ABSTRACT

MAJUMDER, TUHIN. Statistical Learning Using Sparse Markov Models. (Under the direction of
Soumendra Nath Lahiri and Donald E.K. Martin).

Discrete time Markov models are extremely popular for analyzing a categorical time series
due to their wide applicability. Especially, higher-order Markov models can capture more complex
dependence of a categorical time series. However, with increasing order, the complexity of the model
also increases in terms of number of parameters. In this dissertation, we consider a more general
parsimonious modeling approach is given by Sparse Markov Models (SMMs).

In Chapter 2, we give a thorough review of the large sample properties of Markov chains, which
is useful in extending the large sample results in chapter 3 for higher order Markov models including
SMM. In Chapter 4, we develop an elegant method of fitting SMMs based on convex clustering
algorithms, which minimizes a convex and penalized loss function. Theoretical results establish
model selection consistency of our method for large sample size. Extensive simulation and real data
example in classifying RNA sequences of different viruses demonstrate the wide applicability of such
method. In Chapter 5, we extend the previous method for a more general class of divergence measure.
We provide theoretical results which enable us to find a range of the regularization parameter for
which the true underlying clusters can be identified. A more relaxed method of convex clustering is
proposed, namely SR2C2, which performs comparably with the traditional methods, but in much
less time. To compare the time complexity and the model performances for different algorithms,
extensive simulation studies have been conducted. In Chapter 6, we propose a bootstrap based
prediction algorithm for predicting the /-step ahead future, demonstrated with extensive simulation
studies. A computationally efficient method of constructing simultaneous 100(1 — a)% prediction
sets for the future observations is introduced, based on an anomaly scoring method. We demonstrate

this method in detecting anomalous genes in Helicobacter Pylori bacteria.
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CHAPTER

INTRODUCTION

Discrete time Markov models are extremely popular for analyzing a categorical time series due to
their wide applicability. For a Markov chain of order one, the evolution of the process at a future
time point is independent on past states given the present state. The evolution of this chain is
characterised by the transition probabilities from one state to another. These models are named
after the Russian probabilist Andrey Andreyevich Markov, who first introduced this concept back in
1906. Till then, Markov models are useful in modelling many real life problems including complex
DNA or RNA sequences, data compression, text classification, network analysis and spatial data.
Theoretical properties of Markov chains have been well studied throughout the years which confirm
the asymptotic consistency of the functionals of data points under certain assumptions.

Although the initial developments were limited to Markov models of order one, scientists have
observed that use of higher-order Markov models can capture more complex dependence of a
categorical time series. However, with increasing order, the complexity of the model also increases

in terms of number of parameters. Meaningful inference is not possible for higher-order Markov



chains unless we assume some simplified higher order models, for example the model proposed
by Raftery (1985). Several other dimension reduction techniques have been adapted for modelling
such higher order Markov chains. The most popular one is the use of variable length Markov chains
(VLMC) which was first introduced by Rissanen (1983). Further theoretical and computational
advancements of VLMC have been developed by Biihlmann et al. (1999), Biihlmann (2000), Begleiter
et al. (2004), Galves et al. (2012), Belloni and Oliveira (2017) and Cénac et al. (2018). A more general
parsimonious modeling approach is given by Sparse Markov Models (SMMs), where all possible
histories of order m are partitioned such that the transition probability vectors are identical for the
histories belonging to any particular group, have been introduced by Garcia et al. (2011). Bayesian
approaches for fitting SMM have been outlined by Jddskinen et al. (2014), Xiong et al. (2016) and
Bennett et al. (2022). In this thesis, we completely focus on sparse Markov models, developing
different algorithms for fitting SMM, prediction, large sample properties, simulation studies and
demonstrate our methods with real data examples.

In Chapter 2, we give a thorough review of the large sample properties of Markov chains, with
a focus on the stationarity, ergodicity and development of Markov chain central limit theorems
(CLTs). We discuss the results for both general and countable state space Markov chains, using
some suitable examples. This chapter works as a preamble to the Chapter 3, where we extend
the large sample results for general higher order Markov chains. The major development in this
chapter is that the asymptotic results consider a set-up which allows the order of the chain m to
grow with increasing length n of the chain under certain assumptions. A small example of VLMC in
binary chains demonstrate how the imposed conditions simplify in practical problems, helps us
determining the rate of growth of m with the sample size n.

In Chapter 4, we address the major problem with fitting higher order Markov models is the
exponentially growing number of parameters in the model order. We develop an elegant method
of fitting SMMs based on convex clustering algorithms. In this approach, we minimize a convex
objective function which is the sum of two terms - one of them is a smooth error term, squared
error loss to be specific; the other one is a non-differentiable penalty function which involves a

regularization tuning parameter. This regularization parameter is selected using the BIC criterion.



Theoretical results establish model selection consistency of our method for large sample size. Exten-
sive simulation results under different set-ups are presented to study finite sample performance of
the method. We demonstrate our methodology in modelling a problem of virus classification from
the collected samples, where the RNA samples are partially available.

In Chapter 5, we develop a new direction of convex clustering algorithms, where the smooth
loss function belongs to a more general class of divergence measure, namely the density power
divergence (DPD). This class includes widely used Kullback-Leibler divergence and the squared
error loss which was used in the Chapter 4. In such problems, we view the clustering problem
as a constrained convex optimization problem. Then we use the variable splitting methods like
alternating direction method of multipliers (ADMM) and alternating minimization algorithm (AMA)
for clustering the empirical transition probability vectors for the m'" order histories. We provide
theoretical results which enable us to find a range of the regularization parameter for which the true
underlying clusters can be identified when we use the DPD loss. We also propose a more relaxed
method of convex clustering, namely SR2C2, which performs comparably with the traditional
methods, but in much less time. To compare the time complexity and the model performances for
different algorithms, extensive simulation studies have been conducted.

A most important problem in analyzing a categorical time series is prediction. For Markov
models of order one, it is relatively easier to predict the state X, given the observations Xj, ..., X,
predicting the most likely state corresponding to the highest h-step transition probability. For higher
order Markov models including SMM, computing such transition probabilities will require lot of
computational effort, as one needs to sum over the all possible paths in between. To overcome that
problem, we propose a bootstrap based prediction algorithm in Chapter 6, where the bootstrap
samples generate the future paths from the fitted SMM, and we predict the most likely state at X, ,,
as the one which appears most of the time in the bootstrap samples. Extensive simulation studies
have been performed to assess how many bootstrap samples are enough for producing reliable
estimators of the transition probabilities. We also propose a computationally efficient method of
constructing simultaneous 100(1 — a)% prediction sets for the future observations (X;,,1,..., X;+1)

based on an anomaly scoring method. This would help one to determine whether an h-tuple



belongs to the prediction set or not. The anomaly score associated to each h-tuple is important in
finding anomalies in sequence data. We demonstrate our method in detecting anomalous genes of

a particular strain of Helicobacter Pylori bacteria.



CHAPTER

2

LITERATURE REVIEW: LARGE SAMPLE
PROPERTIES OF MARKOV CHAINS

2.1 Introduction

A stochastic process is defined as a collection ® = {X, : t € 7} of random variables defined on a
common probability space, where 7 is any index set. Typically, for discrete time stochastic processes,
7 ={0,1,2,...}. The random variable X, takes values in a set 2, called the state space. A discrete
time Markov chain is a stochastic process ® = {X; : t =0, 1,2,...} such that the evolution of the
process at a future time point is independent on past states given the present state. This process has
been named after Russian probabilist Andrey Andreyevich Markov, who first summarized the idea
in Markov (1906). Most of his literary works on the development of Markov chains were discussed in
Basharin et al. (2004).

Analyzing and understanding methodology related to discrete time Markov chains are of im-



mense importance due to their wide applicability. In time series analysis, most known autoregressive
or moving average models are examples of Markov processes. Applications of Markov models in
spatial data have been explored by Besag (1974, 1978); while Rue and Held (2005) deal with Markov
random field models. In DNA sequencing, Kimura (1981), Braun and Muller (1998), and Durrett
(2008) use Markov chains to capture complex DNA patterns. Markov models may be used for model
fitting in many other areas of potential interests as well, including network analysis in engineering
and pattern recognition in text analysis. Hence, a discussion on the available methodology for
estimating the unknown parameters as well as large sample behavior of Markov chains highlights
statistical inference for various real-life examples.

Probabilities for transitions from one state to the next play a key role in determining the prop-
erties of a Markov chain. When the state space 2 is countable, we can write P(Xnﬂ = Xp41 {Xn =
X Xpe1 = Xp—1, .0 Xo = xo) = P(Xn+1 = an}Xn = x,) for xy, x1, ..., X, taking values in Z'. Sup-
pose, P(X,Hl = y|Xn =2z)= P(Xl = y}XO = z) for all integers n > 1 and for all (y,z) € Z2. This
type of process is called a time homogeneous Markov chain, where the transition probabilities do
not depend on the time n. Throughout this article, we will consider time homogeneous Markov
chains only, unless it is otherwise noted. For countable &', we can organize the one-step transition
probability from one state to the next in a matrix. If we denote the states in 2 as {1,2,3,...} then
let P;; = P(Xl = j|XO =1i). If|Z|=d < oo, then P =((P;;)) is a d x d matrix, where the sum of the
entries in each row is 1. If & is countably infinite, then P is an infinite dimensional matrix, again
with each row sum being 1. The matrix P is called the transition probability matrix. The n-step
transition probability from state i to state j is the (i, j)*" entry of the matrix P", and is denoted by
pl.(jfl) =P(X, = j|Xo=1).

For a countable state space, we formally define a discrete time Markov chain of order 1 as follows

For a countable state space, we formally define a discrete time Markov chain of order 1 as follows

Definition 1 Suppose® ={X, :t =0,1,2...} is a stochastic process taking values in a countable state

space X withd = |%'|. Let P =((P;;) be a d x d dimensional matrix such thatzj pij=1and

Pr(Xpm=jlX,=1,Xp 1 =101,..,Xo=1,)=Pr(X,1 =j|Xn:i):Pij-



Then we call ® a time-homogeneous discrete time Markov Chain over a countable state space.

Things become complicated when 2 is a general state space and not necessarily countable.
The notion of a transition from one state to the next may not work in the same sense as in the
countable case and we cannot construct a transition probability matrix as before. Instead, we

introduce transition probability kernels, defined in Meyn and Tweedie (2012) as follows.

Definition 2 Let B(Z) be a countably generated o -field over & , more precisely a Borel o -field if
Z is a topological space. We call P ={P(x,A),x e ¥, A B(Z)} a transition probability kernel or

Markov transition function if
(a) foreach Ae B(X), P(.,A) is non-negative measurable function on X’;

(b) foreach x € ¥, P(x,.) is a probability measure on B(X).

In this case, the n-step transition kernel is computed recursively as
P (x,A) =f P(x,dy)P" V(y,4), xex,AcB(X).
>

In the countable case, the transition kernel simplifies to a transition probability matrix in a manner
such that for each state i, we have a discrete probability distribution on 2" according to the i*" row
of the transition matrix with P;; as the transition probability from state i to state j. From now on, we
let P denote the transition probability matrix if 2 is countable, and transition probability kernel if
& is a general state space. It is obvious that any definitions or results related to a general state space
are also valid for countable state space Markov chains as well, because a countable state space is a
subcategory of a general state space. However, theoretical developments in countable or finite state
space models are less abstract and more useful in real-life examples compared to the general state
space case.

The remainder of the chapter is organized as follows. In Section 2.2, we introduce the important
definitions and notation that will be used throughout the paper. Sections 2.3 and 2.4 deal with two

major concepts related to large sample results, namely the stationary distribution and ergodicity,



respectively. The formulation of central limit theorems using various approaches are presented in

Section 2.5. We conclude the report in Section 2.6 with some future research ideas on this topic.

2.2 Definitions and Notations

Before going into the intriguing theory of Markov chains, we need to discuss some preliminary
ideas and definitions. Just as we have introduced the notions of transition probability matrices and
transition probability kernels, we will discuss the definitions separately for countable and general

state spaces, respectively.

2.2.1 Countable State Spaces

Let®={X,:t=0,1,2,...} be aMarkov chain over countable state space & with transition probability

matrix P. Define, for j e &,
oo
nj:Zﬂ{Xn:j}; Ti=min{n>1:X,=j} o;=min{n>0:X,=j}
n=1

If Xo = j, n; is the number of times the chain returns to the state j, and 7; is the first return
time. Also, 0 ; is the first hitting time to state j. The k' h return to j is defined successively as

Tj(k)=min{n>1;(k—1): X,, = j}, k=2,3,..., where 7 (1) =7 ;. Now, for i, j € &', define

o oo o
U= 2Pl = 3 BLA X0 = X =1) = B[ Yo%, = 1o =]
n= n= n=

=E[n;|Xo=i]=Ein;),

Lij=P(t;< ool X, = [)=P(71;<o00)=P,(® everentersstate j).

We say that a state i leads to a state j if L;; > 0, in other words if Pl.(;l) > 0 for some n > 1. We
denote this as i — j. We say that the state i communicates with the state jifi — jand j — i,
written as i «— j. This relation ‘=’ is an equivalence, leading to formation of an equivalence class
C(i)={j:i > j}forieZ with i € C(i). The state space & is comprised of the union of such

equivalence classes. The period of the class C(i) is defined as d = gcd{n : Pi(l.") > 0}, and the period is



same for every state j € C(i). Now, if there exists only one such equivalence class, i.e. if C(i)=% for
i € Z, then we say that the Markov chain & is irreducible, and every state communicates with every
other state. An irreducible chain with period 1 is called aperiodic.

A state j is called recurrentif L;; =1, otherwise it is called fransient. L;; is not always easy to
compute, however there exists an useful condition that is described in Ross (1996) or Karlin and
Taylor (1975). The state j is recurrent if and only if Zzil P].(;.’) Uj j = 00. Thus the main characteristic
of a recurrent state is that starting from that state, the chain will eventually return to that state with
probability 1, and thus the expected number of returns is co. If the expected number of returns of
the state j is finite, then subsequently L;; <1, i.e. j is a transient state. We say that a recurrent state
J is positive recurrent if E[7 ;| X, = j]= E;[7 ;] < 00, otherwise it is called null recurrent. Throughout
the paper, we define E[Z| X, = j]= E;[Z], where Z is a random variable and j € 2.

A Markov chain over a countable state space is called ergodic if it is aperiodic, irreducible and

positive recurrent. The limit theorems in later sections are constructed mostly for ergodic chains.

We will formally define ergodicity in section 2.4.

2.2.2 General State Spaces

Let®d={X,:£=0,1,2,...} be aMarkov chain over a general state space 2 with transition probability
kernel P. Take x € 2 and A € (). Consistent with the terms defined in section 2.2.1, we define

the following terms, having similar meaning.

oo
nA:Zﬂ{XnGA}; Ta=min{n>1:X,€A}; o,=min{n>0:X, € A}l

n=1

o
U(x,A)zZP(”)(x,A)zEx[nA]; L(x,A)=P,(14<00)=P,(P everentersset A).
n=1

The set A is called recurrentif E,[n,]= oo for all x € A, and called uniformly transientif E,[n4] <
M < oo for all x € A. Denote Q(x,A) =P, (P € A infinitely often (i.0.)). The set A is called Harris
recurrentif Q(x,A) =1, in other words if P,(n, = 00) =1 (see Meyn and Tweedie (2012)). Alternatively,
A is Harris recurrent if L(x, A) =1 for all x € A; this can be established using the fact that L(x, A) =

1 = Q(x,A)=1forall x € A.



So far, the extension of the definitions of recurrence and transience in the general set-up are
analogous to the countable case. However, the concept of irreduciblity is complicated in the general
set-up. Here we cannot define two-way communication between states x and y in &'. For instance,
the mass of the distribution P(x,-)is 0 everywhere if P(x,-) is continuous on %. To overcome this
difficulty, we introduce the notion of ¢ irreducibility. We call ® = {X; : t =0,1,2,...} ¢-irreducible if
there exists a probability measure ¢ on B(Z’) such that whenever ¢(A) > 0 for some A€ B(Z'), we
have L(x,A)>0forall x e X.

Many of the basic concepts of irreducibility in general state spaces were developed by German
probabilist Wolfgang Doeblin in Doeblin (1937). Later Doob (1953), Harris (1955), Orey et al. (1959),
Orey (1971), Tweedie (1974a), Tweedie (1974b), and Nummelin (2004) have enriched the literature.

Proposition 4.2.2 of Meyn and Tweedie (2012) shows that if the Markov chain ® is ¢ -irreducible

for some probability measure ¢, then there exists a measure 1 satisfying the following properties:
1. ®isy-irreducible.

2. For any other measure ¢’, the chain is ¢’-irreducible iff ¢ > ¢’, i.e. if Y/(A) = 0 for some

A€ B(X), then p’'(A)=0.
3. If(A)=0, then yY{y : L(y, A)> 0} =0.

We call this probability measure ¢ a maximal irreducibility measure, which was first introduced
in Tweedie (1974a). Subsequently the chain ® is called v-irreducible. Define B1(X')={Ac B(Z):
(A) > 0}. The whole Markov chain & is called Harris recurrent if it is y-irreducible and every set
A€ B* (%) is Harris recurrent.

Note that if &' is countable, it is a special case of the general state space. For example, the above
notion of existence of a maximal irreducible measure is equivalent to the chain being irreducible in
the countable case. Similarly, we can simplify the results for a general state space in the countable
case. A set o € B(%') is called an atom if there exists a measure v on %B(Z’) such that P(x, A) = y(A),
for all x € @ and A € B(Z'). This a is called an accessible atom if ® is y-irreducible and (a) > 0.

Many of the results for a general state spaces are analogous to the countable case if & contains an
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atom. Clearly, every single point in & is always an atom. If & is countable and the corresponding
chain & is irreducible, every point is an accessible atom.
The assumptions of recurrence, irreducibility, and /-irreducibility discussed in this section will

be very crucial for most of the limiting results presented in the later sections.

2.3 The Stationary Distribution

So far, we have discussed some preliminary concepts related to the construction of discrete time
Markov chains. Next, we focus on the evolution of a Markov process in the long run. Statisticians
are often interested in how stable a Markov chain is as n increases. Of course one can achieve
maximum stability if the variation of the random variables {X},} remains constant over time. In
other words, stability can be achieved if the distribution of X,, remains invariant over n. This leads
to the formulation of a stationary distribution, which is invariant under translation through time.
We will first discuss the definition and properties of the stationary distribution for countable state
spaces and then extend it to general state spaces.

Let P be the transition probability matrix for the Markov chain ® ={X, : t =0, 1,2,...} over state
space &', and label the states as 1,2, 3, ... and so on. Consider a distribution 7w on & represented
as a row vector 7 = (7, 7T», ...), such that 2161 7;=1.Ifarandom variable Y ~ 7, then P(Y = j)=

7, ] € Z. We call a probability vector 7 a stationary distribution if it satisfies the following relation:
T=TmP. (2.3.1)

Suppose X~ 7. Then P(X; = j) =D, P(X; = jIXg = )P(Xo=1) =D, m; P;j =7}, using (2.3.1).

So, X; ~ 1, and by a similar argument, X,, ~ 7w for all n > 0.

Now the question of interest is under what conditions does a stationary distribution exist? Also,
what happens when the distribution of X is not stationary? Obviously in that case we cannot expect
that the distribution of each of the random variable X,, will be the same. The following theorem

(see Karlin and Taylor (1975) or Ross (1996)) establishes existence of a stationary distribution and of
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long run stationarity of a Markov chain under ergodicity.

Theorem 2.3.1 Let®={X,:t=0,1,2,...} bean aperiodic, irreducible and positive recurrent Markov
chain over countable state space ¥ ={1,2,3,...} with transition probability matrix P. Then for any
Ljex,

lim P =n;, (2.3.2)

n—oo tJ

where T = (11,75, ...) is the unique stationary distribution, satisfying = mP.

This result implies that the distribution of X,, converges to the stationary distribution if n — oo,
irrespective of the initial state. If we drop the aperiodic condition, a unique stationary distribution
still exists, however the limiting condition in (2.3.2) is not satisfied if period d > 2. This is obvious,
sinceforanyneNand je %, p]g;;) >0 onlyif n = kd for some k € N and Pj(;l) =0 if n is not divisible
by d. Ross (1996) showed that for an irreducible, positive recurrent and periodic Markov chain
of period d with transition probability matrix P, there exists a unique stationary distribution n

satisfying m =P, and for any j € 2, lim,,_, Pj(}“” =dr;.
For general state space 2, we say that a probability measure over 2(%’) with transition proba-

bility kernel P is invariant if
n(A)=f n(dx)P(x,A); Ae B(X).
x

We call a Markov chain ¢ positiveif such an invariant or stationary probability measure exists. As
the conditions under which the stationary probability measure 7 exists and for which the transition
kernel P converges to 7 in distribution have been thoroughly discussed in Meyn and Tweedie
(2012), we are not going to discuss them for brevity. We call ® Harris ergodicif it is positive, irreducible
and Harris recurrent. However, if @ is 1 -irreducible and possesses an accessible atom a € 87 (%),
then @ is positive recurrent if and only if E,(7,) < ©o and a stationary probability measure 7t exists
with 7t(a) = 1/ E,(7,). Now this result, when simplified for a countable state space 2, implies that
the stationary probability of the j’" state in 2 for an ergodic Markov chain is given by 7 i=1/Ej(7;).

We will use this fact often while constructing central limit theorems.
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2.4 Ergodicity

In the previous section, we have discussed that under some conditions, the transition probability
kernel PU") converges to stationary distribution 7 as n — oo. This property is called ‘ergodicity. Now
we will discuss different rates of convergence to the stationary distribution, which helps us to build
the foundation for central limit theorems. In this section, most of the definitions and results are
presented for a general state space 2" along with the notion of a general transition probability kernel
P. However, Kendall (1959) and Vere-Jones (1962) have proved the following result specifically for

countable &'.

Theorem 2.4.1 Let®={X,:t=0,1,2,...} be an aperiodic, irreducible and positive recurrent Markov
chain over countable state space & with transition probability matrix P. If there exists a statei € X
with |Pl.(l.")—7rl~| =0(p]') for some p; <1, then there exists p <1 such that for allk, j € Z, |P,£?)—7Tj| =

O(p"), where 1t is the stationary distribution.

Thus, if the conditions of the above theorem hold, then Pl.(]'?) converges to 7 ; geometrically with
uniform rate p for all j € Z'. Now, if we want to extend the idea of convergence to general state
spaces, we need a measure of the difference between the two measures P(x,-) and 7 for x € 2. For
that purpose, we use the total variation norm between two measures y and v on the same o -field 4,
defined as ||u— V|| = sup yc 5 |u(A) — Y(A)|. Mathematically, we call a Markov chain ® on state space
Z ergodicifforall x e &,

lim 1P (x,)—n(-)]| = 0. (2.4.3)

In most cases we deal with the following type of bounds
IPYCx, ) =)l < M(x)y(n), (2.4.4)

where M is some non-negative function and 7 is a non-negative and non-increasing function on
Z+.If y(n)=t" for some t < 1, then we call the chain geometrically ergodic. If y(7) is uniformly
bounded by some real number M, < oo for all x € &', then we call the chain uniformly ergodic. If

y(n)=n"" for some m €N, then the rate of convergence is polynomial and hence we call the chain

13



polynomially ergodic. In practice, establishing the relation (2.4.4) is very difficult for general state
spaces. In the 21°! century, significant research has been conducted to find sufficient conditions for
which the relation (2.4.4) holds for some appropriate function y.Jones et al. (2004) has accumulated
some of these conditions, which we are going to discuss, along with their implications.

Let V: Z — R be areal-valued function on &'. Define
PV(x) =J V(y)P(x,dy); AV(x)=PV(x)—V(x),xeX.
Suppose that for a function V : 2 —[1, 00), there exist constants 0 < d <1 and b < oo such that
AV(x)£—dV(x)+bf(xeC), xeX (2.4.5)

for some set C € 2, where .¢ is the indicator function. These kind of relations are called ‘drift
conditions’. Apparently, equation (2.4.5) looks like a contraction mapping, which eventually plays a
key role in determining the rate of convergence. Tweedie (1975) first used the drift condition (2.4.5)
to prove geometric ergodicity. In that case y(n)= p" for some p €(1—d, 1); details may be found in
Meyn and Tweedie (2012).

Some other approaches have also been taken to establish geometric ergodicity. For example,
Nummelin and Tweedie (1978) have shown that for a Harris ergodic Markov chain @, if there exists
an atom a with 7(a) > 0 and |P"(a, a)— nt(a)| = 0(p +), then the chain is geometrically ergodic.
This is an extension of Theorem (2.4.1), which was specifically designed for countable state spaces.
Geometric ergodicity was characterized in terms of hitting time distributions by Nummelin and
Tuominen (1982), where they came up with a set of equivalent conditions to the drift condition
(2.4.5).

The research on ergodic theory is not limited to geometric ergodicity. In a groundbreaking work,
Tuominen and Tweedie (1994) have studied subgeometric convergence (i.e. slower than geometric)
of ergodic chains using a set of drift conditions. Using these ideas, Jarner et al. (2002) used a drift

condition similar to (2.4.5). Suppose that for a function V : Z —[1, 00), there exist constants d > 0,
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b < oo and 0 < 7 < 1 such that

AV(x)<—d[V(X) +bF(xeC), xeX (2.4.6)

for some set C.Jarner et al. (2002) proved that if (2.4.6) holds then the Markov chain @ is polynomially

T
ergodic of degree T Douc et al. (2004) extended some conditions of Jarner et al. (2002) to achieve

a simpler one which is conducive to finding a subgeometric convergence rate.
The ideas of ergodicity, rate of convergence and drift conditions will be carried forward to prove

central limit theorems for Markov chains in a general state space next.

2.5 Central Limit Theorems

Central limit theorems for dependent random variables have been developed in the last century.
The CLT results are important for determining large sample distributions of sample averages of
functions of discrete random variables. Meaningful statistical inference may be made using the
results. The major goal of this section is to discuss the needed assumptions for CLTs and the types
of functions of discrete random variables for which they hold. Before going into the main results,
we define some relevant notation.

Suppose f : & — R is a Borel measurable function over the state space 2, and let® ={X, : t =
0,1,2,...} be a Markov chain on 2. Define S, (f)= 3", f(X;), and f,, = S,(f)/n. If ® has stationary
distribution 7, define E f = f f(x)n(dx) for general 2" and E, f =Y ,, m; f(i) for countable 2.
Here, we present results that indicate that under suitable conditions, the asymptotic distribution of
Vi(f,—E.f)is (0, 0'?), where 0'? is some quantity based on the function f. Interestingly, different
2

approaches lead to seemingly different expressions for U;i. However in all cases we deduce that o I

may be finally written as

o =var {f(Xo)} +2 > _cov{f(Xp), F(X,)}.
i=1

if the sum exists. We will present the CLT related results using different approaches, and how they
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are connected with one another.

