of general MEMSEL variants coupled with a random forest black-box
estimator are then compared to other random forest selection estimators. MEMSEL shows
favorable selection and prediction results. Random forest MEMSEL is illustrated on a real

data set regarding wet concrete workability.

Appendices are provided immediately following each chapter. The appendix following Chapter 2
(Section 2.6) contains the supplemental files from [68] with additional details to support the key
equivalence proof between LASSO and MEMSEL. The appendix following Chapter 3 (Section

3.7) is copied verbatim from the supplemental files in [79].



CHAPTER

MEASUREMENT ERROR MODEL
SELECTION LIKELIHOODS

2.1 Introduction

Adopting a measurement-error-model-based approach to variable selection, we propose a non-
parametric, kernel-based classifier with LASSO-like shrinkage and variable-selection properties.
The use of measurement error model (MEM) ideas to implement variable selection is new and
provides a different way of thinking about variable selection, with potential for applications
in other nonparametric variable selection problems. Thus we also describe what we call mea-
surement error selection likelihoods in addition to our main methodological results on variable
selection in nonparametric classification.

Compared to parametric classification, variable selection for nonparametric classification



methods is in its infancy. Our research helps fill that gap with a sparsity-seeking kernel method,
sparse kernel discriminant analysis (SKDA), obtained by implementing the MEM-based ap-
proach to variable selection. SKDA is kernel-based with a familiar form, but with a bandwidth
parameterization and selection strategy that results in variable selection. We provide additional
background and introductory material at the start of the main methodological section on
classification, Section 2.4.

In response to a suggestion by the Associate Editor we end this section with remarks relating
to the potential benefits of approaching variable selection problems via measurement error
models. The fact that a version of our MEM-based approach to variable selection applied to
linear regression results in LASSO estimation is of independent interest. Knowing different
paths to the same result and the relationships among them, enhances understanding even when
it does not lead to new methods. However, our approach is more than just another LASSO
computational algorithm. It is a useful conceptualization and generalization of the LASSO that
has potential to suggest new variable selection methods.

Penalizing parameters is not always intuitive simply because it is not always the case that
variables enter a model through easily intuited parameters; as with nonparametric models and
algorithmic fitting methods. However, it is always possible to intuit the case that a variable
has (a lot of) measurement error in it. Admittedly, turning the idea that a variable contains
measurement error into a variable selection method may require additional, creative modeling, and
perhaps extensive computing power to simulate the measurement error process when analytical
expressions are not possible. However, the key point is that the MEM-based approach provides
another way for researchers to think about variable selection in nonstandard problems. Although
variable selection in nonparametric classification is the primary methodological contribution of
the paper, the idea of approaching variable selection via measurement error modeling may have
broader impact because of the possibility of adapting the strategy to other problems not readily
handled by traditional penalty approaches.

The connections between measurement error attenuation, shrinkage, and selection underlying



the new approach to variable selection are discussed in Section 2.2. The new approach is illustrated
in the context of linear regression in Section 2.3. The main results on variable selection in
nonparametric classification are in Section 2.4, which includes performance assessment via
simulation studies, applications to two data sets, and asymptotic results. Concluding remarks

appear in Section 2.5 and technical details in the online supplemental materials.

2.2 Variable Selection and Measurement Error

‘We now describe the connection between measurement error and variable selection that is used

to derive the nonparametric classification selection method studied in Section 2.4.

2.2.1 Attenuation, Shrinkage, and Selection

We begin with the connections between measurement error attenuation, ridge regression, and

LASSO estimation in linear models Yy, x1 = X3, + €.

Measurement error attenuation. Measurement error attenuation is usually introduced in
the case of simple linear regression in terms of ‘true’ {Y;, X;}, and measured {Y;, W;} data,

iid

i=1,...,n, where W; = X; +0uyZ;, and Z; ~ N(0,1) with the Z; independent of (X;, Y;)
[8, 11, 24]. The least squares slope of Y on W, Baprey = Syw/ 52— Oy 02, = (02 + U%)_layx.
Attenuation results from the inequality o2 + 02 > 02. The multi-predictor version of this result

for the error model W = X + Dy, 1 Z, with Dy, y = diag(ou,s, ..., 00,) and Z ~ N(0, I) is

-1

~

~ ~—1~ ~ -1 ~ ~ B
Barren = Vw Vwy = (VX + D{U%}) Vxy = <VX + D{ll/cr%}> Vxy. (2.1)

~—1 .~

Notes. i) The approximation “~” in (2.1) is valid in large samples because Vi Viyy —
. ~1

<VX +D {03 }> Vxy converges in probability to 0. ii) We use 1/02 to denote componentwise

division, i.e., 1/o% = (1/02,,...,1/02 )T. iii) We include the right-hand-side expression

because many of our results are better understood in terms of measurement error precisions



(or square-root precisions). iv) We use Dy, to denote a diagonal matrix with vector v on
its diagonal. v) For any vector z, |z| denotes the vector of componentwise absolute values.

h

Similarly, 2" denotes the vector of componentwise mb powers. vi) Finally, V denotes a sample

variance/covariance matrix of the subscripted variables.

Ridge shrinkage. Ridge regression [38] is much studied and well known. Thus we simply note

that after scaling the ridge parameters v it has the form

BRIDGE = (‘7X + D{y}>71 VXY = (‘/}X + D{ill/y})il‘/}xy. (2.2)

LASSO shrinkage and selection. The LASSO has an attenuation-like representation that
follows from the iterated-ridge computation algorithm; see [74] and Section 2.3.2. The iterated

ridge solution to the penalty form of the LASSO optimization is

~ _ 1 P
Brasso = argmin jHY - X/3H2 + 772 |85 (2.3)
Bir-Bp n =
—1
=|(I+D( V. Dy~ V 2.4
( {|/3LASSO|/77} X) {|,3LASSO|/77} Xy (24)
1
= VX + 'D_IA ‘7Xy. (2.5)
( {IBLASSO|/77}>

Notes: i) Expressions (2.4) and (2.5) are not computational solutions to the LASSO optimization
problem, but rather equations satisfied by the solution. ii) Both are included to show that the
inversion of a singular matrix in (2.5) when some components of EIL Asso are zero is not necessary;
however, we use expressions like that in (2.5) for their compactness.

Comparing equations (2.1), (2.2), and (2.5) shows that ,@ATTEN, BRIDGE, and BLASSO exhibit



the same form of attenuation, with equality in the case that

1 _ |BLASSO,j

5 : )
0vs Vi n

Measurement error attenuation results from uncontrollable and undesirable measurement error
in the predictors, whereas ridge and LASSO attenuation is analyst-controlled to manipulate sam-
pling properties of the estimators. In Section 2.2.3 we show that measurement error attenuation
can also be controlled to accomplish shrinkage and selection. For another interesting example of
creatively using measurement error to impart favorable sampling properties on estimators in a

different context, see [62].

2.2.2 Oracle Heuristics

We motivate our measurement error approach to variable selection using a toy example, imagining
an oracle’s solution to a simple challenge. Suppose that the regression of Y on predictors

X1, ..., X5 satisfies
E(Y | X17 X27 X37 X47 X5) = E(Y | X27 X5) .

The nullity of X1, X3, and X4 is unknown to a statistician, but not to the oracle. However, sup-
pose the oracle agrees to play a game wherein s/he must add a nonzero, total amount of measure-
ment error, (oy 21, 0uaZa, Ousls, Ovala, Ousls), to the predictors (X1, Xo, X3, X4, X5)
in a manner that minimizes the loss of their collective predictive power (“a nonzero, total amount
of measurement error” means that }, ok, >0).

Because the oracle knows that

E(Y | Xla X27 X37 X47 X5) = E(Y ‘ X27 X5) -

E(Y | Xi4+o0uv.121, Xo, X3+ 0u3Z3, Xa+o0uvaiZs, X5)=E (Y | X2, X5),



the oracle’s solution is to set oy, = oy s = 0 and let oy, oy s, and oy 4 be nonzero. A statistician
seeing the oracle’s solution would know the identity of the null and informative predictors. In the
next section we show that this oracle game can be mimicked using a (pseudo-profile) likelihood
to replace the omniscience of the oracle, and constraints to ‘force’ the addition of measurement

error to the data.

2.2.3 MEM Selection Likelihoods

We now give a general description of the construction and use of measurement error model
(MEM) selection likelihoods. As an illustration of the approach, we then implement it for linear
models in Section 2.3, where it is shown to lead to the LASSO for linear models. This equivalency
lends credibility to the new approach in the sense that it can be viewed as a generalization
of the LASSO that reduces to the LASSO in the case of linear regression. In Section 2.4
we implement the approach in the context of nonparametric classification obtaining the new
method, sparse kernel discriminant analysis (SKDA). The latter is the main methodological
contribution of the paper. However, Section 2.4 also demonstrates the utility of the measurement
error approach to variable selection for identifying and deriving variable selection strategies in
nonparametric/nonstandard models.

Denote the data as (Y;, X;), i =1,...n, and let (Y, X) represent a generic observation.

The MEM selection likelihood construction proceeds in four basic steps:

1. Start with an assumed ‘true’ likelihood for (X, Y;), ¢ = 1,...,n, denoted Lygug (0)

where 6 could be finite (parametric) or infinite dimensional (nonparametric).

2. Construct the associated MEM likelihood under the ‘false’ assumption that the components
of X are measured with independent error. That is, assume that W is observed in place of
X where W | X ~ N (X, D{U%}> with 62 = (02, ..., o). The resulting likelihood
depends on @ and o2 and is denoted Lyy(@,02). Note that even though Lygy(6,02) is
derived under a measurement error model assumption, it is calculated from the error-free

data (X;, V), i=1,...,n.



3. Replace 0 in Ly (0, 02) with an estimate 5, resulting in the pseudo-profile likelihood
EPMEM(G%) = LMEM(a, o-%). Note that 8 is an estimator for @ calculated from the observed
data without regard to the ‘false’ measurement error assumption, e.g., 0 could be the

maximum likelihood estimator from Lygyg (0).

4. Reexpress the pseudo-profile likelihood EPMEM(U%) in terms of precision (or square-root
precision) A = (A1,...,),) where \; = 1/02  (or \; = 1/0y;), resulting in the MEM

selection likelihood ESEL(A).

ESEL(A) is maximized subject to: \; > 0, j = 1,...,p; and Zj Aj < 7. Setting the tuning
parameter 7 < oo in the latter constraint ensures that the harmonic mean of the measurement
error variances (or standard deviations) is > p/7 > 0. This is how the approach ‘forces’
measurement error into the likelihood. Maximizing ESEL()\) subject to the constraint ensures
that the measurement error is distributed to predictors optimally in the sense of diminishing
the likelihood the least. The idea is that null predictors tend to be assigned large measurement
error variances, whereas informative predictors tend to be assigned relatively small ones. Thus
maximizing ESEL()\) plays the role of the oracle. The constrained maximum can have some
/)\\j = 0 for small 7, indicating that the data are consistent with predictor X; containing infinite
measurement error, and therefore is uninformative. Note that Xj =0 = 02, =1/0= 00, see
(2.6).

Standardization was not mentioned previously. Doing so facilitates interpretation, numerical
calculation, and comparison with other estimators, thus we assume henceforth that predictor

variables are centered and scaled to unit variance. Viewed from the measurement error perspective,

standardization ensures that the measurement error variances referred to in the development in

2

0.0 are all on the same scale.

Section 3, cr%’l, e, O
The four steps broadly define the approach. In particular applications it may make sense to
restrict to a partial/pseudo likelihood as illustrated in the next section. Regardless, the resulting

“likelihood” will generally not be a true likelihood; however, we use the term accepting the abuse

of terminology in exchange for brevity. In the next section we illustrate the approach in the
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familiar context of linear regression, which also serves to justify the approach since we show it
leads to the LASSO. In Section 2.4 we show that the approach leads to a useful new variable

selection method for kernel-based classification rules.

2.3 Linear Model Selection Likelihoods

2.3.1 Linear Regression

We start with the assumption that (Y, X) is multivariate normal with mean (,uy, ug;)T
and partitioned variance matrix (Vy, ng, Vxy, VX). Under the ‘false’ assumption that the
predictor is measured with error, the distribution is multivariate normal with the same mean,

but with partitioned variance matrix (Vy, ng, Vxy,Vx +D {o? }) Thus

Leoe(8) = TTw (% X5 (v, 1%)", (W, Viby, Vxr Vi) )

Lusn(0,0%) = H‘I’ <Yi,Xi; (1, MJIE)T, <VY3V§Y7VXY7VX +D{J%}>> ;

where U (y, x; p, 2) is the multivariate normal density with mean g and variance matrix €2, and
0 = (uy, pux, Vv, Vxy,vech(Vx)). We set ] equal to the sample moments of (V;, X;), i=
1,...n, ie, 0= (ﬁy, fix, Vxy, Vxy, vech(f/X)).

Then with 8 (A) = (VX +D{—)}m}) V. where AT — (A, .., Am
Aj=1/0%, and m =2 for \j = 1/0y ;, it follows that

),andm: 1 for

LSEL(A) X LSEL1 LSELQ LSEL37

11



where

ESEL1 = {‘/}Y - V)?YB()‘)}inm ’
W = VEBO) + {BVTVABON) - VE BV |
‘/}Y - V§yB<A)

. R -1 n/2 N R _1
Lo, = [det{(VXJrD{;m}) H exp [—Ztr{VX (Vx+ D5 H (2.6)

Factoring Lsg, as in (2.6) facilitates discussion of the linear model in Section 2.3.2.

LSELQ = €xp _5

. -1
Although (VX + D&m}) is more succinct, when a component of A is 0, we use either of

~ 1 ~ -1
the equivalent expressions, (I + D{Am}Vx) Dyxmy or Dyymy (I + VXD{Am}> (compare to

(2.4) and (2.5)). These identities imply that

o~

B(A) = <‘7X + D{X}m}>il Vxy =Dpm (I + VXD{Am}yl Vxy

~ -1 ~
= (T+DpmVx)  Dpamy Uy, (2.7)

from which it is apparent that A\; = 0 implies that the jth component of B()\) = 0. The
simple identity Dy, 1v2 = Dy, v1 shows that B (A) = DyaA™ where A = A(X) =
(I + ?XD{ Am}) - 17Xy. Under common distributional assumptions on Yi,...,Y,,, the compo-
nents of A are nonzero almost surely. In this case it follows that A" = D{*X}B (A) almost surely,
and thus the jth component of 8 (A) = 0 if and only if A =0.

We now study MEM selection likelihood method for linear regression in the case that A; is
parameterized in terms of precisions (m = 1). The main results in the following section are: i)
maximizing ESELl is a convex optimization problem that yields an estimator equivalent to the
LASSO; ii) maximizing the full-conditional likelihood ESELIESELZ with m = 1 is not equivalent
to the LASSO, and in terms of variance per shrinking bias, can be less variable than the LASSO;
and iii) maximizing the full likelihood ESEMESEM ZSELS can never result in Xj = 0 and thus is

not an option for variable selection (but is an option for shrinkage only). We use the acronym

12



MESSO (Measurement Error Shrinkage and Selection Operator) to identify estimators derived

from the selection likelihoods in Section 2.3.1.

2.3.2 Relationship to LASSO

In the supplemental Appendix Section 2.6.1 we prove that constrained maximization of ESELl
in (2.6) results in LASSO solution paths as functions of 7. The proof establishes convexity
of 32(A) = (ESELl)i . and equivalence of KKT conditions. Note that although the MESSO
selection likelihood in Section 2.3 was derived starting with an assumption of multivariate
normality, the equivalency to the LASSO does not depend on that assumption.

We now consider the relationship of LASSO to other MESSO versions obtained by maximizing
the full-conditional likelihood, ESELIESEL2, and the full likelihood ESELIESEL2 ESEL3 for \j =1/ 0]2-

and \j = 1/0;. A detailed comparison is beyond the scope of this paper. However, we make a

Comparing MESSO Variants and LASSO

0.10
|

0.05
|

-0.05

Relative Deviation from Average Total Variance
-0.10 0.00
|

T
0.0 0.5 1.0 1.5 2.0
Total Squared Bias

Figure 2.1 Plot of relative deviations from the average total variance versus total squared bias.
LASSO (red-dashed); MESSO estimator from Lggy, (solid blue); full-conditional MESSO estimator
from Lggr, Lsgr, (black dashed); and the full-unconditional MESSO estimator from Lggr, Lsgr, LseLs

(green dot-dash). Because of their equivalency the ESELI—MESSO and LASSO lines overlap and appear
as a single alternating red/blue dashed line.
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few brief, relevant observations. Figure 2.1 displays plots of relative deviations from average
total prediction error variance versus total squared prediction error bias from a small simulation
study comparing LASSO and the three MESSO estimators when \; = 1/012». That is, the
plot displays {TV-Ave(TV)}/Ave(TV) versus TB, where: TB={E(B) — 8}TQ{E(B) — 8}
TV:tr{\//z;(B)ﬂ}; Q is the predictor covariance matrix; Ave(TV) is TV averaged over the
three unique estimators; and E and Var denote Monte Carlo expectation and variance. The plot
allows differentiation of the estimators based on total variance for equivalent total squared bias.
Data were simulated according to a design in [74]: Y; = XiT,B 4+ 0€;,1=1,...,n, where X; are
iid A (0px1, AR1(p)), € are iid N(0, 1), with n =20, p=38, B8 = (3,1.5,0,0,2,0,0,0)7, p = .5,
and o = 3. This model calls for a mix of selection and shrinkage. Figure 2.1 shows that the
LASSO is less variable (as measured by tr{\//aﬁ"(ﬁ)ﬂ}) for small total squared bias (as measured
by {E(B) — BYTQ{E(B) — B}), but not for larger values of TB. For reference, we obtained
TB=1.27 for the LASSO estimator tuned using 10-fold cross validation, which corresponds very
closely to the value of TB for which the black-dashed and red-blue curves intersect. Thus in a
region of total squared bias of known practical importance, the LASSO and the full-conditional
MESSO estimator have similar total variance.

Examination of ZSELS in (2.6) reveals that if any A\; = 0, then the determinant term is
zero and the maximizer of the full likelihood ESELIESEM ESEL3 never contains zero elements, i.e.,
selection is not possible. Finally, when A is parameterized as square-root precisions, \; = 1/0;,
the MESSO optimization is no longer convex, and results in greater selection.

Our comparison to the LASSO is not because we consider MESSO to be a competitor to the
LASSO for linear models, but rather to establish the viability of the new approach in a familiar
context. In the next section we show that it leads

to a promising method of variable selection for nonparametric classification.
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2.4 Nonparametric Classification

Classification has a long and important history in statistics. Several methods are widely used:
Fisher’s linear discriminant analysis [LDA, 19]; logistic regression [52]; support vector machine
[13, 76]; and boosting [20]. LDA is the estimated Bayes rule under within-class normality and
equal covariance matrices [3], whereas with unequal covariances the estimated Bayes rule is
quadratic discriminant analysis (QDA).

A nonparametric Bayes rule obtained by replacing conditional densities in the theoretical
Bayes rule with kernel density estimates [77] is known as kernel density-based discriminant
analysis (KDA) [12, 27]. See [14] and [36] for recent reviews of KDA.

With multiple predictors, variable selection is important. Some predictors may not carry
useful information and their inclusion can deteriorate performance of an estimated classification
rule. [6] studied how dimension affects performance and showed that LDA behaves like random
guessing when the ratio of p to n is large. Thus motivated, they proposed an independence rule
by using a diagonal variance/covariance matrix. [15] selected a set of important predictors via
thresholding, and applied the independence rule to the selected predictors, calling the method
an annealed independence rule. [51] proposed variable selection for LDA by formulating it as a
regression problem. [10] studied a direct estimation approach for variable selection in LDA. For

other methods of variable selection for classification, see [33], [81], [63] and references therein.

2.4.1 Selection Likelihoods for Classification

The true model is defined via the conditional distributions X | (Y =0) ~ fo(x), X [ (Y =1) ~

fi(x), and the marginal probability P(Y = 1) = m = 1 — mg. It follows that

P(Y =1| X = x) = Prrus(x; 70,71, fo, f1) = mfi(@)/(mofo(x) + m1fi(x))

- {2
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Under the ‘false’ measurement error model assumption W | X ~ N (X , DO-QU ), the conditional

distributions are, using ¢() to denote the standard normal density,

W =b~fien = [ /TLM () iy ..,

It follows that the MEM selection likelihood is determined by

-1
P(m;WOaﬂlvaafb}‘) = {1+77:(1)R($af07f17>‘)} ) (28)

where:

A;¢>( azj—t> folt) dty...dt,

IT-y 50 (A5(ws = 1)) falt) dta ..ty
fH o (X — 1)) dEo(t)
ST 0 (X — 1)) dFi()

R(m;f()afla)‘) =

J -
S
S
J-

¢ =1/2 when \; = 1/02 ,, and ¢ = 1 when \; = 1/0y;) respectively; Fi() is the distribution
corresponding to fi(); and the common factor []¥ j—1Aj s deleted in the final ratio. For our work
on classification we take ¢ = 1.

Replacing 7 with 71 =Y, mp with Tp = 1 — 71, and Fy and F; with their nonparametric

MLEs (empirical distribution functions) in P(x; 7, 71, fo, f1, A) in (2.8) results in

Pla:n) = {l—i—g?fi(az;)\)}_l, (2.9)
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where

no ' Yiyico [15=1 ¢ ( Aj (x5 — Xja) )
n Yy [P ¢ ( Nz — Xji) )
ng ' Ciyico T 206 (X505 = X50) )

= — , (2.10)
n qu:1 H?:,\ﬂéo ¢ ( )‘ﬁ(l’j - Xji) )

with ng = n7,. The second expression in (2.10) is displayed to emphasize the fact that for every
Aj = 0 there is a common factor ¢(0) in the numerator and denominator of ﬁ(w, A) that cancels,
in which case }AB(:B, A) does not depend on Xj1,...,Xjn.

Because Y; is binary a suitable MEM selection likelihood for this model is
o~ n o~ ~
Len(A) = > Yilog( P(X55A) ) + (1 = Yi)log( 1 — P(X3;A) ),
i=1
resulting in the optimization problem

Yilog( P(X;;A) )+ (1—Y;)log( 1— P(X:; A 2.11
3 hax Z; og( P( ) )+ ( ) log( ( )) (2.11)

subject to zp:)\j:T; Aj>0, j=1,2,...,p;
j=1
Maximizing ESEL()\) subject to the constraints A\; > 0, 7 =1,...,p, and Zj Aj < 7 results in
some 3\\]- = 0 when 7 is small enough. In this case ]/%(:c, A) is a ratio of kernel density estimates
of only those components of X corresponding to nonzero \;. That is, ;\\j = 0 implies that the
jth predictor is selected out of the model, just as in the linear model. Finally we note that
(2.9) corresponds to the estimated Bayes rule classifier. For an estimated maximum likelihood
classifier set 7y = w1 = 1/2. The tuning parameter 7 can be selected by minimizing classification

error, or the likelihood of an independent tuning set, or via cross validation. In our numerical

work we used cross validation.
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2.4.2 Multicategory SKDA

SKDA is readily extended to multicategory classification. In multicategory classification with K
classes, we label the response as 1,2, ..., K. The training data set is {(X;,Y;}:i=1,2,...,n}
with X; € RP and Y; € {1,2,...,K}.

With a slight abuse of notation define fi(x;\) = D igimk L Lim1 K(Nj(zj — X45))/ny, and
e = ng/n, k=1,2,..., K with ng being the number of observations in class k£ and ﬁk(m, A) =
Trfr(@; )/ (OE _ 7 fun(; X)) The log-likelihood is 37, log(P,,(Xi; A)) and the multicate-
gory SKDA (MSKDA) requires solving

n
max log(P, (Xi: A o1
>\17/\27---a)\p Zz; g( y’b( ? )) ( )
p
subject to Z)\j:T, N >0, j=1,2,...,p.
7j=1

The MSKDA rule for X = x is given by argmax ﬁk(a:,s\) As defined ﬁk(m;)\) yields the
k

estimated Bayes rule classifier. For the maximum likelihood classifier set all 7, = 1/K.

2.4.3 Simulation Studies

In this section, we evaluate the performance of SKDA and MSKDA via simulation, comparing
them with LDA, sparse LDA (SLDA) [51], and KDA (resp. MKDA, the multicategory extension
of KDA). For the binary case, we also compare with the SCAD penalized logistic regression
[16] and SCAD penalized support vector machine (SVM) [86]. Note that only LDA does not
depend on a tuning parameter. The other methods require the determination of a single tuning
parameter. In their most general form, KDA and MKDA each require the estimation of p tuning
parameters (bandwidths). In our numerical work we replace the p bandwidths with a single
common bandwidth. This simplification is necessary given the large dimensions studied.

We determine tuning parameters using 10-fold cross validation coupled with a grid search.

We use classification error as the selection criterion for SLDA as done in [51] and SCAD SVM,
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and the log-likelihood as the selection criterion for the kernel-based methods and SCAD logistic
regression.

We included 7, the prior probability of class k, and its estimator 7y, in the proposed methods
and their theoretical development for generality. However in the simulation examples, we consider
simulation settings with equal prior probabilities for all classes and thus we set all 7, to be
1/K. The same simplification is used in the real data examples, thus we study the maximum
likelihood classification rule rather than the Bayes rule.

Our simulation study design requires generating multivariate observations of which only a
subset of the (correlated) variables appear in the Bayes classifier. In the supplemental Appendix

Section 2.6.2 we give a proposition explaining how to accomplish the data generation.

2.4.3.1 Two-group, Normal Linear Discriminant Model

Our first simulation study is two-group classification for which LDA and SLDA are specifically de-
signed: X px1 | (Y = k) ~ MVN,(u,, ) for k£ =0, 1, p = 10 predictors, and Y ~ Bernoulli(0.5).
The means were set as o = (—1,1,0%, )7 and p; = (1,-1,0%,;)7, and ¥ was the equicorrela-
tion matrix with parameter p, for levels of p given by 0, 0.3, and 0.6. A test set of size 20,000
was fixed to evaluate the performance of the classification methods. Training sets of size n = 200
are used in the simulation, and 10-fold cross validation was used to select the tuning parameters
for KDA, SKDA, SLDA, SCAD-Logistic, and SCAD-SVM. Results for 100 simulated data sets
are in Table 2.1 and Figure 2.2.

Table 2.1 gives predictor selection frequencies by SKDA, SLDA, SCAD logistic regression,
and SCAD SVM over 100 repetitions. Note that, only X7 and X5 are important for this example
according to Proposition 1 in Section 2.6.2. Table 2.1 shows that the new nonparametric method
SKDA performs competitively in terms of variable selection, even though the data generation
strongly favors LDA and SLDA.

We plot the two important predictors, X; versus Xo, for one training sample in the left

[P

panels of Figure 2.2 with classes represented by blue “o” and red “+.” Box plots of test errors
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Table 2.1 Predictor selection frequencies for SKDA and SLDA for the study in Section 2.4.3.1.

Frequency

p X1 Xo X3 Xy X5 Xg X7 Xg Xo Xyo
SKDA 100 100 10 14 6 15 11 9 9 6
SLDA 100 100 1 1 3 1 2 2 3 3

SCADlogist | 100 100 13 11 10 10 7 12 12 11

SCADsvm | 100 100 13 14 11 15 18 12 9 10

0.3 SKDA 100 100 7 15 16 10 10 7 8 10
’ SLDA 100 100 2 0 0 1 1 0 0 0

SCADlogist | 100 100 10 12 7 5 6 10 11 14
SCADsvm | 100 100 6 6 ) 5 9 5 7 9

0.6 SKDA 100 100 16 12 9 8 6 14 13 10
’ SLDA 100 100 O 0 0 0 0 0 0 0
SCADlogist | 100 100 0 0 1 0 2 1 0 3
SCADsvm | 100 100 O 2 1 1 0 2 0 3

over the independent test set across 100 repetitions are in the right panels. The top, middle, and
bottom rows correspond to p = 0, 0.3 and 0.6, respectively. As the setting is ideal for LDA, and
SLDA, and only marginally less so for SCAD-Logistic and SCAD-SVM, these methods perform
very well with SLDA having a slight edge. KDA neither exploits the marginal normality of the
data, nor does it do variable selection, and thus performs poorly. However, although SKDA does
not exploit the marginal normality, its performance in terms of classification error and selection

is competitive.

2.4.3.2 Two-Group Mixtures of Equicorrelated Normals

This is another binary example with Y ~ Bernoulli(0.5). In this example, we consider an
AR(1) type correlation ¥ = (0y;) with o5 = pli=il. We partition predictors with p; = 2
and pa = p — 2. Predictors are generated as X | (Y = 0) ~ N(0,%X) and X | (Y = 1) ~
0.5N((07211,07215)7, %) + 0.5N (—=(07211,07215)7, %) with 6, = (3, —-3)7. The ‘0’ class is
multivariate normal, while the ‘1’ class is a mixture of two multivariate normal distributions.
Thus the true classification rule is nonlinear and LDA and SLDA are misspecified in this case.

Yet it can be checked that the true classification rule depends only on the first two predictors
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Figure 2.2 Plots of typical training samples and boxplots of test errors for data generated with p = 0
(top), 0.3 (middle), and 0.6 (bottom), from Section 2.4.3.1.

X, and Xy (according to Proposition 1 in Section 2.6.2). Training sets of size 200 and a test
set of size 20,000 are used. We set p = 10 and consider three different p values 0, 0.3, and 0.6.
Results over 100 repetitions are reported in Table 2.2 and Figure 2.3 in a similar way as the
previous example.

Table 2.2 indicates that the two important predictors X7 and X are selected by SKDA for
all 100 repetitions while unimportant predictors are selected infrequently. SLDA, SCAD logistic

regression, and SCAD SVM fail to select the two important predictors for most repetitions. The
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Table 2.2 Predictor selection frequencies for SKDA and SLDA for the study in Section 2.4.3.2.

Frequency
p X1 Xo X3 Xy X5 Xg X7 Xg Xo Xyo
SKDA 100 100 9 9 8 6 14 10 7 8
SLDA 0 0 5 4 3 5 6 6 4 8

SCADlogist | 0 0 8§ 10 9 7 12 11 8 11
SCADsvmm | 38 38 50 54 55 56 59 56 53 57
SKDA 100 100 3 1 3 5 8 6 4 5
SLDA 0 0 4 ) ) 3 6 6 6 9
SCADlogist | 4 0 4 11 10 5 8 11 12 9
SCADsvm | 46 39 52 52 51 54 56 60 60 60
SKDA 100 100 6 0 4 0 1 2 3 4
SLDA 2 1 4 ) 7 3 4 3 7 6
SCADlogist | 4 6 6 7 9 6 100 4 13 7
SCADsvmm | 51 54 46 52 52 53 56 56 60 59

0.3

0.6

poor performance of these methods is not unexpected in light of the data generation model.
Variables X; and X5 from one simulated training data set are plotted in the left panels of
Figure 2.3 for three values of p: 0 (top), 0.3 (middle), and 0.6 (bottom). There is no good way
to linearly separate the two classes well. Test error results are consistent as shown in the right
panels of Figure 2.3. SKDA performs well whereas LDA, SLDA, SCAD logistic regression, and

SCAD SVM perform like random guessing.

High dimensional case: We repeated the study changing only p = 10 to p = 50. Boxplots of
the test errors over 100 repetitions are shown in right panels of Figure 2.4 for different methods
and three values of p: 0 (top), 0.3 (middle), and 0.6 (bottom). Out of 100 repetitions, the
frequency of X; and X5 and average frequency of X3, ..., X50 being selected by SKDA and
SLDA are reported in Table 2.3.

The true classifier in this example is nonlinear, and thus LDA, SLDA, SCAD logistic
regression, and SCAD SVM are misspecified. SKDA is nonparametric and thus more flexible.
hence it performs well at both variable selection and classification accuracy.

To address a review comment, we increase the dimension further to p = 100. For the case
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Figure 2.3 Plot of one training sample (left) and boxplots of test errors (right) for the study in Sec-
tion 2.4.3.2 with p = 10 and three values of p: 0 (top), 0.3 (middle), and 0.6 (bottom).

with p = 0, the SKDA selects the important predictors X; and Xs for all 100 repetitions and
the average selection frequency for the other 98 unimportant predictors is 5.2959. The average
testing error for the SKDA is 0.0426 with a standard deviation of 0.0095. We expect a similar

performance for the cases with p = 0.3 and p = 0.6.
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Figure 2.4 Plot of one training sample (left) and boxplots of test errors (right) for the study in Sec-
tion 2.4.3.2 with p = 50 and three values of p: 0 (top), 0.3 (middle), and 0.6 (bottom).

2.4.3.3 Three-group, Normal Linear Discriminant Model

This is a 3-class example with p = 10 and an AR(1) correlation ¥ = (o;;) with ¢;; = pli=Jl.
We partition predictors with p; = 2 and ps = p — 2. Data are generated in two steps: generate
Y uniformly over {1,2,3}. Conditional on Y, predictors are generated as X | (Y = 1) ~
N(0,5); X | (Y = 2) ~ N((0]3511,01,512)7, %) with 612 = (2,2v3)7; X | (Y = 3) ~
N((013311,01,515)T, %) with 013 = (—12,2v/3)7. According to Proposition 1 in Section 2.6.2,
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Table 2.3 Frequency of X; and X5 and the average frequency of X3, ..

., X50 being selected by SKDA

and SLDA.

(Average) Frequency
p| Method — =~ <
0 SKDA 100 | 100 2.5

SLDA 1 0 4.2
SCADlogist 0 0 4.8
SCADsvm 31 23 44.6

0.3 SKDA 100 | 100 1.5
' SLDA 1 0 4.4
SCADlogist 1 1 4.6
SCADsvm 28 37 41.8

0.6 SKDA 100 | 100 6.0
' SLDA 1 2 2.1
SCADlogist 2 0 2.2
SCADsvm 47 | 43 45.7

the Bayes classification rule depends only on X; and Xo.

Table 2.4 Predictor selection frequencies for MSKDA for the study in Section 2.4.3.3.

Frequency
p | X1 Xo X3 Xy X5 Xg X7 Xg X9 Xy
0 | 100 100 1 1 1 0 1 1 0 0
0.3 100 100 O 0 0 1 0 0 0 0
0.6 | 100 100 1 0 0 0 0 0 0 1

For this 3-class example, training sets of size 300 and a test set of size 30,000 are used. As
it is not clear how to extend SLDA to multicategory case, we only compare MSKDA to LDA
and MKDA in multicategory examples. Results over 100 repetitions are reported in Table 2.4
and Figure 2.5. In particular, Table 2.4 reports the frequency of each predictor selected by
MSKDA. It shows that MSKDA gives very good variable selection performance. Note that,
in this example, each class is represented by a multivariate normal distribution. Thus LDA is

correctly specified and should do well in terms of classification error. This is confirmed by results
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Figure 2.5 Plot of one training sample (left) and boxplots of test errors (right) for the study in Sec-
tion 2.4.3.3.

in Figure 2.5. MSKDA reduces the test error in comparison to MKDA as a result of its variable
selection. Because MSKDA performs variable selection very well, its performance is similar to
that of LDA even though it is nonparametric.

To address a reviewer’s query about the performance of the SKDA and MSKDA when some
predictors have discrete distributions, we reran the p = 0 case above replacing the informative
continuous predictor X9 with the ‘new’ informative discrete predictor Xo generated conditionally

on Y according to Xo = 3(Y — 1) + U where U has a discrete uniform distribution on the set
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{1,2,3,4,5}, and replacing the noninformative continuous X7 with the ‘new’ noninformative
discrete X7 ~ Poisson(4). The selection frequencies for variables X7, ..., Xj9 over 100 simulated
data sets were 100, 100, 0, 1, 0, 1, 0, 1, 0, 1, respectively (compare to the top row of Table
2.4). A training sample and boxplots of test errors for this discrete case are displayed in Figure
2.6 (compare to the top row of Figure 2.5). These results are promising although far from a
thorough study of SKDA and MSKDA with discrete predictors. The latter will likely prove
fruitful just as the study of discrete predictors in the framework of kernel regression without

variable selection has been; see [58] and [47] and the reference therein.
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Figure 2.6 Plot of a training sample (left) and boxplots of test errors (right) for the discrete predic-
tor simulation study in Section 2.4.3.3.

2.4.3.4 Three-Group, Mixtures of Equicorrelated Normals

This is another 3-class example with p = 10 and an AR(1) correlation ¥ = (o) with o;; = p|i*j X
We also partition predictors with p; = 2 and py = p — 2. Data are generated in two steps:
generate Y uniformly over {1,2,3}. Conditional on Y = k, predictors are generated as X | (Y =
k) ~ 0.5N((67,%11,07,.212)T, %) + 0.5N (—(01,%11,07,.212)7, %), a mixture of two multivariate
Gaussian distributions, for k = 1,2,3. Here 011 = (5,08)7, 615 = (2.5,5\/§/Q,Og)T, and
015 = (2.5,—-5v/3/2,01)T. According to Proposition 1 in Section 2.6.2, the Bayes classification

rule depends only on X; and Xo.
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Table 2.5 Predictor selection frequencies for MSKDA for the study in Section 2.4.3.4.

Frequency
p | X1 Xo Xz Xy X5 Xe¢ X7 Xg X9 Xy

0 | 100 100 O 0 0 0 0 0 0 0
0.3 100 100 O 0 0 0 0 0 0 0
0.6 | 100 100 O 0 1 0 0 0 1 3
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Figure 2.7 Plot of one training sample (left) and boxplots of test errors (right) for the study in Sec-
tion 2.4.3.4.

Training sets of size 300 and a test set of size 30,000 are used. Results over 100 repetitions

are in Table 2.5 and Figure 2.7 in the same format as the previous example. For this data
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generation model, LDA is badly misspecified. Consequently LDA performs close to random
guessing as seen in by Figure 2.7. MSKDA improves upon MKDA in terms of classification error

due to its variable selection ability.

2.4.4 TIllustrations with Real Data

2.4.4.1 Wisconsin Breast Cancer Data

We apply SKDA to the Wisconsin Breast Cancer Data (WBCD) containing information on
569 patients, including a binary indicator of tumor malignancy (malignant/benign) and thirty
purported predictors.! We standardized each predictor to mean zero and variance one. In each
repetition, we randomly select 300 observations as the training set and the remaining 269 are
used as the test set to report performance by calculating the classification error for each method.
Ten-fold cross validation was used for estimating tuning parameters. Test error results over
40 repetitions are reported in Table 2.6 and displayed in Figure 2.8. SKDA had a test error
comparable to LDA, KDA, SCAD logistic regression, and SCAD SVM but a smaller test error
than SLDA.

Table 2.6 Test error summary for 40 random splits of the WBCD data.

LDA SLDA KDA SKDA SCADlogit SCADsvm
Test Error Average | 0.049 0.130 0.043 0.045 0.045 0.038
Test Error Std Dev | 0.011 0.020 0.010 0.011 0.014 0.010

The average number of predictors selected by SKDA, SLDA, SCAD logistic regression, and
SCAD SVM are 3.8, 11.0, 6.63, and 8.3, respectively. Predictor selection frequencies for SLDA
and SKDA for this example are given in Table 2.7. SKDA selects far fewer predictors yet is

competitive in terms of classification error.

! Available at the UCI Machine Learning Repository http://archive.ics.uci.edu/ml/
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Figure 2.8 Boxplots of test errors for the WBCD example

Table 2.7 Predictor selection frequencies for SLDA and SKDA for the WBCD data example. Aster-

isks indicate variables selected using the entire data set.

X; SLDA SKDA SCAD SCAD || X; SLDA SKDA SCAD SCAD
logist svm logist svm
X3 5 0 0 0 Xi6 19 0 3* 4
Xo 14 3 4 4 X7 12% 0 0 0
X3 0 0 0 0 Xis 4 0 0 0
X4 1 0 0 0 X19 10 0 0 0
X5 2 0 0 0 Xao 7 0 7 5
X6 18* 0 0 1 X1 38* 40* 32% 40*
X7 2 0 2 7 Xoo 25 37* 36* 37*
X3 30%* 6 15% 24* X3 1 0 4 6
Xy 9 0 0 1 Xoy 9* 0 8* 1
X10 22 0 1 2% Xos 14 14%* 6 20*
X1 26* 7 35% 17* Xog 1 0 0 0
X192 10 0 2 2 Xo7 18 2 9* 14%*
Xi3 2 1 0 0 Xog  32% 28% 25% 24
X4 21% 0 0 0 Xo9  30% 13 7 27*
X5  32% 0 1 4% X3 26 0 2 0

2.4.4.2 Chemical Signatures

The proliferation of natural gas wells due to economically feasible welling technologies has
heightened awareness and concern about emissions from these wells and their impacts on human
health and the environment. On-ground, off-site, remote emissions measuring technology will

play a key role in obtaining quality data for assessing emissions from oil and gas production
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sites. We illustrate the application and performance of SKDA using data collected during the
development of a remote measuring technology [73]. The data contain measurements of 38
chemical compounds recorded at each of n = 170 sites. Secondary to the remote-sensing method
development research, the data were clustered using k-means clustering with k£ = 2 (and using
all 38 compounds) ostensibly aligning with well type (dry, wet). We are not concerned with
the accuracy or interpretation of this initial clustering. Rather for our illustration we take the
classification as given and address the question of whether a smaller subset of the 38 compounds
explains it. Because the study is still in progress, we identify the chemical compounds only as
X1,..., Xss.

The heat map in Figure 2.9 illustrates the data and classification. The figure is too small
for the well labels, 1,...,170, to be legible on the heat map plot. However, it is sufficient to
know that the first 50 columns correspond to the “Y = 07 group, and that the last 120 columns
correspond to the “Y = 1”7 group. Chemical compound labels, identified here only as X1, ..., Xas,
are legible on the right vertical axis.

To assess the relative performance of methods on this data set we used 40 random splits
of the data into training and test sets of sizes 136 and 34 respectively. The training data were
analyzed using eight-fold cross validation to select tuning parameters where required. Average

test errors (with standard errors) are reported in Table 2.8.

Table 2.8 Test error summary for 40 random splits of the chemical signature data.

LDA SLDA KDA SKDA SCADlogit SCADsvm
Test Error Average | 0.15  0.38  0.17 0.02 0.31 0.02
Test Error Std Dev | 0.06  0.07  0.06 0.03 0.03 0.03

In addition to having the lowest test error, the collection of forty models selected by SKDA
clearly suggests that two variables, Xy and Xj5, provide the bulk of the discriminatory power,

whereas the collection of models selected by SLDA is far more diverse and less suggestive with
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Color Key

Figure 2.9 Chemical data heat map. First 50 columns (left to right) are the “Y = 0” group. Columns
within groups randomly ordered. Rows identify compounds X7, ..., Xss.

regard to possible sparsity in a good classification rule.

2.4.5 Consistency of SKDA

We now establish consistency of SKDA. Below we establish the notation used for the statements
of the results below, and in the proofs in the appendix Section 2.6.3.

Partition X into important, X7, and unimportant, X;;, components. Without loss of
generality, assume that X = (X+, X Z)T Denote the conditional density function of X given

Y = k by fi(x) = fr(xz,xy) and the conditional probability of Y = 1 given X = x by
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Table 2.9 Predictor selection frequencies for SLDA and SKDA for the chemical signature data. Aster-
isks indicate variables selected using the entire data set.

X; SLDA SKDA SCAD SCAD || X; SLDA SKDA SCAD SCAD
logist svm logist svm
X1 26* 3 0 0 Xop 11 0 0 0
Xo 40%* 40%* 40%* 40%* Xo1 22% 0 0 0
X3 28* 0 0 0 Xoo 3 0 0 0
X4 29* 8 2 24%* Xos 10%* 0 0 0
X5 23* 33* 15% 18 Xoy  23% 0 0 0
Xs 13* 0 0 0 Xos 11* 0 0 0
X7 19%* 0 0 0 Xog 9 0 0 0
Xsg 21* 0 0 0 Xo7 10 0 0 0
X9 25% 0 0 0 Xog  19% 0 0 0
Xi0 20* 0 0 0 Xog 23* 0 0 0
X1 21 0 0 1 X3 14%* 0 0 0
X2 14* 0 0 0 X31 24* 0 0 0
X153 10 1 0 0 | Xz 20 0 0 1
X4 4 0 0 0 X33  17* 5 0 4
X15  16* 0 0 0 | X34 2% 0 0 P
Xi6 10 0 0 0 X35  20%* 3 1 10
X7 19* 2 0 1 X3¢ 18* 0 0 0
X3 15 0 0 0 X7 14% 0 0 0
X9 10%* 0 0 0 X3g 16* 0 0 0
P(x) = P(xz, 2y) = 7 (x;,g;()ﬁfr ’ch’()mzwu). Note that X, being unimportant means
P(wz, mu) = P(ZEI, iu) as long as iz = Iz. (2.13)

Note further that this partition is not unique since Z U {j} and U \ {j} is another partition
of important and unimportant predictors for any j € U as long as Z and U satisfy (2.13). To
ensure uniqueness, assume that Z has minimal cardinality among all such partitions.
Extending the partition notation to P(x) = P(a; X) = 71 f1(x) /(Fo fo(x)+71f1(x)), we define
P(xz,2y) = P(r,20; A1, \u) = T fi(ez, u) /(Tofol@z, mu) + 71 fi(zz, 2u)), and LAz, Ay) =
Yoy {yi log(]-:’(a:iz,wiu; Az, Au)) + (1 —y;)log(1l — P(aziz,xiu; A7, )\u))} .
For any A = (A, Ao, .. .,)\d)T, denote A(A) = {j : A; > 0}. For any vector « and set A,
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denote x4 to be the subvector of & with indices in A. We use this notation often. For example,
sp and cp are subvectors of s and ¢ with indices in B, and so on. By slight abuse of notation,
let fx(ax.4) be the conditional density function of X 4 given Y = k for k = 0, 1. For a symmetric
kernel K (-), denote pp = [t2K(t)dt and vy = [ K2(t)dt

Lemma 1 Consider an index subset A C {1,2,...,d}. If \j = oo as mlnk{nk} — 00 when j €
A and \j = 0 otherwise, and maxy, {HJE.A)\ /nk} — 0, then fk T L) Z H N K (A
iy;=k jEA

xij)) s a consistent estimator of fr(xa) for k =0,1. Asymptotzcally, the bias and variance
are given by Efu(@a) — fu(@a) = 2 Y4 [ @)/ (O2) + o(5,e4 A7) and Var(fi(@.)) =
Felea) T jeaors) /i + oG TTiea Ao)-

Lemma 1 shows that the estimator for the conditional density is consistent when all nonzero
elements of A diverge to infinity when n — co. We establish next that the estimator of the
conditional density is not consistent when some elements of A converges to finite positive numbers

while n — oo.