2.5.1 CLT for a Countable State Space

One popular approach to prove a limit theorem for a Markov chain with a countable state space is to
break the sum S,,(f) into i.i.d blocks and apply CLT for iid random variables to the blocks. For that,
we fix a state j € 2 and look at the successive visits to j in X,..., X,,. Let I,(j) =7 _, #(Xi = j) be

fi(fk?,i)) 1 f(X;) for k > 1. By the strong Markov
-

the number of returns to j by time n. Let s,(cj )( f=>
property, s,(cj )( f)areiid random variables, as the Markov process starts afresh after each visit to j. Let
s(gj )( fl= ZIZ , f(X;). Observe that, s{j )( f)is identically distributed with séj )( f) given X, = j, since
s,(cj)(f) is the sum of f(X;)’s between two successive visits. Thus E[s{j)(f)] = Ej[séj)(f)]. We have
already discussed that E;[7 ;] =1/7;. Define Z(()j)(f) = Séj)(f)—TjEﬂf and let 0';]1- = Ej[(Zéj)(f))z]. Lai
(1967) have shown that for an aperiodic, irreducible and positive recurrent chain, 7 ; E j[s(gj )( flis

independent of j, and equals E,, f. This immediately produces the following CLT, which was proved

by Doeblin (1937) .

Theorem 2.5.1 Let®={X,:t=0,1,2,...} be an irreducible, aperiodic and positive recurrent Markov

chain on countable state space Z . Suppose 0? < 00 and define B; = njaﬁ. Then we have
z d
vn(f,—E.f)— (0, B;)).

provided B; > 0. Moreover B; is independent of the index j with common value 0?.

A possible extension of Theorem (2.5.1) to general state spaces will be analogous if the state space
Z possesses an accessible atom a. Suppose, s(ga)( f)= z;‘; , f(Xi) for some measurable function f.

The following theorem was proved in Orey (1971) and Meyn and Tweedie (2012).

Theorem 2.5.2 Suppose® ={X;:t=0,1,2,...} is an Harris ergodic Markov chain on measurable
space (X, B(X)) with stationary distribution . Suppose there exists an accessible atom a € B+ (%)

such that Ea[(s(ga)(lfl))z] < 00 and E,(7%) < co. Then

VA(fy—Ex )5 A10,0%),
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and O'fc can be alternatively represented as

Ta

o2 =@ E (D 10— E(r) |

k=1

In the next section we will present CLT in general state spaces not necessarily possessing an accessible

atom.

2.5.2 CLT in a General State Spaces

In section (2.4), we have shown how drift conditions are useful in determining the convergence
rate for an ergodic chain. Subsequently, these conditions may be utilized to prove CLT for a class of

functions, as noted by Jones et al. (2004).

Theorem 2.5.3 Let® be a Harris ergodic Markov chain on a general state space X having stationary

distribution 1. Suppose f : & — R and assume that one of the following conditions hold:
1. The drift condition (2.4.5) holds with f?(x) < V(x) forall x € Z .

2. The drift condition (2.4.6) holds and |f(x)| < V(x)**"! forall x €  wherel—t<n<1and

E. V% < oo,

Then 0'} €[0,00) and ifa? > 0, then for any initial distribution,
Va(fu—E< )= H(0,0%) (2.5.7)

The first part of the theorem was proved in Meyn and Tweedie (2012), and the second part in Jarner
et al. (2002). From a practical point of view, several attempts have been made to establish this
type of drift condition under the MCMC set up to prove CLT. As references, drift and minorization
conditions for a Gibbs sampler have been developed in Roberts and Polson (1994), Rosenthal (1995),
and Hobert and Geyer (1998). Similar analysis for the Metropolis Hastings algorithm have been
discussed, e.g., by Mengersen et al. (1996), Roberts and Tweedie (1996), and Fort and Moulines

(2000), among others.
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So far, we have discussed how the drift conditions help us to connect ergodicity and CLT. We now
focus on another approach based on mixing conditions to prove CLT. Mixing coefficients give us a
quantification of the rate in which the random variables far in the future become asymptotically
independent of the present state of a stochastic process. As per our need, we introduce three different
mixing conditions, maintaining the same notation and definitions used in Jones et al. (2004).

Suppose Y ={Y;:t=0,1,2,...} is a general sequence of random variables on a probability space

Q,7,2),and let " = (Y, ..., Vo).

Definition 3 The sequence Y is said to be strongly mixing, or a-mixing ifa(n) — 0 as n —, 0o, where

a(n)=sup sup |2(ANB)—2(A)2(B)|.

k21 pegf,Beg°,

Definition 4 The sequence Y is said to be asymptotically uncorrelated, or p -mixing if p(n) — 0 as
n — oo, where

p(n)=sup{cor{U,V),U € Ly(FF), Ve Ly(FX ), k> 1}.

Definition 5 The sequence Y is said to be uniformly mixing, or ¢ -mixing if ¢(n) — 0 as n — o0
where
¢(n)=sup  sup [P (B|A)—2(B).

k21 pe gk, 2 (4)>0,
BeF X

ktn
If (2.4.4) holds, i.e. the total variation norm is bounded by M (x)y(n) with E;M < co, then it can be
shown that a(n) <y(n)E; M, i.e. a(n)= O(y(n)). Hence a Harris ergodic Markov chain ® satisfying
(2.4.4) with y(n) — 0 as n — oo is strongly mixing. Also, using standard techniques one can prove
4a(n) < p(n) <2+4/¢(n). Thus if a sequence of random variables is uniformly mixing or p-mixing,
then it is strongly mixing too. The dependence between two random variables with lag n in the
sequence Y is quantified by the coefficients a(n), p(n) or ¢(n). Ibragimov (1975) and Bradley (1986)
have shown that ® is uniformly ergodic if and only if it is uniformly mixing, and in that case ¢(n) =

0(e9") for some 6 > 0.

18



We say that the Markov chain & is reversible or satisfies a detailed balance condition if
n(dx)P(x,dy)=n(dy)P(y,dx) Vx,yeX. (2.5.8)

The condition (2.5.8) often plays an important role in determining mixing properties. Bradley (1986)
proved that if ® is geometrically ergodic and (2.5.8) holds, then ® is p-mixing, with p(n)= 0(e~%")
for some 8 > 0.

Over the years, sufficient conditions for establishing central limit theorems for mixing sequences
have been developed. For strongly mixing sequences, these results are discussed in Cogburn (1960),
Ibragimov (1962, 1975), Denker et al. (1986) and Doukhan et al. (1994). Since Harris ergodic chains
are strongly mixing, the relevant theorems can be applied in ergodic Markov chains. We only need
some conditions on the set of functions f and the nature of the ergodicity. Jones et al. (2004) collected
all these results from Ibragimov (1962, 1975), Chan and Geyer (1994), citedoukhan1994functional,

Tierney (1994), Roberts et al. (1997), and summarized them as follows.

Theorem 2.5.4 Let® be a Harris ergodic Markov chain on a general state space  with invariant

distribution 1t and let f : Z — R be a Borel function. Assume one of the following conditions:

1. @ is polynomially ergodic of order m > 1, E; M < oo and there exists B < 1 such that|f(x)| < B

almost surely;
2. & is polynomially ergodic of order m, E;M < 0o and E,|f(x)**® < 0o where mé > 2+ 65;
3. @ is geometrically ergodic and E.[ f?(x)(log*|f(x)])] < oo;
4. ® is geometrically ergodic, satisfies (2.5.8) and E, f?(x) < 00; or
5. @ is uniformly ergodic and E,, f?(x) < co.
Then for any initial distribution, as n — 00, v1(f, — E. f) 4, A0, U?).

We conclude this section with an example, namely a random walk on the positive halfline described

in Jones et al. (2004) and Meyn and Tweedie (2012). Let ® ={X, : t =0,1,2,...} be a Markov chain on
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Z =[0, 00] defined by

Xn1=(Xp + Wn+1)+; nzl

with X, =0, and W}, W5, ... being iid random variables with cdfT. It can be shown that if E[W;] <0,
then the chain is Harris ergodic. Jarner et al. (2002) proved that if E[(W;")"] < oo for some m >2,
then the drift condition (2.4.6) holds with V(x)=(x+1)", 7 =(m—1)/m and C =[0, k] for some k € R.
Hence, the chain is polynomially ergodic and the CLT in (2.5.7) holds for any function f : & — R
if | f(x)| < (x +1)™*=1 for x > 0 and 1—17 < 1 < 1 such that E,(X + 1)*"" < co. This and other
examples found in Jones et al. (2004) and Meyn and Tweedie (2012) illustrate the applicability of the

results discussed in this section.

2.6 Concluding Remarks

In a nutshell, this chapter covers the theoretical developments of the large sample properties of
discrete time Markov chains. Note that, finite state sparse Markov models are a special case of a
higher order Markov chain, so the theoretical developments on finite state space models will be
directly applied to SMM’s. A CLT for a triangular array of Markov chains where the order of the
chains vary with increasing n» would be interesting. Development of some elegant models for fitting
SMM'’s or VLMC'’s in real life problems will be useful from a practical point of view as well. In the
next few chapters, we will discuss the developments in the theory and methods of sparse Markov

models.
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CHAPTER

3

LARGE SAMPLE PROPERTIES OF SPARSE
MARKOV MODELS

3.1 Introduction

Estimation methods and large sample results for Markov chains of order one are very common in
practice. However, there are many Markov processes where the present state is dependent on the
past m states. If ®={X, : r =0,1,2,...} is a sequence of random variables taking values in a finite
state space X with |X| = d, and for n > m, P(X,, = x,|X,,—1 = X,—1, ..., Xo = Xp) = P(X,, = x,| X1 =
Xp—1> - Xn—m = Xn_m), we call ® a Markov chain of order m. The study of an m*"-order Markov
chain @ is not too much different from the order one case, since we can construct a first-order Markov
chain from ¢ by taking consecutive mi-tuples as the states. Let us denote this new Markov chain
by® ={Y,:n=0,1,2,...,; Y, = (X,4m—1,---» X,)}. The new state space is X’ = ¥™, i.e. all possible

m-tuples from Y. Hence the transition matrix P’ corresponding to ® will be d” x d™ dimensional.
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In each row of P/, at most d entries can be non-zero, since P(Ynﬂ =1y il Y = (i1, -0 im)) >0
only if iy = ji41,k=1,2,..,m—1, and in that case P(Yn+1 =(J1seenr il Y = (i1, o) im)) = P(Xn+m =
J1Xnsmo1 =110 X, = im). Hence the total number of entries to be estimated is d"*(d — 1), growing
exponentially with increasing m. To reduce the number of parameters, Raftery (1985) proposed the

following model:

m
P(Xp = jolXn—1=Jire0 Xnmein = Jm) :inqfifo’
i=1

where Z:’il A;=1and Q =((g;;)) is a known transition matrix on X.. The parameters (4,, ..., A,,,) are
estimated by the maximum likelihood method.

To avoid the ‘curse of dimensionality’ in higher-order Markov models, Biihimann et al. (1999) and
Biihlmann (2000) presented some theoretical properties of Variable Length Markov Chains (VLMC),
first introduced by Rissanen (1983). In such a set up, P(X,, = x,,|X,,_1 = X;_1, X0 = Xp_p,...) IS
independent of the past conditional on the past £ values. Here { may not be a fixed number, rather a
function of the past values (x,_;, X,_2,...). The relevant contexts (recent pasts) of variable orders are
determined to form a context tree. If the maximum value of ¢ is m, then the VLMC is a Markov chain
of order m. However, the number of parameters may reduce significantly, as some of the probability
distributions are clumped together. More generally, the overall state space X™ of all possible m-
tuples can be divided into a partition of size r and we write > = A; U...UA,. If (iy,...,i,,) and
(j1,..-» jm) both belong to same partition, then for all x € %, P(Xn = x|(Xp—1, - Xy ) = (i1, o0y im)) =
P(Xn =x|( X1, - Xnem) = (J1y ee0r jm)). This generalization was first proposed by Garcia et al. (2011),
later extended by Jddskinen et al. (2014) for analyzing sequence data, where each m-tuple is assigned
to a particular group, not necessarily following a tree structure. This model is called a Sparse Markov
Model (SMM). A Bayesian model fitting approach for SMM is available in Xiong et al. (2016).

Aslong as X is finite, the CLT results or statistical methodologies in Sparse Markov Models will
be same as that of Markov chains of order one, with a little more assumptions on the transition
probabilities so that the chain remains ergodic. Biihlmann et al. (1999) proved large sample results
in the VLMC set up, including a CLT of bootstrap estimators. However, things will be interesting
if the order of the Markov chain increases with increasing length of the chain. Thus, the order of

the chain can be represented as a function of the chain length 7, and we denote the order as m,,.
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Clearly, proving CLT type results are more challenging in this set up. In this chapter, we will provide a
brief sketch of our main result regarding the CLT of a triangular array of higher-order Markov chains,
where the order is increasing with increasing chain length n.

The rest of the chapter is organised as follows. We present our major theoretical results in Section
3.2.In Section 3.3, we simplify the conditions of the results for a binary Markov chain. We conclude
this chapter with some important remark in the Section 3.4. The proofs are included in the Appendix

A.

3.2 Central Limit Theorem

Consider a triangular array of variable length markov chains as follows. The n*” chain is presented
as®, ={x\",..., X"} where X](.”) € ¥. Recall that, X is a finite state space with |X| = d. However, the
order of the Markov chain @,, varies with n, and denote it by m,,. One can easily represent this Markov
chain as usual order one chain as follows. Let ¥, = (X;Tmn_l, 0 XM™), £=0,1,...,n—m, +1. Then
¥ = {Yt(")} is an order 1 Markov chain with state space S,, = ~"». We will work with this Markov
chain @, from now on for our convenience.

Our goal is to establish a CLT type result for some real valued sequence of functions over X in this
triangular array set up. Before going into the main result, let us define some useful notation. Assume
that the chain @’ is aperiodic and irreducible for each n. Let r,, be the stationary probability vector of
length d™» corresponding to the chain <I>;1. For some state ¢ € S,,, denote o ,(0)=inf{j > 0: Yj(n) =a}.

Thus 0 ,(0) is the first hitting time of « for the chain @’,. In similar fashion, successively define the

k" hitting time of « as follows:
oo(k)=inf{j> 0 4(k—1): ¥ =a}.

Define

n—my,+1

lno=max{k:oq(k)<n—m,+1}= Z sV =a)-1. 3.2.1)
j=0

Thus £, 4 is the number of returns of @', to the state « after the first hitting time.
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If the order of the Markov chains in each array is fixed, i.e m,, = m for some m €N, then any
state ¢ € X is recurrent, resulting ¢, , — 00 as n — o0. However, in our set-up, m,, — o0 as
n — o0. Note that, for a € X", E, (£, ,)=(n—m, +2)m,(a)—1.If there exists a sequence of states
{a, :a, €X™}such that nm,(a,)— oo as n — oo, then E; (¢, ,,)— 00, i.e. the expected number
of returns to a,, converges to 00.

Next, we present our main result of this chapter, which demonstrate the large sample property

of a triangular array of sparse Markov chain.

Theorem 3.2.1 Consider a triangular array of sparse Markov chains over a finite alphabet ¥ of size
d as follows. ®,,, the n'" array is represented as {X\", ..., X"} and has order m,,. Define Y =

(XHm _1r- ,XE")), t=0,1,...,n—m, +1. Then {Yt(") :0<t <n—my,+1} is an order one MC

over X" . Denote the stationary probability vector of the n'" chain as r,,. Suppose, the following

assumptions hold.
(i) Foreachn €N, <I>’n = {Yt(")} is an aperiodic and irreducible MC over ¥ .
(i) m, — 00 asn — oo with = — 0.
(iii) There exists a sequence of states {a,, : a,, € X"} such that nr,(a,)— 0o asn — 00.
(iv) Va rnn(ln,an/nnn(an)) —0asn— oo.
Consider a sequence of functions g, : X" — R, such that
(i) Foreachn, Ean[Z;i'i gn(Yj("))]z < 00;

an| 25 18 F"’)|]2<Oo
Ean[Z] lgn ]2

where g,(x)= g,(x)— Ey, (g,). Under the above conditions

(i) sup,,

1 n—my+1 g_n(Y(n)) J
= Z J — A(0,1)
j=0 Ean(Tan)

Eo [ S5 gal¥™)]
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The proof mostly follows the proof of the central limit theorem of Harris ergodic Markov chain,
described in Meyn and Tweedie (2012). We provide the proof in the Appendix A.

Apart from the above approach to establish the CLT for triangular arrays of variable length
Markov chains, we could proceed by imposing some conditions on the mixing coefficients for
each array. There have been significant efforts to establish the CLT for the triangular arrays of
dependent random variables based on the mixing properties . The most important challenge is to
derive sufficient conditions involving the mixing coefficients, not only for a single chain, but for each
chain corresponding to a particular array. Withers (1981) established CLT for dependent random
variables which satisfy a weak mixing condition, called /-mixing. Eckhard (1996) gives an useful
CLT result for triangular arrays where the random variables satisfy the a-mixing porperty. Suppose
{Y,i,i=1,...,k,; n € N} is a sequence of @-mixing random variables. Define " 7" = o'( Yk, ..., Y )

The a-mixing for this triangular array is defined as

a(m)=sup sup {l@(AﬂB)—Q”(A)Q’(B)I A€ 7k Ber ﬁ,ﬁrm}

n k:1<k<n—-m

The triangular array is called a-mixing if a(m) — 0 as m — oo. Denote T, = Zfﬁl Y,,;. Eckhard (1996)

derived a CLT result as follows.

Result 3.2.1 Let Zzil a(k)'?/P < oo for some p, 2 < p < co. Further, assume that EY,; = 0 and

(E|Y,;1P)V/P < co. Suppose.
k

Jimy, D (B17 (5l> e)F1” =0
i=

for all e > 0. Moreover, assume that
lim ET>=1;
n—oo

Ky
i |Py2/p
nlggoZ(Elle Flr<c
1=

for some constant C. Then, as n — 00

7,5 4(0,1).
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Now we can extend the above result (3.2.1) in our new set-up as well, assuming similar conditions

on the mixing coefficients for each of the array. Our result is as follows.

Theorem 3.2.2 Consider a triangular array of sparse Markov chains over a finite alphabet 3. of size d

as follows. The n'"* array®,, is represented as {an), v XI(\Z)} and has order m,,. Denote k,, =[N,,/m,,],
where .] is the greatest integer function. Define W, ,, = (X", ...,Xiz)mn_l), t=1,...,N,—m, +1;
and Z,, ; = (X((;’_)l)mnﬂ,...,X](.’:rzn), j=1,...,k,. Then both®,,, ={W; , :1<t <N,—m,+1} and

@y, ={Z,,j : 1 < j < ky} are order one MC over X" Denote the transition matrix of dimension
d™ x d™n for ®,, to be P, and the transition matrix for ®,, to be Q,,. P,(a,b) and Q,(a,b) be
the transition probabilities of the chains ®,, and ®,,, respectively for a, b € X . Let the stationary

distribution of the chain ®,,, is ©,. Consider a sequence of functions f,, : ¥ — R, and define
Ky
Yn,j =fn(Zn,j)x 1, =Zj:1 Yn,j~

Suppose, the following assumptions hold.

) P(Xﬁ,’::H = umn+1|X,(7';,3 = umn,...,X{") =u)>0 for uy,..., U,,, €X. This will ensure the chain
will be aperiodic and irreducible.
Gii) If
5p=sup > [Qula,c)=Qulb,c)

a,bexmn .csmy,
then

0:=supod,<l.
n

(iii) E(Y,,;)=0 and (E(| Ynyjlp))l/p < 00 for some p > 2. Here the expectation is taken under the

stationary distribution.

(iv) k, — o0 asn — oo, and
ky
i P . 2/p —
Jtim, D (B, VU, > D o
]:

W)

lim E(T?)=1; lim (E(|Y,,;IP)¥P < C
n—o0 n—0o0
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for some constant C.

Under the above assumptions, as n — o0

7,5 4(0,1).

Note that, the above result is really important in the sense that the mixing coefficient directly
depends on the transition probabilities. However, the first result (3.2.1) requires more investigation
on how the conditions are satisfied in terms of transition probabilities for certain examples of SMM.

In the next section, we provide such an example.

3.3 Example

In the previous section, we have discussed some requirements so that large sample results are
established. One such condition was nm,(a,) — 0o as n — 00. It is easy to observe that there is
always a state «,, € ¥ with 7, (a,,) > 1/d™", hence assuming n/d™» — oo will suffice. However,
this bound is the most obvious one. If we can make the bound tighter, probably we will get m,, — oo
in more faster rate. One such example is given below. Suppose X~ = {0, 1}. Consider a VLMC of length
n and order m with the contexts {0,10,110,....,1”710,1"}. Hence there are m + 1 many leaves in
the context tree. Suppose, for a fixed m, P(0]1/0)=1—p; and P(1]1/0)=p;, j=0,1,...,m—1; and
P(0]1™)=1— p,;,. In this set-up, we find that

1 Ao

7,(1m=10) - i

-=4q(p,m);

using the recursive relations for stationary probabilities. We leave the proof in the Appendix section.

If the transition probabilities satisfy q(p, m,) = o(n), we get our desired result. For example, if

p;=(j+1)/(j+2) then g(p,m)<2m+ mZ;":_IZ ]% = 0(mlog(m)). Hence, the required condition

simplifies to m,, log(m,,)/n — 0as n — oo.
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3.4 Conclusion

Overall, the theoretical results guarantee CLT for certain functional of an higher order Markov chain,
whose order changes with the length of the chain. We have also derived the CLT in terms of mixing
coefficients, which will give us an idea about the value of h for which X,, and X,,,; will be nearly
independent, i.e. how quickly we can achieve the stationarity. We also simplify the conditions of the
theorem (3.2.1) by a particular type of VLMC in binary chains, and determined how the order m,,

varies with n. In future, this might lead to simplifying the conditions in more general set-up.
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CHAPTER

4

FITTING SPARSE MARKOV MODELS
USING REGULARIZATION

4.1 Introduction

Let {X,} be a categorical time series in discrete time, with a finite state space ~. We suppose that the

evolution of the time series follows an m-th order Markov structure where
L(Xpn| X s <t)=L(Xp|Xs t—m<s <) 4.1.1)

for some m > 1, where for any random vectors X, Y defined on a common probability space, we
write Z(Y|X) to denote the probability distribution of Y given X. Even when the alphabet X is small,
such as ¥ = {0, 1} in applications involving binary chains or ¥ = {A, G, T, C} in genetics applications,

complexity of the model (4.1.1) increases fairly quickly and parameter estimation may be difficult
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even for moderately large m. Indeed, in the absence of a parametric model specification, the number
of free parameters associated with (4.1.1) is given by |X|™ (]3| — 1), which grows geometrically fast in
the order m, where |X| denotes the size of the alphabet, that is the number of elements in .

Different dimension reduction strategies have been applied to reduce the model complexity
in (4.1.1), such as Variable Length Markov Chains (VLMC) based on tree-structured conditioning
sets. This idea was first introduced by Rissanen (1983), where relevant contexts (recent pasts) of
variable orders are determined to form a context tree. In VLMC, P(X; 1 = x;411X; = X¢,..., X1 = x1)=
P(XIH = X411 XEZ) = xﬁ“), where Xﬁ” =X, X1y Xeps1)s xﬁ” is the observed value of X;w and
the tree length ¢ may not be a fixed number, but rather is a function of the past values (x;, ..., x1).
In general, context tree models have L(|X|—1) parameters, where L is the number of leaves in the
context tree. That L can take on arbitrary positive integer values for general context trees highlights
the flexibility of a model with variable length contexts, and the fact that such models can lead to
huge reductions in the number of parameters, especially when there is a long context in a single
direction. A model of a variable order allows for a better trade-off between bias that arises through
using contexts that are too short, and variance that increases with having many parameters, thus
improving statistical inference. Biihlmann et al. (1999) and Biihlmann (2000) developed model
selection strategies and studied asymptotic behaviour of Variable Length Markov Chains (VLMC).
Recently, Kontoyiannis et al. (2020) and Papageorgiou and Kontoyiannis (2022) have developed
inference and posterior representations for Bayesian Context Trees (BCT) for discrete time series
analysis. These two papers also illustrate the prediction in the BCT set-up using a posterior predictive
distribution.

Roos and Yu (2009b) and Roos and Yu (2009a) pointed out that there can be relevant contexts that
don’t have the hierarchical structure of a context tree. Although they have discussed the possibility
of more general models, the analyses of those papers were limited to the case where > = {0, 1}.
Recently, researchers began studying sparse models posed in terms of a general partition of the
set of all m-tuples X™, where m is the maximal order of Markovian dependence. Such models are
called Sparse Markov Models (SMM), and introduce a sparse parametrization based on an unknown

grouping of all possible mth order histories . This generalization was first proposed by Garcia
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et al. (2011), who called it Minimal Markov Models. Later on, Jadskinen et al. (2014) developed
Bayesian predictive methods to analyze sequence data using SMMs. Xiong et al. (2016) extended the
previous paper, introducing a recursive algorithm for optimizing the partition for an SMM. Following
a similar approach, Bennett et al. (2022) developed a Sparse Markov Model using a collapsed Gibbs
sampler. In this paper, we also consider SMMs in full generality, allowing an arbitrary and unknown
number of groups. Specifically, let 63, ..., 6%, be a partition of ¥"*. Then, the Markov Chain {X,} in

(4.1.1) is an SMM with groups {6}, ..., 6}, } if it satisfies the following sparse representation:
P(XHl € -|Xt =a_1,..., Xi—my1 = a_m) is the same for all (a_,,,,...,a_;) € 6; (4.1.2)

for each i = 1,..., kg. Thus, for each i, the transition probability remains unchanged over all m-
step histories lying in the set %6;. This reduces the number of unknown probability parameters to
ko(|X] —1). However, both the number k; of the sets in the partition and the sets ¢; themselves are
unknown and must be estimated from the data.

To illustrate VLMC and SMM, we provide a very simple example of both models using DNA
sequences with> ={A, G, T, C}.Infigure (4.1), we present the context tree of a VLMC of order m =3,
with Level 0 representing the current time ¢. The tree structure indicates that for all 16 histories of
order 3 with the most recent history being x,_; = A, the transition matrices are the same. A similar
structure holds true for x,_; = C. If the two recent histories are x,_; = G and x,_, = A, then the
transition probability matrix for all 4 possible triplets (x;_3, A, G) are the same; and so on. Hence
the given context tree corresponds to a partition of the 64 triplets from X2 into 12 different groups,
with contexts represented by the leaf nodes of the graph. However, for a SMM, the grouping can be
arbitrary and does not necessarily have to follow a tree structure. One such example is portrayed
in figure (4.2), where we enumerated the histories of a third-order Markov model as 1,2, 3,...,64.
These histories are partitioned arbitrarily into 5 groups, where all histories in a given group have the
same transition probabilities. Thus, VLMC forms a special subclass of SMM.

The generalization to SMM introduces additional challenges for model fitting. Indeed, the task

of identifying the true partition is a difficult problem even for moderately large m. To appreciate
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Level 0

Figure 4.1: Context Tree for a VLMC of Order 3
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Figure 4.2: Partition of Triplets for SMM of Order 3
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why, note that the total number of partitions of ¥, given by the well-known Bell number B(|X|™),

grows at a very fast rate with the order m (cf. De Bruijn (1981)):
B(|Z|m) ~ exp(m|2|m logIZI).