Lemma 2 Consider subsets A and B of {1,2,...,d}. If \j; = o0 as n — 0o when j € A,
)\f — ¢; for some constant c¢; > 0 when j € B, and \; = 0 otherwise, ﬁ(scA,zL'B) =

— Z H A K (A — x45)) is not a consistent estimator of fi(xa,xB) for k =
zyl =k jeAUB

Asymptotically, we have Efk T A, TB) fSB jeB K(s)) fe(xa, x5+ D{CB}SB)dSB +
% ZjeA ﬁ fsB jeB K(SJ))fk jj(ZBA, mB+D{CB}38)dsB+O(1+2jeA )‘j ) and Var(fk:(mfl)) =

[Les(A (fsB [jes K (i) fr(@a x5 + D{cB}SB)dSB) ITica(or)/ni + o(1 + - Tlica M)-
The extra 1 in the little-o terms is due to the assumption that A\; — ¢; > 0 for j € B.

Theorem 1 Assume that the domain X is compact and T — oo and 7%/n — 0 as n — oo in
(2.11). Then the optimizer A= (Xl,XQ, .. ,/):d)T 18 such that Xj — 00 for j €T and /):j — 0 for
JeU.

Corollary 1 Assume that the domain X is compact and T — oo and 7¢/n — 0 asn — oo in
(2.12). Then the optimizer A= (/)\\1,/)\\2, e ,/):d)T satisfies that /)\\j — oo for j € T and Xj =0
forjel.

Note. Because (2.11) and (2.12) are not convex in X establishing asymptotic properties other

than consistency is more involved and we leave that for future work.
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2.5 Summary

We introduced a new approach to variable selection that adapts naturally to nonparametric
models. The method is derived from a measurement error model likelihood, and exploits the
fact that a variable containing a lot of measurement error is not useful for modeling. When
the approach is applied to linear regression, the resulting new method is closely related to the
LASSO, yielding a novel interpretation for the LASSO and lending credibility to the new MEM
selection likelihood approach. When the approach is used for variable selection in nonparametric
classification, a new method is obtained, sparse kernel discrimination analysis (SKDA). SKDA
was shown to be competitive with existing methods in the case that the true classifier is linear
(the case for which the existing methods were derived), and generally superior in cases where
the true classifier in nonlinear.

In Section 2.3.2 we showed that for linear regression with \; parameterized in terms of
precisions, MESSO optimization is convex and amenable to efficient computation algorithms. For
other cases that of interest MESSO optimization is not convex. For the simulation results and
examples in this paper we used the MATLAB constrained minimization function fmincon.? We
have also had good results with coordinate descent (modified to handle the sum-to-7 constraint)
and a standard BFGS iteration after reparametrization to eliminate constraints, e.g., setting
Aj = 7'77]2- S+ + 7712,). A web search of “parallel coordinate descent” returns numerous recent
technical reports describing promising modifications of coordinate descent that take advantage
of parallel processing. We are investigating the use of these algorithms to enable MESSO to
be routinely used with even larger-dimension problems than those studied in Section 2.4.3.2
(p =50, 100).

In 1986 R. Prentice wrote “There appears to be a dirth [sic] of realistic covariate measure-
ment error models that lead to explicit forms ...” for distributions of the observed data in a
measurement error model [56]. The same is true today and thus the construction of a MEM

Selection Likelihood as defined in Section 2.2.3 is not always straightforward. A popular solution

2MATLAB and Statistics Toolbox Release 2012b, The MathWorks, Inc., Natick, Massachusetts, United States.
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to this dilemma in the MEM literature is regression calibration [11]. It provides a ready-made
(approximate) solution to the construction of the MEM likelihoods (Step 2 of the algorithm in
Section 2.2.3). Our initial attempts at using regression calibration to implement our MEM-based
variable selection in generalized linear models are promising. Additionally, unlike in 1986, it
is now feasible to compute likelihoods even when explicit forms are not available. Thus we
anticipate that a second route to realizing the full potential of the MEM-based approach to

variable selection will likely entail numerical (Monte Carlo) evaluation of MEM likelihoods.
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2.6 Appendix (Supplemental Files)

This section contains details provided in the supplemental files of [68]. Sections 2.6.2 and 2.6.3
are copied verbatim from the supplemental files. Section 2.6.1 contains additional details that
are not in the supplemental files, but that facilitate presentation and understanding of the key

convexity proof.

2.6.1 Equivalence of LASSO and Lgg,,-MESSO

We now prove the solution-path equivalence between maximizing ESELl in (2.6) and LASSO.

~ —2/n
We consider the transformation 52(\) = <LSEL1) , S0 that
R ~ ~T ~ _ -1 <
2(\) = Ty — Vyy (VX + D{;}) Vxy. (2.14)

Maximizing Lgg., is equivalent to minimizing %(\).

We first establish convexity of 32(A) and then we prove that the KKT conditions for the

36



LASSO and ESELI—MESSO are equivalent. Note that although we started Section 2.3 with an
assumption of multivariate normality, the results proved in this subsection do not depend on

any distributional assumptions.

CONVEXITY. We first establish definitions, identities, and results that will help in proving
convexity of 52(X).

Diagonal matrix definition and identities.
1. For a given vector v, D (v} is the diagonal matrix with v on the main diagonal.
2. Dy =1
3. Dipyl =w and 1" Dyypy = v

4. D{vl}vg = D{v2}’01 and ng{vl} = ’U{D{’Ug}

5. D{D{vl}v2} = D{’UQ}D{’Ul} - D{’Ul}D{'vQ}

Lemma 3 If Vx is nonnegative definite and X > 0, then I + D}(f}VXD%f} and I + VXD{A}

are full rank.

Proof. Suppose there exists ¢ such that

1/2 1/2 . .
(I + D{A}VXD{A}> c=0, or (I + VXD{A}> c=0. (2.15)

Clearly, DY2e=0 implies ¢ = 0 in both cases. If D2 ¢ # 0, then A2 # 0 for some j, from
{A} {A} i

which it follows that ¢’'¢ > 0 and CT'D{)‘}C > (0. Note that (I + DKQ} V;ﬂ?}ﬁ) c = 0 implies
D%QQ}VX'D%QQ}C = —c, and thus that
Tyl/2 2  _ T
c D{A}VXD{A}C— c c<QO.

Likewise (I + VXD{)\}> c = 0 implies that VXD{)‘}C = —c¢, and thus that

CT'D{A}VX'D{A}C = —CT'D{)\}C < 0.
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The latter two inequalities are contradictions because Vx is nonnegative definite. It follows that

<I + D%Q}VXD%%) c =0 iff ¢ = 0, and the same is true for I + VXD{)\}. Thus both matrices

are full rank. [

Function Definitions and Identities. In the following Vx is a nonnegative definite matrix

1/2

{A}

1/2

and XA > 0. Under these conditions I + D\ VxD ! and I + VxD () are full rank, and so is

the transpose of the latter by Lemma 3.

<I—|—VXD{)\})_1 — I-Vx (I+D{)\}VX> 1D{>\}

(14D Vi) = 1Dy (T+VaDpy) Vx

~ -1
By = D (T+DvaDy) P Vay

= Dy (T+VxDpyy)

= <I+D{A}Vx>71D{A}VXY

20 (v vo)

1
Vxy

—1 ~
(I + VXD{)\}> Vxy = Vxy — Vx(A)

-1
(A) = MDipyy,) for M= (I+DpVx)

).

= MDppy for A=Vxy—VxB(A)

A>0 IR
=" (w+ppy) PR G,

(A = W= VB
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52(A) = {06%(N)/0A}
= VHBW

= A'Dpy for A=Vxy - VxB(A)
-1
— v, (VX n D{—Al}) DD )

22 = 20 D Dy - (V —|—D_1>_1 DD
(oo} 7o T T U T M)

-1
Diaim = {PyU+DyDy)}

— (14D Dy,) D 2.1
= (1+PpPm) Py (2.16)
(I+A) '~ T-A4A% for A “small” (2.17)
DiayPiv} = PipyPla) (2.18)
D{a}b = D{b}a. (2.19)

Convexity proof. We now give a direct proof that (2.14) is convex in the A € RP parameter.

Define P(A) = V;Y(‘A/X + Dg;})_l‘/}xy. For notational simplicity, let M = (Vx + D{f;})_l S0
~T ~ ~ ~

P()\) = nyMVXy. It is equivalent to write M = (’D{A}Vx—‘rf)*lp{)\} = D{)\} (VX'D{)\}—FI)*l

to avoid division by zero when any A component is 0. Let h be a constant vector of “small”
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values so that both Dy and D{_;}D{h} are “small.” Then by (2.16), (2.17) and (2.18),

-1

Dixsny = (I +D{A1}D{h}) Diny
- p-1
~ (I-DR Py + PR Diy) Piny

Diay ~ Py Piny + Py Diny-

Using this approximation in P(A + h),

POA+h)~  Vxy (Vx + D03 — D3 Diny + DD {h})—lffxy
= Vo {7 (101 (PG Py PP ) )} Vi

- V;Y{I+M( D D{’i}D{h})} MVxy.

The expression inside of the parenthesis is again considered to be “small” and (2.17) can be

used on the expression in the braces,

P(A+h)
~ Vaoy {1-M (PG Dlny D3 Piny)
M (DDl ~ Dy P ) M (P Phny = PiiyPimy ) } MV
— Vay MVxy — Vay M (P Dy - D&}D{hﬁ MVxy
+ Vxy M (DG Dy~ DR Diny ) M (D3 Dy — D3y Piny ) MV
— P(\) — Vigy MD;3

DYy MVxy + Viy MDD 2Dy MVxy

{A}
DypyMD}

{A}

+ nyMD D{h}MVXy

A} {A}

VXyMD D{h}MD D{h}MVXy

A} {A}

VXyMD{A}D{h}MD{A}D{h}MVXY

{A} {A}

As this is a second-order expansion of P(A + h), any term with more than two D (h} factors is
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ignored (the last three terms). Utilizing (2.18) and (2.19) this expression can be simplified to

~T ~
P(A+h) ~ P(A) + Vxy MD 3, Dipy MVxy

{A}
~T _ _ _ <
+ Vxy M (D{h}D{f}MD{AZ}D{h} N D{i}D%h}) MVxy
= P(\) + V;YMD{’)%}D{;L}M‘A/XY
~T _ _ — 1/
+ VxyMDpy (D{f}MD{f} - D{f}) DinyMVxy

= POV + Vxy (Dyay Vx + 1) "Dy D Dy Dy (Vx Dyay + 1) 7 Wy
+h {D{MVXY} (PERMPR) - Py D{Mffxy}} &
= PA) + Vy (Dyay Ve + 1) "Dy (VxDpay + 1) Vxy
Rt {D{MVXY} (PRP3 - P1) D{MVXY}} "
= POV + Vxy (Dix Vi +1 _lﬂ’{(vXD{A} £ Vxy )
+h {D{vay} (PR MG - ) D{vay}} i
In general, a second-order expansion looks like
PA+h) =~ PA)+(VPA)Th + %hTV(VP(A))Th
s0, letting A(X) = (VxDyxy + )" Vxy, it must be that
VP(A) = DiaaAM);
vV P(A)= 2D {317y ) (PR MDR, D) P (217

The MESSO objective function is 62(A) = Vy — P(A) so the Hessian of 52(\) is simply the

negative Hessian of P(\). Convexity is proved by showing that —VV? P(A) is non-negative
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definite. First, note that

~-vvTpPn)

DMD

:2D{MVXY}(D{_A} (A} {A})D{MVXY}

— 1 —
- 2D{M‘7xy}1){)\2} {D{A} — (Vx +D{>\}> }D{j}D{M‘Afxy}.

Let A > B mean that the matrix A — B is non-negative definite. Then, Vx +D { i} =Dy I3 } since

VX = 0. So (VX —|—D{>\}) < D{)\} showing that D{A} — (VX + D{)\}> is non-negative

definite. Then —VVTP(X) = 0 since, for any z € RP, 27 {-~VVTP(X)} z is a quadratic form

where the innermost matrix is non-negative definite. Thus 52(\) is convex. [

MESSO-LASSO EQUIVALENCE PROOF. Consider the penalty form of the LASSO

estimator (2.3), which we reproduce here using the short-hand subscript L for LASSO.

~

BL(W)—argH;m 7”Y Xﬁ||2+772|ﬁg ; (2.20)
,,,,, » =

Consider the weighted-penalty version of (2.20) obtained by replacing the L; norm in (2.20)
with the weighted Lo penalty n,BTD{_i}B, where w is a vector of nonnegative weights. The

resulting estimator is

~

B (1) = (VX +D{w/n})_1 Vxy = <I+D{w/n}‘7x>_17){w/n}‘7xy.

Note that if w = |3|, then nﬁTD{_&;},B = Zj |8;|. It follows that the iteration

—1
© _ 3 t+) . (14D 1% D 1%
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converges to the LASSO estimator, B (1), having the representation

-1
Br(n) = <I+D{|BL|/77}‘7X> D{@L'/n}‘/}xy- (2.21)
Comparing (2.21) to (2.7) shows that B (A) = B, (n) when A = |BL| /.

To prove equivalence of LASSO and ESELI—MESSO consider the optimization problem

p
Ay = argmin 52(X), subject to Z)\j =7; \>0, j=1,...,p, (2.22)
Ao Ap °
7j=1

and the regression estimator obtained from it (subscript M is short for MESSO)

~ ~ o~ ~ 1 ~
B = BAm) = <I+D{)\M}Vx> Dixyy Vxy- (2.23)

Reexpress the constraint functions in (2.22) as
p
MO =Y A -7 and gi(A)=-;, j=1....p.
=1

J

The objective function 2(A) and the constraints are convex, continuously differentiable, and
h(A) is affine. Thus the KKT conditions for optimality in (2.22) are necessary and sufficient
[5, p. 207]. We now show that AL given by /):LJ = \BLJ’/% j =1,...,p, satisfies the KKT
conditions for (2.22) when 7=}, |BL,]-|/77, thus establishing that X7, is the minimizer to the
MESSO problem, so that A, = Ay and thus BL = BM in light of (2.21) and (2.23).

To this end we next prove the existence of constants v and u;, j =1,...,p, such that:

(i) G2(N) + vh(X) + 32 155 (A) = 0;

(ii) g;(A) <0, j=1,....p, (X)) =0;

Substituting expressions for the derivatives in (i) reveals that it is equivalent to
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(ia) =DraAA) +vl, — Z?:l pje; =0, with e; = jth elementary vector.

Condition (ii) is satisfied by definition of AL. Since 3 1, solves the LASSO problem, it satisfies

the LASSO KKT conditions: VXY — VX,B 1, = 17, where 7 is some p x 1 vector with jth element

Ye {sign(BL;)} Brj #0, (2.24)

[_17 1] BL,j =0.

Recall that A(X) = (I + VxDyyy)” ' Vxy and so

AAL) = (I+VxDpy,y) Vxy

= (I — VX(I + D{AL}‘A/X)_ID{AL}) Vxy = Vxy — ‘7X3L-

Now let v = n?. Then 3\2(XL) = _D{A(X )
L

}A(/A\ L) > —n*1 elementwise, ensuring that

-D {A(X )}A(X 1) +v1, is elementwise non-negative and so a vector p of non-negative constants
L

always exists to solve (ia). This gives (i) and (iii). When BL,j # 0 it must be that XLJ >0

h

which implies that g; < 0. In these components, v; = £1 by (2.24) and so the 40 component of

_D{A(XL)}A(XL) + 1/) = —(£n)? + n? = 0 exactly. Thus z; can be set to 0 to maintain (i)
and satisfy (iv).

The MESSO KKT conditions are satisfied by p L, So it must be that b L= Y M for a generic
n and thus any 7. Finally, ,@L = ,@M(XL) = ,BM(/A\M) = BM and the two regression coefficient
vectors are equal. (The first equality comes from the iterated ridge solution to LASSO which

shares the MESSO form.) [

After publication, a reviewer brought to our attention that a connection between LASSO
and a perturbed design matrix in the context of robust regression had been established in [83].
One may view the false measurement error injected by MESSO as perturbations coming from

an uncertainty set with a fixed norm.
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2.6.2 Generating Sparse Classification Data

Proposition 1 Suppose that the variance matriz ¥y, and mean vector p, . are conformably
partitioned as (X171, X12, Xo1, Xo2) and (py, po). Let V(- -, v1,v9, Q) denote the partitioned
multivariate normal density with mean vector (VlT, V%)T and variance matriz . Then for any
conformable vector 01 the ratio V(xy, T2 thy, Ho, 1)/ V(21,2 g + 1101, iy + X2101,X) does

not depend on xo (it is a function of ©1 only).

Proof of Proposition 1. Using moment generating function identities it is straightforward
to show that W(xy,xo; py, ty, X) €xp (931 0, — pnlo, — 0{21101/2) integrates to one and is
thus a density function, and that its moment generating function is the same as that of
U(x1, x2; g + X1101, oo + 32101, X). Thus

U(xy, xo; g + 21101, py + 2161, %)
\I’<391,3323H17H272)

= exp (m{el - ,U,{ol - 0{21101/2) .

|
2.6.3 Proofs of Asymptotic Results
Proof of Lemma, 1. Note that
Efi(za) = E | [T NEO(@; — X))V =k
jeA
= / H A K (A —x45)) fr(xia)de;a = / H K(Sj)fk(mA—FD{_;A}SA)dSA
Tia jeA Sa JEA
SiSm
N / fk(mA)+Zfl<(:;1J')(m Z fkjm )\]T x HK(Sj) dsa
Sa jeA g meA m jeA
+ higher order terms
- £ @) /(03 + o] 472 (2.25)
JEA jeA
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where D{ Aad is the diagonal matrix with elements \;,j € A, and D{_;A}s A is a vector with

elements s;/\;,j € A. Define f,glj)(mA) = %fk(mA), f,gi)m(mA) = axja%mfk(mf\). Then

Var(fi(z.4)) = ;kVar TT XK (5 — X))V = k

JeEA
2
1
= —|E [TNEN @ = X)) | Yi=k | = (E(] MKz - X))V = k))?
k JEA jeA
Note that
2 2
BT VEN - X)) Y=k _/ T AE O —2) | felia)din
jeA Tia jeA
= / H [)\jKQ(sj)] fk(xA +D{_>{A}SA)dSA
Sa jeq
1 9 SiSm
= (I [ |+ a0+ ] 3 im0 | TR s
jeA Sa jEA ]’mEA jeA

+ higher order terms

= fr(za) H(V/\j) + higher order terms.
JjeA

Combining (2.25), we have Var(fi(@.4)) = fi(.4) [Tjea(vAj)/ni + 0 ( TLjeaX ) This com-

pletes the proof. [ |
Proof of Lemma 2. The proof follows from that of Lemma 1. |

Proof of Theorem 1. We first consider the regular case that /):j — ¢; for some ¢; € [0, 00
for j = 1,2,...,p. Denote Zy = {j : j € Z;¢; = 0}, 1 = {j : j € Z;0 < ¢j < oo}, T,

{j:je€ZLicj =00}, Uy =1{j:jelUc;=0}HU ={j:jeU0<c¢ < oo}, and
Uss ={Jj :j € U;c; = oo}. Note first that all the little-o terms in Lemmas 1 and 2 can be made

uniform with respect to € 4 and g due to the assumption that X' is compact [34]. By the strong
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law of large numbers, 7 — 7 almost surely for & = 0, 1. First we prove by contradiction that
Xj—>ooforj€IandZ/l1 = 0.

Recall that A = (Aq, ... ,XP)T solves the optimization problem

- .1 1, 1— yi)log(1 — P(a; } 2.2
s Z{y og(P (@ X)) + (1 — i) log(1 — P(2:; \)) (2.26)
p
subject to ZAj:T; Aj>0,5=12,...,p,
j=1

Fe(@; X) = 35— 10—y K(Nj(2j— i) /nx and Pa; X) = 71 fr(; A)/ (Fo fo(m; A) +71fi (2 X)),
Notations analogous to fk(a:; A), fru(x; A), and P(a; A) are used below. Note that

P xI()a LT, LT s TUys LU s TUso 5 AI()7 AIN AzoovAU()v Aula)‘uoo)

-1
o ( 7T0f0 513107113117131007331/{07332/{17:131100,)\IO,>\Il7)\Ioo,>\uo,)\u1>)\uoo)>

7Tlfl :BI07:BI17:BIOO7:BZ/{07$MU:BZ//OO’ AI@) AIU AZOO) AZ/[O) AUUAUOO)

-1
+ Op(1)>

-1
+ op(1)> .

The first equality follows from definition of P; the second from the fact that K (Aj(z; —

TT, s TToos Ty » Tlhoo s ATy s Moo s AU > Moo

Il
ﬁ

(

o )
(mI1 y LT s mZ/h s Lloo s A.’1—1 ) )\Zoo» /\2/11 ) Auoo)
( )
( )

R 0J0(T1y, BT, Ty s Tt s ATy s Mooy Mty s Ao
% f :BIU:BIOOv:DU17mMoo7AIUAIOO7AZ/I17AZ/{OO

zi;)) = K(0) + o(1) when A\; — 0 and the domain X is compact; the third via cancellation of
I1 JETIUTUth Ul A 10 the denominator and numerator. Thus by Lemma 2,

P(x1,, T1,, TT., Tl Tidy s Tl ; ANTos ANy s Moo s N> Aty s AN, ) CODVErges in probability to

7T0Q0>
m1Q1

A(wl-l)ml-ooa:BU17mUoo7cI17cu1) <1 +

where

Qr = / IT &Gsi) | £ (9611 + Dy} 811 XL Tuy + D{%}Sul,wuw> dsz, s, -
Szyuuy JELLUU

All convergence and little-o terms can be made uniform with respect to @ due the compactness
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assumption on X. Correspondingly the objective function of (2.26) converges to

E(YloglA(Xz, X7, Xy Xtio; €11 ca)] +

(1-Y)log[l — A(X1,, X7z, X1y, Xuis €z, €uy)]) (2.27)

in probability. Consider another case A\; — oo for j € Z and \,,, — 0 or oo for m € . By noting
that predictors X, are unimportant, the corresponding limit of the objective function (2.26) is

{1 N 70.fo(X 1) }_1 (1= Y)log [1 B {1 n mo.fo(X 1) }_1])

k (Y o2\ R A ) m1 h(X7)

which is larger than the limit in (2.27) due to our assumption on the distribution of X and Y.
Thus Xj must satisfy Xj — oo for j € 7 and Xj — 0 or oo in probability for j € U.