For example, with ¥ = {0, 1}, B(|Z[*) = 4140, while B(|Z|*) = 10480142147. As a result, selecting the
true partition from such a large collection of partitions is very difficult. Here we propose a novel
methodology for selecting the true SMM model order as well as the true partition using a suitably
defined penalized criterion function. The key feature of the criterion function is to discourage
the distance between any two probability vectors from the same partition to be different from
zero. By choosing the distance measure on the probability vectors suitably, we can ensure that the
minimization of the penalized criterion function reduces to a convex optimization problem. Thus,
our approach provides a scalable algorithm that is computationally feasible even for large m. The
performance of the method depends on the choice of a regularization parameter that we select
based on the data. We provide theoretical guarantees on the performance of the method by showing
that it selects the true partition with probability tending to one. We also present results from an
extensive simulation study that indicate encouraging finite sample performance of the proposed
method in a variety of settings.

The rest of the chapter is organised as follows. In Section 4.2, we describe in detail the methodol-
ogy for fitting SMMs using regularization. Section 4.3 proves theoretical properties that, in particular,
ensure the model selection consistency of our method. In Section 4.4, we numerically illustrate our
methodology by an extensive simulation study. A real data analysis involving virus classification has
been presented in Section 4.5. We conclude this paper by summarizing our findings in Section (4.6).

The proofs of the theoretical results are provided in the Appendix B.
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4.2 Methodology

4.2.1 Notation

LetN={1,2,...} bethe set of all positive integers, X, = (Xj, ..., X},), and XY") =X, X150 Xe—ms1)s
for m > 1, t € N. Write w for an ordered (finite) sequence of >-elements of length |w|. Let wu
denote the (ordered) concatenation of w and u. Write |X| = d and w.lo.g., set ¥ = {1,...,d}. Let
™M ={0,...,0p,} so that p=||™. Let N, = Z?:_Ilwl (X" = w) where 11(-) denotes the indicator
function. For any S ¢ ¥ and a € %, define Ng =Y (X" eS), Ny, = ol (X" eS, X, =
a). In particular, N, denotes the number of times the chain X ﬁ’”) hits the m-tuple o ;, and Ny ;,a is
the number of transitions from o ; to a. Note that n—m +1 denotes the total number of m-th order

histories in the observed variables &,.

Next we define the probabilities associated with the SMM (4.1.2). For j=1,...,pand a €%, let

Tja=P(Xen1= a{Xﬁm) =0;)

.....

property, for any a € ¥, the transition probability 7; , is a constant over all j such that o ; € 6;.
However, we do not know the sets 6; and determining them is one of the challenges of fitting an
SMM to a data set. To that end, define non-parametric estimators of 7; , using their empirical
versions:

frjya :NUj,a/NU']'Y

and let 7t ; be the transition probability vectors consisting of the elements 7 ; ;.

Here we propose a new approach to fitting the SMM based on regularization.

4.2.2 Description of the Method

Consider the penalized criterion function

1 p
EZnﬁj—bjugM Z w; jp(b;,b;) (4.2.3)
j=1

1<i<j<p
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overb; =(bj,,..., b]-,d)T €ll, for j=1,...,p, where A > 0 is a penalty parameter, w; ; are suitable
nonnegative weights, I1, is the d-dimensional simplex IT; = {(u, ..., uz) €[0,11% : uy + ...+ ug =1}
and where p(-,-) is a distance measure between two d-dimensional probability vectors. Thus, (4.2.3)
treats the estimators 7; , as (correlated) “observations” and penalizes the distance between all
distinct pairs of probability vectors in order to identify the identical probability vectors. In particular,
the number of parameters grows at a rate proportional to the size of the true partition in the SMM
and with a suitable choice of the penalization term, one can identify the identical probability
vectors. When p(b;, bj)2 = Ejzl(bi,a — bj,a)z, (4.2.3) gives a version of the Group LASSO of Yuan and
Lin (2006) that is designed for selecting pairs of full vectors that are close, and we have a convex
optimization problem that can be solved for large p. On the other hand, if we use the ¢, distance
p(b;,b;)= 25:1 |b; o — bj 4|, then only component-wise zero differences can be identified.

Once we minimize the criterion function in (4.2.3), it is a relatively easy task to find estimates of
ko and the sets ;. Specifically, we start with a pair with the smallest i and seek all j > i such that the
distance between the solutions b} and b’; is zero. Then, we set 6, to be the set consisting of i and all
such j. In the next step, we consider all pairs that are not in 4, and repeat the procedure until all
pairs with estimated zero distances have been grouped. In case there are indices j for which none
of the estimated paired distances are zero, we keep them as singletons, that is groups consisting of
single elements. This gives the estimated groups 4, :i =1,..., k, with k giving an estimate of k,.

In comparison, traditional clustering methodologies like K -means have many limitations. In
most cases, we have to pre-specify the number of clusters, along with the possibility that we end
up with a local minima instead of the global one. The advantage of clustering by solving equation
(4.2.3) for a range of A is that we get a solution path from at most p many singleton clusters to only
one cluster consisting of all the elements. Subsequently, we can fix some criterion function which
will enable us to find the optimum cluster assignment among all possible models in the solution
path. Hence, not only do we not need to fix the number of clusters beforehand, but we also avoid
the problem of being stuck at local minima. This particular approach will be broadly referred to as

“Convex Clustering".
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4.2.3 Computational considerations

Several efficient algorithms have been developed in recent years to solve equation (4.2.3) when
the penalty function p is convex; e.g. p(b;,b;)=||b; —b;||,, for some p > 1. Pelckmans et al. (2005),
Lindsten et al. (2011), Hocking et al. (2011) and others recently proposed this convex clustering
approach and established it to be more robust and scalable in comparison to the traditional ap-
proaches. Lindsten et al. (2011) used an off-the-shelf convex solver CVX to solve the convex clustering
problem, which suffers from scalability issues. Theoretical perfect cluster recovery conditions have
been derived by Zhu et al. (2014) only for two clusters, while Panahi et al. (2017) derived perfect
recovery conditions for general k clusters, but under the assumption of uniform weights. Sun et al.
(2021) provided sufficient conditions for theoretical recovery conditions under more general weight
choices. They have also developed a faster algorithm called semismooth Newton based augmented
Lagrangian method (SS-NAL), and derived the convergence criteria for their algorithm. Recently,
Wang and Allen (2021) have introduced the Integrative Generalized Convex Clustering Optimization
(iGecco) method for solving the convex clustering problem for more general loss functions, including
non-differentiable ones. The major difference of our set-up from previous developments is that we
cluster empirical transition probability vectors as opposed to the original data points.

We now introduce the specific computational algorithm that we choose to implement to mini-
mize our objective function in (4.2.3). In a recent work, Chi and Lange (2015) developed an elegant
method of solving convex clustering problems by augmented Lagrangian methods that we will
exploit to fit the SMM models. For p(x) = ||x||,, we first view solving equation (4.2.3) as the following

constrained optimization problem

1l 2
ming > I =bjl5+2 > wilivill
j=1 les (4.2.4)

subject to b; —b;, —v; =0;

where & is the set of all distinct edges {/ : [ =([;, ), [; < I, w; > 0}. Here, a new splitting variable v;
has been introduced to capture the difference between the group centroids, which makes the opti-

mization procedure much easier. Two algorithms have been developed for solving this constrained
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optimization problem, namely ADMM and AMA. For both these algorithms, first we incorporate an

augmented Lagrangian as follows:

,(B,V,T) = an bjlls+2 D willvill,

leé (4.2.5)
+Z Y1, vi—=by +by,) + ~ Z”Vl by, +by,15,

leg leé*’

where B,V and T' are the matrices with b;,v; and +; for j =1,...,p and [ € & in their columns
respectively. Splitting the variables in such fashion would allow us to update B, V and T sequentially,
given the other variables. The convergence of ADMM does not depend on the choice of »; it is known
to converge for any v > 0. On the other hand, AMA converges for any 0 < v < 2/p. The performance
of both these algorithms have been compared, and it has been established that AMA is much faster
than ADMM, especially when the weights are sparse. Since AMA provides much faster results, we
will use this algorithm in numerical implementation of our methodology. Suppose, B*) and I'*) be

tth

the parameter values in the step. The updates in the next step are computed using the following

(£41) _ & (1) (1)
by =+ > %"= > )

h=j L=j

1 1
=25 047 )

relations:

where gl”rl = b(lfﬂ) b (1+1) , Cr=1{v:lvill. £ Aw;}, and 224(x) is the projection of x onto the set A.
We continue until convergence, and the convergence criterion can be formulated using the dual

problem and duality gap.

4.2.4 Selection of the Tuning Parameter

So far, we have discussed the numerical methods to solve (4.2.3) for a given A. But it is important
to choose an optimum value of A for the optimization problem. In this section, we propose a data
driven method to select this tuning parameter using the BIC criterion. For a given A, denote the

obtained clusters as %4;(1),. ..,%fkl(k), where k, is the number of clusters. Define the common
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Algorithm 1 AMA
Initialize T©
1: fort=1,2,3,...do

2 for j=1,2,3,...,pdo

(7) _ (t-1) (t-1)
3 A; _lezj7l _lezﬂ’z
4 end for
5 forall / do
6: g(lt) = ’fl'll —7A1'12 +A(lf) _A(l;)

-1

7 A = 6, (4 — vl
8 end for
9: end for

transition probability for the m-tuples in the estimated group %,(A) as

ﬁ’(k) _ ZUJE‘?H()L) NO'j,a _ Méa()l),u Va= 1,... k)t;a ey,
na Za,—e(éa(x) Ny, Ne, 2

The log-likelihood of the observations under the obtained cluster assignment for a particular A is

given by
k;,
(aN) =" Ng,),qlogRY)
a=1aex

Hence, the BIC score corresponding to the obtained model is

BIC,(A\)=—2(,(A)+ k(=] - 1)logn.

By a grid search over a range of possible A values, we select the A for which BIC is minimized.
The solution of equation (4.2.3) corresponding to that A is considered as the estimated cluster
assignment. The novelty of our method is that we are able to select the optimum tuning parameter
from the data itself. For general convex clustering scenarios, one may not be able to compute the
BIC criterion since the distributional properties of the data points in a cluster are unknown. The
assumption of Markovian structure is useful in our set-up to formulate the likelihood function.
Moreover, the CLT-type results provide us the asymptotic distributions of the estimated transition
probabilities. In the next section, we provide new theoretical results to demonstrate that for a range

of A values, we will be able to perfectly recover the true clusters for large n.
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4.3 Conditions and Theoretical Results

4.3.1 Conditions

We consider equation (4.2.3) with p(b;,b;)=||b; —b|[,. Let the optimum solution be denoted by
b%(A), for i = 1,2,..., p. Also, let the true partition of the state space ¥ be {6},..., 6%}, with the
corresponding transition probability vectors being R, ..., Ry, . Thus, R, , = P(X;;; = a| Y, =0,).

Set p, = |<€a |, the size of the a'" partition. Following the notation of Sun et al. (2021), define

wP'=> w; Vi=12,..,p = |w -wl]  Va=12,.. k;

je‘gﬁ Z;éa
- 1 .
wP =" w; Ya#paBell 2.kl #O=—> &y
i€, jebp Pa 2,
ll70; — 75l

Mo = Max max {— Rt

1<a<kyi,jEC, pawi,j_.ui_j
AM —  min { 7@ — =P, }
max 1 1 '

1<a<f<ky %Zl#a w(a,l)+%2#ﬁ w(B:1)

We shall suppose that the following conditions hold.
(AD) w; j=w;j,; and w; ;>0 foranyi,je€6,,(=1,2,..., k.

(A2) pyw; >u(,-',"}, Vi,j€ 6 andVa=1,2,..., k.

In (A1) we assume symmetry, and that the weight is positive between two m-tuples belonging
to the same partition. (A2) gives a lower bound for the weight between two m-tuple in a particular
group. Similar conditions have been used by Sun et al. (2021) to prove perfect recovery results. In
Theorem 4.3.6 below, we provide some simple sufficient conditions on weight choices to satisfy
these conditions.

Before going into the main results, we state two auxiliary results that will be used for the subse-

quent results.

Proposition 4.3.1 Suppose{X,},>1 be an aperiodic and irreducible SMM of order m, with the true
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partition {6y,..., 6y} Then, as n — oo,
(@) 7r; LRQ for j €6y
foj p . . . A
(b) N~ q;j, where q; is the stationary probability of the state o ;;

© WithY,=diag(R,)—R,RY,

“ d
vV Noj(ﬂ'j —R,)— N(0,%,).

Since X, is of rank |X| — 1, the asymptotic Normal distribution is singular.

Thus, Proposition (4.3.1) asserts weak consistency and asymptotic normality of the estimated
transition probability vectors, which can be proved using existing results on Markov chains in
Billingsley (1961) or Meyn and Tweedie (2012). The next result deals with perfect recovery under
general weight choices under Conditions (A.1) and (A.2), which is a direct consequence of the results

in Sun et al. (2021).

Proposition 4.3.2 Suppose the above conditions (Al) and (A2) hold and A(mnfn < AEZLX Then for any
A€ (A, A, BEA)=b%(A) for i, j € Go5 @ =1,.., ky and bi(A) #b%(A) for any i € 6o, j € 6p,a# p.

min’

In other words, forany A € (/1(,;‘1).”, /I(mngm), we recover the true partition of the state space.

These propositions will be among the key tools used for proving our results. The CLT result will
be useful for determining probability bounds for perfect recovery under the conditions of the

proposition (4.3.2). In the next subsection, we state our major theoretical findings.

4.3.2 Main results

Though it may not appear that the resulting solution of the objective function in (4.2.4) will produce
a valid probability distribution over 3, according to the theorem (4.3.3), which is proven in the
appendix, that must be the case. However, we do not consider the solution as our estimated transition
probabilities for the partitions, since the resulting vectors do not represent the true cluster centers

in most of the cases.
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Theorem 4.3.3 For any A > 0, the optimal solution b3(A) is a valid probability distribution for i =

1,2,...,p;ie
(@ b}, (A)=20fora=1,...,d,
() Yo, b N)=1.

Next, we would like to derive the probability of true cluster recovery. There are two steps involved

in this process. First, we need the true model in the solution path over varying A. This implies the
(n)

conditions of Proposition 4.3.2 must be satisfied, i.e. A < /l(rggx From Theorem 4.3.4, we get a
lower bound of the probability of the true model being present in the solution path. Note that Sun
et al. (2021) have derived these perfect recovery conditions for a given fixed data set when the data
points in a particular cluster are close to each other. Our approach is significantly different from
that, as we cluster the estimated transition probability vectors, which are random variables. This
leads to the facts that A(m"i)n and AEI’IL;X are random variables as well. We provide theoretical bounds to

ensure that the probability of the event {QL(”) < A(rgglx} is1—0,(e™).

min

Theorem 4.3.4 Define

0= min [[R,—Rgll; §,= min min (pyw; ; —p'®
1Sa<ﬁsko” ¢ ﬁHZ’ ! lgaskoi,je‘é’a(pa b ‘uw)

1 1
Gr= max (— > w@hy —>"yPD),
tsasP<ko® Pa iz P8 175

Then, under Conditions (Al) and (A2), as n — o0,

P(/l(”) < )Zp(||frj—Ra||2< §Vje<€a,\7’a=1,...,ko)

min max
ki
>1 —ZO Cl(a) Z exp[—(n— m)ezczyj]
a=1 JE6,

55,

, and for some constants Cl(a), G, ;> 0.
01+0, ’

for0<e<

Looking at the expressions for A and A") it is evident that A, shrinks towards 0 as n

increases as the estimated transition probability vectors #; and # ; belonging to the same cluster

41



6, become closer to each other. On the other hand, the different group means 7(® and 7(#) tend to

get separated from each other, making A(rﬁzix converge to a positive number, so that eventually we
(n)

getA . < )Lgl’gx These expressions also tell us that in order to have perfect recovery of the clusters, a
scaled version of the maximum within-group deviation of the transition probabilities should be less
than a scaled version of the minimum between-group variation. These scales are heavily dependent
on the choice of the weights w; ;. Note that, if we choose the weights in a way so that wj; ; is higher if
#r; and 7r; are closer (and potentially belong to the same cluster), and lower if they are far from each
other (potentially belonging to different clusters), the denominator of the term Aizi)n will be higher,

and the denominator of )Lfg;x will be lower in the ideal scenario. Hence, these particular choice of

the weights will enhance separating A" and A"

mnin o increasing the chance of recovering the true

cluster assignment. Once we have the true model in the solution path, the next step is to establish
that the probability of selecting that model through the BIC criterion converges to 1 as n — co. The

next theorem gives the precise statement of this result.

Theorem 4.3.5 Suppose the conditions of the Theorem (4.3.4) holds, and A(,Zl)n < A(,Z;x For
any A, denote the clustering assignment obtained by minimizing the equation (4.2.3) as M), =
{6,N),..., ﬁfkl(k)} ; Where k; is the associated number of clusters. Suppose { ,(1) is the log-likelihood
of the observations corresponding to the cluster assignment M, and the corresponding BIC score
is BIC,(A) = —2£,(A) + ky(d — 1)logn. Choose some Ay € (A(,Zgn, /l(m"()lx). Then, for any A such that

M) # M,,,
P(BIC, (%)< BIC,(3))—1

asn— o9,

Theorem 4.3.5 asserts the consistency of the model selection using BIC criterion and is one of
the most important conclusions of this paper. Variable selection consistency results in Zhang et al.
(2010) use a similar BIC-criterion for the LASSO penalty in multiple linear regression. But our set-up
is very different from the regression set-up (with independent observations). Further, the penalty
function is quite different as well. As a result, the key steps for proving our result are very different.

The consequence of this theoretical result is extremely important when we apply our method in
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the simulation study or in real data applications. Even for moderately large sample sizes, we can
achieve good clustering performance by this BIC optimization criterion. We will demonstrate these
propertied in a finite sample situation in the simulation study.

Although we have stated all of our results under conditions (A.1) and (A.2), we still need to check
whether these conditions are feasible in practice. The next result provides sufficient conditions
for perfect cluster recovery under a particular weight choice involving Gaussian kernels that also

produce good clustering results in finite samples.

Theorem 4.3.6 Define p,,;,, = Ming Py, Pinax = MaAX, Py, and assume the cluster sizes are different.

Suppose

k

o—dr |12 . . . . A . .
(@ w;j=e Wil it where1f; is the indicator function that #; is one of the k nearest neigh-

bours of 7t ; or vice versa, for some ¢ > 0;

(b) k 2 Pmax — 1;

o 1 kK'+1 . € ..
(c) forsome€<6maxzz—2¢5 og(Z( — —1)),||7rj—Ra||2<E;V]E‘éa,\fazl,...,ko, where

p
k’ = max E ll.k..
i J

=1

Then conditions (A1) and (A2) are satisfied. Moreover, 01 = Ppin e“i’E%nax—Z(k’ +1—pp; ,,)e_‘ij(‘s_emrm)2 =

8", 8y < 2K’ +1— P e PO mac) = 5710,

Theorem 4.3.6 simplifies Conditions (A1) and (A2) for a special choice of weights, which we will use
later to demonstrate our simulation studies. The intuition behind this choice is that w; ; should be
a decreasing function of ||7; — 7 ;|| which enforces less penalization for well separated points. The

following results are direct consequences of Theorem 4.3.6:
Corollary 4.3.6.1 Under the assumptions of Theorem 4.3.4,

(n) n  O—€
(@) )Lmin < (min)’ 77max 2 5(max) :
1 2
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00
(b) e<min{em,”,—l} = A"

(n)
5, +0, min < A

(max) _
5 =

Corollary 4.3.6.2 For a balanced design, i.e. when p, = p/k, are the same for all groups 6, 6

min’

o
0 ifk=p/ky—1. Hence, for any € < > perfect recovery is possible for A € (A(”) 00).

We present all proofs in the appendix section. Corollary 4.3.6.1 gives us an idea about how close
the empirical transition probabilities for each m-tuple are to the true probability vectors. Corollary
4.3.6.2 considers a special case when the design is balanced. In that scenario, for large n and for the
correct choice of the nearest neighbour, the true model can be retrieved for a wide range of tuning
parameters A, thereby providing very accurate clustering results. In the next section, we will explore

the impact of weight choices on clustering accuracy through simulations of finite samples.

4.4 Simulation study

In this section, we will numerically demonstrate the performance of the convex clustering method-
ology described in the previous section in terms of recovering the true cluster assignments. We
compare the clustering performance for different choices of the weights w; ;. We consider SMM
of various orders, lengths and |3| values. Note that we don’t pre-specify the number of clusters
or the labels of the clusters in our method, so it is not feasible to compute the straightforward
miss-classification rate to compare the outcome with the true one. Instead, Rand Index (RI) and
Adjusted Rand Index (ARI) are used to measure the similarity between the true cluster and the
obtained cluster assignment.

Rand Index computes the proportion of (i, j) pairs that are correctly identified as belonging to
same cluster or different clusters. Mathematically, for any two cluster assignments X = (Xj,..., X,)

and Y =(Y;,..., ¥;) of the elements (04, ...,0 ), the Rand Index is defined by

a+b _a+b

“a+btc+d ®)

RI

where a is the number of pairs that are in the same cluster in both X and Y, b is the number of

pairs that are in the different clusters in both X and Y, c is the number of pairs that are in same
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cluster of X, but in different clusters of Y, and d is number of pairs which are in same cluster of Y,
but in different clusters of X. Values of RI vary between 0 and 1. If two clusters are identical, RI
should be 1. Higher R values indicate more similarity among two given clusters.

However, Rand Index has some limitations. For example, if the number of clusters increases,
and the cluster sizes are not large, RI will be close to 1 even for two completely different cluster
assignments. To address this issue, usage of Adjusted Rand Index (ARI) is preferred. ARI uses the
expected similarity of all pairwise comparisons between clusterings specified by a random model.
If a; =1X;|, b; =1Y;|, and p;; =|X; N Y}|, then ARI is computed by the following formula:

>(-1ZEHZGNG)

i,j i j

U6 +SN-[ZE G

l J l J

ARI =

For each of our simulation study, we compare the similarity between the estimated cluster
assignment by solving the equation (4.2.3) for the appropriate regularization parameter A of the
true clustering using both RI and ARI. We focus on the choice of weights that result in higher ARI
values. Chi and Lange (2015) and Sun et al. (2021) have shown, both numerically and theoretically,
that choosing sparse weights substantially improves the clustering quality, and also makes the
algorithm much faster. In our study, we perform clustering under different weight choices, both
sparse and dense, and compare how the AR values depend on that choice. In each set-up, we
replicate the experiment 1000 times to obtain the mean RI and ARI and their standard error. We
also compute the proportion of times ARI or RI is 1, i.e. we empirically compute the probability of

perfect cluster recovery.

4.4.1 Simulation Set-up 1

Here, we take |X| =4, the usual scenario when analyzing the DNA sequences. The order of the chain
m is taken to be both 2 or 3. For m =2, we equally divide the 16 tuples into 4 groups of 4 elements;
and for m = 3, we divide the 64 triplets into 8 groups of equal size 8. For a particular group C;, we

generate Z¢, , independently from Uni f(0,1), for £ = 1,2,3,4. The transition probability of that
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group is generated from a Dirichlet distribution with parameter (e“¢1, ..., e“Ci4). As weights, we
first take w; ; =1foralli,j=1,2...,p,i < j. Next we choose some sparse weights depending on
the distance between the estimated transition probabilities #; and 7 ;. We have used the k-nearest
neighbour based weights as proposed in Chi and Lange (2015), such that w; ; = exp ?IIF =713 li’f T
where li’f ;is the indicator function that #; belongs to k nearest neighbour of 7 ; or vice versa, for
some ¢ > 0. In this example we use ¢ =100. We also incorporate a third choice of weight, namely
Wi,j= eXp_¢||ﬁf_ﬁf||3>o li’fﬁ.oo) where ll.’f;oo) is the similar indicator function, but the nearest neighbour
is computed w.r.t [, distance. We use two different values, k =5 and k = 3. The results are provided
in the following tables.

From table (4.1), it is clear that for m = 3, uniform weights, i.e. w;, i=1 for all pairs (i, j), results

Table 4.1: Clustering Performance for m =3, w;, i=L

Sample Size (n) 5000 10000 15000 20000 25000
RI (s.e) 0.866 (0.03) 0.901 (0.04) 0.933 (0.04) 0.954 (0.03) 0.969 (0.03)
ARI (s.e) 0.199 (0.18) 0.469 (0.26) 0.651 (0.22) 0.777(0.17) 0.854 (0.15)
Prob. of True Recovery 0 0.003 0.017 0.042 0.128

Table 4.2: Clustering Performance for m =3, w; ; = exp P71l ll.’f i

k nearest neighbour= 5

Sample Size (n) 5000 10000 15000 20000 25000
RI (s.e) 0.982 (0.024) 0.995 (0.007) 0.997 (0.005) 0.999 (0.002) 1 (0.001)
ARI (s.e) 0.935 (0.081) 0.980 (0.027) 0.990 (0.019) 0.997 (0.009) 0.999 (0.004)
Prob. of True Recovery 0.264 0.466 0.714 0.907 0.981

k nearest neighbour= 3

Sample Size (n) 5000 10000 15000 20000 25000
RI (s.e) 0.984 (0.024) 0.994 (0.007) 0.997 (0.005) 0.999 (0.002) 1 (0.001)
ARI (s.e) 0.940 (0.074) 0.979 (0.026) 0.990 (0.019) 0.997 (0.009) 0.999 (0.004)
Prob. of True Recovery 0.223 0.408 0.713 0.908 0.981
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in really poor performance in terms of recovering the true cluster. Although the ARI increases
with increasing 7, we may need really large sample size to get good results. On the other hand, for
m =2, choosing the weights using k = 3 performs much better than that with k =5 in terms of both
ARI and perfect recovery, especially for lower sample sizes. Note that the model is balanced in this

example, and the optimum choice of k is 3 (by Corollary 4.3.6.1). W can justify that fact using our

Table 4.3: Clustering Performance for m =3, w; ; = exp P IFi—7;li likﬁ.oo).

k nearest neighbour=>5

Sample Size (n) 5000 10000 15000 20000 25000
RI (s.e) 0.981 (0.025) 0.995 (0.009) 0.998 (0.005) 0.999 (0.002) 1 (0.001)
ARI (s.e) 0.931 (0.085) 0.980 (0.033) 0.990 (0.018) 0.997 (0.009) 0.999 (0.004)
Prob. of True Recovery 0.294 0.508 0.735 0.904 0.980

k nearest neighbour= 3

Sample Size (n) 5000 10000 15000 20000 25000
RI (s.e) 0.983 (0.021) 0.994 (0.007) 0.997 (0.005) 0.999 (0.002) 1 (0.001)
ARI (s.e) 0.937 (0.076) 0.977 (0.029) 0.990 (0.019) 0.997 (0.009) 0.999 (0.004)
Prob. of True Recovery 0.206 0.387 0.709 0.907 0.981

Table 4.4: Clustering Performance for m =2, w; ; = exp~?I%i =%l 1Y

k nearest neighbour= 5

Sample Size (n) 5000 10000 15000 20000 25000
RI (s.e) 0.900 (0.09) 0.981 (0.04) 0.994 (0.02) 0.997 (0.01) 0.999 (0.01)
ARI (s.e) 0.745 (0.19) 0.946 (0.10) 0.982 (0.05) 0.992 (0.04) 0.997 (0.02)
Prob. of True Recovery 0.223 0.708 0.876 0.951 0.977

k nearest neighbour= 3

Sample Size (n) 5000 10000 15000 20000 25000
RI (s.e) 0.945 (0.07) 0.994 (0.02) 0.999 (0.01) 0.999 (0.005) 1 (0.003)
ARI (s.e) 0.851 (0.17) 0.983 (0.06) 0.995 (0.03) 0.998 (0.02)  0.999 (0.01)
Prob. of True Recovery 0.480 0.908 0.972 0.991 0.996
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simulation study. On the other hand, the optimum choice of k is 7 for m =3, but the choice k =5is
reliable as well. k = 3 makes the weights too sparse in this case, which results in a small degradation
of the clustering accuracy. For both m =2 and m = 3, the probability of true recovery increases with
increasing n for all weight choices.