Next we prove Xj — 0 in probability for j € U by noting the convergence speed. Denote
dz to be cardinality of Z and di; denotes the cardinality of Us. According to Lemma 1,
the asymptotic bias and variance are of order » FETUU )\;2 and rle I JETUUs Aj, respectively,
which are optimized with \; diverges at the same speed as 7, say A\; = 7/(dz + dy.) for each
j € 7 € TUUs and have optimal speeds of (dz 4 dy_)?/7? and 7%+ /. respectively. Thus
the asymptotic bias is of the same order 7=2 with a larger constant (dr + dy._)? for a larger
dy., but the asymptotic variance is of order 797 % /n; which is increasing in dy,_. Although
the limit of the objective function of (2.26) is same as long as A\; — oo for j € Z and A\; — 0 or
oo for j € U, the convergence speed to the same limit is different for different number dy,_ of
Aj — oo for j € U. A fast convergence is preferred, which corresponds to dy, = 0. This proves
that A; — 0 in probability for j € U.

We assumed initially that lim Xj exists for all j (either 0, a finite number or infinity). We
now argue that the limits exist. Consider every convergent subsequence of X and apply the
above proof to the subsequence. It shows that every convergent subsequence of X has the same

limit, which implies that the limit of X exists. This completes the proof. |
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Proof of Corollary 1. The proof follows from that of Theorem 1.
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CHAPTER

3

MEKRO

3.1 Introduction

Stefanski, Wu, and White [henceforth SWW:; 68] describe a very general variable selection method
that results from modeling predictors as if they were contaminated with measurement error. A
model is first embedded in a measurement error model (MEM) framework, then the resulting
MEM selection likelihood is maximized subject to a lower bound on the total measurement
error. The feasible region set by the constraints has sharp corners that admit feature sparsity.
The total measurement error serves as a tuning parameter to balance model sparsity and fit.
When applied to linear models, the SWW procedure generates solution paths identical to
those of LASSO [68, 75]. Thus, one can regard SWW’s procedure as an extension of LASSO
to any model—in this paper, to nonparametric regression. We show that applying the SWW
procedure to nonparametric regression results in the Nadaraya-Watson (NW) estimator, but
with a novel method of bandwidth estimation that simultaneously performs smoothing and

finite-sample variable selection as demonstrated by our simulation studies. Though bandwidth
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selection is much studied for the NW estimator, variable selection is less studied and generally
only asymptotically. The measurement error kernel regression operator (MEKRO) integrates
both.

Intentionally contaminating observations with noise has been previously studied under
the terms “noise injection” or “training with noise,” among others. Predictor contamination
is well-studied in general for artificial neural networks where small amounts of noise reduce
overfitting and generalization error [30, 32, 39, 65]. Simulation-extrapolation (SIMEX) estimation
is a method to correct for measurement error in predictors by adding increasing amounts of
known measurement error and extrapolating back to a hypothetical version of the data without
error [44, 67]. Importantly, our method is distinguished from these noise-addition methods; we
develop a likelihood under the false assumption that noise is present instead of contaminating
observations.

This paper is organized as follows. Derivation of MEKRO and computational aspects of
fitting and tuning are presented in Section 3.2. We extend the method to accomodate categorical
covariates in Section 3.3. Section 3.4 describes related methods in the literature and provides
numerical support for MEKRO with both simulated and real data examples. In Section 3.5 we
study selection consistency. Section 3.6 closes with a discussion.

We observe data {(X;,Y;)l_,}, where Y; is the response, X; = (Xi1,...,X;p)T is the p x 1
vector of covariates for the ith observation, and p is fixed. The (continuous) covariates are
standardized so that > ;" | X; = 0px1 and ) ;" , Xf]/(n —1)=1, j=1,...,p. Denote a generic

observation as (X,Y’) where X has jth component X;. We assume the model
Y =g(X)+e

where g(x) = gy x () © E(Y | X = a) is the unknown regression function, and € is a random
error independent of X with E(e) = 0 and E(e?) = 02 < oo. For presentation simplicity, assume

that Y and X are both continuous unless otherwise stated.
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3.2 Measurement Error Kernel Regression Operator

In a supervised learning problem, if a covariate can be contaminated with a substantial amount
of error without adversely affecting prediction performance, then it is not useful for predicting
Y. Measurement error model (MEM) selection likelihoods introduced by SWW implement
this concept by forcing ‘false’ Gaussian measurement error into the covariates X. We first
build a selection likelihood that describes the prediction degradation for a certain allocation of
measurement error to each covariate. Then we perform constrained optimization of the likelihood
where the constraints force ‘false’ measurement error into the likelihood while the optimizer
determines the distribution of errors that results in the least degradation. The likelihood
optimization ensures that the least relevant covariates will be assigned the most (possibly
infinite) error.

Denote the measurement error variance associated with X; as 057 ;- MEM selection likelihoods
describe model degradation through A\; = 1/0,, ; and apply the optimization constraint 1"x =71
where 7 > 0 is a tuning parameter. This constraint is equivalent to an equality constraint on
the harmonic mean of o, and allows one or more o, ; = oo when 7 > 0, implying that each
corresponding X; can be measured with an infinite amount of ‘false’ measurement error and
thus is irrelevant in the model. A constraint on the un-transformed o, could not achieve this as
elegantly.

Applying the MEM selection likelihood framework from SWW to nonparametric regression
results in a kernel regression bandwidth and variable selection method, the measurement error

kernel regression operator (MEKRO). The MEM selection likelihood is

FonN) = S (¥~ (X0, X)), (3.1)
=1

where

Dokt Vi [Ty exp{ =23 (Xi; — Xy,5)?/2}
S [y exp{—=N3(Xij — X 5)%/2}
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See Appendix A for the full derivation. Notice that (3.1) is simply the (negative) mean squared
error, and, more interestingly, (3.2) is the familiar Nadaraya-Watson estimator [53, 78] of g(+)
from the data {(X;,Y;); }, computed using a Gaussian product kernel and diagonal bandwidth
matrix. One key difference is that the traditional smoothing bandwidths, h;, are parameterized
as inverse bandwidths, A; = 1/h;. In this setting, \; = 0 = h; = oo, or covariate X is
infinitely smoothed and thus selected out. This parameterization is also found in [29].

Estimation of the (inverse-)bandwidths is done as prescribed in SWW, via maximizing
ESEL()\) subject to an Li-type constraint in the non-negative orthant,

p
A 20, 5=1,...,p; Y A=, forfixed 7 >0, (3.3)
j=1

where 7 is a tuning parameter controlling the roughness of g(-). A small 7 keeps [|A|| small,
implying large bandwidths and substantial smoothing; a large 7 permits smaller individual
bandwidths and more roughness in g(-). Adding generated noise to predictors with this constraint
has been successful in artificial neural networks [31].

Although MEKRO is the focus of this paper, the derivation of an estimator using MEM
selection likelihoods itself is interesting and worth highlighting. SWW proved that applying MEM
selection likelihoods to the linear model is equivalent to LASSO. The proof hinged on equivalent
ways to express linear model coefficients subjected to shrinkage, either through ridge regression,
LASSO, or MEM selection likelihoods. Although the same relationships or concepts do not exist
in more complicated models, MEM selection likelihoods have been shown via simulation to
produce LASSO-like, finite-sample variable selection in a density-based classification procedure
[68] and in kernel regression (MEKRO).

A MEKRO solution A is the result of optimizing Lsur(A) under the constraints in (3.3).
To avoid constrained optimization, we introduce v € R? and let \;(v;) = T’y]2 [P ), =
1,...,p, for a fixed 7. We then maximize ESEL(/\(’}')) with respect to «y. This guarantees that
the constraints (3.3) on A are satisfied for any =, at the cost of one additional parameter.

Optimization is done in C using the gradient-based algorithm L-BFGS [55]. With m;, =
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?:1 exp{—)\?(Xijj — X1;)?/2} and T’ = ];:1 72, then (X, A) = > or_, Yimin/ > op_ mir and

the required gradients are,

G(X i, A) /0N = ZYmk{ M(Xip — Xig)*} Zm—

Z?Tzk{ Me(Xit — Xga)? ZYM%

k=1

(&) -

Also, O\ /0v; = —27727,; T2 when t # j and 27;(I' —v?)I'"2 when t = j. Finally,

~ 4
aLSEL/a%' = T% Z

Z{Y 9( XN} x (ag(Xi,)\)/a)\t)] (v —T'—;), (3.4)

where 1, is the indicator function. ESEL()\) is not concave but can be maximized well with
neutral starting values. However, starting values near where at least one component of A is
zero and the initial gradient points in an unfavorable direction tends to trap the optimizer in
non-global maxima. Further, (3.4) shows that OLgur. /0; is 0 when ~; = 0. Thus, using warm
starts with components of A set at or near 0 is ill-advised. We always start at vyg .« = 1p,

equivalent to Agstart = (7/p)1,

3.2.1 Example

We generate n = 100 iid observations from the model,
Y =sin(27X;) + sin(7X2) + 0.5¢, (3.5)

where p = 3, X1, X, X3 ~U(0,1) and € ~ N (0,1), independent of X. The X; component has
the same amplitude but oscillates twice as quickly as the X5 component, and thus X; is more
important in describing the variation in Y; X3 is an irrelevant predictor. Figure 3.1 illustrates
how the inverse-bandwidth parameterization and constraint (3.3) encourages sparse solutions.

When 7 = 1, the smallest kernel bandwidth, h, permitted in g(-) is h = 1/7 = 1, which

results in considerable smoothing (recall that each X is scaled to have mean zero and unit
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Figure 3.1 Lggr () contours and gradient vector fields of example model (3.5) for A = (A1, A2, A3 =
T— A — A2) and 7 € {1,2,3}; global maxima are denoted with solid circles and the neutral starting
values Astart = (7/p)1, are denoted with solid diamonds.

variance before fitting, so at 7 = 1 the data and kernel weights have equal variances). When
such a smooth model is forced, the maximizer of ESEL()\) rests in a corner of the feasible region
defined by the constraints at A = (1,0,0). At this solution, both Ay and A3 have infinite kernel
bandwidths and X9 and X3 are selected out. When 7 = 2, maximizing ESEL()\) still results in
the solution XT = (7,0,0), however, the contours hint at the importance of Xs by bending along
the diagonal boundary. When more roughness is permitted at 7 = 3, the maximizer slides along
the boundary and splits 7 between A1 and Mg, leaving A3 = 0 (note that solutions along the line
A2 = 7 — A1 imply that A3 = 0). As 7 increases, the maximizer approaches (7/3)13 and results

in overfitting (plot not shown).

3.2.2 Tuning and Solution Paths

An optimal 7 is chosen via small-sample nonparametric AIC, AIC,, suggested in [43] resulting
in a sparse inverse-bandwidth solution XT. Cross-validation is prohibitively slow. In preliminary

simulation studies, AIC, worked as well or better than other criteria [37]. The degrees of freedom
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are approximated by tr(S;), where S; is the n x n smoothing matrix with [r, s|] element,

S.lrs] = b exp{—=\3 (X, — X5)/2}
. > ohm [y exp{=N3 (X, — X5)?/2}

A=A,
Thus, 7 minimizes,

n+tr(S;)

AlCc(1) =In {_ESEL(XT)} + m

In practice, we first compute 7y = argmin, .. AIC.(7), where 7* is a predetermined coarse grid.
Then we create a finer 7* grid around 7y and repeat the search for the final 7.

The plot of XT versus 7 is an inverse-bandwidth solution path, similar to LASSO solution
paths. To illustrate, again consider the example from Section 3.2.1 except with two additional
irrelevant predictors (X4 and X5). The solution path is shown in Figure 3.2; solid dots represent
active predictors and open dots represent irrelevant predictors. Overlaid is the scaled AIC.(7)
curve (dashed line). Predictor indices are shown in the right margin. In this example, 7 = 5,
for which Xl,/)\\g > 0 and X3 = X4 = /)\\5 = 0 (perfect selection after tuning). Note that at the
final solution, the inverse-bandwidth associated with the more rapidly varying predictor (X) is

larger than the more slowly varying one (X3), as expected.

Solution Path

3.0

25

2.0

1.0

e
S

0 1 2 3 4 5 6 7

Figure 3.2 Solution paths of . versus 7 for Section 3.2.1 example with two active (solid) and three
irrelevant (open) predictors. Dashed line: scaled AIC.(7), 7 € 7* = {0,0.5,...,7}.

56



3.3 Extension to Categorical Predictors

Let € = {j : X; is continuous} and Z = {j : X is categorical}. If j € & then assume without
loss of generality that X; takes values in the label set {0,...,D; — 1} where there is no natural
ordering. The ‘frequency approach’ [see 47] estimates a separate regression function for each
permutation of observed discrete variables, but reduces the effective sample size of each separate
estimator by a factor of approximately [] je Dj_l. We describe an extension of MEKRO for
mixed continuous and categorical variables based on the approach in [58]. The kernel for

smoothing categorical X is
| O
(X, w5) = (1= 05) %79, (3.6)

where 0; € [0,1]. If §; = 0, [; is identically equal to 1 and does not depend on X;. If §; =1, [; is
zero unless X; = x;. Any §; € (0,1) smooths the effect of covariate j, borrowing weight across
the D; different values of z;.

Simply letting 6; play the role of A\; in the MEKRO algorithm fails because ¢; is bounded
above by 1; thus, continuous and categorical predictors would be penalized unequally by the
sum constraint in (3.3) because of the scaling differences. To alleviate the scaling problem, we

propose the univariate categorical kernel

1
k4(Xj, ;) = exp <—2A§w]~ ]lxﬁéxj) : (3.7)

where ); is the same inverse bandwidth parameter used throughout this paper, and w; is a weight.
This is similar to the continuous kernel, except that the indicator and weight replace (X}, ; —Xi,j)Q.
To weight the categorical and continuous kernels similarly, note that if j € €, E[(Xy ;—X; ;)% = 2
fori # k. If j € 2, and again for i # k, E[lx,, 2x,,] = 1 = P(Xp; = X; ;) = 1 — S0 [P(Xp) =
£)]%. Then set w; = 2/[1 — 3,77 {P(Xy; = )}2] where P(X},; = t) = n=' 37, Ix,,—. The

weight requires that realizations be spread across two or more categories. When the data are

balanced across the D; categories, the weight reduces to w; = 2D;/(D; — 1). Observe that, like

o7



3.6), \; = 0 implies that categorical covariate j is selected out, and \; large implies g(-, A) is
J J
different for each category in D;.
The estimator for g(-) incorporating categorical variables is then

Dt Yi [ e exp{ =X (Xij — X j)?/2} [ jeq exp(=Njwjlx,, 2x,,/2)
ZZ:l Hje% exp{—)\? (Xi,j - kaj)z/Q} Hje@ exp(—)\?wj ]lej?éXij /2) 7

/g\(Xiv A) =

where wj is described above. This is substituted into (3.1) and optimized under (3.3) by methods

in Section 3.2.

3.4 Method Comparison and Numerical Results

Much of the nonparametric regression methodology incorporating variable importance can
be separated into two classes: methods that downweight features with little or no effect, and
methods that perform feature subset selection. Arguments can be made for either, based on either
modeling philosophy or the particular application. It is unlikely that any judicious real-world
regression application includes truly irrelevant variables, and downweighting can be superior to
selection for predictions when there are a larger number of small effects present [ridge regression
vs. LASSO in 75]. On the other hand, sparsity attained from selection is valuable for parsimonious
model descriptions, avoiding the curse of dimensionality [46], and predictions where there are
only a few large effects.

MEKRO falls into the selection class, along with several other popular methods. Friedman
[23] developed MARS, a method that flexibly estimates models using a basis of linear splines
with one knot, but it is prone to overfitting [4]. COSSO extends smoothing spline ANOVA
models to perform selection by penalizing a least-squares loss similar to that of LASSO [50,
75]. Adaptive COSSO uses an adjusted weighting scheme analogous to the adaptive LASSO
[70]. Both versions of COSSO typically truncate the model complexity at or below two-way
interactions. SPAM (sparse additive models) is similar to COSSO in that it truncates complexity,
but it allows p > n [59]. Kernel iterative feature extraction (KNIFE) by Allen [2] imposes

Lq-regularization on Lo-penalized splines.

58



Many of the downweighting methods are similar to MEKRO by attaching individual weights
to the separate input dimensions in a flexible model. Automatic relevance determination (ARD)
first described by [54] puts prior distributions on weights for each input in a Bayesian neural
network, and input weights of only irrelevant predictors remain concentrated around 0. [80]
put weights on the distance metric for each input dimension in the covariance function of a
Gaussian process and demonstrate results similar to ARD. [31] add noise to each input of an
artificial neural network and use the harmonic mean to control the total noise added. They
show greatly reduced generalization errors against trees and k-nearest neighbors on classification
problems, but do not consider examples with irrelevant inputs. Adaptive metric kernel regression
[AMKR; 29] is a kernel regression bandwidth selection procedure that parameterizes the local-
constant estimator with inverse-bandwidths. However, it directly optimizes the leave-one-out
cross-validation loss instead of MEKRQO’s approach of choosing an optimal smoothness from an
entire path of solutions with sparsity via cross-validation. RODEO [46] thresholds derivatives of

the local-linear estimator to keep bandwidths associated with irrelevant variables large.

3.4.1 Simulation Preliminaries

This section presents numerical studies on the performance of MEKRO (MEK) against other
variable selection methods for nonparametric regression, including KNIFE (KNI), two “regular”
COSSO variants (additive COSSO, RC1; two-way interaction COSSO, RC2), two adaptive
COSSO, or ACOSSO variants (additive ACOSSO, AC1; two-way interaction ACOSSO, AC2),
and MARS (additive, M1; two-way interaction, M2; thee-way interaction, M3). We use the
default GCV criterion for MARS. For KNIFE, we fix A\; = 1 and use a radial kernel with v = 1/p
as suggested in [2]. The weight power for the ACOSSO is fixed at v = 2, as suggested by [70].
Although these parameters serve as additional tuning parameters, we tune only one parameter
per method for fairness. We also include AMKR (AM) because of its close relationship with
MEKRO.

Each simulation sets Y; = g(X;) + ¢ where ¢; ~ N(0,02) and g(-) is defined for each model.
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We set 02 so that the theoretical model R? = Var{g(X)}/[Var{g(X)} + 0?] is 0.75 (a SNR of
3) unless otherwise noted. The predictors are generated as X; = (U; + kU*)/(1 + k); U; ~
U,1), j =1,...,p; U* ~ U(0,1), so that X; € [0,1] and X has compound symmetric
correlation p = k?/(1 + k?). The covariates are independent when p = 0.

Results are summarized in terms of Type I selection error (irrelevant predictor inclusion rate),
Type II selection error (active predictor exclusion rate), and average integrated squared error
(AISE) over M = 100 Monte Carlo (MC) replications. AISE estimates MISE = E{g(X, /A\;) -
g(X)}? = Ex[E{g(X, X?) — g(X)}? | T] by averaging the mean squared difference between
G(-,A+) and g(-) evaluated on test data over 100 MC replicates, where T is random training
data used in defining the estimator g(-, X;), and X and T follow the same distribution. We use
a test set of 10,000 X data vectors for each model and vary the dimension of T' as a simulation
factor. AISE comparison plots (Fig. 3.3, 3.5-3.10) show 95% confidence bars for the MISE of
each method. MISEs with non-overlapping confidence bars are statistically different based on
the more powerful paired-difference test (not shown).

We give a measure of predictor effect size to provide additional context to regression
functions and simulation results. In models with complex interactions, it is difficult to quantify
the contribution of each covariate to the regression function variance. We quantify effect size
with the scaled root mean squared risk difference between the regression function with and
without X is replaced by its mean. Define v; = E{g(X) — g(X|X].:E(Xj))}2. Then the predictor
effect size for X; is defined as 1/}/ 2 / max{v'/?}. We compute effect sizes to two decimal places
via numerical integration. When this method is applied to linear regression, the effect sizes are
the scaled absolute regression coefficients. Predictors with near-zero effect sizes are effectively
irrelevant and inflate Type II selection errors for all methods.

As an example, consider two models used in [23] for assessing variable selection and prediction
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performance of MARS,

1/2
1 2
Z(X1, Xo, X3, X4) = { X2 Xo X5 — d
(X1, X2, X3, X4) {1+<23 X2X4)} , an

Xo X3 —1/(X2Xy) }

d(X1, Xo, X3, Xy) = arctan {
X1

where X € [0,100], X2 € [407,5607], X3 € [0,1], and X4 € [1,11], all uniformly distributed.
Both models contain all orders of interactions, although the contribution of the covariates
to the model varies widely. Predictor effect sizes for active predictors (X7, Xo, X3, X4) are
(0.03,0.90,1.00,0.00) in Z(-) and (0.55,0.59,1.00,0.00) in ¢(-). Because the contributions from
X1 in Z(-) and X4 in both models are so low, Z(-) is well-approximated by two-way interaction
models, and ¢(-) is well-approximated by three-way interaction models. This was recognized in
[50] after model fitting and observing the performance of a two-way interaction model against a

saturated model.

3.4.2 Simulation Results

Model 1. Nonlinear, three-way interaction; g(X) = sin{27(X; + X2)/(1 + X3)};p = 10 (7
irrelevant variables included); p = 0;n € {50,100, 200,400}. Predictor effect sizes for active
predictors (X7, X2, X3) are (1.00,1.00,0.48). Selection errors are displayed in Table 3.1 and
average integrated squared errors (AISEs) are in Figure 3.3. MEKRO (MEK) dominates in both
prediction and selection, achieving perfect selection when n > 100, and having a comparable
AISE to AMKR only when n = 400. AMKR (AM) overselects irrelevant covariates. KNIFE
(KNI) has approximately the same AISE as the two-way interaction COSSO models (RC2, AC2),
but greatly underselects for smaller n. The two-way interaction COSSO models show a clear
advantage over the additive COSSO (RC1, AC1) models for prediction in larger samples; the large
effect sizes for X; and X5 and smaller effect size of X3 indicates that g(-) is well-approximated
by a two-way interaction model but not an additive model. The three-way interaction MARS

model (M3) performs worst when n < 100, but demonstrates good selection rates for n = 400.
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Figure 3.3 AISEs for Model 1. Note the scale differences. Out of the 400 MC samples, 3 AISE out-
liers are omitted from Ma3.

We now elaborate on the selection performance for adaptive metric kernel regression (AMKR).
Simulation studies in [29] suggest that inverse-bandwidth estimates for irrelevant covariates are
shrunk from AMKR, but are frequently positive (non-zero). Thus, for comparing to a selection
method, one must select a cutoff to operationalize when an inverse-bandwidth is small enough

to be selected out. Our simulation studies show that AMKR-estimated inverse-bandwidths are

Table 3.1 Selection error rates for Model 1. MC standard errors for all cells < 0.03.

Error MEK AM KNI AC2 RC2 ACl1 RC1 M3 M2 Ml

n=2>50 Typel 0.06 055 0.09 014 019 029 019 0.56 0.54 0.70
Type 11 0.13 006 073 058 049 053 0.62 0.21 0.21 0.19

n =100 Typel 0.00 046 0.06 024 011 027 0.12 049 0.52 0.64
Type 11 0.00 0.00 0.40 036 042 040 0.46 0.04 0.05 0.12

n =200 Typel 0.00 048 0.03 026 008 031 0.07 0.28 0.38 0.65
Type 11 0.00 0.00 0.17 031 038 022 036 0.00 0.00 0.12

n =400 Typel 0.00 052 0.03 022 005 030 004 0.07r 022 0.65
Type 11 0.00 0.00 0.10 031 039 020 031 0.00 0.00 0.09
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either near machine zero or large enough to be regarded as relevant. The left panel of Figure 3.4
shows the AMKR estimates for Model 1, n = 400, where X4 through X are irrelevant and
should each have 1/h = 0. Of the 700 samples (100 MC replicates for 7 predictors), 48% of them
had an AMKR estimate of 0. The right panel of Figure 3.4 shows the log,,-value for the other
52% of estimates that were positive; many clump around 107%5, a smooth kernel bandwidth,
but still large enough to be considered relevant. There are very few positive estimates below
10~* even in this moderate sample size case, thus we chose a cutoff of 10™* below which an
AMKR inverse bandwidth was considered 0.

The high Type-I selection error for AMKR is reflective of a researcher being uncertain
whether small inverse-bandwidths represent prunable features or not. However, despite this

binary classification, small inverse-bandwidths will not greatly impact prediction error. In our

log(Positive AMKR Estimates) for

AMKR Estimates, Model 1, n = 400 Irrelevant Predictors, Model 1, n = 400
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Figure 3.4 Study of AMKR estimates for Model 1, n = 400.

simulations, it is generally true that AMKR approaches MEKRQO’s prediction error as n increases,
but the Type-I selection error remains high.

Model 2. Identical to Model 1 with p = 0.5. Predictor effect sizes for active predictors
are (1.00,1.00,0.44) and 0 for irrelevant predictors. The selection errors and average integrated

squared errors for this model are given in Table 3.2 and Figure 3.5, respectively. Again, MEKRO
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(MEK) dominates in prediction and has the best selection rates for n > 100, including perfect
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Figure 3.5 AISEs for Model 2. Note the scale differences. Out of the 400 MC samples, 19 and 6 AISE
outliers are omitted from M3 and M2, respectively.

Table 3.2 Selection error rates for Model 2. MC standard errors for all cells < 0.03.

Error MEK AM KNI AC2 RC2 AC1 RC1 M3 M2 Ml

n=2>50 Typel 0.03 057 0.08 015 0.16 034 016 049 0.50 0.67
Type 11 0.27 0.05 0.49 051 047 026 034 0.07 0.06 0.05

n =100 Typel 0.02 052 0.04 025 008 031 004 050 048 0.63
Type 11 0.06 0.00 028 034 043 0.11 021 0.00 0.00 0.02

n =200 Typel 0.00 045 0.03 024 006 029 003 039 0.39 0.59
Type 11 0.00 0.00 0.11 030 042 0.05 0.18 0.00 0.00 0.01

n =400 Typel 0.00 048 0.08 024 003 035 001 0.26 0.24 0.55
Type 11 0.00 0.00 0.04 026 038 0.00 0.04 0.00 0.00 0.00

selection for n > 200. The other models show improvements in prediction with correlated

predictors because the three-way interaction in g(-) can be approximated more accurately by
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one- or two-way interactions. However, only additive COSSO (RC1) and KNIFE (KNI) show
selection errors comparable to MEKRO at n = 400. Generally, but especially in the presence of
correlation, three-way interaction MARS (M3) can produce unstable predictions by including
near-degenerate basis functions in the training fit.

In response to a reviewer comment, we replicated Model 2 but changed the covariate
distribution from uniform to Gaussian. Results of this additional experiment, described fully
in Appendix C, show that prediction performance was adversely affected but that selection
performance was not.

Model 3. Interaction model with categorical covariates; g(X) = arctan[10{X;(2X3 — 1) +
Xo}t/(—1x,—0 + 1x,=1 + 21x,-2)]; X1, X2 continuous, X3 € {0,1}, X4 € {0,1,2};p = 10;p =
0;n € {50, 100, 200, 400}. Irrelevant predictors X5 € {0,1}, X¢ € {0,1,2}, X7 € {0,1,2,3}, and
Xg, X9, X709 are continuous. All of the discrete covariates follow a discrete uniform distribution
and the continuous covariates are generated in the same manner as above. Predictor effect sizes
for active predictors (X1, X2, X3, X4) are (0.38,0.37,0.65,1.00). Both MARS and COSSO are
designed to handle categorical covariates without modification. AMKR (AM) does not include
a kernel for categorical covariates, however, it will still approximate the ‘frequency approach’
[47] as n and thus the inverse-bandwidths grow. Selection errors are displayed in Table 3.3 and
average integrated squared errors are in Figure 3.6. MEKRO’s good prediction and selection
performance apparent in Table 3.3 and Figure 3.6 support the definition of the weights in (3.7).
The only competitor to MEKRO on prediction is AMKR when n = 400, lending insight that
kernel regression is well-suited to pick up the complexities in this model.

Model 4. This example uses the functions Z(-) and ¢(-) taken from [23]; see Section 3.4.1
for a description. We add a variable selection aspect to the original simulation in Friedman
by including six additional irrelevant covariates having iid U(0,1) distributions, for a total
of ten covariates. We also increase the residual error so the model R? is 0.75 (lowering the
signal-to-noise ratio from 9 to 3) to match Models 1-3. From Section 3.4.1, we know that X

in Z(-) and X4 in both models are essentially irrelevant predictors, and we consider them as
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Figure 3.6 AISEs for Model 3. Note the scale differences. Out of the 400 MC samples, 2 and 1 AISE
outlier(s) are omitted from M3 and M2, respectively.

Table 3.3 Selection error rates for Model 3. MC standard errors for all cells < 0.03.

Error MEK AM KNI AC2 RC2 ACl1 RC1 M3 M2 Ml

n=2>50 Typel 0.07 057 024 014 011 023 027 0.55 0.54 0.65
Type 11 0.36 0.06 0.47 068 070 0.60 059 0.19 0.19 0.22

n =100 Typel 0.03 051 0.17 021 0.12 027 024 044 049 0.58
Type 11 0.10 0.00 039 054 064 054 056 0.10 0.11 0.21

n =200 Typel 0.00 046 0.06 0.23 010 026 021 031 0.38 0.54
Type 11 0.00 0.00 024 043 052 048 054 0.02 0.02 0.18

n =400 Typel 0.00 051 0.03 0.18 0.04 029 029 0.17 031 0.52
Type 11 0.00 0.00 015 037 049 033 038 0.01 0.01 0.11

irrelevant when calculating selection error rates.

Selection error rates for Model 4 are displayed in Table 3.4. Average integrated squared
errors (AISE) are shown in Figure 3.7; AISEs too large to display in the plot windows are
indicated by dashed horizontal linesAlthough MEKRO (MEK) exhibits very good selection rates
for both sample sizes and response functions, it falls short in predictions to COSSO (RC and

AC variants) depending on the setup. MEKRO suffers from the same boundary effect problems
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Figure 3.7 AISEs for Model 4; units for Z(-) plots are 10* and units for ¢(-) plots are 10~3. Note the
scale differences. Dashed lines indicate methods with AISEs too large to display.

Table 3.4 Selection error rates for Model 4, with X; in Z(-) and X, classified irrelevant. MC stan-
dard errors for all cells < 0.04.

Error MEK AM KNI AC2 RC2 AC1 RC1 M2 Ml

Z(-) Type 1 0.03 049 0.03 049 0.05 0.08 0.15 0.60 0.67
n =100 Type Il 0.00 0.00 048 0.02 0.00 0.09 0.00 0.00 0.00
Z(") Type I 0.01 050 0.01 0.04 0.03 001 0.13 0.58 0.63
n =400 TypeII 0.00 0.00 0.50 0.00 0.00 0.00 0.00 0.00 0.00

o) Typel 0.05 054 000 027 009 028 010 054 064
n=100 TypeIl  0.02 0.00 056 0.16 032 0.00 0.0l 0.00 0.01
o) Typel 0.00 051 0.2 021 00l 018 004 037 0.59
n=400 TypeIl ~ 0.0 0.00 026 00l 0.06 0.00 0.00 0.0 0.00

as the Nadaraya-Watson estimator [61]. Both Z(-) and ¢(-) vary rapidly near their boundary
points (see [23] for surface plots), inflating MEKRO’s prediction error rate. Examining a plot of
Z(+, X9, X3,-) (not shown) reveals that much of the surface variation is attributed to the X5X3
interaction. The additive COSSOs (RC1, AC1) cannot pick this effect out and predict poorly.

When n = 100, the weights in two-way interaction ACOSSO (AC2) reduce the component
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penalties too far and irrelevant covariates are overly selected. Even in the larger sample size, when
two-way interaction ACOSSO selects well, the weights impart too much component variation
leading to poor predictions. The two-way interaction COSSO (RC2) performs well.

Model 5. For this model, data are generated from the deterministic function describing
the kinematics of the Puma 560 robotic arm (the data are available from the DELVE! data
repository; see www.cs.toronto.edu/ " delve/data/pumadyn/desc.html? for details). The arm has
six independently-operating joints. The goal is to estimate the linear acceleration in Joint 3,
given the position, velocity, and torque of all of the joints. This example sets several parameters
to zero to reduce the number of active covariates to eight. We append four irrelevant covariates to
judge selection performance. DELVE adds noise to both the input parameters and the response
in two levels, medium and high (‘pumadyn-8nm’ and ‘pumadyn-8nh’ respectively in DELVE).
We cannot estimate predictor effect sizes because we do not have access to the data generating
function.

There are N = 8192 observations available. Because we do not have the luxury of generating
a test data set, we randomly select n training observations without replacement and use
the remaining N — n samples to estimate the conditional squared prediction error, SPE =
(N —n)~! Z?;”{Yz — g(x;)}?. The sampling process is repeated 100 times, and the average of
the SPE values, the ASPE, estimates the squared prediction error. We report results for training
sizes of n = 100, 200.

ASPEs are given in Figure 3.8 and main effect selection rates, the proportion of main effects
selected out of the 100 MC samples, are given in Table 3.5. Note that these are not selection
errors as shown on the previous tables. Interaction effect selection rates are excluded because
we do not know which interactions are weak and effectively irrelevant. Table 3.5 shows selection
rates averaged over the four simulations (main effect selection rates are similar across the four
simulations). The ‘IRR’ row is the average inclusion rate for the four irrelevant covariates that

are extraneous to the original data set.

! Copyright (c) 1995-1996 by The University of Toronto, Toronto, Ontario, Canada. All Rights Reserved.
2Updated: 08 Oct. 1996. Accessed: 02 Mar. 2014.
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Figure 3.8 ASPEs (average squared prediction errors) for Model 5. Note the scale differences. Out of
the 400 MC samples, 3 ASPE outliers are omitted from both M3 and M2.

Table 3.5 Main effect selection rates (not errors) for Model 5, averaged over the four simulation
settings. The IRR row is the average selection rate for the four irrelevant predictors that were indepen-
dently generated. MC standard errors for all cells < 0.03.

MEK AM KNI AC2 RC2 AC1 RC1 M3 M2 Ml

Xy 001 049 062 041 044 0.22 0.09 047 0.29 0.01
Xo 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
X3 1.00 1.00 1.00 1.00 1.00 1.00 099 1.00 0.99 0.97
Xy 001 052 066 050 052 025 0.09 048 0.30 0.01
Xs 001 055 066 066 065 024 0.09 044 029 0.01
Xe 001 050 060 044 047 026 0.10 048 032 0.01
X7 001 048 062 039 044 0.23 0.09 046 0.31 0.01
Xg 001 048 069 045 045 024 0.09 047 030 0.01
IRR 001 051 065 041 044 025 0.10 0.16 0.12 0.01

MEKRO includes X5 and X3, the positions of the second and third joints, on every replicate,
and excludes every other variable at a very high rate. Additive MARS (M1) shows a very similar
selection performance. KNIFE, AMKR, and the four COSSO variants (KNI, AM, RC and
AC) show generally higher selection rates for both active and irrelevant predictors, suggesting

that the selection procedures are discriminating poorly. The two-way and three-way interaction
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MARS (M2 and M3) models show elevated active covariate selection rates, while keeping the
irrelevant covariate selection rate low. Despite only selecting two of the eight active covariates,
MEKRO has a better prediction rate than any other method, including the two MARS methods
that show better covariate discrimination.

[29] benchmark AMKR (AM) against an artificial neural network (without ARD) and
Gaussian process on the same Puma DELVE data sets, giving us indirect comparisons on
prediction error. AMKR outperformed the artificial network, suggesting that MEKRO would do
the same if ARD is not implemented. The Gaussian process generally predicted better than
AMKR by 2-5% (quadratic loss comparison as a percentage) for n near 100 or 200, indicating
that MEKRO would enjoy the best prediction rates in the high noise scenario and similar
prediction rates in the medium noise scenario.

Prostate Data Example. The data are from a study of 97 men with prostate cancer
[66] and were used in the original LASSO paper [75]. The data contain the log level of a
prostate-specific biomarker (response) along with eight other clinical measures (predictors): log
cancer volume, log prostate weight, age, log benign prostatic hyperplasia amount, seminal vesicle
invasion (binary), log capsular penetration, Gleason score, and percentage of Gleason scores

equal to 4 or 5.

Table 3.6 Main effect selection rates (not errors) for the prostate data. ‘Avg Model’ is the method’s
average model size; ‘Corr’ is the selection rate correlation of each method with LAS. MC standard
errors for all selection rates < 0.07 and all average model sizes < 0.55.

MEK AM KNI AC2 RC2 ACl1 RC1 M3 M2 Ml LAS

X1 1.00 1.00 098 100 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Xs 0.78 099 076 071 0.77 095 096 099 098 1.00 1.00
X3 0.01 0.46 0.00 044 052 053 054 086 0.83 096 048
Xy 029 0.7 019 044 046 076 070 084 0.82 091 0.75
X5 064 091 082 094 090 099 097 0.82 084 097 1.00
Xe 0.01 058 0.01 033 012 039 040 081 0.80 0.89 0.21
X7 0.14 0.71 025 021 0.17 030 0.51 0.26 032 027 0.39
X3 0.10 0.52 0.11 041 0.42 048 053 071 0.73 0.90 0.65
Avg Model 2.97 592 3.12 448 436 540 5.61 6.29 6.32 6.90 5.48
Corr 0.89 080 08 087 093 094 096 0.55 0.60 0.51 1.00
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Figure 3.9 ASPEs (average squared prediction errors) for the prostate data. Out of the 100 MC
samples, 2 and 4 ASPE outliers are omitted from M3 and M2, respectively.

We evaluate the nonparametric methods by training on two-thirds of the data and evaluating
the predictions on the remaining third. This process is repeated 100 times and the squared
prediction errors are averaged. We also include LASSO, tuned with 10-fold cross-validation, and
evaluate it in the same way.

The average squared prediction errors (ASPE) are given in Figure 3.9 and the selection rates
(not errors) are given in Table 3.6. Predictions in the prostate data favor simpler methods as
evidenced by LASSO and additive MARS (M1, versus M2 and M3, the higher-order MARS
methods). Among the nonparametric methods, MEKRO (MEK) and KNIFE (KNI) have the
smallest average model size while maintaining a low prediction error and high correlation
with LASSO (LAS) selection. The MARS methods overfit and have high prediction errors. All
COSSO (RC and AC variants) methods perform similarly in terms of prediction, selection, and
correlation with LASSO, and have both higher average model sizes and higher prediction errors

than MEKRO.
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3.5 Asymptotic Results

Consider the model Y = g(X) + ¢, where Var(e|X) = 02 and g(x) = E(Y|X = x). Define the
important predictor set Z = {j : X; is important in g(-)} and so its complement Z°¢ is the set of
unimportant predictors. We argue in Appendix 3.7.2 that we can generally expect, if 7 — oo and
satisfies 714 /n — 0 and 77 log(n)/n — 0 as n — oo, then the maximizer A of (3.1) subject
to the constraints (3.3) satisfies Xj — oo and /):j/ — 0 in probability for j € Z and j' € Z¢, i.e.,
the MEKRO asymptotically discriminates important from unimportant predictors and achieves

variable selection consistency.

3.6 Discussion

We developed a new method for performing simultaneous variable and bandwidth selection
in nonparametric regression using the SWW [68] paradigm. The resulting method is kernel
regression with a novel bandwidth estimator (MEKRO). The bandwidth selection strategy is
such that certain bandwidths are set to infinity (inverse bandwidth of 0), thereby allowing for
complete removal of variables from the model. It is also attractive in that it does not require a
complexity truncation and can fit models with many interactions. Simulation studies show that
MEKRO is a viable option for selection and prediction generally, and especially useful when the
underlying model is nonlinear with complex interactions.

Measurement error model selection likelihoods in linear models share a connection with
LASSO, and also perform well when used for nonparametric classification. Although current
implementations of the SWW approach focus on estimators with closed-form selection likelihoods,
the favorable performance of such estimators suggests further study of selection likelihoods in
more complex cases.

Despite the advantages of the new selection strategy, MEKRO is a local-constant kernel
regression estimator and does not avoid the known drawbacks of the method. Future work

will address boundary corrections, and an adaptive-bandwidth MEKRO that we suspect will
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boost prediction performance. Also, the scope of MEKRO can be expanded by adapting an
ordinal kernel analogous to that in [58] or allowing different response types. It is likely that
major computational gains can be realized by implementing an approximate MEKRO that takes

advantage of binning.

Acknowledgements. We thank the referees, Associate Editor, and Editor for alerting us to

additional references and for their thoughtful comments and suggestions that greatly improved

the paper.
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3.7 Appendix

This section contains details copied verbatim from the supplemental files of [79].

3.7.1 MEKRO Selection Likelihood Derivation

[68] proposed a four-step approach for building a measurement error model (MEM) selection

likelihood from any ‘traditional’ likelihood of covariates and a response. The measurement error

kernel regression operator (MEKRO) is derived from these steps, and so they are included

below for completeness. See [68] for comprehensive details on the motivation for MEM selection

likelihoods, their relationship to LASSO, and an application that yields a nonparametric classifier

that performs variable selection. Let D {a} be a diagonal matrix with the vector a on the diagonal.

The MEM selection likelihood construction proceeds in four basic steps:

S1.

S2.

S3.

S4.

Start with an assumed ‘true’ likelihood for {(X;,Y;)!" ;}, denoted Lypyw (6), where 0

could be finite (parametric) or infinite dimensional (nonparametric).

Construct the associated measurement error model likelihood under the ‘false’ assumption
that the components of X are measured with independent error. That is, assume that W
is observed in place of X where W | X ~ N (X, D{03}> with 62 = (02 1, ..., 02 )
The resulting likelihood depends on @ and o2 and is denoted Lygy(0,02). Note that
even though Ly (0, a‘i) is derived under a measurement error model assumption, it is

calculated from the error-free data {(X;,Y;);;}.

Replace 0 in Lygy(0,02) with an estimate, 5, resulting in the pseudo-profile likelihood
Lovieni(02) = Lygy (5, o2). Note that 0 is an estimator for 6 calculated from the observed
data without regard to the ‘false’ measurement error assumption, e.g., 0 could be the

maximum likelihood estimator from Lygyg(8).

Reexpress the pseudo-profile likelihood EPMEM(J%) in terms of precision (or square-root

precision) A = (A1,...,,) where \; = 1/‘712”‘ (or A\j = 1/0y,;), resulting in the MEM
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selection likelihood iSEL()\).

ESEL(A) is maximized subject to: A; > 0, j = 1,...,p; and E§:1 Aj = 7. Setting the tuning
parameter 7 < oo in the latter constraint ensures that the harmonic mean of the measurement
error standard deviations is p/7 > 0. This is how the approach forces ‘false’ measurement error
into the likelihood.

We show that application of the measurement error model selection likelihood approach
to nonparametric regression results in MEKRO. Consider the quadratic loss pseudo-likelihood

(negative loss) functional,

1 n
LTRUE(FY,X) = - n Z{Yz - 9Y|X(Xi)}2a
=1

where

~ Jufvx(y,x)dy
gvx(®) = [ frx(y,z)dy’

and fyx(y,x) = P/ (Oydxy - - - 0z,)Fy x (y, x). Note that Fyx(-,-) plays the role of 6 in the

four-step algorithm. Assume that W; is observed instead of X;, where W, = X; + D {o'u}Ui

iid

and U; ~ N,(0,I,) and is independent of all other data, to give
1< 2
Lysu(Fyw,02) = — - Z;{Yz —gyiw(Xi)},

where gy|w(-) depends on o, implicitly. We derive an expression for gy w(-); observe,

or+1
frw(y, w) = WP(Y <y, W <w)
P
j=1
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where the interchange of differentiation and integration is justified for the Gaussian product

kernel and many others. Consequently,

gyiw(z) =EY | W ==x)

= /ny|W(CU | x) dy

_ Sy ] fvx(y,® — Dy yu) IT5-, #luy) dudy
JI frx (v, = Dy yu) [T, ¢(u)) dudy

_ Sy x5 6{ (25 — 1) /05 } (0u,) " dEdy
JI frx(y,t) ?:1 ¢{(% - tj)/Uu,j}(Uu,j)_l dtdy

_ Syl {5 — 45)/0us ) Frx(dy, db)
STl = ¢ (x5 =) /ou; } Frx(dy,dt)

after noting the change of variables u; = (v; — tj)/0y,; and that ¢(-) is the standard normal
pdf. Step S3 in the four-step algorithm calls for estimation of 8, which in this setting means
estimation of Fy x(-,-). The empirical cdf is substituted to give Lowen (not shown). Finally, the
measurement error standard deviations are parameterized as inverse standard deviations (S4) to

produce the MEM selection likelihood,

ESEL :—*Z{Y Xu)\ }

where,

Sk Ya IT)— ) exp{ =N (Xij — Xi5)%/2}
> ohmr [ exp{=N3(Xi; — X )%/2}

a(Xi, >‘) =

There is now an explicit dependence of g(-) on A that have entered the selection likelihood as

inverse smoothing bandwidth parameters.