This experiment gives very good results for large n, mostly for n > 10000. It is worth of investi-
gating under what circumstances we will be able to get very good recovery for smaller 7, such as
n =1000 or n = 2000. The theoretical results suggest that if the cluster centroids are well separated,
clustering performance gets better even for smaller sample sizes. In this experiment, we have 4
groups for m = 2, with the minimum centroid difference 0.123 in terms of I, distance and 0.108 in
terms of [, distance; these values are respectively 0.105 and 0.067 for m = 3. In the next simulation

study, we will demonstrate how the clustering accuracy improves for well-separated centroids.

4.4.2 Simulation Set-up 2

Here we take |X| =4 and m = 3. We divide this 64 triplets into four groups of sizes 18,18,15 and 13.
For the a'" group, Ry, = 0.7,R,p=0.1,a=1,2,3,4,  =1,2,3,4, a # . As the choice of weight, we

first used the k = 15 nearest neighbours w.r.t. the I, distance in the Gaussian kernel, and ¢ =100.

Table 4.5: Clustering Performance for m =2, w; ; = exp_"’”f”_’*fHg li’fg.oo).

k nearest neighbour=5

Sample Size (n) 5000 10000 15000 20000 25000
RI (s.e) 0.889 (0.10) 0.975(0.04) 0.992 (0.02) 0.996 (0.01)  0.998 (0.01)
ARI (s.e) 0.720 (0.20) 0.928 (0.12) 0.974 (0.06) 0.989 (0.04) 0.994 (0.03)
Prob. of True Recovery 0.187 0.644 0.821 0.922 0.960

k nearest neighbour= 3

Sample Size (n) 5000 10000 15000 20000 25000
RI (s.e) 0.949 (0.07)  0.995 (0.02) 0.999 (0.01) 0.999 (0.005) 1 (0.004)
ARI (s.e) 0.860 (0.17)  0.984 (0.05) 0.995(0.03) 0.998 (0.02)  0.999 (0.01)
Prob. of True Recovery 0.501 0.908 0.973 0.990 0.996
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Table 4.6: Clustering Performance for Different Weight Choice and Sample Size for Simulation 2.

Weight Choice Sample Size - AR Prob. of
(n) True Recovery
I, Distance, 1000 0.940 (0.022) 0.816 (0.073) 0
Gaussian Kernel 2000 0.984 (0.012) 0.954 (0.034) 0.14
I Distance, 1000 0.969 (0.020) 0.908 (0.059) 0.104
Exponential Kernel 2000 0.994 (0.009) 0.983 (0.025) 0.638
[; Distance, 1000 0.965 (0.020) 0.893 (0.060) 0.03
Exponential Kernel 2000 0.993 (0.009) 0.979 (0.025) 0.468

The second choice of weightis w; ; = exp P IIFi—7jlleo ll.lfﬁ.oo), with ¢ =10. Note that here we have used
the I/, distance to find the nearest neighbours, but instead of incorporating the Gaussian kernel,
we have used the natural exponential decay. The third weight is similar to the second one, using
distance instead of /... Here we used relatively smaller samples, n = 1000 and 7 = 2000, respectively.
The results are displayed in table (4.6).

From the experiment, we can infer that the weight involving /, distance in the Gaussian kernel
performs poorly compared to [, or [; distance. Using [/, distance is especially effective in such
scenarios, as it measures the maximum element-wise distance between two estimated transition
probability vectors. We are then able to separate out two vectors that are not likely to be in the same
cluster.

From this study, we can conclude that when the centroids are well-separated in in a small

number of co-ordinates, use of [, distance can provide the best possible result.

4.5 Real Data Anlysis

Over time, deadly pandemics have been prevalent in different parts of the world. The most recent

one is the outbreak of a novel coronavirus disease Covid-19 (SARS-COV-2), started in the Wuhan
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province of China in November 2019. Later it was spread all over the world, and hit hard over the
whole world. As of April 2022, there are 510 million Covid cases worldwide and more than 6.2
million fatal cases. The patients affected with Covid suffer from fever, headache, fatigue, respiratory
problems, shortness of breath etc., these characteristics were first analyzed by Wu and McGoogan
(2020). Most of the patients exhibit very mild to moderate symptoms, only 8 —10% patients need
hospitalization and the fatality rate is close to 1.5%. This is much lower than 10% fatality rate in
the reported 8000 cases during SARS-COV-1 outbreak in 2002 in China. Another novel coronavirus
outbreak , the Middle Eastern Respiratory Coronavirus (MERS-Covid) has affected the Arabian
peninsula in 2012. There were only 2500 reported cases of MERS, with astonishingly high fatality
rate of 35%. However, SARS-COV-2, or the Covid-19 is much more contagious than the other ones, as
it has very mild symptoms and low fatality rate which make it easier for the virus to be transmitted
through air.

After the emergence of Covid-19, people are familiar with the RT-PCR, rapid antigen and rapid
PCR testing procedures. These are all lab based processes to detect the presence of coronavirus from
saliva or mucus, collected from human. The RT-PCR test ends up in a Positive result if the sample
contains the DNA of the pathogen. The collected samples, if fully available, are almost equal to the
reference sequence. In that case, there is no need to fit models, we can easily match the collected
sample with the available genome sequence, and identify the virus whose sequence is almost similar
to the reference genome. But in practice, there are many occasions where only a part of the full
sequence is available. For example, a covid patient might have co-morbidity, i.e. suffering from
any other critical disease. When the sample is collected from that patient for Covid test, different
pathogens are mixed to form a mutation of the original virus. Hence, we end up with a corrupted
sample, and need to trim a large part of the full DNA sequence to get rid of that corrupted part.
The challenge lies in that scenario, where we have to detect the nature of a virus from a partially
retrieved sample.

In the time of covid outbreak, it is necessary to distinguish the covid patients from the other
patients. Often the symptoms for many diseases are similar as covid. For example, in the Indian

subcontinent, Dengue is very much prevalent in the summer and fall season. The symptoms include
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high fever, fatigue, headache, vomiting etc, very similar to covid. Same goes for another disease
Hepatitis B. For all these diseases, if the DNA sequences in the collected samples are not fully
available, it is extremely difficult to classify them to their correct class of virus. Wrong detection of
disease for the critical patients can lead to very serious problems including fatality. In this paper, we
consider four different viruses in our study: SARS-CoV-2, MERS, Dengue and Hepatitis B for the
classification purpose. In the data set, we have full DNA sequences of 500 individuals, suffering
from any one of this four diseases. Then we trim a big part of the full sequence and use them as our
partially available information. The main objective is to come up with a methodology so that the
miss-classification rate is lower, even when very low proportion of the sequences are retained.
While analyzing DNA sequences, we use the sparse Markov model (SMM) developed in this
chapter. The method is simple to understand and computationally efficient at the same time, as we
demonstrated with the simulation study. This also helps us interpreting the results confidently, to

be unfolded when we discuss the set-up and the results from our study.

4.5.1 DataDescription

We have collected the sample for 500 individuals from NCBI database, 200 affected from SARS-
CoV-2, 50 from MERS, 100 from Dengue and 150 from Hepatitis B over different time periods and
different locations. NCBI database also contains reference genome sequence of every virus. These
reference sequences represents an ideal genome structure of any particular virus species. Note that,
a very minimal changes in the neucleotide sequence can lead to a very different strain of the same
disease. We use this reference sequence for training purposes. The lengths of the reference genome
sequences for SARS, MERS, Dengue and Hepatitis B are 29903, 30119, 10735 and 3542 respectively.

The pandemic MERS was mostly prevalent in the Arab countries in 2012, hence all the samples
are collected in that time. For Dengue and Hepatitis B, the samples are distributed across the world
in the last thirty years. We have been particularly careful in collecting the samples from COVID-19
disease so that we are able to incorporate different strains of that disease. To ensure that, we have
used 50 samples each from four different time-frames: April 2020, September 2020, January 2021

and April 2021. These time-frames are selected based on the spread of a certain strain, or peak in
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the Covid cases worldwide. For example, in April 2020, Covid cases were significantly increasing in
the whole world, and the lockdown was imposed for the first time. In September and October 2020,
south east Asian countries, and most importantly India reached its peak in the first wave of Covid
cases. In January 2021, USA and a major part of the world have experienced the peak of the Beta
strain. In April 2021, wave of the deadliest Delta strain hit hard on the Asian countries, and began to
spread in the rest of the world. In this method of sample collection, we have tried to represent the

Covid samples in a time-homogeneous manner.

4.5.2 Method

We have already mentioned that we want to classify the viruses from the partially retrieved genome
sequences. For that, we first model the 4 reference genome sequences using our proposed SMM
method. Next, we randomly select a continuous segment of the genome sequence for each sample,
and then compute the likelihood of that segment under each of the 4 reference models. Suppose
the i’" model is denoted by P;, i =1,2,3,4. For any given sequence x = X, X,... X, likelihood of x

for each model is

Li(x)=B( X\ = =) ]_I B Xen = %

t=m+1

M =zm).

We then classify x to argmax;_; 4 L;(x). Note that the transition probabilities inside the product

term are estimated from the fitted model, along with ﬁi(X,(,T) = iﬁnm)) Thus, we can expect we can
classify the true virus from a moderately large segment of the full RNA sequence of the respective

viruses.

4.5.3 Results

In our analysis, we fit two different models. In the first model, we fit SMM-s of order m = 4 for
SARS and MERS, while for the other two viruses, we use m = 3. The form of the weights are w; i=
exp ?IFi—7; oo li’f i where li’f ;s the indicator function that #; belongs to k nearest neighbour of 7 ;

or vice versa in terms of /o, distance, for some ¢ > 0. For the first two viruses, we take the number of
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nearest neighbors (nn) to be 20, and for the later two cases they are 5. The value of ¢ =100 is fixed
for all four cases. In the second model, we fit SMM-s of order m = 3 for all four viruses, with ¢p =100

and number of nearest neighbours to be 5.

Model 1

The number of clusters and its sizes for each model is presented in the following table (4.7). We also
present the top twenty m-tuples in terms of the occurrences in the reference sequence for each 4

virus in the figure (4.3).

Table 4.7: Number of clusters and size of each cluster obtained in Model 1.

Virus Number of Cluster Size
Clusters
. 155, 50, 10, 7, 5, 4,
Covid 19 28 2 (3 times), 1 (19 times)
141, 60, 6, 5 (3 times),
MERS 30 3 (3 times), 2 (4 times),
1 (17 times)
Dengue 7 24,16,14,4,3,2,1
Hepatitis B 14 41, 8,4, 1 (11 times)

From the samples, we randomly choose segments of length 100€%, and compute the likelihoods
under 4 models to classify it to the most likely class of virus. Three different values of € have been
used; 0.05, 0.1 and 0.25. We compute the overall mis-classification rates for all three cases, i.e. the
proportion of virus that are wrongly classified. Apart from that, we also present the class-wise counts

of the samples from a particular species in the 4 x 4 confusion matrices in the following table (4.8).

Model 2

Now we present the clustering performance for the second model, where all fitted SMM have order

m =3 in the table (4.9).
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Figure 4.3: Histories with higher frequency in the reference sequence for each virus
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Table 4.8: Confusion Matrices for € =0.05, 0.1 and 0.25 respectively with mis-classification rates

22.6%, 15.2% and 2.8% in Model 1.

Fitted | SARS- Hepatitis
Observed Cov-2 MERS  Dengue pB Total
SARS-Cov-2 185 0 4 11 200
MERS 0 50 0 0 50
Dengue 0 0 100 0 100
Hepatitis B 17 44 37 52 150
Fitted | SARS- Hepatitis
Observed Cov-2 MERS  Dengue pB Total
SARS-Cov-2 193 0 0 7 200
MERS 0 50 0 0 50
Dengue 0 0 100 0 100
Hepatitis B 6 39 24 81 150
Fitted | SARS- Hepatitis
Observed Cov-2 MERS Dengue pB Total
SARS-Cov-2 194 0 0 6 200
MERS 0 50 0 0 50
Dengue 0 0 100 0 100
Hepatitis B 0 8 0 142 150

Table 4.9: Confusion Matrices for € =0.05, 0.1 and 0.25 respectively with mis-classification rates

22%, 16% and 4% in Model 2.

Fitted | SARS- Hepatitis
Observed Cov-2 MERS  Dengue pB Total
SARS-Cov-2 177 8 4 11 200
MERS 1 49 0 0 50
Dengue 0 0 100 0 100
Hepatitis B 11 30 45 64 150
Fitted | SARS- Hepatitis
Observed Cov-2 MERS  Dengue pB Total
SARS-Cov-2 187 6 0 7 200
MERS 0 50 0 0 50
Dengue 0 0 100 0 100
Hepatitis B 4 37 27 82 150
Fitted | SARS- Hepatitis
Observed Cov-2 MERS Dengue pB Total
SARS-Cov-2 190 2 0 8 200
MERS 0 50 0 0 50
Dengue 0 0 100 0 100
Hepatitis B 0 10 0 140 150
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4.5.4 Discussion

In any statistical analysis, more sample size helps us designing a sensible methodology. In our
experiment as well, if the length of a sample segment from the full sequence is very short, the
conclusions will not be reliable. From the tables, it is clear that € = 0.05, i.e. when only 5% of the
original sample sequences are retained, the miss-classification rate among the Hepatitis B samples
are high. This is completely justified, since for Hepatitis B samples, the length of selected segments
are about 170, whereas that lengths are about 500 for Dengue and 1500 for MERS and SARS. As we
increase the proportion, the performance naturally improves. The overall miss-classification rates
are 0.228, 0.152 and 0.032 for € =0.05, 0.10 and 0.25 respectively. So, with only 25% of the sequences,
we can correctly identify the true virus for more than 95% of the cases. Even within Hepatitis B, the
miss-classification error reduces drastically once we have fairly long sequence so that meaningful
inference could be made. For the other three viruses, the samples are rarely miss-classified.

The most important question in our modelling of SMM is that how we choose the order m
of the Markov chains. Clearly, higher the m is, we get more detailed information from the model.
On the other hand, it is not hard to think that if we choose m too large, say m = 10, we won't get
much information from the histories. Even for most of the histories, we won’t have even a single
observation. Hence, choosing the orders based on the lengths of the reference sequences would be
ideal, so that every m-tuple has significant number of observations. The lengths of the reference
sequences of SARS and MERS are close to 30000, hence we use m =4 in these cases. The lengths of
reference sequences of Hepatitis B and Dengue are relatively shorter, so we think 72 =3 would be a
better fit for the modelling purpose. Apart from the numerical point of view, there is a biological
significance for using m > 3 as well. If one looks into the structure of any DNA or RNA sequence,
three consecutive DNA bases form a “codon", which translates a genetic code into a sequence of
amino acids or a stop codon. Although there are 64 many possible codons, the number of amino
acids is 20, where each amino acid can correspond to multiple codons. Rest of the codons are named
as stop codons, which signals the end of protein synthesis. These amino acids molecules combine
to form proteins, which are the basic building blocks of life. So, it is fair to assume that SMM of order

3 or more will be able to explain the structure of a virus.
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While sampling, we have selected the snippets from any part of the full sample sequences. All
these viral infections have similar symptoms. So it is obvious that there are some similarity in the
sequence structure in some parts of these viruses. There might be a particular sequence of amino
acids in the genome structure which construct the spike proteins. Very short length of the chains
thus be misleading from this point of view as well. We might end up with a short segment of one
virus which is similar to a segment of another one. In the case when we have a sample sequence of
moderate length so that the sequence is not overlapping with other viruses, the classification will be
really good, as we can see from the results. MERS and Dengue samples are never miss-classified
to other classes, even with € = 0.05. This phenomenon can be justified by the fact that our SMM
method utilizes the information from the reference genome sequence in a compact manner, so that
it can capture the diversity of genome structure from different parts of the samples. For example,
the frequency of an m-tuple can be spread over the whole sequence, or may be concentrated in
a particular region. In either case, the estimated transition probabilities will help us calculating
the likelihoods under each model, and selecting the true virus with high probability. Overall, this
method is successful in such classification problems, which opens up a scope for a broader research

in this area.

4.6 Summary

The proposed method of fitting sparse Markov model can be utilized in many different areas. Our
methodology provides great computational efficiency and clustering accuracy. The novelty of our
approach is that we have built a completely data dependent methodology for fitting SMM, without
using any prior knowledge of the number of clusters or the transition probabilities. The theoretical
results guarantee that for large sample sizes, we are able to reconstruct the true clusters with
probability tending to 1, which reduces the number of parameters in an efficient manner. As a real
data application, we study the structure of the RNA sequence of a virus to classify an unknown
partial sample to the most likely class. Even for two very similar type of viruses, our method can

separate them, even for moderate sequence length. Even for different variants of same disease, we
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can use a single reference sequence for training purpose, reflecting the flexibility of our approach.

The methodology then has wide applicability.
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CHAPTER

FITTING SPARSE MARKOV MODEL BY
GENERALIZED CONVEX CLUSTERING
ALGORITHM

5.1 Introduction

Among all the statistical tools in unsupervised learning, clustering is probably the most fundamental
problem. There are many traditional methods of clustering including K-means, mean-shift algo-
rithm, hierarchical clustering or spectral clustering . The major problem of these algorithms is that
they suffer from finding the global minimum for the objective functions. The solution depends on
the initial values which often gets stuck in a local minima. Apart from that, the total number of

clusters need to be fixed beforehand for executing these algorithms. Hence, one needs to pre-specify
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the number of clusters and execute the clustering methods for different cluster numbers. Needless to
say this makes the problem computationally challenging, especially when there are a large number
of data points.

To overcome these problems, Pelckmans et al. (2005), Lindsten et al. (2011) and Hocking et al.
(2011) have transformed the clustering problem as a convex optimization problem. In such formu-
lation given the data points x;, ..., X;, € R they have proposed to minimize the following convex
optimization criteria

1 n
Fy(B)=5 D Jixi =bill+ 2> w; jllb; ~bj| (5.1.1)
i=1

i<j
for some tuning parameter A > 0 and non-negative weights w; ; = w;; where B is the matrix
containing the vectors b;-s. The rationale behind this approach is that if the data points x; and x;
belong to the same cluster, their corresponding centers b; and b; should be the same. The second
term acts as a regularization quantity which enforces the difference b; —b; to be zero depending on
the type of the norm ||.|| and the tuning parameter A. The biggest advantage of this method is it gives
us a solution paths to identify the clusters over a different range of A, from which we can choose the
most suitable model based on some model selection criteria, e.g. AIC or BIC. This formulation not
only handles the problem of finding the global minimum, it doesn’t require us to fix the number of
clusters beforehand.

Many different algorithms have been proposed to minimize the objective function (5.1.1). Lind-
sten et al. (2011) have used an off-the-shelf convex solver, named CVX to solve the clustering problem.
Hocking et al. (2011) have used the idea of fused lasso to develop a few algorithms for different
types of norms in the penalization term, including £; and ¢, norms. Chi and Lange (2015) have
viewed this convex optimization problem as a constrained optimization problem, and hence used
popular variable splitting algorithms like alternating direction method of multipliers (ADMM) or
alternating minimization algorithm (AMA) for solving the convex clustering problem. Sun et al.
(2021) have introduced a semismooth Newton based augmented Lagrangian method (SS-NAL) to
solve the convex optimization problem. Apart from different computational approaches of solving
the problem, some theoretical properties of this method regarding cluster recovery conditions have

been developed by Zhu et al. (2014), Panahi et al. (2017) and Sun et al. (2021).
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The computational benefits and easy interpretation of convex clustering method are useful
in many practical contexts beyond the standard clustering problems. Following the similar ideas,
Majumder et al. (2022) have developed a data based method of fitting sparse Markov models for
modelling higher-order Markov models. Suppose Xj, ..., X;, be a categorical time series over a state
space X with |X| = d. If one wants to fit a Markov chain of order m, there are total |X|™(|X|— 1) many
parameters that need to be estimated. Even for moderate m and %, this task is computationally
challenging. There are many model reduction techniques have been proposed in literature, e.g.
variable length Markov models (VLMC) by Rissanen (1983), Biihlmann et al. (1999) or sparse Markov
models by Garcia et al. (2011), Xiong et al. (2016), Jadskinen et al. (2014) or Majumder et al. (2022).
For a sparse Markov model, the set of all m-th order histories X" is partitioned into a certain number
of groups ky, where the transition probabilities are same for two histories belonging to the same
partition. This reduces the total number of parameters to ky(|>|— 1) which is feasible to deal with.

Majumder et al. (2022) have utilized the convex clustering algorithm by Chi and Lange (2015)
to estimate the partitions of ™ by clustering the empirical transition probability vectors 7r;-s for
the histories i =1,...,|X|" as the data points. If p =|X|™, then Majumder et al. (2022) proposed to

minimize the objective function

n
FA(B)=%an—binimzwi,j||b,~—bj|| (5.1.2)
i=1 i<j

over by,...,b, € S4, where S? is the d-dimensional simplex. Using the intrinsic computational
steps, Majumder et al. (2022) have shown that minimizing F, (B) without restricting b; to S¢ indeed
produces the optimum solution in S itself, unaltered the convex clustering approach by Chi and
Lange (2015). Once the partitions are identified, it is easy to estimate the common transition proba-
bilities. Each value of A will lead to a specific model, Majumder et al. (2022) proposed to choose the
optimum model which minimizes the BIC criteria.

So far, the developments of convex clustering algorithms consider a squared error loss between
the data points and the parameters b,;. However, there are many scenarios where some other loss

functions could be useful. For example, a common disparity measure between two probability

61



distribution is the Kullback-Leibler Divergence (KLD), which possesses some nice properties. This
type of loss functions could be useful in our SMM set-up where we eventually have to deal with
disparities between probability vectors. Another such measure of divergence is the density power
divergence (DPD), introduced by Basu et al. (1998) which produces robust estimators under data
contamination. Hence it will be worthwhile to develop the convex clustering algorithms for other
loss functions as well. For feature selection in mixed multi-view data, Wang and Allen (2021) have
developed an integrative generalized convex clustering method, namely “iGecco+" which deals
with different type of differentiable and non-differentiable loss functions for various data types;
including Bernoulli log-likelihood or multinomial log-likelihood in binary and categorical data, or
Poisson log-likelihood for analyzing count data. Thus, it will be worthwhile to explore how changing
the loss functions for fitting SMM make an impact on the computational aspects.

In this chapter, we propose several SMM fitting algorithms for convex loss functions and adjust
our method depending on the strong convexity. The major challenge in such cases is that we
may not always have a closed-form solution in every steps of the algorithms. Not only that, extra
computational burden arise from restricting b; € S? as the optimum solution might not be a
transition probability vector unlike the minimizer of equation (5.1.2). In our method, we incorporate
such extra constraints, and update the computation accordingly. Extensive simulation studies
have been conducted to compare the performances and the time complexity under different loss
functions. We also proposed a more relaxed approach of solving the original convex clustering
problem (5.1.1), which performs comparably in terms of finding the true partition in much less
time.

The rest of the chapter is organized as follows. In Section 5.2, we develop the ADMM and
AMA algorithm for general loss functions. In Section 5.3, we apply our algorithm to the density
power divergence. Theoretical cluster recovery conditions are explicitly presented in Section 5.4.
We propose a more relaxed method of solving the original convex clustering problem in Section 5.5.
Extensive simulation studies have been performed in Section 5.6, both the time complexity and
clustering accuracy have been compared across different loss functions. We finish this chapter in

Section 5.7, summarizing the key findings and possible future applications of our method.
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5.2 Fitting SMM Using Generalized Loss Function

Before going into the details of the algorithm, let us define some notations. Let X;,..., X, be a
categorical time series over the state space > with |X| = d. The order of the fitted Markov chain
over this sequence is m, and denote the elements of X" = {o,...,0,} where p = d™. For any
set S C XM, Ng = ';;11 y(Xﬁ’") €S), N4 = ?;ln y(Xﬁ’") € S,X,., = a) for a € X, where X,Sm) =
(X¢, X215+, Xy—ma1)- The elements of empirical transition probability vector #; are defined by
Ria=Ng,a/Ng, fori=1,...,p.

The equation (5.1.2) deals with squared error loss function. However as we discussed earlier,

there are other loss functions which can be useful in our context. Hence we can generalize the above

set-up as follows.

p
D 8;pli; b))+ 4> w;jlb;—bjll,. (5.2.3)
j=1

i<j
forb; e S, S being the d dimensional simplex, and for some constants & j > 0. These constants
0 j will determine the amount of penalization we should allow for each observation specific loss
p(7j,b;). The major challenge for such general loss function p is to develop similar ADMM or AMA
updates. Even though AMA is a much faster algorithm, it is only applicable when p is a strongly
convex function. In addition to that, we may not have a closed form solution for each parameter in
every step, as noticed by Wang and Allen (2021). In such cases we may have to deal with some kind
of approximation that simplifies the algorithm. In this section, we first discuss the ADMM algorithm
for a general loss function p, then modify the algorithm to AMA when p is strongly convex.
Like all other convex clustering algorithms, we need to view the optimization problem (5.2.3) as

the following constrained optimization problem

p
minzl: 5jp(ﬁ'j,bj)+1§ wylvill>
j= €

. (5.2.4)
subjecttob; —b;,—v; =0; €&
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and the corresponding augmented Lagrangian is given by

p

p
LyBV,L,®)=> 5;p(;b)+2 D willvillo+ > (v,vi—by +by)+ > ¢,;(1-1"b))
j=1 leg leg j=1 (5.2.5)

p
Y _ 2,7 _1ThH .2
+2;||vl bll+b12||2+2;(1 17b; .

5.2.1 ADMM Updates

Setting the differential of the objective function in (5.2.5) w.r.tb; forall j =1,..., p to 0 would give
us the updates of b;, given other variables. Hence, we want to solve the following equation (5.2.6) to

update the variable b i forall j=1,..., p; given the variables V,T.

Vi L,B,V,T,®)=5,Vp(t;b)— D> v+ > vi—¢;1
h=j L=j

— > (vi=by +by,)+ v > (vi—by, +b, )= W1-1"b )1 =0
h=j L=j

(5.2.6)

Note that, the closed form of b; while solving (5.2.6) may not be available in most of the cases.
If p(7j,b;) = %Ilﬁ- i—b j||§ and 0; = 1, the case reduces to the usual convex clustering method
developed in Chi and Lange (2015). In this scenario, the closed form for the solution of b; in each
step can be determined for solving the equation (5.2.6), which boils down to solving a set of linear
equations in this partcular case. It was shown by Majumder et al. (2022) that for such squared error
loss, we do not even need to incorporate the extra Lagrangian terms for the constraints 17b j=1as
the resulting solution exhibit this property by its own. However, for general loss function, this may
not be true, and hence the extra computational burden involving extra linear constraints should be
executed.