3.7.2 Asymptotic Selection Consistency

Using a mix of known results, detailed derivations, and heuristics, we explain the apparent
large-sample selection consistency manifest in our simulation studies. For the multivariate

Nadaraya-Watson estimator, we denote the smoothing bandwidth for predictor j by h; and
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h = (hi,...,hy)T. In Section 2.1 of [47], the pointwise asymptotic bias and variance are
rigorously established for the multivariate Nadaraya-Watson estimator, g(x,1/h) — g(x) =
O, ( Lo b+ (nIT52, hj)*l/Q), where 1/h = (1/hy,...,1/h,)T.

In MEKRO, one maximizes the MEM selection likelihood (3.1) subject to constraint (3.3),
which is equivalent to minimizing the fitted mean squared error —ESEL (A) subject to this
constraint. In order to study the asymptomatic properties for the optimizer, we need to
characterize the asymptotic behavior of —Lgg.(A) in a similar format as Lemma A1 in [82].
Their Lemma A1 follows from technical proofs of [18], whose techniques can be used to extend
the pointwise asymptotic results of [47] and argue that under regularity conditions of the type
in [18], if bandwidths satisfy h; — 0 for j = 1,...,p and n[]}_, h;/log(n) — oo as n — oo, it

holds that,
-1

n p p
IS g =02 40, [ Sont (o) - (3.8)
i—1 =1

j=1

In (3.8), the smoothing bandwidth for each predictor shrinks to zero as the sample size
diverges to infinity. Yet, it is well known that the use of a small bandwidth in local polynomial
smoothing reduces approximation bias in Taylor-series expansions and thus also estimation bias
[17]. This is echoed in the asymptotic bias formula that appears below Equation (2.8) on page

62 of [47], where it is explicitly shown that the bias corresponding to predictor j has a factor of

Z%f—é’_()agg) + f(x)%7 where f(-) is the density of X. If j ¢ Z, the index set of important
J Ty

2
predictors in g(+), this factor is equal to zero because aga(:) =0 and aagT(zx) = 0 when predictor j is

J

not important. Thus in a Taylor-series expansion of the multivariate Nadaraya-Watson estimator,
predictor j does not contribute to the approximate bias if j & Z and the corresponding smoothing
bandwidth is not required to shrink to zero as the sample size diverges. This suggests that
(3.8) can be further refined to show that if bandwidths satisfy h; — 0 for j € M, hjy > ¢9 > 0

for j/ € M° and some ¢y > 0, and ”Hje/vt hj/log(n) — oo as n — oo for a set M satisfying
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ZTCMCA{],...,p}, we have,

izn:{yi ~G(Xi 1/ =02+ 0, [ Y ntt (n ] hj)_l . (3.9)
=1

JEM JEM
To gain insight, we now consider a deterministic version of the O, in (3.9) with transformation
tj = 1/h;. For a set M satisfying Z C M C {1,...,p} and n large enough, denote T = (tAj,j €

M)T as the minimizer of

Z tj_4 +nt H tj, subject to t; > log(n), j € M, and Z tj =T, >0,

JEM JEM JEM
where T, satisfies T,, — oo and T} log(n)/n — 0 as n — co. Here the constraint ¢; > log(n)
guarantees that h; = 1/t; converges to zero as required by (3.9), where log(n) can be replaced by
any sequence that slowly diverges to infinity. Note that the optimization problem is symmetric in
t; and thus it follows that the minimizer is given by fj =T/|M|, 7 € M, and the corresponding
objective function takes value |M|®/T* + (T/|M|)Ml /n, where | M| denotes the cardinality of
set M and T = T,,. By treating | M| as a continuous variable and examining the first derivative
with respect to | M|, we conclude |[M|?/T* + (T/|M|)™M!/n is monotonically increasing in | M|
if 0 < M| < T'/e. We next appeal to these results to assert that /):j — oo for j € Z and Xj —0

for j € I¢

Selection consistency of MEKRO: We first argue that Xj — 00 in probability for j € 7 as
n — 0o. According to (3.9), —Lee(X) converges to o2 as long as the smoothing parameters of
all important predictors shrink to zero as the sample size diverges to infinity. On the other hand,
according to the proof of the asymptotic bias and variance in [47], the multivariate Nadaraya-
Watson estimator is not consistent if smoothing bandwidths of any important predictor do not
shrink to zero as the sample size diverges to infinity. Correspondingly, —ZSEL (A) will converge
to o2 plus a squared bias term that does not shrink to zero asymptotically. Recall that Aj is

the reciprocal smoothing bandwidth and X is the solution that minimizes —ESEL()\) subject
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to subject to constraint (3.3), thus, minimization will not lead to Xj /4 oo for j € T as the
corresponding limit of the objective function is larger than o2, which is attainable. Consequently,
we have Xj — o0 in probability for any j € Z as n — oo.

Consistency of MEKRO is achieved provided Xj — 0 in probability for j € Z¢ which we
now argue. First we show Xj - oo in probability for j € Z¢. The MEKRO solution converges
to o2 with an asymptotic rate of O, (Z]EM i+ (n [Tiem hj)*1> according to (3.9). The
deterministic version of this rate is a monotonically increasing function of the cardinality | M| of
the set of predictors whose corresponding A\; — oo by noting A\; = 1/h;. Thus, the MEKRO
solution must satisfy Xj 4 oo in probability for j € Z¢ because minimization favors a faster
convergence rate, and so M = Z. Further, Xj has the same order as 7 for j € Z.

It remains to argue that Xj converging to a positive constant in probability for j € Z¢
is not favored. Denote Ay, = {j : Xj — 00 in probability as n — oo}, Ay = {j : /)\\j —
0 in probability as n — oo}, and A; = {1,...,p}\ (AgUAs). From the above argument we have
.%Too = 7. Then, for j € .%Tl, the sequence Xj is asymptotically bounded away from both 0 and oco.
We assume without loss of generality that /)\\j — ¢; in probability for j € ./11 and some 0 < ¢; < 00;
otherwise, we consider any convergent subsequence of Xj. Thus 7 — Zj A Xj — Zj, A, &
in probability. Now consider an alternative solution sequence Xj = }\\jT/ (T — Zj,ezc Xj/) for
j € T and Xj/ = 0 for j' € Z¢. Equation (3.9) gives o2 + Op(zjez/)\\j_4 + HjeI/)‘\j/n) for the
solution Xj and o2 4+ Op(b™* djer X;‘l + b7l [Tier X]/n) for the alternative solution Xj, where
b=r1/(r - > ireze Xj/) > 1. Note that b = 1 iff Z¢ = @ in which case all Xj — 00 as desired;
we henceforth assume at least one predictor is unimportant and thus b > 1. We argued above
that Xj has the same order as 7 for j € Z and because 7 — oo satisfies 7/Z1H4/n — 0 as
n — oo by assumption, the asymptotic bias Op( > jeT Xj_4) dominates the asymptotic variance
Op( I1 jeT /)\\j / n) The alternative solution Xj will be favored in the process of minimizing the fitted
mean squared error because b > 1 and thus the leading term of O,, (b_4 Zjez X].’4+b|1| HjeI /)\\j/n)
has a smaller constant than that of Op( djer Xj_4 + ez /):j/n) even though they share the

same asymptotic rate. This implies /Tl = @ and ﬂo = 7¢, completing the argument for every
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convergent subsequence of /)\\j and thus /):j in general.

3.7.3 Numerical Study with Gaussian X

We explore MEKRO'’s performance when X follows a Gaussian distribution to address a concern
from reviewers that it may greatly underperform without uniform data. We copied Model 2 from
Section 3.4.2, but with X drawn from A/(0,1) such that Corr(X) has an AR(1) structure with
p = 0.5. To generate the predictor matrix X of stacked predictor vectors X T, we generate a
n X p matrix Z with each element iid N'(0, 1) and define X = ZX where >7'% is the population
AR(1) correlation matrix with p = 0.5. The predictors are scaled to be in [0,1] to generate
Y;, i = 1,...,n, then scaled to have mean 0 and unit variance. Recall that Y is generated
according to g(X) = sin{27(X; + X3)/(1 + X3)} so that there are three active and seven
irrelevant predictors. The predictor effect sizes are (1.00,1.00,0.32) for (X1, X2, X3) and 0 for
Xy through Xig.

The average integrated squared errors (AISE) and selection errors for Model 2 with Gaussian
X are shown in Figure 3.10 and Table 3.7, respectively. MEKRO (MEK) does not do as well
with prediction in this scenario. Gaussian data are spread too thinly near the boundaries to give
MEKRO good surface estimates; see Section 3.4.2, Model 4 for more details. However, MEKRO
maintains superior selection performance when compared to all other methods at n > 100 and
achieves perfect selection at n = 400. The additive COSSO (RC1) that is similar to MEKRO for
selection in Model 2 at n = 400 falls short with Gaussian X by frequently failing to include the
weak predictor, X3. Adding a boundary correction to boost MEKRQO’s prediction performance

is part of future work.
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n =200
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Figure 3.10 AISEs (average integrated squared errors) for Appendix C Model. Note the scale differ-

n =100
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0.10 0.15

ences. Out of the 400 MC samples, 2 AISE outliers are omitted from both M2 and M3.

0.20

Table 3.7 Selection error rates for the model in Appendix C. MC standard errors for all cells < 0.03.

Error MEK AM KNI AC2 RC2 ACl1 RC1 M3 M2 Ml

n=2>50 Typel 0.06 053 015 013 014 033 0.14 0.52 0.53 0.69
Type 11 0.28 0.10 042 061 057 042 051 0.10 0.09 0.11

n =100 Typel 0.03 047 0.0r 026 0.06 027 004 051 0.50 0.60
Type 11 0.09 000 030 033 046 022 032 0.00 0.01 0.05

n =200 Typel 0.01 044 0.06 023 005 033 002 041 0.39 0.59
Type 11 0.02 0.00 028 031 042 0.11 0.24 0.00 0.00 0.03

n =400 Typel 0.00 045 0.11 023 003 029 001 026 0.27 0.56
Type 11 0.00 0.00 0.13 024 035 0.08 020 0.00 0.00 0.03
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CHAPTER

4

GENERAL MEASUREMENT ERROR
MODEL SELECTION LIKELIHOODS

4.1 Introduction

Previous work by Stefanski, Wu, and White [68] and White, Stefanski, and Wu [79] show that
specific variants of Measurement Error Model Selection Likelihoods (MEMSEL) are equivalent to
the LASSO in linear models and produce favorable results when applied to kernel density-based
classification and regression. However, both of these works use a similar covariate contamination
strategy that results in closed-form solutions for kernel methods. Although closed-form MEMSEL
is preferred when a closed-form version exists, it is possible to build MEMSELSs for a broader
class of models using Monte Carlo simulation or approximations and consider a wide range
of contamination strategies that will wrap variable selection around any predictive modeling
procedure. This chapter describes such a generalization of MEMSEL.

The contributions of this chapter are twofold. First, a new tuning criterion is developed,
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Selection Information Criterion (SIC), as a fast way to tune MEMSEL models. SIC is shown to
outperform many popular tuning methods in the linear model including AIC and BIC when the
true underlying model is sparse. Second, a standardized framework for predictor contamination
is developed and studied in the context of linear models for the purpose of identifying useful
error contamination strategies in a familiar setting. MEMSEL is applied to random forests, a
method that is not fit using likelihoods, to show how variable selection can be implemented in
the absence of a likelihood.

Common notation for the chapter is defined here. The data set {(X;,Y;);_,} is observed
where Y = (Y1,... 7Yn)T is a response vector, X; is a p x 1 vector of predictors, and thus X =
(X1,...,X,)7 is the design matrix. Assume that predictors are continuous and standardized
such that 17X = 01, and VX L IXTX = 601"\r (X). When Y is continuous, assume further

def

that Vy & 17Y =0, n-'YTY = 1, and Vxy & n1XTY = Corr (X, Y).

4.2 Selection Information Criterion

Variable shrinkage and selection methods depend on at least one tuning parameter that controls
model fit and sparsity. The tuning parameter(s) must be selected in practice, often out of a
grid of candidate values, to produce a model that generalizes well. A straightforward solution is
folded cross-validation (CV), where observed data are subdivided into folds for training and
testing. Models are fit to each subset of data with one fold omitted to compute test loss [69].
The tuning parameter set producing the lowest aggregated test loss across the folds is chosen.
CV is relatively computationally expensive for a slow fitting procedure because it must refit
several models across different subsets. Other tuning methods avoid refitting by estimating the
best tuning parameter(s) directly from the training fit and model degrees of freedom. Akaike’s
information criterion (AIC) seeks to minimize the approximate Kullback-Leibler divergence
between candidate models and the true model estimated from the observed data [1, 9]. AIC
is consistent for minimizing prediction error among the class of models under consideration

[84]. Use of a small-sample version of AIC is suggested when the ratio of n to selected model
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parameters is under 40 [9, 42]. Bayesian information criterion (BIC) uses a stronger model
complexity penalty than AIC and consistently chooses the “correct” model [60]. Generalized
cross validation (GCV) [28] was introduced to select ridge regression parameters, but is also
used more generally for smoothing methods where Y = SY for a smoothing matrix S and
performs well when choosing LASSO tuning parameters [75].

Assume that data are generated according to
Y =XB+eo., €~N(01). (4.1)

Consider a modeling procedure that fits an entire path of 3 solutions depending on a tuning
parameter n. For any 7, The predicted response is 17(17) and number of selected predictors is
k(n) < p = dim(8) < n. Then define the Selection Information Criterion (SIC) as

n Y - Y ()
p—k(n)

SIC(n) =

If k(n) = p, then SIC(n) = oo. Like AIC and BIC, the minimizer of SIC is the optimal tuning

parameter.

4.2.1 Comparing Tuning Criteria Penalties

SIC employs a heavier overfitting penalty than AIC, BIC, or GCV. Under the linear model (4.1),
the term that describes fit for AIC and BIC can be expressed as —2log likelihood = nlog(c?)
where 52 is the residual mean squared error. Both GCV and SIC can be redefined with monotonic

transformations to preserve their minimizers but give valid comparisons between penalty terms.
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Figure 4.1 Comparing overfitting penalties in AIC (dashed line), BIC (solid line), GCV (dash-dot-
dash line), and SIC (dotted lines) as model degrees of freedom (k) increase. Left pane: n = 50. Right
pane: n = 100. Larger penalties for the same model degrees of freedom result in sparser models.

For GCV, define k = tr(S). Then,

AIC = nlog(6?) + 2k,
BIC = nlog(c?) + klog(n),
nlog(GCV) = nlog(62) — 2nlog(l — k/n),

nlog(SIC) — nlog(p) = nlog(c?) — nlog(p — k).

The —nlog(p) term in the SIC equation above normalizes SIC with the other criteria when
k = 0. Now the penalty terms can be compared directly. Figure 4.1 shows the penalties as k
increases for choices of n and p. Clearly, SIC will favor sparser models relative to the others,
but graphically the criteria have similar penalties under certain conditions. For SIC, the rate
of change in the penalty is given by d{—nlog(p — k)}/0k = n/(p — k). The rates of change
between BIC and SIC are then equivalent when k = p — n/log(n) > 0. If one considers that

the SIC penalty increasing twice as fast as another penalty as being “significantly faster,” then
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a rule-of-thumb is that SIC will be different from BIC when k& > p — n/{2log(n)}. Obviously
this disregards the likelihood component from the criterion and exceptions will apply. Note that

GCV converges to AIC as n increases [64].

4.2.2 Tuning Method Simulation Study

The selection performance of SIC is evaluated against other tuning methods on data simulated
from linear model (4.1) and fit with least squares. Assume rows of X are drawn from N(0, 1)
such that Corr(X) has an AR(1) correlation structure with correlation p = 0.5 unless otherwise
noted. The parameters 3, n, and o, are varied as simulation parameters. Define model R? =
Var(X7TB)/Var(Y). Many of these models are borrowed from Examples 1-4 in [75]. We compute

the full LASSO solution path for each model,

~

BL(n) = arg;nin 7YY — X8 + 18],

and thus f’(n) = XB 1(n). Optimal 7 values are chosen using the tuning methods SIC, AICc
(small-sample-corrected AIC), BIC, GCV (see [28, 75]), and two versions of 5-fold cross-validation
(CV). The “min” version of CV selects the tuning parameter by taking the minimum value for
the 5-fold CV curve. The “lse” version of CV selects the tuning parameter by choosing the most
parsimonious model that is not more than one standard error away from the minimum of the
CV curve to favor sparsity [21]. Standard errors are computed using the variance of five separate
folds. Although AIC (uncorrected for small samples) and 10-fold CV variants are tested, they
are not different from AICc and the 5-fold CV variants in general and are omitted for brevity. A
holdout set of 10,000 points generated from the underlying model is used to compute test error.

Simulations are done in R [57] using the glmnet package [22] to compute LASSO solution
paths. Tuning with CV-min and CV-1se is done with cv.glmnet (). Other tuning method results
are constructed using the training error and number of variables selected in paths from glmnet ().
We set nlambda=1000 in both functions for a finer grid of solutions along the path.

The simulation setups considered are:
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Model 1-3, few moderate coefficients. Let 3 = (3,1.5,0,0,2,0,0,0) so p = 8 with three
important predictors. For Model 1, let n = 20 and o be set so that R? = 0.70 (low sample size).
Models 2 and 3 set n = 100 but take R? = 0.40 and 0.70 respectively to test larger sample sizes
with low and high model signal.

Model 4-6, many small coefficients. Identical to Models 1-3 except 3 = 0.851g.

Model 7-9, one large coefficient. Identical to Models 1-3 except 3 = (5,0,...,0), with
p =8 and R? is increased to 0.85, 0.60, and 0.85 for each model, respectively.

Model 10-11, decreasing coefficients. Let n = 100 and p = 20 including ten important
predictors with 8 = (9, 10,0,5,4,0,0,7,0,0,6,1,0,0,0,0,3,0,8,2). The model R? is set to 0.75
and 0.90 respectively.

Model 12, moderate p. Let n = 100 and p = 40 including 20 important predictors with
B =2(0l,, 11, of,, 11)) and R? = 0.90.

Model 13, large p. Identical to Model 12 except B = 2(07,, 17, 0%, 17,, 0%)) so that
p = 80 with 20 important predictors.

Model 14-16, high Corr(X). Identical to Models 1-3 except p = 0.85 and R? is increased
to 0.85, 0.60, and 0.85 for each model, respectively.

Model 17-19, t3 errors. Identical to Models 1-3 except ¢; is generated from a t distribution
with three degrees of freedom and o = V3 to maintain model R? values.

Model 20, pure error. Let n = 100 and p = 8 but with no important predictors; o = 1.

Results are assessed over 100 Monte Carlo (MC) replicates in terms of conditional perfect
path selection error. A “perfect selection slice” is defined as a point along a solution path
where all irrelevant coefficients are zero and important coefficients are non-zero. Each tuning
method selects a tuning parameter that corresponds to a solution path slice. Depending on the
underlying data, there may or may not be perfect selection slices in a path. Thus, we define the
“conditional perfect path selection rate” as the fraction of times that a tuning method achieved

perfect selection out of the total paths that had at least one perfect selection slice, over 100 MC
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replicates.

Figures 4.2 and 4.3 shows conditional perfect selection rates. Figure 4.4 shows mean squared
test errors when each tuned method is used to predict values on the holdout set of 10,000 points.
Each of the 20 models are shown in a separate vertical across the x-axis, with shaded areas to
group similar setups. Each tuning method is shown as a different symbol within those verticals.
Differences in results between SIC and other methods that are statistically significant based on
a paired t-test at a = 0.05 are colored in teal and otherwise in red.

Figure 4.2 shows that, in general, SIC performs significantly better than every other tuning
method in terms of perfect selection. SIC is followed by CV-1se for selection performance, but
does not require repeated evaluations over separate folds and thus is faster than CV methods.
Notable exceptions in SIC performance are when there are many small effects (Models 4-6)
where SIC is too selective. SIC specifically offers a strong advantage over competitors when there
are a moderate to low number of predictors with moderate to high effect sizes. Selection using
the min of the CV curve (CV-min) in general performed the worst. Selection in models where p
is moderate or high is challenging for all methods. Every model in this simulation has over 50
perfect selection slices except for Model 1 (40), Models 10-13 (4, 16, 29, and 9, respectively),
and Models 15-16 (36 and 35, respectively).

This simulation study is conducted again with all factors held constant except for n reset
to 10n for larger-sample considerations. The results are shown in Figure 4.3. SIC remains a
better method for selection than all others except in Models 4-6 where many weak signals are
present. SIC obtains over 90% perfect selection in Models 1, 3, 7-9, 17, 19, and 20. Competing
non-CV methods, specifically BIC, fall behind in perfection selection by 10-50 percentage points
in these cases (except for Model 20, the pure error model). CV-1se remains the closest to SIC
and CV-min remains the worst method for selection. Every model in this simulation has over 70
perfect selection slices except for Models 10 and 15 (35 and 64, respectively).

Figure 4.4 shows the average mean squared test errors from predictions using the tuned

methods. Unsurprisingly, the most selective methods (SIC, CV-1se) show the worst prediction
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performance. All of the other tuning methods perform better than selective methods and similarly
to each other, with BIC being slightly worst in models with many small coefficients (Models 5
and 10).
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Figure 4.2 Comparison of perfection selection rates (higher is better). 100 MC replicates are used for each model. Paired ¢-tests of
SIC versus other methods are displayed in teal if statistically different from SIC and red otherwise at o = 0.05.
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Figure 4.3 Comparison of perfection rates with increased n (higher is better). 100 MC replicates are used for each model. Paired
t-tests of SIC versus other methods are displayed in teal if statistically different from SIC and red otherwise at a = 0.05.
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Figure 4.4 Comparison of test errors in SIC simulation study (lower is better). 100 MC replicates are used for each model. Paired
t-tests of SIC versus other methods are displayed in teal if statistically different from SIC and red otherwise at a = 0.05.
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4.2.3 SIC Sensitivity Analysis to p

SIC depends on p unlike other criteria. Intuitively, increasing p by adding purely noise covariates
should not severely hamper tuning performance. We conduct another simulation study to
determine the impact that the relationship between n, p, and p; = the number of important
variables has on SIC’s performance. Assume the same setup as described in 4.2.2 with R? = 0.75
and p = 0.5. Three basic coefficient vectors are used to build 3 vectors for the models in this
simulation. Let 8; = (1,05)7, B, = (3,1.5,0,0,2,0,0,0), and 35 = (3,1.5,1,0,2,1.5,2,0)7.
Define BET] as r stacked copies of 3;. In cases where p > dim(ﬂgﬂ), the unspecified components

are filled with Os such that dim(3) = p. The 84 simulation models are:

Table 4.1 Simulation setup to study effects of n, p, p; on SIC. Both p and n are explicitly chosen as
simulation factors. The number of non-zero coefficients p; is implied by the choice of 8 and r. There
are 84 total simulations created from full crosses of r, p, and n in each row.

B r D n Implied pq
Al 1 {8,25,50,75}  {100,200,400,1000} 1
A 1 {8,25,50,75}  {100,200,400,1000} 3
Al {23y 25 {100,200,400,1000} (6,9}
Al (234,56} 50 {100,200,400,1000}  {6,9,12,15,18}
A 1 8 {100,200,400,1000} 6
gl {23} 25 {100,200,400,1000} {12,18}
gl {456} 50 {100,200,400,1000}  {24,30,36}

The same six tuning methods described above (SIC, AICc, BIC, GCV, CV-1min, CV-1se)
are again compared over 100 MC replicates. The output of each simulation is the method that
had the best conditional perfect selection rate as defined in Section 4.2.2 and grouped into one

of four categories:
e SIC performs statistically significantly better than every other method,

e SIC performs statistically no differently from the best method,
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e SIC performs statistically worse than the best method, or
e 1o solution paths had any “perfect selection slice” regions.

Comparisons are all paired t-tests at o = 0.05. Figure 4.5 plots the resultant category from
each of the 84 simulations against p/n and p;/p to determine where SIC dominates. SIC does
significantly better at perfect selection when p/n < 0.2 and p;/p < 0.75. This is not overly
restrictive of p; which is unknown to the analyst. Tuning with CV-1se beats SIC in the lower-left
corner of the plot around p/n = 0.2 and BIC dominates in the lower-middle portion of the
plot when p/n is moderate. No method does well on perfect selection when there are many
covariates and many of them are important, but in those instances selection is not a priority.
On the other hand, if an analyst can pare down the list of input variables as much as possible
based on pre-screening methods or domain knowledge, SIC is a competitive tuning algorithm

compared to BIC and the more computationally-intensive CV-1se.
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Figure 4.5 Results of sensitivity analysis of SIC. Each of the 84 points coincides with one simulation described in Table 4.1. Results
are the tuning method that had the best perfect selection rate over 100 MC replicates. The results “best,” “tied,” and “not best” are

judged with a paired t-test at a = 0.05.
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4.3 MEMSEL

Measurement Error Modeling Selection Likelihoods (MEMSEL) provide a wrapper method that
performs variable selection on top of any predictive model as described in [45]. The predictive
model serves as a “black-box” algorithm that produces a prediction function from input data.
The variable selection layer evaluates the relevance of each feature in the model based on
how much black-box predictions degrade when false error is added to the fitting or evaluation
data. The fitting procedure is defined succinctly as input data — B — prediction function. The
black-box method can be arbitrarily complex provided it produces a consistent estimator of
the true prediction function. Define the true prediction function as p,.(t) = BE(Y | T = t)
where the subscript shows what data are used in black-box fitting. Thus write (Y, T) — B —
by (t) = E(Y | T = t) to indicate that the black box purportedly produces an estimator of the
conditional mean of Y given T' = t. As an example, if the black box is ordinary least squares,
then (Y, X) —BW— fiy(z)=zTVx Vxy.

MEMSEL contaminates the black-box inputs, prediction function arguments, or both with a
controlled amount of measurement error and evaluates the degradation in predicting Y versus
when error-free data are used. An optimizer determines the distribution of measurement error
that minimizes the impact of predictor contamination. The amount of added measurement error
is controlled by adjusting the harmonic mean of the measurement error spread parameter to
allow some variances to be infinite. Predictors measured with an infinite amount of error are
considered to be selected out. The harmonic mean is a regularization tuning parameter much
like the penalty parameter in LASSO.

When first formulated in [68], MEMSEL is described in terms of four broad steps that
started with a true likelihood for model parameters. The general MEMSEL approach tweaks
the prior four-step process to require only a predictive black box and allow for more general

contamination. The general MEMSEL approach is:

96



S1.

S2.

S3.

S4.

Obtain measured data {(X;,Y;);—;} and define a fitting procedure — M — that is sensible
for the data (i.e., logistic regression or random forest classifier for binary response data).
Define the contaminated pseudo-measurements W = X + Z where Z ~ N{0, diag(o2)},

A" =¢g,2 and m > 0.

Derive pi,.(t) £ E(Y | T = t) where the analyst takes T to be either X or W. It is
desirable to obtain a closed form for p..(t) but not always possible; approximations or
Monte Carlo estimation may be necessary. If T'= X then this step must be done only

once. Otherwise, p.,.(t) depends on A and must be recomputed when A changes.

def ~

Let fipg(A) = fip(S) be a prediction functional, evaluating fi,.(-) at S that is taken to be
either X or W. The argument A is introduced through either T" or S (or both) playing
the role of W. Define a loss function L, typically the loss function used in — B —, and

let Qng(A) = L{Y, firg(A)}(A) be the MEMSEL loss function.

Minimize Q. g(X) subject to A > 0 and 17X\ = 7 where 7 is a fixed tuning parameter.
Tuning validation over a grid of 7 values yields the optimal MEMSEL fit, 3\?. Components
of /A\? that are zero indicate components of X that are unimportant in the model, while

larger components X? indicate more important components of X.

These steps are described in detail in Sections 4.3.1 and 4.3.2.

4.3.1 Contamination Via Pseudo-Measured Predictors

The four-step method above describes broadly how predictors are contaminated but skips over

important details for implementation, especially in Steps S2 and S3. This section explores a

plurality of ways to introduce contamination for the sake of completeness. Later sections will

demonstrate both through theory and simulation that not every contamination scheme presented

in this section is useful, however, starting with the broad MEMSEL framework and narrowing

down to viable schemes gives a more holistic view of the approach.
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Step S2 above seeks ji..(t). Recall that

pp(t) = E(Y | T =) =E{E(Y | X) | T =t}
— By (X) | T = 1) (4.2)

~u{E(X | T=1)}, (4.3)

where the final approximation is equality if p, () is linear. Estimation of (4.2) is the most
desirable and known as “exact” MEMSEL. If T = X then no contamination is used and
estimation of y, (-) proceeds as in typical regression. If T' = W, estimation of p, (-) requires
the pseudo-measured predictors defined generically as in Step S1. Specifically, let

Wi,b :XZ—F,D{_;{,?}ZZ,[) :Xi+D{au}Zi,b7 1=1,...,n (44)

where Z;p, are iid N (0, I,),i=1,...,nand b=1,2,...,B, and D{Am} is a diagonal matrix
with diagonal elements )\;n = 0;5, j=1,...,p, and m > 0. When m = 1 then A™ is a
measurement error precision vector. Note that (4.4) can be written equivalently in matrix form
as Wy, = X + Z,D. ;,/,?} = X + ZyD{,,} where Z, = (Z1y, ..., Zny)T. Rather than generate
the Z,; as iid V(0, I,), assume that the linear effects of 1, Y, and X have been “swept out”

and the resulting residuals normalized so that
172, =01y,  Y'Zy=01xp, X'Zy=0,x,, and Z!Z,=nl, (4.5)

for each b. See Appendix 4.7.1 for details. This assumption is made throughout the rest of the
paper leading to closed-form representations in the linear model.

Many times a closed-form representation of p, (-) is available only in certain special cases
leaving Monte Carlo (MC) estimation as a brute-force approach to MEMSEL. Define a single
contaminated estimator iy, (t) as (Y, W) — B — [y, (t),b =1,..., B so that [iy (t) =
B! Zle Iiw,(t). Note that fiy, (t) is a successively less variable estimator of E(Y | W =) as

B increases. However, choosing B large may result in i, () being prohibitively slow to compute

98



if the black-box prediction method — B — is a complicated procedure.
If closed-form representations are unavailable and MC estimation proves to be too slow, one
may use regression calibration from measurement error literature to approximate (4.2) using

~ s~ 1

(4.3). T = W, then E(X | W = t) = Vx (VX +D2, }) ¢ if X and W are assumed to be
jointly normal. This assumption is rarely valid but gives a sensible way to introduce A into the
fitting procedure via W. Unlike exact MEMSEL, W is not actually observed and t is taken to

be X. Thus, the argument in (4.3) may be replaced by

i~ -1

MY Vx (Vx+D%,,) X (4.6)
to contaminate predictors in what we call “regression calibration” MEMSEL. Because speed is
of the essence for MEMSEL methods, “diagonal regression calibration” is also considered where

the inverse in M is avoided by assuming Vx = I, so that E(X | W = t) may be replaced by

def —1
DED, . X (4.7)

Up to this point, variable contamination has been considered as only an input to — B —. It
may also be introduced when evaluating the output from the black box, ji,.(-). Let S represent
the data used in evaluation. We define the prediction functional i, 5(\) < 7,.(S) where g s(A)
implicitly takes the observed data and black-box fitter as inputs and produces predictions for Y’
under a contamination scheme and level. The contamination scheme here is choosing T' and S
each to be one of {X, W, M, D}, where “X” denotes no contamination, “W” denotes exact
MEMSEL, “M” denotes regression calibration MEMSEL, and “D” denotes diagonal regression
calibration MEMSEL. This choice can be succinctly defined through (7', S) pairs, e.g., (X, M)
MEMSEL represents (Y,X) — B — i, (t), then Y = iy (M). If m is specified then we use
the abbreviation “T'Sm” so (X, M) MEMSEL with m = 2 is written as XM2.

Either T or S, or both, may be a set of pseudo-measured predictors. If S and T are both

taken to be X, then the prediction functional is identical to “typical” regression absent of
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measurement error contamination. If S = W and the MC approach is used, then define

—~ -1 —~
”T,W()‘) =R Z uT(WT)’
where R is the number of replicate contaminated data sets to use for evaluation.

4.3.2 MEMSEL Objective, Optimization, and Tuning

The MEMSEL loss function measures the distance between the observed response and evaluated
prediction functional as a function of A and is chosen as the same loss (negative likelihood) func-
tion in the black-box prediction method — B —. Define the loss function as £ and for notational
simplicity let the MEMSEL objective be Q. g(A) = L{Y, 1iz5(A)}(A), or Q(A) generically. The
loss function is minimized with respect to A to determine the optimal distribution of inverse
measurement errors on each predictor. In general, Q. o(A) > Qx x(A) if any contamination is
introduced and thus optimizing Q. 4(A) diverges all components of A. As such, contamination

must be forced into the model. Q(A) is optimized under the constraints
A>0 and AT1=7>0. (4.8)

The former constraint allows infinite measurement errors, recalling that A™ = o, 2. The latter
constraint forces in contamination by constraining the harmonic mean of the measurement error
parameters to be 7/p > 0. Smaller values of 7 force in more contamination resulting in more
predictor shrinkage (0 < A\ < oo). If T" and S are properly selected when building the MEMSEL,
the feasible region defined by (4.8) will encourage sparse solutions (A = 0), similarly to how the
choice of penalty in penalized linear regression dictates sparsity. See Section 3.2.1 for a graphical
example of the MEMSEL feasible region.

Q(A) is minimized under the constraints in (4.8) to determine the optimal distribution of A
such that contamination impacts predictions the least. A modified coordinate descent algorithm
that fixes the Li-norm of candidate A solution at 7 and cycles through univariate grid-search

updates works well to find an approximate global minimum (see Section 3.2 in [82]). A univariate
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grid size of 20 is sufficient for most problems. The rough solution following modified coordinate
descent is then fine-tuned by parameterizing the X vector as \; = Ty?/(Zizl V3,5 =1,...,p,
and Q(A(7y)) is minimized with respect to v € R? for a fixed 7 using a general gradient-based
optimizer such as BFGS. This re-parameterization enforces the constraints automatically at the
cost of an extra parameter. An analytical gradient greatly decreases computation time but is
not always available for truly black-box models. A final MEMSEL solution is denoted XT.

Repeating the MEMSEL procedure over a grid of 7 values produces a MEMSEL solution
path. A good default grid choice is 7 = (0.01,0.1,0.2,0.3, e~ 11013 o=142x0.13 ' o —=14+60x0.13)
This approximates the linear spacing of LASSO 3 estimates between B =0 and B = BOLS in a
linear model to represent the solution spaces equally for tuning. An optimal value 7 must be
estimated in practice. Poor choices for 7 will underfit or overfit the data. Folded cross validation
(CV) is a popular choice for tuning parameter selection but proves to be prohibitively slow
in computationally-intensive MEMSEL modeling. Unlike some ensemble black-box methods,
MEMSEL can estimate model degrees of freedom to permit the use of faster tuning methods
like SIC (defined in Seciton 4.2), GCV, AICc and BIC.

After a MEMSEL fit has been tuned, predictions may be done in two different ways. One
option is a two-step method where the first step calculates 3\? and the second step refits the black-
box model to {(X;,Y;);—,} after omitting the columns of X where :\? = 0. Predictions are done
using the reduced data. This practice is sensible with “regression calibration” MEMSEL because,
despite the loss function remaining bounded for all A, the evaluation data for both training
and predictions may be contaminated with an unbounded error. Two-step methods avoid this
complication. Another option is using the resulting estimator of p..(t) from “exact” MEMSEL
directly for predictions. This allows attenuation or shrinkage of effects when components of A
are small unlike the two-step method, and is how predictions are done in [68] and [79].

Recall that A™ = 2. The parameter m controls how 7 is distributed to A. Generally,
larger values of m promote sparser solution paths when 7 is small. The constraint A1 =r1is

equivalent to (& 1/ "™T1 = 7 by regarding £ = o, 2 as an approximate “effect size vector.” The
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optimizer must decide on which effects to spend the fixed 7. If m is large then there is a big
cost in moving a component of £ away from zero. For components of £ that are already positive
there is a smaller cost in increasing any of them the same amount. Thus, the optimizer will
not enter a new variable into the model unless Q(A) will greatly benefit, but is then more free
to shuffle the distribution of 7 around between active variables. Thus choosing m = 2 results
in both sparser and more stable solution path estimates when 7 is roughly < p. On the other
hand, choosing m smaller means relatively little cost for entering a new variable and thus more
noise in a solution path from variables entering and exiting. We take m € {1, 2} to coincide with
measurement error precisions or root precisions, but any m > 0 is feasible.

As a final note, the flexibility of model-agnostic variable selection has a high computational
cost. The cost is directly proportional to the cost of fitting and predicting on one model via
— M —, and the efficiency of the chosen optimizer. For example, if p = 10 and the default
modified coordinate descent grid size is 20, a single coordinate descent iteration costs 200
black-box fits and predictions. Considering multiple coordinate descent iterations, fine-tuning
optimization, and computing X over a grid of 7 values, there can easily be over 10,000 black-box
fits or predictions to determine a MEMSEL solution path. Using T' = X, so that (-) may be
computed only once in fitting and reused in predictions, and using the regression calibration
approximation M and its diagonal counterpart D from (4.6) and (4.7) instead of W will greatly

increase computational speed.

4.4 MEMSEL in Linear Models

Studying MEMSEL in the linear model draws concrete parallels to the abstract steps presented
in Section 4.3 and suggests expected behavior to MEMSEL in more complex models. Assume
the linear model Y = TS + € where € are iid, E(e | X) = 0 and Var(e) = o2 so that

pr(t) =E(Y | T =t) =t 3. Selecting — W — as minimizing |Y — T/3||?/n gives the estimator

B = (TTT)"'TTY. This leads to the following definitions of 7i() in the linear model (with
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derivations relegated to Appendix 4.7.2):

~ PPN
125% (t) = tTVX VXY

~ -1
Ty, (t) = tT (VX + D{;m}) Vxy (for any choice of B > 1)

R 1 [~ B PN
e (®) = t7Vx (Vi + Dy ) Vi Vy

~—1 ~

fip(t) :tTD{lerm}VX Vxy

Now we can derive the MEMSEL objective function @ for (T, S) pairs of interest. The MEMSEL
loss L is taken to be squared error loss to match with least squares in linear regression and the
black box. As above, full derivations are available in Appendix 4.7.2. The totality of possible

MEMSEL objective functions are:
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Qx x(A)

Qx w(A)

Quw x(A) =

Quw(A) =

Qnrx ()

Qx ne(N)

Qpx(A) =

Qx p(A) =

QX,X(A) =

~ ~ ~—1 -~
=W - Vi Vx Vxy (constant in A)

~ P PN P | 1A
=Wy —2VE, Vi Vxy + VL, Vy (VX + D{Am}) Vx Vxy

-1

W —2Viy (Vx + Dy ) Vv

+ Vi (VX + ,D{)\m}>_ Vx (VX + D{Am}) - Vxy

Vy — Viy (VX + D{)\m})il Vxy

~—1~

~ o~
=W =2V Vx (Vi + Dy ) Vi Vv

—1~

+ VI Vs (Vx 4 D{)\m}> Vx (VX +D{Am}> Vx Vxy

= QW,X()‘)

~—1 ~

~—1~

~—1 ~

VY - 2VXYD VX VXY

{1 ATy
~—1~
+VXYVX {1+)\ m}VXD{l—FA_m}VX VXY

Qnrne(A) = Qpp(A) (constant in )
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The contamination variants that have constant @(-) functions in A are trivially inadmissible
as MEMSEL selection methods in the linear model. Additionally we rule out MEMSEL vari-
ants (X, W), (M, X), and (D, X) from performing selection by observing that the common
factor (VX + D{_;m}) in each does not permit any component of A to be 0. These methods
are comparable to ridge regression methods. Conversely, (VX + D{*}}m})il can be written as
(5200 + 1))
any component of A is permitted to be zero. Thus, (W, X), (W,W), (X, M), and (X, D) are

- -1
= D{ AT} (VXD{ amy + I ) where the inverse always exists and

admissible forms of MEMSEL.

Chapter 1 [68] contains the full proof that (W, W) with m =1, or WW1, MEMSEL in the
linear model produces an equivalent solution path to LASSO. Specifically, for any 7 > 0 there
exists an 7 > 0 such that the minimizer of n=1||Y — X3||? + 1||3||1 and constrained minimizer
of Quw(A) satisfy X = |B|/n, noting the change in parameterization from [68] to accommodate
for the change in standardization of X and Y between chapters. The remarkable relationship
between the coefficient vector and tuning parameter in LASSO and the coefficient vector in
MEMSEL show that (W, W) MEMSEL is a generalization of LASSO.

The equivalence proof requires both a linear model and standardized contamination data as
described in (4.5). More complex (nonlinear) models that exhibit sparsity from Li-penalization
do not generally have MEMSEL equivalents. However, (W, W) MEMSEL or other MEMSEL
variants still produce LASSO-like sparse solution paths outside of the linear model. Other
variants are explored below.

While it is true that the (absolute) LASSO and WW1 MEMSEL solution paths are equiv-
alent, tuning parameter methodology that relies on the training fit will be different. The
LASSO objective is subject to the Li-penalty term, but the penalty term is not included
as part of the loss when evaluating training fit. Conversely, the MEMSEL objective and

loss are identical and equivalent to the penalized LASSO objective. Note from [68] that for
-1
any given 7, the LASSO solution can be written as BL = <‘7X +D7L ¥ }> Vxy =
Li/mn

{18

Dyxy (I + VxDyyy) 'Vxy. Further, 7 = 17X = [|8]}1 /5. Thus the LASSO penalty 7|8, is
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~ ~ 2
PN Y (Z] ‘[D{A} I+ VXD{)\})_IVXY]]‘D / >_; Aj- To get equivalence between LASSO and
WW1 MEMSEL for both solution paths and tuning, @y, ,,(A) is optimized but Qy, ,,,(A) — P(A)
is used as the training fit for tuning. The term P() is used as a correction between the objective

and training fit in other MEMSEL methods as well.

4.4.1 Simulation Study Setup

The performance of MEMSEL variants in the linear model is compared in a simulation study
to gain insight about their relative performance in a familiar and well-studied setting. The
MEMSEL black box is as described in Section 4.4. Experimental setups are inspired from those
in the original LASSO paper [75]. Each assumes linear model (4.1) with theoretical R? = 0.75
and AR(1) correlation in X, p = 0.50, unless otherwise noted. The sample size is fixed at n = 100
and prediction errors are evaluated on a hold-out set of 10,000 test points. Each simulation
comprises 100 Monte Carlo replicates.

Linear-model MEMSEL variants are compared to elastic net (E.N.) and LASSO (LAS.) over
three tasks, active selection error (the number of important predictors excluded), irrelevant
selection error (the number of unimportant predictors included), and test loss as the average
squared error between actual and predicted test set Y vectors. MEMSEL variants are labeled
in the form “TSm”, recalling that T is the data set used for fitting, S is the data set used
for evaluation, and m relates A to the measurement error precision by A" = o 2. MEMSEL
predictions are done with the two-step fitting method. Elastic net is restricted to have the Lq-
and Lo-penalty terms are equally weighted [87]. The base ordinary least squares (OLS) model
with all predictors included (Naive) and only the important predictors included (Oracle) are
also shown to compare predictions without shrinkage or selection and with perfect selection and
no shrinkage, respectively. All simulations are performed in R [57] and non-MEMSEL fitting
and tuning is done with the package glmnet [22].

The tuning criteria considered in this study are similar to those in Section 4.2: small-sample-

corrected AIC (AICc), BIC, Selection Information Criterion (SIC), and two forms of five-fold
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cross-validation (CV), CV-min and CV-1se. Cross-validated tuning methods are excluded for
any MEMSEL model that fits or evaluates on W in the interest of speed. The simulation models
under consideration are:

Model 1. Let 8 = (3,1.5,0,0,2,0,0,0) so p = 8 with three important predictors.

Model 2. Identical to Model 1 except 8 = (5,0,0,0,0,0,0,0) so the true model is sparse.

Model 3. Let 3= (8,...,1,0,...,0) with p = 16 and eight important predictors.

Recall WW1 MEMSEL is equivalent to the LASSO. However, test losses between LASSO
and WW1 MEMSEL are not expected to be equal because MEMSEL is using the two-step
predictions and LASSO is not. Further, minor selection error discrepancies arise between the
two methods in practice because MEMSEL optimization may not attain the global minimum of
Q(A). As 7 increases, the point at which a new covariate enters the model is in a “corner” of
the X space. See Figure 3.1 for a visual reference. The grid used in modified coordinate descent
may be too coarse to find minima until they are sufficiently far from a corner. Figure 4.6 shows
the effect of the grid size on the accuracy of WW1 MEMSEL on one data set. The left panel
uses a grid size of 10 and the MEMSEL solutions (red dotted line) tend to “overshoot” the true
LASSO solution (gray solid line) because of wide grid spacing. Tuned MEMSEL solutions then
tend to underselect slightly. The effect is reduced when the grid size is increased to 100 (right
panel). A recommended grid size that balances computational speed and accuracy is generally

between 20 and 50.