In case when the closed form solution is not available, one may want to solve the equation (5.2.6)
iteratively in each step. One popular approach is the use of Newton-Raphson method, which is

really fast to find root of an equation especially when there exists an unique root. After some basic
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calculations, the update of b; in the (7 + 1)"" step is the root of the following equation:

§;Vp(#;,bj)+ v p—1b;+117b;)1

—ngtu Z’ygﬂ— VZV(lt)+ va(lt)—(qjy) +v)1— va(it) =0

h=j L=j h=j L=j i#j

(6.2.7)

The Newton-Raphson method for solving the above equation (5.2.7) is outlined in the following
algorithm (2). Note that, for b; to be a valid discrete probability distribution, b; , > 0. However, we
have not included that constraint in our optimization problem. For that, we are going to state the

following assumption:

(1+1)

(C1) There is always an unique solution b i

> 0 to the equation (5.2.7).

Later on, we will show that these conditions are indeed satisfied with some common class of

divergence measure p.

Algorithm 2 Newton-Raphson for Updating b

Input: 75”, v(l”, b forlies, i=1,....p
Initialize: y = b(jt)
1: while Not Converged do

2 A T -1
Y=Y—(5jV p(@;,y)+v(p—1I+v11 )
R RO RO IIEE 2 WS Wl
h=j =] i#] h=j b=j
2: end while

3: b(th) =y

The major disadvantage of using ADMM in such problems is that we need to carry out a inner
nested loop to update certain variables in each step, which significantly increases the computational
burden. In literature, many different versions of ADMM have been proposed to address this problem.
These updated algorithms provide some kind of inexact or one-step update of the variables without

fully solving the objective function, making them a lot faster. Such modifications include generalized
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ADMM by Deng and Yin (2016) and proximal ADMM by Shefi and Teboulle (2014) or Banert et al.
(2016). In the convex clustering scenario, a similar approach was taken by Wang and Allen (2021) for
clustering multi view data using general loss functions. The objective function in their problem was
different, and they had to use one-step proximal gradient updates for updating certain variables. In
our case, we propose to use the one-step Newton-Raphson update of solving the sub-problem of
updating b; in every iteration. The partial differentiablity of Z,(B,V,I) w.r.t b; enables us to use
the Newton-Raphson method, which is much faster than proximal gradient or gradient descent
methods. Most importantly, this algorithm is guaranteed to converge, which we will prove later.
We name the original ADMM algorithm, which try to compute the updates of the variables exactly
through inner nested loop as Sparse Markov Model by Generalized Convex Clustering Optimization
(SMMGECCO). Consecutively, the inexact ADMM update using the one-step Newton-Raphson
update is named as SMMGECCO+. The complete steps for this optimization problem providing the

updates of B,V and I are outlined in the following algorithms (3) and (4).

Algorithm 3 SMMGECCO Algorithm for General Convex Function
Initialize: B, V(®, 10 $©) ; =0.
1: while Not Converged do

2 b(th) = solution of equation (5.2.7) using Algorithm (2).
. (£+1) _ (t+1) (t+1) 1 _ ().
&V _prOX01||~||2(bll —b, =57 )’
4 7Et+1):7§t)+ V(V(lt+1)_b(llt+1)+b(l;+1));
(t+1) (1) (r+1)).
5 ¢ =gl y(1-17b(");
6: r=t+1.

7: end while

If p is a separable function of the elements of b ;, whose Hessian is a diagonal matrix, it is really
cheap in terms of computational complexity to invert the Hessian in each step. For example, if

p(#j,bj)= —ZZZI 7 j,a108(7j 4/ bj q), .. the Kullback-Leibler divergence, then

=N

il ﬁj,d)

V?p(#;,b;)=diag( —=-,..., —=5— ).
(b]%l b?,
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Algorithm 4 SMMGECCO+ Algorithm Algorithm for General Convex Function
Initialize: B®, V(O T , 1 =0.
1: while Not Converged do

2:
b =pl - (v? .,,%V(B(”,Vm,l“(t),tl)(’))) V,;.2,(BM, v, 1), ¢l
=b(f (5 Vep(#;,b .t))+ Wp—1DI+ VIIT)
CAZCAH (DN AREDN Vzb(it)—ZWy)+ZVE”—(¢§-H+V)l)
h=j L=] i#] h=j L=j
5 v —PrOXmu (bl =Bl =341
o+

4 ’yg —’yl +v( (1+1) b[Jrl +b ))
(t+

. 1) _ (1) 17 l+1
5 =gl +v(1 b ),
6: t=t+1.

7: end while

In such cases, the inverse of the Hessian matrix of £, w.r.t. b; is

. - N D111TD1
(8;V*p(;bj)+ vp— 1+ v11" ) =(D;+vn1") = D7 - "T4n7D; e

using Shermon-Morisson-Woodbury formula, where D; = § ;V2p(#;,b;)+ »(p — 1)L Clearlry, D; is

a diagonal matrix, and hence

-1_ 2 -1 1
D; 51(v p(#;,b;)) +V(p_1)l.

Hence, inverting the d x d Diagonal matrix can be carried out in ¢(d) many operations, and the
computation of the Hessian matrix would require ¢(d?) many operations. This is computationally

feasible in each step when d is not very large, and we expect good convergence result.

5.2.2 AMA Updates

When p is strongly convex, one can use the AMA algorithm for solving the original optimization

problem (5.2.4). In this algorithm, the variables b ;-s are updated by letting the tuning parameter
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=0, and hence we need to solve the following equation

5, Vpli;b)—> 7 +> 4 —plM1=0. (5.2.8)
h=j hL=j

We can find the root of the equation (5.2.8) using the Newton-Raphson algorithm outlined in
the algorithm (2), with v = 0. Just like in ADMM case, there is no guarantee that the solution of

(t+1)

(5.2.8) satisfies b )> 0. However, if we observe carefully, b(].tﬂ) is the minimizer of the function

f(bj)=6p(#;,b; (le _j 71 lezj ’75” + ¢(]_”1)Tbj, and for any separable convex function p,
b](.f;rl is the minimizer of f,(bj )= 8" %} 4, b} a)— (lezj y(lt; — =) y(lt; + (py))bm . Since p
is strongly convex, f,’(b; ,) > 0, making f’(b; ,) a strictly increasing function. Also, f/(b; ,) — 00
if bj , — ©o, hence the only way f;(b; ,) = 0 won't have a solution for b; , > 0if f;(b; ,)> 0, which
implies f, is an increasing function on [0, c0). Hence f,(b; ,) is minimized for b; , = 0, proving that
the equation (5.2.8) will have a solution in [0, 00).

Once we update b ;, we seek to update v; and v, sequentially. However, as shown by Chi and

Lange (2015), we can bypass updating v;, and directly update «; using the linear relation among

themselves, which saves much time. The sequential updates of +; are as follows:

(t+1)

Y =2 ( Vgl

(£+1)
)

(£+1)
= bl1

where gltJrl b (1+1) , Cr={v:llvll2 £ Aw;}, and 224(x) is the projection of x onto the set A.

The full SMMGECCO algorithm for strongly convex p is outlined in (5).

Algorithm 5 SMMGECCO Algorithm for Strongly Convex Function
Initialize: B, V(0,10 @ ¢ =0.
1: while Not Converged do

2: bY*I= solution of the equation (5.2.8), determined by the Newton-Raphson in algorithm (2)
with »=0.

3. 7Et+1 =P (71 _ Vglt+1 );

e =gl y(1-17b("Y);

5: t=t+1.

6: end while
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Similarly, as we did in ADMM case, we may want to extend the SMMGECCO+ in this case by
taking one-step Newton-Raphson update for b;. We describe the steps in the algorithm (6). However,
we might not use that process much because in practice, the loss functions with which we deal with
are nice smooth functions. Since Newton-Raphson converges very fast, it won't take too many inner
iterations to solve the corresponding equation (5.2.8) and hence the convergence of the algorithm
could be established as well. In the next section, we will demonstrate all these algorithms for a

certain class of loss functions in details.

Algorithm 6 SMMGECCO+ Algorithm Algorithm for Strongly Convex Loss Function
Initialize: B, V(®, 1 9 ), ; =0.

1: while Not Converged do

(t4+1) _ (1)
b; b (6 Vep(# ), b; )) (5 Vol 771’ )= 2= ' +le =j 7" j )
3 7lt+l _9 ('Yl Vng-l)
4 ¢§t+1) _ ¢( )+ V( Tb (t+1) )
5
6

»

)

t=t+1.
. end while

5.3 Application of SMMGECCO to Density Power Divergence

So far, we have described the ADMM or AMA algorithm in the context of general convex clustering
problem. In this section, we will explicitly simplify these methods for a common class of divergence
measure called the density power divergence (dpd), introduced by Basu et al. (1998). For two discrete

probability vectors x,y € S¢, the dpd is defined as

Xy:

M&

{ra- H)ya xﬁ;xw}

a=1

for some u > 0. This divergence measure is widely used as a robust loss function as an alternative to
maximum likelihood estimation, exhibiting robust properties under data contamination. Note that
for u — 0, Q,(x,y) converges to —Z a—1 Xalog(ya/x,), which is the Kullback-Leibler divergence. For

p =1, (x,y)=x—yll3, which is the squared error loss. Hence u = 0 and u = 1 are the two special

69



cases of the density power divergence. Usually, in the context of likelihood estimation, the value of
u is varied in the interval [0, 1] to achieve robustness by sacrificing the efficiency by some amount.
The higher the value of u, the outliers are more down-weighted, resulting in a more robust solution
under data contamination. Here, in the convex clustering set-up, we can use this loss function to

capture the divergence between # ; and b;, and in that case we set

p(7jb; i{ . )bﬂ Tjat iﬁi*ﬂ”}

a:l

for some u > 0. For u =0, i.e. for KL divergence, the loss function looks likes

Q

pla;b) == 7 4108bja/%}a),

a=1

which is not strongly convex. Hence we rely on the ADMM algorithm developed earlier in the paper,
and cannot apply the supposedly faster AMA algorithm. On the other hand, for y =1, we can make
the algorithm faster exploiting the strong convexity of p. The main question is for which values of y,
the loss will be strongly convex. Also, we want to investigate how much simplification one could
make while updating the parameters sequentially, and whether there is any closed form solution for
the updates in each step. The next theorem ensures that for any DPD measure with u €(0,1], p is

strongly convex.

Theorem 5.3.1 Suppose b,y € ¥;, where &; is the d-dimensional simplex. Define g,(b) =
ﬁQH(y, b). Then, g, is a strongly convex function with modulus .
Proof: Recall that

1 d
“Tra —> by —(1 u)b“ya+ v = Zh(b

a=l
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Now, 1/ (b,) = (bY — by~ y,). Hence, for by #b,,

1, (by,a) =l (bs,a) = (ub¥ + (1= b2 ya )(bra — boa)
=> (by,a— bo,a) () (by.a)— 1 (b,) = (ub¥ + (1= b2y )(bya — baa)®
> u(by,—by,)?, since by, €[0,1];

= (b;—b,)" (Vg,(b;)—Vg,(b,)) > ullb, — b, |15

Hence, g, is strongly convex with modulus u. Immediately following this result, we have the following

corollary.

Corollary 5.3.1.1 LetB=[by,...b,], and f(B)= 1z X, 6, 30_ {b; ' —(1+3)b! 7t o+ 270}

Assumed; >0 for j=1,...,,p. Then f(B) is strongly convex with modulus (min; 6 ;)u.

The theorem has a very strong implication, that is we can apply the AMA algorithm suitably to speed
up our clustering experiment for u > 0. Following this, it would be worthwhile to derive how the

ADMM and AMA algorithm simplifies for u =0 and u > 0 respectively.

5.3.1 ADMM for Kullback-Leibler Loss

Here we will derive the ADMM updates for the Kullback-Leibler divergence, especially the updates

of b; while solving the equation (5.2.7). In this case
Vo(#;,bj)=(=%;1/bjr,..., n,d/b]d)Vp(ﬂ-], = dmg(rc]l/b]l, ﬁj,d/bjz’d).

Hence, we need to solve the equation

A

fja ‘
—Ejbja+v(p 1)bj,+v1"bj)= z/;ja, j=1,...,p;a=1,...,d
where ¢§I):Zh=j'ygt)—zlzzj ~ vzllzj lez ]"1 )+v 1+vzl7é]b . We can substi-

tute1”7b j = 1in the above equation, since we want to enforce that condition anyway in our problem.

This will make our life a lot easier, since we have an exact solution of the above equation, which
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turns out to be a quadratic equation as follows:

V(p_l)b? _(w]g_v)b]a n]a—o

pltD) — Ja V)+\/ —VRP+4vp—1)6;ft;,
. ZV(p—l) ‘

Hence, we can directly update b; without the exact or one-step inexact Newton-Raphson method
to solve the SMMGECCO problem. Consecutively, the other variables are updated following the

algorithm (3).

5.3.2 AMA for DPD Loss

We first start with the easy case when u = 1. If all 6 ; are equal, then this is exactly the same convex
clustering problem developed by Chi and Lange (2015). Majumder et al. (2022) have shown that
in that case, we don't have to even add the extra constraint b]TI =1for j=1,...,p. Instead, the
intermediate steps to execute the AMA themselves ensure that the optimum solution will be a valid
probability vector. This property also holds when ¢ ; are different, which we will show immediately.

Let us recall the augmented Lagrangian without the constraint bjr 1 =1 for u =1 will be as follows:

,(B,V,T)= 26 I =bl5+2 > willvill,
leé (5.3.9)

+Z Y,vi—by +b,) +— Z”Vl b, +by, |15
le& leéf

The related AMA algorithm for minimizing the above equation (5.3.9) is described in the algorithm
(7).
We will now discuss the AMA updates explicitly for dpd loss function for u > 0. Recall that, we

want to minimize the following objective function

pulj b+ A > w;jlib;—byll,

1<i<j<p

Il
.
M-
i

forb; e S4, the d-dimensional simplex. The corresponding augmented Lagrangian is given by
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Algorithm 7 AMA for y=1
Initialize I?)

1: fort=1,2,3,...do

2: for j=1,2,3,...,pdo

& A(]'t) = %(ZZFJ' ﬂygt_l) _Zle ﬂygt_l))
4: end for !

5: forall / do

6: g =, — 7, + A - A

7 =260 "~ g

8: end for

9: end for

p d
Z,BV.T, @)= — ZZ{ bt~ )b“ Rja+ —A”“}MZwluvlnz

]:1 a=1 leg

p
+Z i, vi—by +by,) + Z(Pj(l—lTbj) (5.3.10)
j=1

leg

+2 > v =Dy, +by 3+ Zu— "b; ).

leé’

Let denote the updates of the parameters at the ¢‘” iteration as B"), V() X(Y) 1(!) (), In the next
iteration, we first update b; ,, keeping all other variables fixed. The AMA update of b; , in the (£ +1)* h

step, keeping v =0 is the following:

1
(t+1) I+u
b.y —argmln{TubM ‘l_L ]aﬂ:]a (Zrlu Zrla—i_gb ) }
h=j L=j
Lo 1oy (£)
= argmm{ py b;, ‘l—lbjyaﬂj,a —Yia bj.d}'
The major question here whether there exists a minimizer of the function h; ,(y) = ﬁ ylt
i yuﬂ —1 4y for y €[0,00). The next lemma will guarantee that we indeed come up with an

unique minimizer.

Lemma 5.3.2 The function h; ,(y)= ﬁy”“ — ﬁy“ﬁj,a — j ay has an unique minimizer in the

domain [0, 00).
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Proof: We prove our result for three different cases.

@ ;4 =0,9jq>0.In this case the minimizer is the solution of the equation h}ya(y) =0, i.e.

1/p

y#=1 ;. Hence the solution is y* = 1/)]. .

(b) 7j4=0,¢;,<0.Inthis case, y* =0 is the optimum solution.

(©) 74 #0.1In this case also, the minimizer is the solution of h;,u(y) =yh— y“_lﬁj,a —Y;ja=0.
Since pu €(0,1), h; ,(0)=—00, and h; ,(M)> 0 for sufficiently large M. Also, h7 ,(y)= uyHt+
(1 —,u)y”_zfrj'a > 0 for any y > 0. So, h}‘u(y) is strictly increasing in the domain (0, o). Hence,

by intermediate value theorem, h;.' 2(¥)=0has an unique root in (0, c0).

However, there is no simple form of the minimizer, if we need to solve h; 4(y)=0 for general u.
To obtain that solution, we need to perform Newton-Raphson algorithm in each iteration. It seems
that the computational complexity will be heavily penalized, however in practice Newton-Raphson
algorithm converges very fast in these scenarios where we have to find roots of the polynomials.
Since there is an unique solution to the equation, the algorithm will be efficient enough to update
the variable b; ,. The next algorithm (8) will describe the Newton-Raphson for a single step update

for b; , by minimizing h; ,(y) over [0, 00).

h;,a (_Vrfl)
R (1)

technique is adapted to relocate the starting point of the Newton-Raphson method. We know that

Note that, in the Newton-Raphson step, we update y, = y,_1/2, if y,_; — < 0. This

the solution cannot be negative. So, in any intermediate step, the negative value of y, will impact
computing h; 2(¥-) which will involve computing the fractional power of a negative number which
interrupts the computation. We can also use the one-step update of N-R method in every step for
executing the SMMGECCO+ . In that case, given all other variables, the inexact update of b; , at the

(t +1)" iteration is the following:

(bW =7 (b =)

Jj.a

pl+l — ) _
,a ,a A .
PO b+ (= )t o (b2

t+1) _

. . (
Similarly, we update b ia

b](t; /2 if the original update is negative. The updates of v;,y; and ¢ ;

are unchanged. The exact and inexact AMA steps are summarized in the following algorithm (9).
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Algorithm 8 Newton-Raphson for Updating b; ,

Input: l/)%, tolerance.
1: if ; , =0 then

(t+1) _ (1) 1\ /1

2: bj,a — (maX{Or w],a})
3. else
4 Yo="jp0
5: forr=1,2,...do
) ey 1, (Y1)

' T ()

if y, <0 then
r= yr—l/2

: end if
10: err=|y,—yrl
11: iferr<tolerance then

(¢+1) _

12: b].,a =y,
13: STOP
14: end if
15: end for
16: end if

Algorithm 9 AMA Algorithm for DPD Loss

Initialize: B, V(®, 10 & ¢ =0.
1: while Not Converged do
2 if SMMGECCO then
3 b(].tﬂ) = Full update using the Newton-Raphson in algorithm (8)
4: end if
5 if SMMGECCO+ then
6 fora=1,...,pdo

(b =7 (b =yl

7. () _ p0) _ -
b =T T (1 ), (B
8 if bj'") <0 then
5a
9: bj(',tz;rl) - bj(',tv)l/z
10: end if
11: end for
122 endif

1
13 A =g () — gl Yy,
14 g =gy (1-17l ),
15: r=t+1.
16: end while

t+l))
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5.3.3 Stopping Criteria

The convergence of the ADMM and AMA algorithms are discussed in Boyd et al. (2011) and Tseng

(1991). The stopping criteria for these algorithms are computed by tracking the duality gap.

ADMM for Kullback-Leibler Loss

Following the similar computations by Boyd et al. (2011) and Chi and Lange (2015), the dual residual

vectors after (¢ +1)" iteration are given by

t+1 [Z(Vltﬂ (t Z(V(ltﬂ)_v(lt))]'

l] i lzzi

fori=1,...,p. The primal residuals are defined by
(t41) _ 4 (2+1) (t+1) (t+1)
11 —bl1 _b12 —-v, 7, le&

1 1 .
=a-1"p""), i=1..,p.

r

If r be the vector of all the primal residuals and s be the vector containing all the dual residuals, then
we stop if ||[rl)]|, < €,y and |||, < €4y for some small numbers €,,,; and €41 Using the proposal

of Boyd et al. (2011), we find that the optimum stopping criteria would be

P
€pri =/ eabs+ere1max{ anﬁ?—bﬁfug+Z(1Tb‘,-”)2,||v<”||F,\Fp};
i=1

i<j

Edual—\/_eabs+€rel Z||Z7l 271 ||2+dz

i=1 L=i =i

where € 4,5 and €, control the absolute and relative precision. We leave the details of this calculation

in the appendix.
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AMA for DPD Loss

While solving the convex clustering for general DPD loss using AMA, we perform proximal gradient

ascent to maximize the dual objective function. Note that the dual objective is defined by

Dy(T, @) =inf £,(B,V,T, &)

—lnf{Z(S]p #;,b;)= > (v1,b, —by,) +Z¢J(1— 17b;)}

le&

+1nf{/12 wl”"l“"’Z Yovi) }

leg leg

1
for p(7,b;) = Zgzl{b}w ( H)b” Tjat ﬁﬁ1+“} Clearly, there is no simplified form of

1
]_ + ‘u 1a Ja
the above dual function for general u for the first part of this dual. However if we observe carefully,

for given values of I'*) and )

P P

. A (1) (t) 17 Blt+!

argmin{ > 5,07, b))~ > ()" by, ~by)+ > ¢ ’(1-1"b )} =B
Jj=1 leg Jj=1

where BU*D is the update of the variables B at the (¢ + 1)!" iteration following the algorithm (9).

Hence, we replace the value of B*Y in the argument of the above function to obtain the value of

the first part of the dual objective function. Finding the second part is easier as noted by Chi and

Lange (2015) as

ir‘}f{lz wy vl +Z(’)’1»Vl)} =—Z%Cl(71)

leg leg leg

where C; = {v; : ||Vl < Aw;} and

0 ifxe Cj,
S, (x)=

oo o.w.

The proximal gradient ascent of D, (I, ®) with step size v will produce the exact similar steps as
outlined in the AMA algorithm (9).

For stopping criteria, we compute the duality gap the difference between the primal value and

7



the dual objective function, quantified by F,(B(*))— D, (I"),®(?)), We stop when
EBY)-D,1", ") <7

for some pre-specified small number 7. We know that, under the optimality the duality gap should

be zero. Hence, this quantity can serve as a reliable measure for convergence.

5.4 Perfect Recovery Conditions for General Loss

In this section, we will provide the range of A values, for which the true clusters are identified under
certain conditions. Note that, for the usual convex-clustering problem using the squared error loss,
which is equivalent to solving the equation (5.2.5) with §; = 1, the range of A values for perfect
recovery have been first developed by Zhu et al. (2014). Their works were limited to the case with
w;,; = 1 and with only two clusters. Panahi et al. (2017) later extended that result for general k
clusters. Sun et al. (2021) provides more general limits for any general weights w; ;, with some extra
assumptions. In this paper, we will show how these cluster recovery conditions change with the
change of the loss-function, especially with the dpd loss discussed earlier. We will provide three
different results, one for u =0, i.e. the Kullback-Leibler divergence; u = 1, the squared error loss with
different 6 ; values and for general 0 < u < 1.

Before going into the main results, we define some notations and provide two assumptions,
exactly same as of Sun et al. (2021) and Majumder et al. (2022), which will play a key role in proving

our result. Let the order of the Markov chain is m, and the true partitions of the state space X" be
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615..., Gk, Define

:Z wi; Vi=12,...,p; n(;f}:zijy)—&wy)} Ya=1,2,..., ky;

jE‘gﬁ t#a
m:Z Z w;j Ya#pB,a,pe{l,2,..., k}; 257‘-” 5(a)=25i
== i€b, €6,

@_ s |[|Fi ™7
31,1_5,5]( o

X X1 Xd
: where, for 2 vectors x,ye R?, = == #( £0),...,—)# (¥, #0};
) y - ( " n Va Yd )

(a)

]
A" = max max )
My <a<k i,j€6, 5@ 1w, Zz;aaw("’” ’
ij nz] 5@

A9 = min { -4 o, }
1<a<f<k, théa wal) 4+ Wzbéﬂ w1
We suppose that the following conditions hold.
(AD) w; j=w;; and w; ;>0forany i, j€ 6, {=1,2,..., k.
(A2) 6@ wl]>r]l]+28 Z’#‘ sze% andVYa=1,2,..., k.
Next, we present our main result for cluster recovery.

Theorem 5.4.1 Consider solving the equation (5.2.3), with p being the density power divergence
loss function for some 0 < u < 1; and let the above two conditions (Al) and (A2) hold. Then, for any

Ae (7L in? A(mnzlx), the clusters are recovered perfectly.

Proof:

Case 1: First we prove it for y = 0, i.e. for the Kullback-Leibler divergence. Here, we want to

minimize the following objective function

p d
=8> Rjaloglbja)+ A wilb; b,II2+Z¢ (1-1"by). (5.4.11)

j=1 a=1 i<j j=
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The corresponding centroid optimization problem is given by

ko—l 0
Jmin, { 25 4@ og(X, )+AZ Z w@P)|x(@ x|,
d a=1 f=a+1
eS (5.4.12)

ky
+> ¢ @a—-1"x}
a=1

By taking sub-differential of the above equation, we get

+AZw“ﬂ (@p) _ (@ (5.4.13)
p#a

where z@P) € g B(X@ —XB)), h(x) =] x|l,, and Z*P) = —z(B-@ for a # B. From equation (5.4.13),

we get
—EORD 44T W) ) x O _ g0 x(@
B#a
d d d
— _5(0)27%(&&) +AZ w@ )Zzaa,ﬁ)Xéa) — ¢(a)zxﬂ(la)
a=1 B#a a=1 a=1
d d
= 9@ 45 = AZ w'@ ﬂ)zzua Px@ — 1@+ 5@) < AZ w'@ /3’)‘ Zzaﬂl /J’JXL(;I)
B#a a=1 B#a a=1
— |¢(0!) +6@) < AZ w @B %)), X)), < AZ w@h).
B#a P#a

Hence, after some rearrangements, foralla =1,..., kg, we get

(¢(a) + 5@X@) = 5(a)(x(a) — 7@y 4 AZ w@h @l  x(a)

a#l
(@) 4 §la) ¢P) 5P
@ _ylB)y— (2@ _ 28y, (P2 T\ (970N p)
XD —XP)= (7@ — 7 )+( = Jx—( =5 X
e WL (XD 3wl XD
( ol 5B)
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R R (@) 4 5@ B) 4 5B)
— X XP 2 |5 40, — (2 )-(2 )

5@ 5P
Dap W D w0
-2 5@ T 5@ )
@) 3w
S (a)_ (B (et W B
> |7 — &P, —24( ~w 5 )>0

ifA< Agﬁzlx This shows for A < A%’;X, the solution X@ of the centroid optimization problem (5.4.12)
are distinct.

In the next part, we will show if A > Agﬁi)n, the solutions of the original clustering problem (5.4.11)
and the centroid optimization problem (5.4.12) coincide with each other. From the sub-differential

conditions, the solution b7, ... ,b;‘, of (5.4.11) satisfies the equation

7’-“-.
—5lb—; +)LZ w,-,jzl-,j—(p,-l:O

B (5.4.14)
:}—51'7?1'+)l,zwi,jzi’j*b?—¢ib’;:0
J#i
forz; ; € 9 h(bj—b?). Set,
Zap) ifi€ 6, je6parp
Zii=\ 1 6:6(Fi—7))
LA L B s B (@p)] ifi i
5(a>wl~,j[ 2AX(@) Spral8jw = 5,W AP iti, je 6.

81



Then, substituting X@ in (5.4.14) for b} when i € 6, we get

—57r,+AZw 2P X +Z =5|8:8 (i~ 7))

B#a ]€<fa
S S 6l ) X X
Jegaﬂ#a

:_5iﬁi +AZ wlgﬂ)z(a'ﬁ)*x(a)+5ifr,- —5l7ef(a)—7tz wfﬂ)z(a’ﬁ)*x(a)

B#a B#a
Ab; (@), (@) , x(@) @
+5(Q)Zw PP« XY — ¢, X
p7a
5, N 995,
:(_(Zwaﬁ aﬁ *X 7T ) ¢l = 5@ ¢l =0
p7a

where ¢; = ¢ ’

. Note that z; ; has the property that z; ; = —z; ;. It only remains to show that

€ Jh(b} —b’;.). For i € 6, and j € 6 it is trivial from the definition. So, we have to show

z; j € 9 h(0) when i, j € 6,. From (5.4.13) and the subsequent bound of |¢(®*+|, we get

(@p)
1 A WPz — ¢ s w(@P) 4 5@

x4 §ORY 5RW
In that case, if /1>Amm,
1 [2A2ps WP +6@ 7t — 7 0) 0
12,52 < 5@, [( A6@) XE"EjHW 2)+Z’61wi —0iw; ‘
& B#a
(@)
__ 1 [ +—22ﬁ 7a @y <1.
T 6@w, | A 5@ 5i,j n. J

This completes the proof for perfect recovery condition for Kullback-Leibler divergence

Case 2: Here we will prove the result for 0 < y < 1. The major steps will be similar as the

case when u = 0, with some notational differences. Note that, the centroid optimization problem
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will require us to solve the following equation

X~ 7(@) 4 23 wlePeh) (Kl — glOx)i g, (5.4.15)
pra

which after taking the sums of the elements of the vectors on the both side turns out to be

AZwaﬁizflaﬁ(X IoH_ gl Z H=0

P#a a=
B) (a,B) v ()
:>¢(a):7“zﬂ¢a P St 2 Xa )
Do (X
Xa)l
<AZw“ﬁllzaﬁlle—H <> wh),
T
7 1T 7a

From (5.4.15), we can derive similar relation as follows as we did in case 1:

@) 3w
(@ _x(B) (@) _ 2By oy (2t W pH
X=X, 2 41— 7P, 22 Z L + =) > 0
when A < 7L Also from (5.4.15),
1 1
— . SO (X @y 4 A w@B) (@) _ ¢(a Iy w@P)
(X‘(la))l—‘u 5((1)7%(610!)( a [;l a ) 5@ ( /3;5 )
By setting
Z(@.B) ifie 6, je6sarp
zi,j = 1 5 5 ( ~

_ (B (a, e
6@w; ;L AXla ) Zﬁ;éa((s w 5w )Z“ﬁ)] ifi, j € 6,.

it is exactly similar to show that for A > Agfi)n llz; jll. < 1if i, j € 6, using the above bound for
1

(Xgyw
The next theorem will provide the cluster recovery condition for u = 1. The proof will follow the

. Thus we prove the cluster recovery conditions for general dpd loss.

similar techniques as theorem 5.4.1, hence omitted for brevity.
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Theorem 5.4.2 Consider solving the equation (5.2.3), with p(#t;,b;)= %”ﬁ'j —bl|3. Define

i0j||T™ _ﬁj
'(n)
Amin: max Iax '
Isaskoijebe | 6@w; j— n,]
P— 7@ — 7B,
max " | g2 p<k, %Z# wl Zl#ﬂWﬁl

Suppose, the following conditions hold:

AD w; j=w;j; and w; ;>0 foranyi, j€ 6, {=1,2,..., k.

(A2) 6Dw; ;>0\, Vi, j € 6, and¥a=1,2,..., k.

Then, for any A € (7L min? A/,E;Qx), the clusters are recovered perfectly.

Similar cluster recovery conditions were developed by Sun et al. (2021), with more simplified condi-
tions. The extra complication arise from the fact that for general dpd loss with u # 1, the computation
become cumbersome, and we don’t always have a closed form update of the related ADMM or
AMA algorithm. An added layer of complexity comes from the incorporation of the constraints
brl =1, for j=1,..., p. Note that, the expressions of )me and /1 '« involves the linear functions
of the random variables 7 ;. Hence, the phenomenon Amm < 7L . 1s arandom event in this case.
Using the perfect recovery conditions of Sun et al. (2021), Majumder et al. (2022) have derived the
probability of A belng less than A J which converges to 1 as n — 0o. That says, when we look at
the solutions of this regularized method over a range of A, the true model is present in the solution
path. If not, then there is no chance of recovering the true model under any selection criterion.
Majumder et al. (2022) have used the BIC criteria to select the optimum tuning parameter A, along
with the model selection consistency of the BIC in this context. We will use this BIC criterion for
model selection purpose in the simulation study.

Another important point of discussion can be how these conditions are relevant in the cluster

recovery problem, and whether there is any intuition behind the algebraic terms 7L and 7L Jf
n)

min Measures the maximum difference of the scaled transition probability

we observe carefully, A

vectors in a particular cluster, i.e. a measure of intra-cluster separation. On the other hand, AEI’Z;X
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measures the inter-cluster separation of the estimated cluster centroids. In the long run, we expect

the estimated transition probabilities to converge to the true cluster mean, hence #; and # ; are
(n)

very close to each other other. This results in a very small value of A_; . On the other hand, for

different clusters 6, and 65, '*) and 7 are far from each other, making A") far away from 0,
(n)

hence greater than A ; with higher probability in the long run.

If the weights are chosen properly, we expect that w; ; will be higher for i, j € 6, while the
weights should be less when ¢'; and o ; belong to two different clusters. In practice, a common choice
of the weightis w; ; = exp[—g(||7; — 7 ;[|)].#(7; is one of the k-nearest neighbor of 7 ;) or vice versa,
where g is a monotone function of the norm ||.||. Chi and Lange (2015), Sun et al. (2021) and Majumder
et al. (2022) have suggested g(x)= ||x||§, [Ix]|; or ||X|| o In such cases, the terms n(la]) and slgf;) are close
to 0 when #; and 7 ; are close to their true cluster mean. Hence, the condition (A2) is satisfied, since
w;,; will be away from 0. Alongside, (Al) is also satisfied for properly chosen nearest neighbour.

Compared to the traditional convex clustering, we have improvised the smooth part of the
objective functions by incorporating the weights 6 ; with the element-wise loss function p(7;,b;). A
reasonable choice of 6 is No, /N, the sample proportion of o j, the j* " history in ©™. There are
two advantages of using this weight. Firstly, if the frequency of a history is comparatively less in the
sequence, the amount of penalization will be small too. Secondly, the estimates of the true cluster
centers 7@ will be the weighted means of #;, i € 6. So even for less sample size 7, these estimates

will be closer to the true cluster center as compared to pia > ies, Ti» possibly helping us separating

the cluster centers more accurately.

5.5 Sparse Relaxed Regularized Convex Clustering (SR2C2) Algorithm

So far, we have considered solving the original objective function (5.2.4) using constrained opti-
mization techniques ADMM or AMA. In this section, we propose a new algorithm for regularized
SMM fit for squared error loss. A unified framework for “Sparse Relaxed Regularized Regression"
(SR3) was proposed by Zheng et al. (2018) for solving penalized regression problems; including, but

not limited to LASSO, SCAD, compressed sensing and matrix completion. The usual regularized
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linear regression problem is given by
1 2
mﬁmEHy—XBHZJrAR(CB) (5.5.16)

where y € R” is the observation vector, X is a n x p design matrix, 3 is the p-dimensional parameter,
Cis some g x p matrix, R is some penalty function and A is a regularization parameter. In many
scenarios, for example in LASSO, SCAD or compressed sensing problems, R is not differentiable.
Hence some kind of relaxation in the objective function is needed for solving such problems. Zheng

et al. (2018) have proposed to solve the following formulation
minl|| — X012+ AR(wW)+ Z||w—c5||2 (5.5.17)
wg 27 2 : >

for some tuning parameter v > 0, which controls the amount of penalization for w being different
from CQ3. Note that, we can first minimize the objective function in (5.5.17) w.r.t. 3, keeping w, which

is nothing but solving a quadratic equation. We denote this solution as 3(w), and
Bw)=H'X"y+»C"w); H,=X"X+»C"C.

Substituting this value in the equation (5.5.17), we need to solve the following problem

.1 2
mvén5||Fvw—gV||2+7LR(w); (5.5.18)
where
yXH 'CT I-XH X"
F,= ;o Gy = i 8v=Gy.
V(I—vCH;'C") VvCH ' XT

It is now easier to solve the equation (5.5.18) using standard techniques. Zheng et al. (2018) have
suggested to use the proximal gradient method for solving the problem, and named the algorithm
as SR3, which is outlined in the following algorithm (10).

The tuning parameter r in this algorithm determines the step size of proximal-gradient method,

with higher values being preferred for computational efficiency. Hence, we get the convergence in
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Algorithm 10 SR3 for Penalized Regression
Initialize: w%, r =0, <1/».
1: while Not Converged do
2: r=t+1
3 wi)=prox,;p(wt~—nFT(F,wi—g,)
4: end while

fewest steps if 1 =1/ v. After some basic algebra, it turns out that
g 1 _ _ _ _
wib— ;Ff(F,,w(t U_g)= H'X y+ yCTwl =) = gwl=Y)

which is much easier to compute, bypassing computation of F,, anf G,.. Zheng et al. (2018) have
demonstrated that SR3 algorithm is expected to exhibit some robustness and computational effi-
ciency. The major reason behind this is that splitting the objective functions into multiple parts
releases the pressure of updating the parameter 3 in one step, especially for complicated penalty
functions. Also, as we discussed, it is possible to partially minimize (5.5.17) w.r.t. 3 first and then
w.r.t. w, which is equivalent to solving (5.5.18) with nearly spherical level sets. On the contrary, the
original problem (5.5.16) requires us to solve over elliptical level sets ||y—X,8||§. Hence, it would be
worthy extending this SR3 approach to the original convex-clustering problem for squared error
loss. We name this new approach as “Sparse Relaxed Regularized Convex Clustering" (SR2C2). In

this algorithm, we need to solve the following optimization problem

p
1 Y
min — F—bi|P+A wy vyl + = v;—b, +b, ||%. 5.
i 2};” i—bjll3 IE&Q iivillz > zEeﬁ” 1—by, +by, |l (5.5.19)

Clearly, this is not the augmented Lagrangian problem, since we don't force v; =b; —b,,. Rather,
the last squared term is a bit relaxed penalization so that v; and b;, —b;, are not far from each other.
Just like SR3, we first minimize the objective function w.r.t b, keeping v fixed, and then substitute
that solution b(v) (say) in the equation to get the update of v. We only care about the updates of
v;, and don't use the solution of b; to construct the clusters. The reason behind this is thatb; are
some smooth function of the solution v;-s, and only the variables v; can be shrinked to 0. Hence,

the clusters can be identified only from the solutions of v;, where v; = 0 implies #; and 7}, belong
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to the same cluster. The final algorithm is outlined in the following algorithm (11).

Algorithm 11 SR2C2 for Squared Error Loss

T 0 A A
Initialize V(l )= # L, — %,

1: fort=1,2,3,...do
for j=1,2,3,...,pdo

(7) _ (t-1) (t—1)
A =(3, v =2 v )
end for

2
3
4
5: forall / do
6
7
8:

(t) _ 1 (= N (1) (1)
A _proxalll.llz(l+pv(7rl1 —7T12)+ 1+1;9V(Al1 _A12 ))
end for

end for

5.6 Simulation

In this section we will demonstrate how all these algorithms perform in different set-ups. First,
we will compare the time complexity of the algorithms. Subsequently, we compare the clustering

accuracy of them in terms of some quantitative measure.

5.6.1 Computational Complexity Comparison

We first compare the amount of time needed for significant convergence of the algorithms. In the
first simulation, we generate SMM of order m = 2, with number of states |X| = 4. We divide this 16
possible pairs into four groups of four elements. For each group, the true transition probabilities are

generated from a Dirichlet distribution with parameters (e, ...,e%)where Z; ~ Uni f(0,1). The
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true transition probability vectors for the 4 groups are as follows.

State 1

0.197
R=0.504

0.071

0.023

State 2

0.454

0.147

0.403

0.271

State 3

0.013

0.225

0.329

0.017

State 4

0.336

0.124

0.197

0.689

Group 1
Group 2
Group 3

Group 4

Next we generate an SMM of n = 1000 using the true probabilities. We have specified the weights

w;, j = exp[—10||7t; — 7 j|| o0 ]-#(7r; is one of the k-nearest neighbor of 7 ; or vice versa). This is a sim-

ilar set-up used in the simulation set-up of Majumder et al. (2022), we have changed the true

parameters only in this paper. The values of 0 ; are fixed as N, ;/N, the proportion of j th m-tuple in

the sequence. We replicate the scenario for 100 times and report the total time needed to execute our

methods for 10 different A values for all the algorithms. The results are presented in the following

figures.
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Figure 5.1: Box plot for total time elapsed for 100 replications, using different algorithms

From the figure (5.1a), we can see newly proposed SR2C2 algorithm converges faster than any

other algorithm, including the usual squared error loss (u = 1). Also, as the value of u decreases
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towards 0, amount of time elapsed for convergence also increases. This implies, for DPD, higher
the modulus of strong convexity of the loss function is, time complexity is lower. For SR2C2, we
need to update lesser number of variables, however that is similar type of updates as compared to
the squared error loss. The intrinsic feature of the SR2C2 algorithm makes it more easier for one to
converge to the solution of the optimization problem.

For the ADMM, we have tracked the both primal and dual residuals for stopping criteria, while
for AMA, we have tracked the duality gap. An illustration have been presented in the figure (5.2)
and the figure (5.3). For KLD, we have some sort of approximation while performing the ADMM.
This is the reason behind the fact that the primal and the dual residuals are not decreasing mono-
tonically, however they have an overall decreasing pattern. On the other hand, AMA for solving the
clustering problem for DPD loss considers exact solution in each step, and the duality gap reduces

monotonically in each step.
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Figure 5.2: Primal and Dual resiudals for Kullback-Leibler Divergence, in log,, scale

From the figure (5.1b), we observe that the SMMGECCO algorithm for Kullback-Leibler diver-
gence (DPD with u = 0) is slightly better in terms of average time elapsed. However, the box plot
suggests that the variability of time complexity in KLD is really high. For some iterations, the time
elapsed is more than 600 seconds, where the average is just below 200 seconds. This is a concerning

issue of using the KLD measure. We have to use ADMM in this case since the loss is not strongly
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Figure 5.3: Duality gap for DPD, in log;, scale

convex, and for fact ADMM is relatively slow. However, use of KLD could be justified if the clustering

accuracy is good, which we will discuss in the next subsection.

5.6.2 Clustering Performance
Simulation Set Up 1

In this simulation study as well, we generate Markov chains of # = 1000 and m = 2 using the same
parameters as we did in the experiment of time complexity comparison. In this experiment, we
have been particularly cautious about the selection of the weights w; ;. We have discussed that w; ;
takes the form of exp[—¢ g(||7; — 7 ;||)].#(#; is one of the k-nearest neighbor of 7 ; or vice versa) for
some norm ||.|| for some constant ¢ > 0. Traditionally, there were no data-dependent measure

of ¢, until Chi and Steinerberger (2019) have come up with a strategy to address this issue. They

- 2
have proposed w; ; = exp[—%], where ¢; is the median ¢, distance of 5 nearest neighbours of
;. Following that approach, we modify the weights a little bit by taking w; ; = exp [ — % |7r; —
itj

frlloo],ﬂ (7r; is one of the k-nearest neighbor of 7 ; or vice versa), where #; is median £, distance of
k-nearest neighbors of #;. In our experiment we fix k = 3 and the nearest neighbour is determined
w.r.t. the £, distance. As we have discussed before, we take 6 ; = No, /N.

We compare the model selection performance for 12 different loss functions p: Kullback-Leibler

Divergence, DPD with 4 =0.1,0.2,...,1 and the newly proposed SR2C2 method. For each replication
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of the same experiment, we perform our clustering algorithms for a range of A- values, and select
the model which minimizes the BIC criterion. We also assess the model selection by EBIC criterion
and compare it with the BIC one. In either case, we report the Adjusted Rand Index (ARI) where ARI
value near 1 is desirable. We repeat the experiment 100 times and compute the mean ARI empirically.
We also report the probability of perfect cluster recovery (ARI = 1), computed empirically by the

proportion of replications with ARI = 1. The results are presented in the following tables.

Table 5.1: Model selection performance for all algorithms.

| Methods | BIC | EBIC |
‘ ARI ‘ Prop. of ‘ Prop. of
Perfect Recovery Perfect Recovery
| KLD | 0.9028 | 0.54 | 0.9028 | 0.54 |
| | w=o01 |0.9182 | 0.6 | 0.9182 | 0.6 |
| | w=02 09187 | 0.61 | 0.9187 | 0.61 |
| | w=03 09170 | 0.61 | 0.9170 | 0.61 |
| ppp | ©=04 | 09179 | 0.61 | 0.9179 | 0.61 |
| | w=05 09175 | 0.61 | 0.9175 | 0.61 |
| | w=06 |09172 | 0.61 | 0.9172 | 0.61 |
| | w=07 |09152 | 0.6 | 0.9152 | 0.6 |
| | wu=08 |0.9154 | 0.61 | 0.9154 | 0.61 |
| | w=09 |09174 | 0.6 | 0.9174 | 0.6 |
| |  w=1 ]09155 | 0.6 | 0.9157 | 0.6 |
| | u=1,6;=110.9181 | 0.61 | 0.9181 | 0.61 |
| SR2C2 | 0.9147 | 0.59 | 0.9147 | 0.59 |

From the results, it is clear that there are practically no difference between the loss functions in
terms of perfect recovery. However in this small margin of differentiation, KLD performs relatively
poor in compared to others, especially in the probability of recovery of the true cluster. The most
important takeaway from this experiment is SR2C2 performs almost similar as DPD loss with

different values of u. SR2C2 takes much less time compared to the others, especially to the squared
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error loss. Hence, our new SR2C2 method can be used as an alternative to the existing methods.

Simulation Set Up 2

In the previous example, we observe that the transition probability matrix is well separated which
results in good clustering result for all the models. However, it might be worthwhile to explore how
the performances vary when the rows of R is not well separated. To demonstrate that, we keep our

original simulation framework, with a new R matrix as follows:

State1 State2 State3 State4
0.114 0.139 0.218 0.529| Group1
R=/0.211 0.295 0.096 0.398| Group2

0.273 0.314 0.123 0.290( Group3

[0.144 0.419 0.115 0.322]| Group4

We only perform our clustering for 100 replications for four cases: DPD with y=0.5and 6 ; = No, /N,
DPDwithy=1and é; = NU]_/N , DPD with u =1 and 6; =1 (the usual convex clustering) and
SR2C2. We find the mean ARI for these 4 approaches to be 0.27, 0.289, 0.266 and 0.257. From this
simulation we can conclude that adjusting the weights according to the frequency of the histories
give us better result in such problems as compared to the case when 6 ; = 1. The performance of
SR2C2 is relatively poor, but if we want to sacrifice the model selection accuracy to some extent for

computational benefit, it will be still beneficial.

5.7 Discussion

Overall, this chapter opens up a new direction beyond fitting sparse Markov models. The constrained
optimization techniques can be used in similar optimization problem where we need to restrict the
parameters in a linear hyperplane. We also suggest a new faster method SR2C2 which can be used
to speed up the clustering problem. Incorporation of the weights 4 ; in the loss function is another

major modification of the existing techniques, which pays dividend in identifying the clusters
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especially when the clusters are not well separated and the sample size is not high. Theoretical
result about true cluster recovery is also a significant contribution to the convex clustering theory,
as this deals with a class of loss functions for which the general computation is not easy. In terms
of practical aspects, this methods will have wide applicability in the analysis of sequence data, for
example in the virus classification problem discussed in chapter 4. It might have wide applicability

in any general clustering problem as well.
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CHAPTER

6

PREDICTION IN SPARSE MARKOV
MODELS

6.1 Introduction

In many statistical problems, prediction for sequential data is of utmost interest. Use of higher order
Markov models could be advantageous for prediction since in such models in two ways. First, we
characterise a sequence in terms of transition probabilities, which are indeed future probabilities
of occurrence of a state given the past states. Secondly, the order of the chain m allows us to use
the past information upto suitable lag. In literature, there are many prediction algorithms which
exploit this Markov structure. Begleiter et al. (2004) have developed some prediction methods in the
VLMC set-up by extending well-established prediction algorithms such as Context Tree Weighting
(CTW) or Probabilistic Suffix Tree (PST). Rabiner (1989) first introduced hidden Markov models

(HMM) which are capable of modelling and predicting complex sequential data. In the SMM set-
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up, Jadskinen et al. (2014) and Xiong et al. (2016) have used their Bayesian approach for fitting
SMM for prediction purpose. However, it still needs to be investigated how we predict the h-step
future observation X, j, given the observed sequence Xj,..., X,,. It is also worthwhile to construct
a 100(1 — a)% simultaneous prediction set for the intermediate possible values (X,,,1,..., X,,4+)- In
this chapter, we develop a bootstrap based method for predicting the /-step ahead observation
X,+n- We also develop a score based method for constructing the simultaneous prediction set in
the SMM set-up, where the score associated with each h-tuple determines whether to keep that
tuple in the prediction set .

The rest of the chapter is organized as follows. In Section 6.2, we develop a score based method for
constructing the prediction sets in Markov models in general, with an extension to the sparse Markov
model set-up. For predicting the %-step ahead observation in the future, we propose a bootstrap
based prediction method in Section 6.3. Extensive simulation studies have been conducted to
establish the utility of such method. A real data analysis involving anomaly detection in a specific
gene area for Helicobacter Pylori bacteria is carried out in Section 6.4, which makes use of the

anomaly score method. We conclude this paper by summarizing our findings in Section 6.5.

6.2 Score Based Simultaneous Prediction Set in SMM

Here we focus on constructing prediction sets for the future events in the SMM set-up. Let
{Xi,...,X,,} be an SMM of order m. Our goal is to construct a prediction set for the next i ob-
servations, namely (X,,;1,..., X;,+1). Note that, if the state space X has cardinality d, then there
are d" many possible h-tuples for the future h observations. Computing the probability of each
of these h-tuples is computationally inefficient for large values of /. Thus, we have to come up
with a suitable algorithm so that we are able to construct prediction sets with smaller number of
elements, having 100(1 — @)% coverage for some level a. Obviously, this task is computationally
very expensive when we have to deal with m-th order Markov models where there are d” many
transition probability vectors. In such scnearios, use of SMM could be beneficial in reducing the

total number of parameters in an efficient way. However, even for the most simple case of order one
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Markov models, it is not very easy to construct the prediction set for any given transition matrix P
without extra assumptions.
6.2.1 Prediction in Simple Order One Markov Models

To start with, we first consider the formation of prediction sets for order one Markov models. The
following theorem gives us an idea how the transition matrix P be structured, so that we are able to

construct optimal prediction sets.

Theorem 6.2.1 Suppose{X,...,X,} is an order one Markov chain over the state space > with|X|=d.

Suppose P is the transition matrix with the following properties.
(i) The chain is aperiodic and irreducible.
(i) X can be partitioned into g disjoint groups ¥1,%;,...,%¢ with cardinalities dy, dy, ..., dg, and

there exist small positive real numbers 0 < € << 0.5 such that for any i € ¥, for somek,

1—eszpij51—5. (6.2.1)
J€Zk

(iii) Denote, d;yq, = max{d,,...dg}, p = (
(1-1/g—p)
Vv(1/g)1—1/g)

m)(e + V2e(1—5)log(1—b +€)), and n, =

. Assume,

1og(w) < 6.2.2)

2n2’

In that case, given X,, = i, we can construct a 100(1 — a)% prediction set C(i;a, h) for (X,41,.--, Xn+n)

C(i;a,h
such thatl(ld—z)l—>0ash—>oo.

Proof: In this set up, in-group transitions have more probability. So ideally the sequence of random
variables (X,,41,-.., X,,+5) will have too many group switching with lower probabilities. Here group
switching means transition from X, , to X, ,4, occurs from one of the groups ¥,..., %, to any
other group. To get an efficient prediction set, which covers more probability with less number of

h-tuples, we need to take those h-tuples for which the number of group switches are small.
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Without loss of generality, assume X,, = iy € 2. Now, we will construct the prediction sets in
different scenarios as follows.
Case 1: Let € = 6, with d; = d, =... = d,. So, starting from any state, probability of staying in the
same group in the next step is exactly 1 —¢, and probability of changing the group is €. Now, number

of h-tuple with exactly k switches can be described as the following set:

h
S(ip, k)= {(il, cenrdp): Zﬂ(ij_l and i; do not belong to same group) = k}
=1

So,
P((Xn+1»---!Xn+h)€S(iOrO)Xn:io): Z Pioir Piviy -+~ Piy iy = (1 —€)".

(i1 yeenrip JEXL

Now, the major challenge is to compute the probability of S(iy, k) for k > 1 in a proper manner. If
X, =ip€Xy, and k =1 then the h-tuple (iy,..., i) € S(ip, 1) if for some j €{1,2,..., h}, iy,..,ij 1 €
and ij,ij1,...,i € X, for some u # 1. Thus,

h g
anio)zzz Z ‘ Pigiy Piyiy « + - Pip_y i,

P((Xi1re X € S(io, 1)

({jyeer zh)eZﬁ Jt
hog _
=ZZ Z Pigis Piyig-+-Piy i, (1= €)1
JE U204 i es] T
ijexy
h .
=Z(1—€)h_J Z Pigiy Piyig-Pi;_pij Z Pi; i
j=1 (iyyerijr)ex] ij€%)

h
:Ze(l—G)h_J Z pl’ol’lpilig"'pijfzijfl
j=1

o i1
(11 j1)ED]

h
=Z:6(1—e)h_j(l—6)j_1 = he(1—e)" .

By similar argument, we can say that for any kK number of group switches, P((XnH, woXpan) €

S(io, k)

X, = io) = (Z)ek(l — €)= Clearly, this probability is same as P(Z = k), where Z ~

Binom(h,€). In other words, if Z is the number of group switches in the sequence of events
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Xni1r - Xpan, then Z ~ Binom(h, €), given X, = i

The obvious question is how we can construct C(iy; &, h) from S(i, k), more specifically, how
many group switches we are going to allow. We start from k = 0, and stop as soon as F(k;h,€) =
Z?:o (}})ef(l — €)'/ >1—a. Hence k is the (1—a)'" quantile of Binomial(h, ¢) distribution, and
F(k; h, €)is the c.d.f of that distribution. However, we don't have a closed form equation of F(k; h, €),
so it may be challenging to find the optimal k. For sufficiently large h, we are able to express the

c.d.f by Normal approximation. We can write F(k; h,€) = P(Z?:1 Y, < k), where Y i Binomf(h,e).

Hence,

h
P(Zh:YSk)ZP(ZiZIYi_he < k—he ):1_a

i ™ Vhe(l—e) ~ Vhe(l—¢)
k=[he+vVhed—€)z,),

where z, is the (1 —a)" quantile of 40, 1).