4.4.2 Simulation Study Results

Results for Models 1-4 are shown in Figures 4.7-4.9. Of primary interest is the performance of
the faster regression calibration variants of MEMSEL against the slower variants. In Model 1,
regression calibration MEMSEL variants (XM1, XM2, XD1, XD2) generally perform better than
LASSO in terms of both irrelevant selection error and test loss. Tuning with cross validation

(CV) is the exception, but CV tuning is slow and undesired for MEMSEL methods anyway.
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All methods performed active selection error well with the exception of XM2 missing a small
fraction of active variables using SIC. Elastic net performs slightly worse than LASSO. MEMSEL
variants with m = 2 perform slightly better than those with m = 1. This is due to the sparse
model and solution paths favoring sparsity when m = 2 as mentioned in Section 4.3.2. Because
LASSO is theoretically equivalent to WW1, WW2 may prove as an improved generalized LASSO
when applied to other black-box models. Neither WX1 nor WX2 offered an improvement over
XM1 and XM2, and are both slower to compute. In terms of tuning, SIC generally performed
the best on MEMSEL methods but Model 1 is not a good test for active error rates. CV-min is
significantly worse than other methods.

Model 2 tests the methods on a sparser linear model than Model 1. Results are shown in
Figure 4.8. Every method selected the only important variable in every run. All MEMSEL

variants show improvements over elastic net and LASSO. MEMSEL variants with m = 2

AIC
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Figure 4.6 Comparing AIC curves against coefficient size between LASSO (gray solid line) and the
equivalent MEMSEL variant, (W, W) with m = 1 (red dashed line). Left: a grid size of 10 is used
in MEMSEL modified coordinate descent. Right: a grid size of 100 is used in MEMSEL modified
coordinate descent. Identical data are used for both plots. Discrepancies occur when optimized A,
values are not global minimizers. The gray (red) circle denotes the minimum AIC value for LASSO
(MEMSEL).
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tuned with BIC, CV-1se, or SIC have near perfect irrelevant selection and therefore test losses
equivalent to oracle test loss. Variants with m = 1 are slightly less selective.

Model 3 tests the methods on a more difficult model for selection where there is a gradient of
effects. Figure 4.9 shows that the more selective MEMSEL variants (m = 2) now miss important
variables and have worse test loss. This is exacerbated by selective tuning methods (BIC, CV-1se,
SIC). XM1 has an advantage over elastic net and LASSO on all tasks. Like in Model 1, XM1
and XM2 are equivalent to WX1 and WX2 in terms of performance but faster to compute.

In each of these models, using D in place of M for faster computation as suggested in
Section 4.3.1 shows roughly a 10% improvement in speed. This gain will be washed out in slower
black-box prediction models where fitting and/or evaluation absorbs the most computation time.
Thus, we recommend using M.

We draw three important conclusions from these simulations. First, the regression calibration
variants of MEMSEL (XM1, XM2) perform at least as well as the much slower MEMSEL
methods that use W for contamination (WW1, WW2, WX1, WX2). Second, the use of AICc,
BIC, or SIC developed in Section 4.2 is justified to perform faster tuning versus cross validation.
Faster MEMSEL computations make possible the use of far more complex and interesting
black-box models. Finally, despite the LASSO equivalence when m = 1, taking m = 2 in
MEMSEL models appears to be favorable for selection in sparse models. Considering both speed

and performance, XM2 appears to be the most appealing MEMSEL variant, followed by XM1.
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4.5 MEMSEL in Random Forests

4.5.1 Motivation

Random forests (RF) [7] are a simple yet powerful tool to perform predictions when predictive
power is valued over model interpretability. A forest’s ensemble of decision trees smooths out
the bias produced from a single tree but obscures the effect of each individual variable. RF can
estimate relative variable importance (VI) with a noising algorithm similar to that of MEMSEL.
Individual predictors have their values permuted and the resulting out-of-bag error rates are
averaged across all trees and compared to the un-permuted error rates. A large error increase
indicates that the variable carries more significant predictive power in the data. However, because
VI is a relative measure it alone is not a rule for pruning.

Given the lack of an established routine for variable selection, random forests are a good
candidate for MEMSEL; removing irrelevant variables from a forest’s pool of candidate predictors
can only improve the out-of-sample loss. We assume the generic model Y = p.,,.(T') + € where
again ¢ are iid, E(e | X) = 0 and Var(e) = o2. Thus p,.(t) = E(Y | T = t). We choose — Bl —
as forming predictions p.,.(-) from a random forest [7]. The MEMSEL loss L is taken as squared
error loss. We focus on models with T' = X and S = M for speed considerations because random
forests are relatively slow to fit. Taking T'= X and avoiding W allows us to reuse one model fit

throughout estimation and evaluate Q(A) with only one RF prediction on contaminated data.

4.5.2 Selection Using Variable Importance

Recent articles have leveraged RF variable importance to perform variable selection. The primary
challenge is choosing a exclusion threshold for either the variable importances directly, or the
out-of-bag error (OOB) rates or p-values. It is common to use the bootstrapped resampling in
RF to estimate thresholds from the empirical distribution of variable importances. Multi-step
methods compute variable importances and OOB error rates on sequentially nested subsets of

variables with the highest importance until a stopping criterion is met. A different approach
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is to estimate the p-value for each variable via permutation test methodology and choose a
threshold on those p-values. See [35] for a detailed overview.

A competing permutation test-based approach to RF variable selection is offered in [35].
We abbreviate this method as “HAP” after the last name of the first author. HAP claims to
distinguish important from irrelevant features more often than its competitors and thus it is
used as one benchmarking method for MEMSEL. HAP first computes a variable importance
for X ;. It then permutes the values of X; 100 times and recomputes importance measures to
determine empirical distribution of importances under the assumption that X; is independent of
Y and X_; = (X1,...,X,-1,X41,...,X,). Only if the permutation test p-value falls under
a Bonferroni-controlled threshold is X; kept. This procedure is repeated for j = 1,...,p to
determine the inclusion set. Predictions are formed using a new forest grown from only the
selected variables.

Variable Selection Using Random Forests (VSURF') [25] is another variable selection approach
that we use for benchmarking because it has steps in place to specifically optimize selection
and prediction performance separately. VSURF performs three nested selection steps. The first
step removes likely irrelevant variables by estimating a VI threshold below which a variable is
eliminated. The second step computes sequential out-of-bag (OOB) error rates by using the
top rank-ordered variables by importance and chooses the smallest subset not more than one
standard deviation from the subset with the lowest error rate. This subset is the “interpretation”
subset meant to identify all variables that are relevant. The final step reduces variable redundancy
by again sequentially checking the rank-ordered variables by importance and including a new
predictor only if the OOB error decreases by more than a threshold estimated from the data.
This “prediction” set is a subset of the “interpretation” variables meant to eliminate redundancy
in the interpretation subset. The interpretation or prediction step may deem that the mean
model is best by excluding every variable. In this case we set predicted values identically to Y.

HAP departs from VSURF by using conditional inference random forests [71, 72] to perform

predictions and determine variable importance (VI). The splits in trees that make up conditional
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inference random forests are chosen from permutation test results as opposed to a single impurity
or mean squared error measure [41].

HAP, VSURF and MEMSEL all select variables by adding noise to inputs. However, both
HAP and VSURF do so in a binary and independent fahsion. Variable permutations aggressively
break the relationship with Y and are done one at a time holding the other p — 1 variables
uncontaminated. MEMSEL, in contrast, adds continuous amounts of contamination and ac-
counts for dependencies between each input through the selection likelihood optimization. Thus
MEMSEL should have more power to distinguish important from irrelevant variables. The major

tradeoff is the higher computational cost of MEMSEL.

4.5.3 Simulation Study Setup

We compare the proposed random forest MEMSEL variant (X, M) using m =1 (XM1) and
m = 2 (XM2) against HAP and VSURF. Performance is evaluated on irrelevant variable
selection error (average number of irrelevant variables included), important variable selection
error (average number of important variables excluded), and prediction error defined as the
average squared error between actual and predicted test set Y vectors of dimension 10,000.
Data are generated as described in Section 4.2.2 but using five different base models for p,.(t).
We consider both smooth and nonsmooth models of p.,.(t) with respect to t. Each data model
assumes n = 100, a theoretical R? = 0.75, and p = 0.25 unless otherwise noted. Recall p; =
count of important variables. Each simulation comprises 100 Monte Carlo replicates. The base
simulation models under consideration are listed below.
Smooth Model 1 (few large effects): u..(t) = t13; 8= (3,1.5,0,0,2,0,0,0); p = 8; p1 = 3.
Smooth Model 2 (effect gradient): u,.(t) = t73; B = (10,...,1,0,...,0); p = 20; p; = 10.
Nonsmooth Model 1 (slowly-varying effects): pu,.(t) = (t1)+ + (t3)+ + S(t7,t9); p = 10;
p1 = 4. Define (t)4+ = max(¢,0) and S(x,y) = the indicator function that x < 0 and y < 0.
Nonsmooth Model 2 (quickly-varying effects): .. (t) = max(t1,t7) + (t3 + t9)+; p = 10;

p1:4.
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Nonsmooth Model 3 (many effects): p,.(t) = (t1)+ + (t3)+ + S(t7,to) + S(t10,t12) +
S(t14, t15) + S(t6, t20); p = 20; p1 = 10.

Additionally, we may vary one simulation factor at a time to understand how each of the four
methods respond to changes in sample size, number of predictors, correlation in X, or residual
error variance. All possible model x tweak combinations are not considered in the interest of

space.

4.5.4 Software Considerations

All simulations are performed in R. The source code for HAP is available in the supplementary
files of [35]. HAP relies on cforest () in the package party for fitting and prediction [40, 71, 72].
VSUREF is available in the VSURF package [26]. VSURF “interpretation step” variables are used
for judging selection and “prediction step” variables are considered for re-building a forest with
which to perform predictions. MEMSEL methods use traditional random forests available in the
R package randomForest [48]. Although fast R packages for building forests exist, MEMSEL
requires fast predictions (if uncontaminated data are used to fit); randomForest () evaluated
predictions faster than both ranger () and Rborist().

For HAP, VSURF, and MEMSEL, the number of candidate variables to use for each split is
set at mtry = max{floor(p/3), 1}. The number of trees used in HAP, VSURF, and MEMSEL are
their defaults of 50, 2000, and 500, respectively; increasing this value for either HAP or MEMSEL
does not make an improvement. Trees are fully grown without pruning and terminal nodes
must have at least five observations. The Bonferroni-adjusted p-value in HAP is 0.05/dim(X).
MEMSEL is tuned using SIC. AICc, BIC, and GCV proved to not penalize aggressively enough

and favored the largest possible models. Cross validation is prohibitively slow.

4.5.5 Simulation Study Results

The results of the simulations are shown in Table 4.2. Bold entries in the table denote errors
that are not statistically different from those with the lowest error in the row using a paired

t-test at a = 0.20. A lower significance level is chosen to limit the number of examples that
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are statistically indistinguishable, and further because researchers likely prefer a method that
outperforms competitors even at o = 0.20.

Our proposed MEMSEL method XM2 performs exceedingly well in general on the critical
tasks of important variable selection and prediction. It tends to significantly overselect irrelevant
variables compared to HAP only in cases where there are many irrelevant variables. However,
those errors do not impact MEMSEL prediction greatly because they simply will not be used
for splitting as often in the refitted random forest. By contrast, XM1 that sets m = 1 performs
far worse than XM2. Higher important and irrelevant selection errors for XM1 suggest that
it is overall worse in variable discrimination as opposed to only more or less selective. This
reinforces our claim in Section 4.3.2 that MEMSEL with m = 2 should be a better selector.
VSURF appears to gain an advantage in important selection error when the signal-to-noise
ratio is lowered. When the sample size is increased from 100 to 400, MEMSEL shows drastically
reduced overall selection errors but both HAP and VSURF have higher irrelevant selection
errors. This suggests favorable large-sample properties for MEMSEL. There does not appear to

be a difference in performance for any method between smooth and nonsmooth models.
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Table 4.2 Selection and prediction errors for random forest MEMSEL (XM1, XM2), HAP, and
VSURF. Simulation factor tweaks are shown in the “Setup” column, e.g., R? : 0.75 \, 0.50 indi-
cates decreasing R? from 0.75 to 0.50 in the model. Values in bold are statistically no different
from those with the lowest error rate across the row using a paired t-test at o = 0.20.

Setup Error XM1 XM2 HAP VSURF
Smooth Model 1 (SM1) Sel. (Irrelevant) 0.34 0.09 0.20 0.13
Sel. (Important) 0.16 0.04 0.12  0.07

Prediction 0.40 037 0.44 042
p:10 730 Sel. (Irrelevant) 1.52  0.96 0.33  0.49
Sel. (Important) 0.02 0.00 0.15 0.05
Prediction 041 039 045 0.39
R?:0.75 \, 0.50 Sel. (Irrelevant) 0.26  0.06 0.07 0.53
Sel. (Important) 0.62 0.57 0.45 0.12
Prediction 0.68 0.67 0.65 0.70

Smooth Model 2 (SM2) Sel. (Irrelevant) 0.03  0.03 0.04 0.04
Sel. (Important) 4.21  3.59 4.54  3.69

Prediction 0.48 046 056 0.49
p:11 720 Sel. (Irrelevant)  0.75 0.63 0.14 0.21
Sel. (Important) 3.01 2.81 4.85 3.80
Prediction 0.46 0.46 0.57 047

Nonsmooth Model 1 (NS1) = Sel. (Irrelevant) 0.50 0.28 0.22  0.67
Sel. (Important) 0.46 0.50 1.22  0.39

Prediction 0.49 048 0.54 0.57
p:10 30 Sel. (Irrelevant) 3.48 3.22 0.49 141
Sel. (Important) 0.32 0.19 139 0.73
Prediction 0.51 0.51 054 0.50
R?:0.75 \, 0.50 Sel. (Irrelevant)  0.31 0.26 0.10  1.02
Sel. (Important) 1.44 133 1.73 0.85
Prediction 0.77 073 0.74 0.74
p:0.25 70.75 Sel. (Irrelevant) 1.65 0.64 2.18 2.14
Sel. (Important) 0.56 0.72 0.96 0.63
Prediction 0.43 042 048 0.43
n: 100 400 Sel. (Irrelevant) 0.10 0.02 0.68 0.88
Sel. (Important) 0.00 0.00  0.00  0.00
Prediction 0.35 035 036 0.37

Nonsmooth Model 2 (NS2) = Sel. (Irrelevant) 0.60 0.39 0.32 0.29
Sel. (Important) 0.15 0.04 0.43 0.08
Prediction 0.51 049 0.60 0.52

Nonsmooth Model 3 (NS3)  Sel. (Irrelevant) 1.11  1.02 0.22  0.70
Sel. (Important) 4.60 3.98 6.75 4.25
Prediction 0.71 0.66 0.77 0.69
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4.5.6 Real Data Example — Concrete Workability

Before concrete is poured, a sample is drawn from the batch and subject to a slump test to
determine if the batch is suitable for use. A cone filled with concrete is inverted to observe how
the free-standing wet concrete deforms. If the cone slumps too drastically or not at all, the batch
is improperly composed or mixed and must be discarded. Concrete with the correct slump has a
high workability and will be easier to pour, compact, and finish while maintaining consistency
[85]. Further, superplasticizers are known to increase workability but are costly compared to
possible alternatives like fly ash or blast furnace slag. It is then of interest to predict how raw
concrete ingredients impact slump to optimize both cost and workability.

We consider a data set of n = 103 different concrete recipes and the resulting slump test
heights (in cm.), obtained from [49]. The input variables are the p = 7 components that define
each recipe: cement, slag, fly ash, water, superplasticizer, coarse aggregate, and fine aggregate,
each measured in kg/m3. The objective is a model with the lowest root mean squared error
(RMSE). The small sample size suggests that RMSE be determined through repeatedly splitting
the data into training and test sets.

Previous work in modeling slump has used both linear models with quadratic terms and
artificial neural networks (ANN) [85]. The ANN model performs significantly better than
the linear model by reducing RMSE from 15.57 to 8.51 cm, although the article implies use
of bootstrapped test sets for tuning and this result may be overstated. (Further, the linear
model actually performs worse than the simple mean model with RMSE=8.71.) RMSEs were
determined by splitting the data into four disjoint subsets, roughly 3/4 for training and 1/4 for
testing, and averaging the four test-set RMSEs.

We pursue a lower RMSE with the four random forest models above: our proposed MEMSEL
methods XM1 and XM2, and competitors HAP and VSURF. We include a traditional random
forest (RF, from randomForest()) to assess performance both with and without selection.
Indeed, each of the seven variables are truly relevant in determining slump, however, predictions

may improve by pruning variables that carry little signal. RMSE results are compared to the
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ANN model presented in [85]. We split the n = 103 observations into 77 training points and 26
test points. Each method is fit and tuned on the training set. Predictions are done on the test
set to determine RMSE. This procedure is repeated 100 times with new randomly split training
(75%) and test (25%) sets. We also record the fraction of times each variable is selected and
overall fraction of variables selected for each method over the 100 replicates. Software defaults

are unchanged from those described in Section 4.5.4.
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Figure 4.10 Distribution of RMSEs from concrete data. The thin solid vertical line represents the
middle 95% of RMSEs, the thick solid vertical line represents the middle 50% of RMSEs, and the
horizontal line is the median RMSE over 100 samples. The distribution of RMSEs from ANN is ap-
proximated from the range of test-set results in [85].

RMSE results are shown in Figure 4.10 and selection results in Table 4.3. The traditional
random forest (RF), MEMSEL XM2, and VSURF exhibit the lowest aggregate RMSEs. (It is
important to note that [85] had only 78 observations at the time of publication and the current
data set contains an additional 25.) XM2 and HAP are the most selective methods, but XM2 is
able to retain good predictive performance relative to HAP while being selective. XM2 estimates

that water and slag densities are the most important in determining slump. Although we know
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Table 4.3 Selection results from concrete data. Values are the fraction of times a variable is chosen
out of 100 redrawn samples. AVG = average selection rate over all variables.

Variable XM1 XM2 HAP VSURF

cement 0.17 0.01 0.00 0.03
slag 0.38 090 0.65 1.00
fly ash 0.20 0.07 0.03 0.04
water 1.00 1.00 1.00 1.00
super 0.23 0.01 0.09 0.05
coarse aggr 0.11  0.01 0.13 0.20
fine aggr 0.15 0.01 0.01 0.57
AVG 0.32 029 0.27 0.41

that each concrete component is important in determining slump (especially at extreme ratios),

this result indicates that water and blast furnace slag be the most carefully measured.

4.6 Summary

This chapter generalizes and extends prior research on Measurement Error Model Selection
Likelihoods (MEMSEL) [68, 79]. In addition, a new tuning method, Selection Information
Criterion (SIC), is developed and shown to discriminate better than popular competing methods
when the true model is sparse. Although there are strong arguments against using selection-
consistent criteria in models that approximate complex systems (see Section 6.3.2 in [9]), SIC is
primarily developed for use in random forest MEMSEL where AIC, BIC, and cross validation
do not perform well.

MEMSEL is extended to allow different forms of predictor contamination as inputs to either
fitting or predicting (or both) with the black-box fitting method. This requires a slight reframing
of the four-step process to build a Measurement Error Model Selection Likelihood described in
earlier chapters, although the concept is unchanged. SKDA and MEKRO from Chapters 2 and
3 are special cases of the broadened four-step method. Also, the computationally-less-intensive
“regression calibration” approximation introduced in Section 2.5 is described and studied.

The new variants of MEMSEL that arise from its generalization are studied both theoretically
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and numerically in the linear model. Many of them are shown to be inviable by either not
introducing A to the loss function, not achieving variable selection, or performing worse than
faster MEMSEL variants. MEMSEL variants that fit on the uncontaminated data X and predict
at the regression-calibration-contaminated data M exhibit favorable selection and out-of-sample
prediction errors when compared to LASSO.

MEMSEL is applied to the random forest black-box predictor, a method with no likelihood
to penalize for selection, as a way to introduce variable selection. We demonstrate numerically
that MEMSEL outperforms other methods of variable selection for random forests studied in
the literature.

Future work on MEMSEL will address its lack of ability to handle inputs with discrete
distributions. Although kernel regression MEMSEL [79] allows discrete predictors, it relies on a
specific kernel function and cannot be easily generalized outside of kernel methods. We also intend
to test MEMSEL on other, more convoluted black-box prediction methods. Finally, a generic
proof or proof sketch that constrained minimization of @Q(\) provides a selection-consistent X is

still under investigation.

4.7 Appendix

4.7.1 Centering and Scaling Z

Let Z, be an n X p matrix of iid N(0,1) observations. Define B = (1,,,X,Y). Then set
Z = Z, —- B(BTB)"'B7Z, so that 1IZ = 0,, Y'Z = 0,, and X7Z = 0,4,. Note Z is
quickly computed as the residuals after regressing Z, on B. Now Z must be scaled; we use
eigendecomposition. Let P = n~'Z”Z and because P is symmetric it can be decomposed as
P = VAVT where V is the orthogonal matrix of stacked eigenvectors of P and A is a matrix
with corresponding eigenvalues of P on the diagonal. Further, P is positive definite implying
A is as well. Thus PY/2 = VA/2VT and P~Y2 = VA~1/2VT by orthogonality of V. Finally

update Z + ZP1/2 5o that ZTZ = nl, as desired.

122



4.7.2 Derivation of MEMSEL in Linear Models

We derive MEMSEL prediction function variants and MEMSEL loss functions when the black-
box model is ordinary least squares as described in Section 4.4. Recall that X and Y are
standardized, and crossproducts of Z, and X or Y are the zero matrix of the appropriate
dimension because of the choices from (4.5).

Each expression is derived using o2 as the contamination vector to follow how false mea-
surement error is introduced conceptually. For use in MEMSEL, each expression must be
reparameterized as a function of A using A" = o, 2.

The 7i(-) variants reveal that the exact MEMSEL prediction function fi, () attenuates
predictions towards the response mean (centered at 0) when the false measurement errors o2
are all large. This is expected; if all model variables are poor predictors of Y, then Y is the best
one can do to predict a new response value. Conversely, both |i1,,(t)| and |z, ()| undesirably
increase without bound as components of o2 increase. Thus, given a A value, one can form
sensible predictions from the exact MEMSEL predictor iy, () but not from regression calibration
MEMSEL predictors i,, (t) and fi,(t).

Examination of the Q(+) equations reveals that only (W, W), (W, X), (X, M), and (X, D)
are viable MEMSEL variants (in the linear model). The other variants either do not depend on

A or cannot perform selection because they are undefined when any component of A is 0.

Below are derivations of MEMSEL objective prediction functions fi(-).
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Below are derivations of MEMSEL objective functions for (T, .S) pairs of interest. The MEMSEL

loss L is squared error loss to match with least squares in linear regression.
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