Now, let us calculate the number of /-tuples are there in C(iy; , h), i.e compute the cardinality
of the sets S(i, j) for j =0,1,..., k. Note that, we have assumed all the group sizes are same, and
equal to d;. Clearly, |S(iy,0)| = dlh. The way we have constructed S(iy, j) for j > 1, we can conclude

1S (o, j )|—( )dl(g —1)/. Hence,

k
Clig;a, h) = IS( zo,])l—th( )g 1)/

j=0
k

= [Clig;a, h)l = (gdy) Z( )(1/g h=i(1—1/g) =d"F(k;h,1-1/g)
=0

|C(ig; &, h)| k—h(1—-1/g)
—————=F(k;h,1-1 ~ o
dn ( o~ N 1/g)')

_ [Cligia, 1) W(hﬁ \/he(l—e)za—h(l—l/g))

dh Vh(1/g)1-1/g)
_q)(x/ﬁ(e—lJrl/g)Jrz e(l1—e) )
- \W7gi-17g) ‘N (1/gl1-1/g)
=<I>(—\/Z77+c),
_ (1-1/g—¢) . ) e 90
wheren = (l/g)(l_l/g)>0and0—za —(l/g)(l_l/g).Weknowthatforx 00, B(—x) Pt
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Hence,

( \/_n+) %Scoexp{—%(ﬁn—c)z}
Scoexp{—zinz+\/znc—%2}—>0 as h—oo.

Case 2: Here, consider € = 6, but dy, ..., dg are different. Let d,,,x = max{d,, ..., dg }. Then construct
the prediction set for large & as before. But the counts will be different, and we will try to bound

IS(iy, j)I. We notice that, |S(iy, j)| < d”

max

(")(g—1)/, and hence

C(ig;a, h d h
| (loa )lﬁ(g max) F(k;h,l—l/g)

h
d d gd o2 (6.2.3)
max
Scoexp{ (log( )_2_172)“/ nc—?}
d 1
So, if we assume log(%)— ﬁ < 0, the proportion will go to 0 exponentially. We can think

d
log(g max

) as a penalty term for the departure from the symmetry.
Case 3: Now assume 6 < € and the groups are of unequal size as well. We take the exact same
approach as we did before. Since, we don’t have exact equality, we cannot claim y(iy; j, h) =

P((X,,H, e X)) € S(ig, )| X, = io) = (?)61(1 —¢€)"~I . Instead, we can say

v(io; j, 1) < (';)ef(l &), (6.2.4)

Now try to bound the tail probability Z;l:k y(io; j, h). Define €, = . Let us use the previous

€
1-6+e€
k =he+ v/ he(l—e€)z,. Then after some algebraic manipulation and for some c(h) — 0as h — oo

we get,
L he—e,? Vh(e—e )/ e(l—e) e(1—e)
_ h . * . * _ 2
]Zkr ZO’] h <C )(1 5+6) exp{ 26*(1_6*) 6*(1_6*) “a 26*(1_6*)Za}

(e—e,)? )_«/ﬁ(e—e*) e(l1—e) e(l1—e) 2}

:c(h)exp{h(log((l—5+€))—26 T ey e ae eyl
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We want this tail probability < a. However, log((1—0 +€))— % > 0 for small values of 6 and
€ with € > §, making the RHS going to co. This leads to a trivial bound. Hence, our previous choice
of k won't work, and probably the choice k’ = h + v/ he(1—€)z, for some 8 > € will work. The
rationale behind this choice is obvious, as the coefficient of 3 in the expression of k plays the key

role determining the exponential bound. Doing some similar calculation, we get

h
.. (ﬁ_e*)z «/ﬁ(ﬁ—e*) 6(1_6) 6(1_6) 2
j;y(zo,],h)s c(h)exp{h(log((1—5+e))—26*(1_6*))— 6*(1_”6*) Z“_ze*u—e*)za}'

The coefficient of v/ in the exponent is strictly negative, and the third term is a constant. Hence, if
we equate the coefficient of & in the exponent to be zero, the tail probability will go to 0 on the rate

exp(—r+'h) for some r > 0. This will give the choice of j as

)(E-i- \/26(1—5)10g(1—5+6)).

1
B=¢€.+1/2¢e,(1—¢€,)log(1—6+¢€)= (m

Note that, for 0 = €, we get § = €. Hence, this expression will generalize the previous cases. Subse-
quently, the choice of k will turns out to be k’ = h + 4/ he(1 —€)z,. We can improve this expression
a little bit by taking k’ = h 8 + v/ he (1 —é€,)z,. While counting the size of C(iy; @, h), we use similar

argument as in previous cases, and get

|C(lo’a h)l ( mux h

< ) F(k';h,1-1/g)
N(gdmax)hq)(‘/ﬁ(ﬂ_l"i'l/g)_+_ (1 6*) )
d V(1/g)1-1/g) (1/g)1—-1/g)

<o 80 ) " exp{~ 2(v/n. .}
2

Scoexp{ (log(g max) 2%75)4_\/%”0*_%*}'

(1-1 H(1—€, . d
where 1, = /8 =F) =2z4 & . By our assumption, log(gﬂ)—— <0.
JU0-1/g) (1/g)1—1/g) d 2n2
|C(ip; @, h)
Hence, ———— — 0 exponentially fast as 4 — 0o. [PROVED]

dan
In the above setup, we have a particular structure of the transition matrix so that one group
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interacts with other with very low probability. However, this structure is very restrictive in general.
We may not be able to get such partition of X after estimating the transition matrix. Also we cannot
extend this procedure for prediction in higher order Markov models including SMM and VLMC,
since we cannot control the behaviour of group transitions arbitrarily in that complex scenario. To
resolve this issue, we will now discuss a slightly different procedure for constructing the prediction
sets. First consider order one Markov chains. Instead of looking for the partition of > with higher
in-group transition probability, we look at each row of P, and predict the next transition with higher
probability. In other words, if we look at the i*" row of the transition matrix P, we choose the higher
values in that row in decreasing order so that the sum of these probabilities is more than 1 —e€ for
some small €. Denote the r" highest element in the i ‘" row as Pi(r)- So, for each i € X, we construct

the prediction set C(i;€,1) for X,,,,, given X,, = i with coverage probability at least 1 — € as follows:

,
Clise,V)={j1, - jr €1 Py, = Pi,(s),Zp,-,jS >1—€}.

s=1

Clearly this mechanism is more general than the previous one, and it will eventually helpful for
constructing prediction sets for larger class of transition matrices. However, we still need to construct
the 100(1 — a)% prediction set for (X,,;1, ..., X,,+). The procedure will be similar as before, with little
modification as follows. Let us denote r; = |C(i;€,1)|, and d; = max{r, ..., r;}. For simplification of
our counting, we can assume all the r; are same and equal to d,, as the coverage probability of the
set C(i;e,1) will even increase if we throw some more elements into that set. In other words, we will

take the top d; many elements from each row of P such that d; < d and

&
1-€< piy<1-6
s=1

for some small € >0 and 0 < €. Just like before, define

h
S(ig, /) ={ (i1, in) €X" DS # Clisi€,1)) = j}.

s=1
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After similar algebraic manipulation, we get

- N (AW .
1li j, )= P((Xs1, oo Xnan) € SCioy )| Xy = i) < (].)efu—a)h

and thus we can construct the h step prediction set as
k
Clig;a, h)=_J S(io, /)
j=0
where k= hf + v/ he,(1—e€,)z,. Now, note that |S(iy, j)| = (};)dlh_j dzj, where d, = d — d;, and hence

(ig; , h) di\iigdyyi  (k—h% Vh(B— %) d*e,(1-¢,)
B 1 R e R R T

The above proportion goes to 0 exponentially fast as h — oo if f < %, and this is the only condition

we need to establish the result. Recall that § = (ﬁ)(e +4/2€(1—0)log(1—6 + 6)). In practice,
for small €, 3 is at most equal to (v2+1)e. If we take d, = d—1, then we can safely take € = 1/d, since
the only one not in C(i; €, 1) is the smallest probability in the i*" row. Subsequently, the condition
turns out to be min; p;; <(1/ (vV/2+1)d) for each i € . This we can expect to hold, otherwise the
transition probabilities will not be very different for a given row, resulting in the Markov model to be

closer to independence. The following theorem summarizes all these things discussed above.

Theorem 6.2.2 Suppose { X, ..., X,,} is an order one Markov chain over the state space ™ with || =

Suppose P is the transition matrix with the following properties.

(i) The chain is aperiodic and irreducible.

(i) For each row in the transition matrix P, we take the highest d, many entries p; (1y2 p; 2) = ... =
Pi(a,) and the corresponding elements j, ..., j4, in X such that
1
1—€<> p;j, <1-6 (6.2.5)

for some small positive real numbers o < € <<0.5.
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(iii) Denote, :( €++/26(1—6)log(1—6 + 6)), andd, =d —d;. Assume,

el

B <dy/d. (6.2.6)

In that case, given X,, = i, we can construct a 100(1 — a)% prediction set C(i;a, h) for (X,,41,--» Xnin)

such that
|IC(i;a, h)| <

hd?(p— %y
i B Y

Cyexp [ 2d.d,

for some constant Cy as h — oo.

The major consequence of this theorem is that we are able to extend this result in higher order
Markov chain. In that case, we will consider the first d; many elements in ¥~ with higher probabilities
for each of the conditional distribution given a history x, =(jj, ..., j,,) of length m with coverage at
least 1 — €. When we construct the prediction sets, we define the above one-step prediction set as

C(x;€,1) foranyxe ™, and

h
S(xo, j) = {(il,..., i)exh :Zy(ij ¢ C(x;_1;6,1))= j, X; to be the m-tuple
j=1

consisting of the last m elements of (x;_;, i j)}.

The SMM or VLMC will not reduce the computational complexity much, but help us to store the
d™ x d™ transition matrix in a compact form. For SMM we don’t have to compute C(x; €, 1) for each
x € ¥, rather one representative from each group will do the job. Once we reach a state during
constructing the prediction set, we look at the group in which the last m-tuple falls in, and take the
corresponding C(x; €, 1) into our computing.

The Theorem 6.2.2 tells us that the coverage of the prediction set C(i;a, h) is at least 1 —a. If
€ — 0 is larger, the coverage increases, although the proportion of elements in the set still goes to 0
exponentially. However, the cardinality of the prediction set increases exponentially with h. The
obvious question is can we get a sharper prediction set? For an irreducible and aperiodic chain,
the cardinality of the prediction set must be exponentially increasing with h. It cannot be made

geometric or sub-exponential. Suppose the transition matrix P has all the elements p;; > 0 so that
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{=maxp;; <1.Then,

h

P(Xp = ip, Xp1 = ip-1,... X1 = 11| Xo = 1p) = l_lpij,l,ij <Zm
j=1

Hence, for constructing a 100(1 — @)% prediction set, we need at least 15—,,“ many elements in the

prediction set, which is exponentially increasing with . Even if p; ; = 1 for some j # i, the cardinality

still remains exponential.

6.2.2 Anomaly Score Computation in SMM

To obtain the best possible prediction set in terms of number of elements, we may want to reduce
our computation in an efficient way. Intuitively, it is obvious that in all " many possible h-tuples,
there are groups of sequences which constitutes similar transitions among the sets. To illustrate
this in detail, we start with each row of P, and sort them so that p; ,, > p; ,, > ... > p; ,, and denote

Pi,r; = Pij)- For a sequence of alphabets (iy, iy, ...15,), compute the number

h

n; :Zj(pik,l,ik = pik,l,(j))’
k=1

i.e. the number of transitions which are j’"* mostlikely. Clearly n, +...+n, = h. Define f(iy,, ..., i1]iy) =
(my, ..., ng). If the ordered transition probabilities in each row are identical, i.e. p; ;) = py(j) := pj) for
alli,i’=1,2,..,d and j=1,...,d, then

d

. 2 1 ] n
P(Xp=ip, Xp1=ip—1,.. X1 =0;|Xo=15)= l_[p(jg'
j=1

This condition is very restrictive, we will not get such structure of P in almost all case. However, if
the variation of the ordered rows is not much, the probability of occurrence of a particular s tuple

with f(iy, ..., i1]ip) = (ny, ..., n4) can be approximated by the following quantity

d
_n;
s(nl,...,nd):l_lp(j§
j=1
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where pj) = %2?:1 pi(j)- Clearly, we include only those h tuples in our prediction set for which

s(ny, ..., ng) > ky for some constant ky, and

h!
Z s(ng,...,ng)=1—a.

nil...ng!
(M1 10 S (1 s tg)> Ko © d

In other words, we include those & tuples for which
d
7= Z njlog(i ) > ki
j=1

for some constant k;. This threshold can be determined in the following way. Note that
h!
!

nl..ng!
tion with parameters (h, p), i.e. (ny,...,np)~Multinomial(h,p). Using the CLT for multinomial

s(ny,..., ng) is the occurrence probability of an observation from Multinomial distribu-

distribution, the 100(1 — a)% prediction set consists of all those & tuples for which
d
Z>hY pjlogpy)—z.VhalVa,
j=1

where a” = (log(p)), ..., 108(Aa))), and V =diag(p)—pp’ . Let C(iy, @) be the cardinality of this set.

Then using similar arguments as before,

C(ig, ) ha’Va

1 1
where f§ = Z?Zl ﬁ(j)log(ﬁ(j))—%z;l:l log(pj))>0,and V; = EI_ ﬁllT. Thus the ratio goes to 0

exponentially as / increases.

The benefit of this approach is that we only need to compute (h;if) ~ h%~! many probabilities
for complete enumeration. For small d, this will give us dividend in terms of accuracy. If d is large,
we can distribute all these d probabilities in fixed number of blocks in each row, and compute
occurrences of transitions in a particular block. Same algorithm holds for any sparse Markov models

as well, where we only need the ordered transition probabilities for each partition. Note that, we are

not going to report the k-tuples explicitly, rather characterize the h-tuples in terms of (n4,..., 1ny4)

106



and compute the later. The next algorithm will demonstrate explicitly how our method works in

constructing the prediction sets.

Algorithm 12 Score Based Prediction Set in SMM
Input: Observed sequence {Xj,..., X, }; Order m; State Space %; |>| = d; Future step h;
Partition {6},..., 6} of ©™; R; is the transition probability vector of 6;; prediction set level a;
Set A={(ny,...,ng): Y1_, nj=h,n; eNU{0}.
fori=1,2,3,...,gdo
Sort elements of R;: R; (1y>... > R; ()
end for
for j=1,2,...,d do
Rij)=gm 2t 16ilRi )
end for
V=diag(R)—RRT;
thres=3"_, Rlog(R)—zoVRTVR/h
Predg., = {¢}
for (n;,...,n;) € Ado;
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122 score :Zj.lzl n;ilog(R )

13: if score > thres then

14: Preds,; =Predgs.;UB,,
15: end if

16: end for

Output: Preds,,.

Most importantly, the score associated with each h-tuple will help us determine whether that
particular %-tuple belongs to the 100(1 — a)% prediction set or not. This feature will help us in
many scenarios where we have to find anomalies in a fairly long sequences. Hence from practical

perspective, this score based method will be immensely important.

6.3 Point Prediction by Bootstrap

In this section, we will discuss a bootstrap based method for &-step future prediction, given the
observed sequence. In words, for an SMM of order m, we want to estimate the h-step transition

probability P(X,,, | X}, ..., X;,_m+1)- Usually, this probability distribution can be computed by sum-
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ming out the probabilities of all possible intermediate values X,,,,..., X, ,_1, which would require
computation of a mammoth d” many probabilities, making our objective infeasible.

To address this issue computationally, we use the bootstrap method to approximate the transi-
tion probability P(X,,,1|X,, ..., X;,—m+1)- Given the sequence Xj,..., X,,, we first fit an SMM of order
m with suitable method, and get the estimated transition probabilities for all possible m-tuples.
Next we use the last part of the chain (X,,_,,+1,..., X},) as the initial values and iterations of esti-
mated SMM/VLMC transition probabilities will be used to generate bootstrap replicates of the
X415 -+, Xpen. In this step, we need a large number of bootstrap samples, say B which will give us
B independent copies of X, 4, ..., X;,,,- We denote these samples by

S =Gk XY forj=1,2,..,B.

n+1ree

The empirical frequencies for different states in th , Will be used to predict X,,,,, and possibly find
the maximal probability prediction set for X, ;, as well. Bootstrap samples will be really useful in the
sense that it will bypass the computation of the probabilities of all possible intermediate values, and
are likely to correspond to the paths with higher occurrence probability. Hence, We demonstrate

the method using simulation study.

6.3.1 Simulation Set-up

In our simulation, we set the sample space ~ = {1,2,...,10}, and order of the chain m = 6. We
divide these 10® many possible histories in 100 groups, each containing 10000 many 6-tuples. For
the i'" group, the transition probabilities are generated from Dirichlet(e%,...,e%4), where
Zi1,..,Z; q are generated from i.i.d. U(0, 1) distribution. We generate a chain {Xj,..., X,,} of length
n =100000 following this SMM parameters.

Given the observed sequence, we predict X, for h ranging from 1 to 10. In other words we
estimate the h-step transition probabilities using the B many bootstrap samples. For generating
the bootstrap samples, we use the true transition probabilities for generating future observations

as well. This is because, even if we generate the future samples from the fitted SMV, it would give
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us the prediction corresponding to that fitted SMM. From the predicted observations, we can only
justify whether there is a huge deviation in terms of the h-step estimated transition probabilities
from sample to sample. The estimated transition probability and the predictor is computed using

the following formula

p(Xn+h =Xy, Xnoms1) Zj(Xth
X’rH—h = argr?eaixp(Xn+h =i|Xp, . os Xn—m+1)

Note that, there are intrinsic variability among the bootstrap samples themselves, and hence this
estimated probabilities and X,,.;, are random quantities too. Depending on the generated B boot-
strap samples, these estimates could vary. To measure this variability, we repeat the process 100
times, which means in every replication we generate different sets of B many bootstrap samples. We
report the average value of the transition probabilities obtained from these 100 replications, along
with their standard errors. As the number of bootstrap sample B, we take different values, ranging
from B =10000 to B =500000, and compare the performances in terms of the standard errors as B
changes.

We present the results in the following section.

6.3.2 Results

In table (6.1), we report the summary of the estimates of X,,,;, for different values of 4 and B. We
first report the state which turned out to be the estimator of X,,,, maximum times among those
100 replications, and in the bracket we report that proportion.

It is clear from the table that as B increases, the proportion gets closer to 1, which implies for
sufficiently large number of bootstrap samples, the most likely observation X, ;, can be predicted
accurately. These predictors obviously depends on the accuracy of the estimated transition proba-
bilities as well. If the top two or more transition probabilities for some & are very close to each other,
then slight variations will change the predictor. From the tables (6.2)-(6.5), we get an idea how these

h-step transition probabilities change as B varies.
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Table 6.1: Summary of the Predicted Sets.

Most predicted states for each & (Proportion of replications predicting the most predicted state)

h=1 h=2 h=3 h=4 h=5 h=6 h=7 h=8 h=9 h=10
B=10000 | 1(1) | 1(0.61) 1(D) 1(0.49) | 1(0.53) | 1(0.45) | 5(0.4) 1(0.4) | 1(0.47) | 1(0.45)
B=25000 | 1(1) | 1(0.84) | 1(0.99) | 5(0.52) | 1(0.68) | 1(0.58) | 1(0.56) | 1(0.55) | 1(0.54) | 1(0.54)
B=50000 | 1(1) | 1(0.88) 1(1) 5(0.57) | 1(0.7) | 1(0.52) | 1(0.64) | 1(0.55) | 1(0.63) | 1(0.59)
B=100000 | 1 (1) | 1(0.95) 1(1) 5(0.62) | 1(0.93) | 1(0.69) | 1(0.8) | 1(0.71) | 1(0.73) | 1(0.67)
B=200000 | 1(1) 1(1) 1(1) 5(0.66) | 1(0.92) | 1(0.79) | 1(0.89) | 1(0.85) | 1(0.89) | 1(0.74)
B=500000 | 1 (1) 1(D) 1(D) 5(0.8) | 1(0.99) | 1(0.98) | 1(0.98) | 1(0.98) | 1(0.96) | 1(0.94)
Table 6.2: Bootstrap Estimates of /-step Transition Probabilities with B = 10000.
Bootstrap Estimate of /: step Transition Probabilities

State 1 | State 2 | State3 | State4 | State5 | State6 | State 7 | State 8 | State 9 | State 10
h=1 0.198 | 0.0871 | 0.019 0.118 | 0.0399 | 0.0085 | 0.1338 | 0.1494 | 0.1459 | 0.1004
h=2 | 0.1303 | 0.1139 | 0.105 0.067 | 0.0863 | 0.0408 | 0.0876 | 0.1164 | 0.1272 | 0.1254
h=3 | 0.1222 | 0.1102 | 0.1064 | 0.0933 | 0.1011 | 0.0848 | 0.0893 | 0.0871 | 0.1049 | 0.1006
h=4 0.11 0.1015 | 0.101 | 0.1017 | 0.1099 | 0.0964 | 0.0833 | 0.098 | 0.0948 | 0.1033
h=5 | 0.1101 | 0.1083 | 0.0964 | 0.1006 | 0.1072 | 0.0889 | 0.0837 | 0.0988 | 0.1021 | 0.1038
h=6 | 0.1099 | 0.1091 | 0.096 | 0.1015 | 0.1087 | 0.0882 | 0.0851 | 0.0968 | 0.1017 | 0.1031
h=7 | 0.1095 | 0.108 | 0.0966 | 0.1019 | 0.1089 | 0.0887 | 0.0847 | 0.0975 | 0.1015 | 0.1027
h=8 | 0.1097 | 0.1083 | 0.0957 | 0.1017 | 0.1088 | 0.0884 | 0.0853 | 0.0973 | 0.1021 | 0.1027
h=9 | 0.1096 | 0.1084 | 0.096 | 0.1024 | 0.1079 | 0.0881 | 0.0852 | 0.0972 | 0.102 0.1031
h=10 | 0.1096 | 0.1084 | 0.0966 | 0.1014 | 0.1087 | 0.0883 | 0.0849 | 0.0969 | 0.1017 | 0.1034

Bootstrap Standard Error of Transition Probabilities

State 1 | State 2 | State3 | State4 | State5 | State6 | State 7 | State 8 | State 9 | State 10
h=1 | 0.0037 | 0.0031 | 0.0013 | 0.0032 | 0.002 | 0.0009 | 0.0036 | 0.0035 | 0.0037 | 0.0032
h=2 | 0.0033 | 0.0031 | 0.0031 | 0.0026 | 0.0028 | 0.002 | 0.0025 | 0.0033 | 0.0037 | 0.0034
h=3 0.003 | 0.0033 | 0.0031 | 0.0032 | 0.0027 | 0.0029 | 0.0028 | 0.0028 | 0.0032 | 0.0029
h=4 | 0.003 | 0.0032 | 0.0027 | 0.003 0.003 | 0.0033 | 0.0027 | 0.003 | 0.0033 | 0.0029
h=5 | 0.0032 | 0.0032 | 0.0032 | 0.0032 | 0.0033 | 0.0029 | 0.0029 | 0.003 | 0.0029 | 0.0025
h=6 | 0.0033 | 0.003 | 0.0025 | 0.0032 | 0.0031 | 0.0029 | 0.0028 | 0.0031 | 0.003 0.0029
h=7 | 0.0033 | 0.003 | 0.0033 | 0.0029 | 0.0028 | 0.0032 | 0.0029 | 0.003 | 0.0028 | 0.0029
h=8 | 0.0034 | 0.0029 | 0.0031 | 0.0031 | 0.0033 | 0.0028 | 0.0028 | 0.0032 | 0.0031 | 0.0032
h=9 | 0.0033 | 0.0028 | 0.003 | 0.0026 | 0.0031 | 0.0027 | 0.0028 | 0.0026 | 0.0033 | 0.0028
h=10 | 0.003 | 0.0029 | 0.0028 | 0.0031 | 0.0032 | 0.0029 | 0.0027 | 0.0028 | 0.003 0.0029
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Table 6.3: Bootstrap Estimates of /-step Transition Probabilities with B =25000.

Bootstrap Estimate of 7 step Transition Probabilities

State 1 | State 2 State 3 State 4 | State 5 State 6 | State 7 | State 8 | State 9 | State 10

0.1983 | 0.087 | 0.0191 0.1183 | 0.0399 | 0.0084 0.1336 | 0.1496 | 0.1447 | 0.1011

0.1302 | 0.1141 | 0.1047 0.0668 | 0.0865 | 0.0408 0.087 | 0.117 | 0.1276 | 0.1254

0.1222 | 0.1109 | 0.1063 0.0931 | 0.1008 | 0.0845 0.0892 | 0.0871 | 0.1052 | 0.1006

0.11 0.1021 | 0.1009 0.1017 | 0.1104 | 0.0964 0.0831 | 0.0977 | 0.0949 | 0.1028

0.1106 | 0.1085 | 0.0963 0.1004 | 0.1077 | 0.0886 0.0836 | 0.0985 | 0.1019 | 0.104

0.1101 | 0.1089 | 0.0965 0.1014 | 0.1083 | 0.0883 0.0851 | 0.0965 | 0.1019 | 0.1029

0.1099 | 0.1082 | 0.0964 0.1018 | 0.1086 | 0.0885 0.0848 | 0.0971 | 0.1021 | 0.1025

0.1096 | 0.1083 | 0.0964 0.1017 | 0.1085 | 0.0882 0.085 | 0.0975 | 0.102 | 0.1029

=g f=p Jop oy oy Ry e oy oy
Ol G| WD~

0.1099 | 0.1084 | 0.0964 0.102 | 0.1082 | 0.0885 0.0847 | 0.0967 | 0.102 | 0.1033

=

Il
—_
o

0.1097 | 0.1087 | 0.0965 0.102 | 0.1084 | 0.0881 0.0849 | 0.0965 | 0.1022 | 0.103

Bootstrap Standard Error of Transition Probabilities

State 1 | State 2 State 3 State 4 | State 5 State 6 | State7 | State 8 | State 9 | State 10

= 0.0025 | 0.0019 | 9.00E-04 | 0.0021 | 0.0012 | 6.00E-04 | 0.0022 | 0.0021 | 0.0021 | 0.0019
= 0.0022 | 0.0019 | 0.002 0.0017 | 0.0017 | 0.0013 0.0017 | 0.0018 | 0.0024 | 0.0017
= 0.0019 | 0.0021 | 0.002 0.0017 | 0.0018 | 0.0019 0.0019 | 0.0019 | 0.0019 | 0.0017
= 0.0018 | 0.0017 | 0.002 0.002 | 0.0018 | 0.0018 0.0015 | 0.0018 | 0.002 | 0.0021

0.0023 | 0.002 | 0.0018 0.0018 | 0.002 | 0.002 0.0016 | 0.0019 | 0.0018 | 0.0017

0.002 | 0.002 | 0.0018 0.002 | 0.0019 | 0.0018 0.0016 | 0.0019 | 0.002 | 0.0019

0.0019 | 0.0017 | 0.002 0.0016 | 0.0021 | 0.0019 0.0016 | 0.0018 | 0.0015 | 0.0019

0.0019 | 0.0017 | 0.0015 0.0018 | 0.0019 | 0.0018 0.0019 | 0.0018 | 0.0019 | 0.0019

[=pii=g =y oy foy oy Jog o oy

ORI DG |W|IDN|

0.002 | 0.002 | 0.0018 0.0021 | 0.002 | 0.0018 0.0016 | 0.0019 | 0.0017 | 0.0019

i
o
o

0.0021 | 0.0019 | 0.002 0.0022 | 0.0021 | 0.0018 0.0017 | 0.002 | 0.0019 | 0.0015
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Table 6.4: Bootstrap Estimates of /-step Transition Probabilities with B = 100000.

Bootstrap Estimate of / step Transition Probabilities

State 1 | State 2 | State 3 | State4 | State5 | State 6 | State 7 | State 8 | State9 | State 10

0.1983 | 0.087 | 0.0188 | 0.1181 | 0.0401 | 0.0084 | 0.1338 | 0.1497 | 0.1449 | 0.1008

0.13 0.1141 | 0.1048 | 0.067 0.0864 | 0.0407 | 0.0874 | 0.1168 | 0.1273 | 0.1254

0.122 | 0.1103 | 0.1064 | 0.093 | 0.101 0.0845 | 0.0895 | 0.0873 | 0.105 | 0.1008

0.1098 | 0.102 | 0.1011 | 0.102 | 0.1102 | 0.0965 | 0.0833 | 0.098 | 0.0947 | 0.1024

0.1104 | 0.1085 | 0.0963 | 0.1 0.1074 | 0.0889 | 0.0836 | 0.0986 | 0.1023 | 0.104

0.1099 | 0.1091 | 0.0963 | 0.1016 | 0.1081 | 0.0884 | 0.0852 | 0.0965 | 0.102 | 0.1028

0.1101 | 0.1082 | 0.0965 | 0.102 | 0.1085 | 0.0884 | 0.0849 | 0.0969 | 0.1017 | 0.1028

0.1096 | 0.1084 | 0.0964 | 0.102 0.1084 | 0.0882 | 0.0848 | 0.0973 | 0.102 | 0.1029

=yl o=y f=g ey ey g i=gi=s
Ol NG| s W[ =

0.1098 | 0.1084 | 0.0962 | 0.102 | 0.1083 | 0.0883 | 0.0849 | 0.0968 | 0.102 | 0.1033

=

—
[}

0.1097 | 0.1084 | 0.0964 | 0.1021 | 0.1083 | 0.0883 | 0.0848 | 0.0969 | 0.1019 | 0.1032

Bootstrap Standard Error of Transition Probabilities

State 1 | State 2 | State 3 | State4 | State5 | State 6 | State 7 | State 8 | State9 | State 10

0.0013 | 0.0008 | 0.0004 | 0.0011 | 0.0006 | 0.0003 | 0.0011 | 0.001 | 0.0011 | 0.001

0.001 0.0009 | 0.0009 | 0.0007 | 0.0009 | 0.0007 | 0.0008 | 0.001 0.0011 | 0.0011

0.0011 | 0.0009 | 0.001 0.001 0.0011 | 0.0008 | 0.0009 | 0.0008 | 0.001 0.001

0.001 | 0.0009 | 0.001 | 0.0009 | 0.0011 | 0.0009 | 0.0009 | 0.0009 | 0.0009 | 0.0011

0.001 0.0009 | 0.0009 | 0.001 0.0009 | 0.0009 | 0.0009 | 0.0009 | 0.0009 | 0.001

0.001 0.0009 | 0.0008 | 0.0009 | 0.0009 | 0.0009 | 0.0008 | 0.001 0.0009 | 0.0008

0.001 | 0.001 | 0.0009 | 0.0009 | 0.001 | 0.0008 | 0.0009 | 0.0008 | 0.0009 | 0.001

0.001 0.001 0.001 0.0011 | 0.001 0.0009 | 0.0009 | 0.0011 | 0.0009 | 0.0009

myl ey ey fo ey ol ol j=g ey

OR[N [ W[D| -

0.001 0.001 0.0009 | 0.001 0.0009 | 0.0008 | 0.0008 | 0.001 0.0008 | 0.0009

=

—
o

0.0011 | 0.001 | 0.0008 | 0.001 | 0.001 | 0.001 | 0.0008 | 0.0009 | 0.0009 | 0.0009
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Table 6.5: Bootstrap Estimates of /-step Transition Probabilities with B = 500000.

Bootstrap Estimate of / step Transition Probabilities

State 1 | State 2 | State 3 | State4 | State5 | State 6 | State 7 | State 8 | State9 | State 10

0.1983 | 0.087 | 0.0189 | 0.1181 | 0.04 0.0085 | 0.1339 | 0.1495 | 0.1448 | 0.1009

0.1299 | 0.1141 | 0.105 | 0.067 0.0864 | 0.0406 | 0.0873 | 0.1168 | 0.1274 | 0.1255

0.1219 | 0.1104 | 0.1067 | 0.093 | 0.1009 | 0.0845 | 0.0894 | 0.0873 | 0.105 | 0.1008

0.1098 | 0.1021 | 0.1011 | 0.1018 | 0.1104 | 0.0964 | 0.0832 | 0.0979 | 0.0947 | 0.1026

0.1103 | 0.1086 | 0.0962 | 0.1002 | 0.1076 | 0.0888 | 0.0836 | 0.0985 | 0.1022 | 0.1039

0.11 0.1089 | 0.0962 | 0.1016 | 0.1083 | 0.0885 | 0.0852 | 0.0966 | 0.102 | 0.1028

0.11 0.108 | 0.0964 | 0.1022 | 0.1084 | 0.0885 | 0.0848 | 0.097 | 0.1018 | 0.1028

0.1097 | 0.1084 | 0.0963 | 0.1022 | 0.1083 | 0.0882 | 0.0847 | 0.0971 | 0.1021 | 0.1029

=yl o=y f=g ey ey g i=gi=s
Ol NG| s W[ =

0.1097 | 0.1084 | 0.0964 | 0.1021 | 0.1083 | 0.0883 | 0.0848 | 0.0969 | 0.102 | 0.1031

=

—
[}

0.1096 | 0.1084 | 0.0964 | 0.1021 | 0.1084 | 0.0883 | 0.0848 | 0.0968 | 0.102 | 0.1031

Bootstrap Standard Error of Transition Probabilities

State 1 | State 2 | State 3 | State4 | State5 | State 6 | State 7 | State 8 | State9 | State 10

0.0005 | 0.0004 | 0.0002 | 0.0004 | 0.0003 | 0.0001 | 0.0005 | 0.0005 | 0.0004 | 0.0004

0.0004 | 0.0005 | 0.0004 | 0.0004 | 0.0004 | 0.0003 | 0.0004 | 0.0005 | 0.0005 | 0.0005

0.0005 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004

0.0004 | 0.0005 | 0.0004 | 0.0004 | 0.0005 | 0.0004 | 0.0004 | 0.0004 | 0.0005 | 0.0004

0.0005 | 0.0004 | 0.0005 | 0.0004 | 0.0005 | 0.0004 | 0.0004 | 0.0004 | 0.0005 | 0.0004

0.0004 | 0.0004 | 0.0005 | 0.0004 | 0.0005 | 0.0004 | 0.0004 | 0.0004 | 0.0005 | 0.0004

0.0004 | 0.0005 | 0.0004 | 0.0005 | 0.0005 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004

0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004

myl ey ey fo ey ol ol j=g ey

OR[N [ W[D| -

0.0005 | 0.0005 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004 | 0.0004

=

—
o

0.0005 | 0.0004 | 0.0005 | 0.0004 | 0.0004 | 0.0004 | 0.0003 | 0.0004 | 0.0004 | 0.0004
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In these tables, we first report the mean of the transition probabilities for all 100 replications,
giving us and their standard error for different values of B. We see that for h = 1, transition prob-
abilities are almost same even if B is 10000. The reason behind is that for & = 1, we are actually
predicting X,, . This is equivalent to find the one-step transition probabilities corresponding to the
SMM, and verifying the consistency of the estimated transition probabilities. The major observation
from this simulation is that for some specific values of #, there is a very little difference between the
highest element the second highest in the estimated transition probability vector. For example, for
h =4 and B =500, 000, the top two probabilities correspond to state 5 and state 1 respectively, with
probabilities 0.1102 and 0.1098, which are same if we round upto two decimals. Hence, even with
B =500,000, there are few occasions when the predictor of X,,,4 turns out to be the state 1. However,
when the probabilities are separated a little bit, the bootstrap estimates of the probabilities give us
the most likely predictor. The standard errors of these estimates are very low as well, and gets lower
with increasing B. This says, there is no random fluctuation in the bootstrap estimates, and they are
most likely to produce consistent estimators.

Another observation from the study is that with increasing £, the transition probability vectors
tend to get similar. If we look into the last three rows of each table, i.e. rows corresponding to & = 8,9
and 10, we see that there are very little to none differences between the transition probability vectors.
This phenomenon can be justified with the stationarity argument. If & increases, the transition
probabilities P(X,, .| X,,, ..., X;,_m+1) converges to the stationary probability distribution for the
chain. In this example, we can see for h > 8, the probabilities are close to the stationary probability.
This means, for large enough &, we don’t need to perform the bootstrap sampling for predicting X, ;,,
instead we estimate the stationary probabilities for each state from Xj,..., X,, by their empirical

frequencies, and get the most likely state in long run.
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6.4 Real Data Application: Anomaly Detection in Helicobacter Pylori

Bacteria

Helicobacter Pylori is a gram-negative, microaerophilic and spiral-shaped bacteria which can be
found in the stomach. The helical shape of the bacteria is developed in order to penetrate the
mucoid lining in the stomach and causes infection. It is believed that nearly 50% of the humans
have been exposed with this bacteria, however only 10 — 12% exhibit clinical symptoms including
gastritis, upset stomach, carcinoma or peptic ulcer.

There are many different strains of this bacteria, among which the “Type I" strain is associated
with more serious infection. There are many further strains of this type, “Strain 26695” is one of
them. The full genome sequence of this strain has been developed by Tomb et al. (1997), and the
data is collected from the NCBI database. It has a circular genome of 1,667,867 base pairs and
1590 coding sequences. Studies have confirmed that more infectious HP bacteria differ from the
less infectious by a region of genes, called the CAG pathogenity island, or CAG region. There are
about 26 genes in this region which mutate internally, resulting in different levels of infections. Liu
et al. (1999) identified there is a sequence anomaly in the CAG7 protein in this gene. When CAG7
regions of different strains are compared, there are significant unusual patterns can be seen in the
strain 26695. Liu et al. (1999) have conducted rigorous statistical analysis which underscore many
sequential features of this protein, and identified the potential anomalies. In this section, we will
use the idea of SMM in detecting the anomaly of this CAG7 gene in this 26695 strain.The structure
of this CAG region is mostly homogeneous, unless there are some known anomalies. Therefore, we
use the remaining portion of the CAG region except CAG7 protein as our training sequence, and the

CAG7 protein as the test sequence.

6.4.1 Method

We first fit an SMM of order m = 3 from the training RNA sequence, having length of about 28000.
For modelling purpose, we have used the convex clustering methodology adapted by Majumder

et al. (2022) for fitting sparse Markov models, which partitions the set of all possible histories in

115


https://www.ncbi.nlm.nih.gov/labs/virus/vssi/#/virus?SeqType_s=Nucleotide

>™ based on the empirical transition probability vectors which are close to each other. In this
example, > ={A, G, T, C}, hence |X| = 4. Define the total number of m-tuples as p = |X|". If &; is
the empirical transition probability of the i*" m-tuple, then Majumder et al. (2022) proposed to

minimize a penalized criterion function, derived from Chi and Lange (2015), as follows:

p
min %;nﬁj —bjI?+ Als;ﬁ? w; jIb; bl (6.4.7)
where A > 0 is a penalty parameter, w; ; are suitable non-negative weights andb; = (b; 1, ..., b;, DT e
I, for j=1,..., p, where Il is the d-dimensional simplex I1; = {(u,..., ug) €[0,1]% : uy +...+ uy =
1}. Denote the optimum solution of (6.4.7) by b%, i = 1,2,..., p. The penalization will ensure that
depending on the value of the tuning parameter A, b} = b’;. if 7r; and 7; are close to each other.
Hence, the resulting solution will give us a partition of X. Denote the number of groups by k, and
the estimated partitions are €}, ..., %’9;%. For the i*" group, the elements of the common transition
probability vector R; are computed by the pooled transitions from the elements of that group to the
four states. The tuning parameter A is selected using the BIC criterion. The weights are selected so

that w; ; = exp [— ‘/;_[] ||7; —frlloo]j’(ﬁ'i is one of the 5-nearest neighbor of 7 ; or vice versa), where

t; is median d, distance of 5-nearest neighbors of 7;.
Once we have the fitted model, we apply the algorithm (12) to compute the score of the test

sequence, and determine whether this score falls below the threshold. We discuss our findings next.

6.4.2 Result

The fitted SMM has 13 groups, the group sizes are 13, 10, 9(twice), 7, 4(twice) and 1(five singleton
groups). The length of the CAG7 gene in terms of base pairs is 5784. Prior studies by Liu et al. (1999)
have confirmed that the anomaly appears in the later part of the genome sequence, determined
based on the sequence patter. Hence, instead of taking the whole CAG7 gene as our test sequence,
we use the last 25% of the sequence for detecting anomaly. We apply the algorithm (12) to deter-
mine the score of the test sequence. The estimated values of the ordered values R)),..., R are

(0.398,0.272,0.201,0.129). The last 3 base pairs just preceding the test sequence, which we call as
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the past history is past ={T, G, C}. Hence, we compute the anomaly score of the test sequence x
by s(x|past) using the score formula in the algorithm (12).

It turns out that the anomaly score of the test sequence is —1.338, while the threshold for 95%
prediction set is —1.325. This shows, the anomaly score value falls below the required threshold at
95% confidence level. It can be also computed that the estimated probability of the m-tuples whose
anomaly score falls below the observed score is 0.001, which is a very low probability event. Hence,
our study confirms the sequence anomaly in the CAG7 gene of the strain 26695 of Helicobacter
Pylori.

This study has some further implications. Although we have checked a portion of the sequence
for anomaly detection, which is known to have potential anomalies, we can certainly use this
technique in other RNA sequences whose anomalies are not known. For example, a particular strain
of a disease can exhibit different severity levels compared to the other standard strains. In that case,
one reference genome sequence can be modelled using SMM, and the different parts of the test
sequence can be scanned to find anomalous regions of certain lengths. Compared to the traditional
methods of sequential matching or computing pattern statistics, this probabilistic method will be

more useful in terms of quantifying the likelihood of a particular sequence to occur or not.

6.5 Conclusion

Overall, this paper gives some new direction of developing a prediction algorithm which will be an
useful tool constructing prediction sets in sparse Markov model. The bootstrap method is quite
impressive, where we can directly simulate the future observations from the fitted SMM and get
the estimates of the h-step transition probabilities. On the other hand, the score based method is
proven to be useful in constructing simultaneous prediction sets in a compact manner. The anomaly
detection problem justifies its practical applicability in sequential data. This broadens up the scope
for further research in different scientific problems, not limited to DNA or RNA sequence analysis,

data compression, text prediction and other practical aspects.
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APPENDIX

A

3

PROOF OF THE THEOREMS IN CHAPTER

A.1 Proof of Theorem 3.2.1

From now on, we will denote ¢,, , as ¢, for simplicity. First observe that, E; ({,) =

2)npla,)—1,ie Ey (57 )—> 1 as n — 00. Also, by assumption (iv), Vary (

) Lilasn— 00, eventually leading to ¢, 2, co.

For any function f : X" — R, define

O, (j+1)
s](n)(f): Z f(Yt(n))! t:())l»'--»en_l'

1=0q,(j)+1

By strong Markov property, s (g,l) are iid random variables with mean E, [ZT.“”

(n—m, +

%) — 0. Hence

gn(Y'(n))] =

E,, [56”(8n)] and variance Vary, [s"(g4)] = Ea, [(s5"(€n)" |~ E2 [55"(gn)]- Define g, (x)=g,(x)—
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E, (gn(X)), where X ~ 1r,,. Note that Eﬂn[gn] = ﬂn(an)Ean[Zja"l n(Y )] Hence

Ean[sj('n)(gn)]:Ean[ (gn(Yj(n))_Enn(gn))]
=Ean[ gn(Yj(n))_TanEnn(gn)]

[ gnlY")| = Eq, |70, |Ex, (g4)
=0, since nn(an)zl/Ean[Tan].
The normalized and centralized random variables are defined as follows:

””(gn) si"(gn)
\/Vara SO g" \/Ea,, SO (gn)]

Thus, s]/.(")(gn),j =0,1,..,¢,—1 are i.i.d random variables with mean 0 and variance 1. Denote
2
vZ=E, [s"(g,)] . Fix0 < e <1.Define n =[(1—€)(n—m, +2)m,(a,)}, it = [(1+€)(n—m, +2)7,(c,)],

and n*=[(n—m, +2)r,(a,)], where [.] is the greatest integer function.

Note that,
n—mpy+1 0q,(0) l,—1 n—my+1
= (n) = = (n)
&Y= > &l +Z e+ DL &)
j=0 =0 t= Uan(zn)‘*'l
n—m,+1 l,—1 U'an(o)

> |guv™)

)

=>’ Z gn(v" Z;s](”(gn)

t=0
n—mp+1 l,,—l a, (0) (n)/ =
_ (n) 1 n S[n (|gl’l|)
— Y ') — 4+
= ]2(; &l 2 )| < ZO =
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Using WLLN over the triangular array {s](.”)(l &)/ vn:0<j<l,} st

2
e Eq, [55"18aD)]
1 a,|So U8n
M5 12 n P
S ———>0, and
m’%;(] (184D) "
_ 2
i oz 2 Ea,[s"08D] .
€y +1)02 &t (181) V2 '

]:

Substracting above two terms, we get

_ 2 _
(5,08aD)" - s 1gal)
fnl/,% mvn

By similar logic, —— 1/_ Zga" gn(Y,")| L
1 n—m,+1 p
)—— M(gn)| =0
Vnxu, ; Z "

Since Mi’(’an)ilasnﬂoo,ﬂ ng € Ns.t. for n > ny
Pn<t{,—1<n)>1—e.

Hence, by Kolmogorov’s inequality, for any arbitrary 8 > 0,

{,—1 n*
P(| FZ 1(8n)— FZs](gn){>ﬂ) +P(] max 2 $i(8n)| > BV )
1
+P( max_ Z s]’.(gn)} >ﬁ«/ﬁ)
S

N
267, () (n—my +2)Eq, [ 5"(81)]
<e +

/jZn*
4e

o
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From the equation A.1.2, we can conclude

0,1 *
)\/lrl_*;s;(gn)—%j’ios;(gn) 0. (A.L.3)
Combining with equation A.1.1, we get
1 n—m,,+1_ ) 1 n* L p
o3 gn(Y] )—m;sj(gn)—m. (A.1.4)

Using CLT for row-wise i.i.d random variables with mean 0 and variance 1, we get
! is’(g )L 4(0,1) (A.1.5)
_— ] n —_— y . 1.
vnr i

Hence, from the equation A.1.4, we conclude

1 n—m,+1

= 2 &S0

j=0
1 n—my+1 d
5 (v
= &n(Y;7)— A(0,1)
vnr,(an)v, = !
1 n—m,+1
> —
Jn &

A.2 Proof of Theorem 3.2.2

Consider the chain ®,, ={Z, ; : 1< j < k,}. By assumption (iv), k,, — 00, hence the length of the
chain increases to co as n increases. The transition matrix of this chain is Q,, = P, . By assumption
(), every element of Q,, is positive. Denote the smallest element of Q,, to be g,,. For simplicity, we

denote the state space X" = .¢/,, Note that, for any a = (ay, ..., a;,,) € .&/p,b = (by, ..., by, ) € .y,

my
P(Zn'z = blZn'l = a) = I_Ipn(rk—l’Yk) > (pn)mn
k=1
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whereyo=a,r,,, =b and vy =(drs1, .- A, b1, ..., by) for 1 < k < m, —1. Hence,

qn= min P(Z,,=bl|Z,;=a)>(p,)" .

a,be.d,

For the chain ®,,, the stationary distribution is 7,, as well. Now, we have to derive a bound for the

strong mixing coefficients for this chain. For b € .¢/,, and s €N, define Vés) =max,e .y, Qn(a, b) and

vl(f) =min,e .y, Qn(a, b). Note that for any a,a’, b € .</,,

Q™ a, b)—=QE ™M@’ b)= D Qula, ) (e, b)— D Qul@’,c)Q\ e, b)
ce.d, ce.d,
= > (Qula,0)=Qu(@’,))Q e, )+ D (Qula, c)—Qula’, )Y (e, b)
CE€Eq 4 CEEq
< Z (Qn(a, c)—Q,(a, c))(Vb(s)— Vz(f)) < 5,,(Vb(s)— Vz(f))
CEE, o

<s5(vil -] <68

where E, ,» = {c € ., : Qua,c) = Qu(a’,c)}, and hence ZCGEM/ (Qn(a,c)—Qn(a’,c)) =

> ¢Ey (Qn(a, c)—Q,(a’, c)). This gives us the following variational inequality

sup Q" (@, ) —m, ()l < &,

ac.qdf,

Suppose, a,(s) be the s'" order a-mixing coefficient of the Markov chain having the transition

matrix Q,,. Then, by definition,
sup {|2(ANB)—2(A)P(B): A" Z},B€" F', } <a,(s)
k:1<k<n—s

where " l.j =0(Zp,i) - Zn, j)- Now, we know that for the Harris ergodic Markov chain @,,,

an(s +1)< sup QY@ )= () <(8,)". (A.2.6)

ac.d,
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In the section (2), the a-mixing coefficient for the whole triangular array is defined as
a(s)= sgp a,(s).
So, from the equation (A.2.6), we get
a(s+1)£s%p(5n)s =(sip5n)s =6°. (A.2.7)

Now consider the chain {Y, ; = f,(Z, ;)}. Denote the a-mixing coefficient for this chain as a, (s),
and the a-mixing coefficient for the entire triangular array as a¢(s). Jones et al. (2004), we know that

ay (s)< a,(s). Hence,
ar(s+1)<supay(s+1)<supa,(s+1)=a(s+1)<0o°.
n n

Clearly, Z?gl(a f(s))l_z/ P < oo for any p > 2 as 6 < 1. Along with this, all other conditions described
in the theorem (3.2.1) are satisfied by the assumptions taken in this theorem. Hence the desired CLT

result holds.

A.3 Proof of the Example in Section 3.3

The obvious question is how we have derived the expression of 7, (1”10). Here, we provide a
key steps to obtain this probability. For any history (i,...,i,,) € {0,1}"*, denote the index by
w(iy,...,i,)=1+ 27:_01 204 j- Then the function w will provide an unique index, ranging from 1
to 2™, For simplicity, we write 77,,(j) as the stationary probability of the m-tuple (iy,...,1,,) €{0,1}'"
having w(iy, ..., i,,) = j to be 7 ,(j). Using the definition of stationary probability from the transition

matrix, we find

2m—k_j 2m—k_1
Z 2K j+2k )= Z .25 j+25—1); k=23,.. m. (A.3.8)
=0 =0
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We also define the following quantities and obtain the relations

2m—k_1 2m—k_1
Ap1 = Z a2k j 42K - )=y Z a5 j+25 ) = 1 Apr (A.3.9)
j=0 j=0

and ¢y = (1 — pr—2)/pr—2 for k = 2,3,...,m and ¢, = (1 —py,—1)/pm- Define A, , = m,(2" —1),

Ap 2 =1m,(2"). Now, observe that

A1 =Cm—2Am—2=Cpo(An_1,1+Am1)
= Cm—Z(l + Cm—l)Am,l;

Am—3,1 = Cm—3(1 + Cm—2)(1 + Cm—l)Am,l;

Al,l = Cl(l + Cz). . (1 + Cm—l)Am,l
and
AI,Z = (1 + Cz). . (1 + Cmfl)Am,l
= Cm—z(l + Cm—l)Am,l;

Ao =(1+c3)...(1+Ccna)Am;

Ao =01+ Cp_1)Am1;
Am—12=Am,1-
Combining all the relations, we find

1
Am,l =nn(2m_1)= m—1 m—1
Hi:l a;+am+ Zizz aiAit1 .- Am—1
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where a; =1+ ¢;. Replacing the values of c¢;, we find that

1,(1m=10)

132



APPENDIX

B

PROOF OF THE THEOREMS IN CHAPTER

4

B.1 Proofof Theorem 4.3.3

(a) For notational simplicity, we write b} ,(A) as by . Let

19 A 2 2
R(B,W)=2 |l =bll+ 2 > wlibi,bll.
j=1 1<i<j<p
Suppose bi’ja < 0forsome of the (i, a) pairs, i = 1,2, ..., panda=1,2,...,d.Let, b;’; = b;’jaﬂ(b;a >0).

. N PN *k
Since 7; , > 0, we get |7T; , — bi,a| S

A * * * ok ok : .
Tia—b;, | Also, {biha — biz,a| > {biha —b;” |, since the negative

elements are shrunk to 0. Hence forany i =1,2,...,p,

17 =515 = 11 = b5 [|b} —bj ||, > [[b}* —b|),-

133



Since b’lf] # b?* for at least one i, R(B**,W) < R(B*, W), contradicting that B* is the optimum solution.
Hence b/, >0,Vi=1,...,p;a=1,,,.d.

(b) If we initialize T = 0, we get b\") = #;, which satisfies Zzzl bl.(,lcz = 1. Subsequently, 751) =

(0) )Lwl

Zq, (’yEO) — Vg(ll)) =(v, — vg(ll)) min { 1 }, and thus 'ygl)T 1 =0. Using a similar argument,

’ 0 1
17 — vgll,
(

for any iteration ¢, 22:1 b!") = 1. Hence the limiting quantity will still have the property that the sum

i,a

of the elements of b; is always 1. This completes the proof that b} is indeed a probability distribution.

B.2 Proofof Theorem 4.3.4

Note that as n — oo, Ny, — 0. Let g be the stationary probability of the state o ;. Then, No, /(n—

p ;
m)— q; as n — o9; and for j € 6,, we have

JNo (7= Ry) 5 40,5,

— V(n—m)(#;— Ry)-5 N(0,4;%4)

where £, =diag(R,)— R, R\

The proof mainly relies on calculating the probability of 7 ; and R, j € 6, being close to each

other. Suppose ||7; — Ryl < €/2 for some € > 0,and Vj € 6,, a=1,2..., k. In that case,

€/2
min min (p,w; ,_‘u(_a))
1<a<kyi,j€%, J i,j
IRy — Rgll—€ }
1 1
S WD g w07

A <

min

max = <<k

A" S min {

Thus, for € sufficiently small, Aglli)n < AET’QIX We will later find a bound on how small € needs to be to
achieve this.

We compute a lower bound on the following probability:

€.\ .
P(I#j=Rello < 53V € G ¥a=1,.... k).
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Note that the variance-covariance matrix X, of the limiting distribution is not full rank, as we have
alinear constraint on the elements of 7 ;. Define Z; =(%; 1 — R 1,..., & j a1 —R]-,d_l)T, andletX,_;

be the upper (d —1) x (d — 1) block of X,,. Now,

d—1 d—1
2
17e; = Ral3=> (70— Ry 2+ (D (71— Rj0))
=1 =1

= Z].sz +(17Zz;)% = ZJ.T(I +117)z;.

n—-m__
Define U; = q—jZavl_/sz. By asymptotic normality of 7 ;, vn—mZ; 4, (0,924, q), hence

U; <5 (0, I). Thus,

2 2
R €y T T €7y T<1/2 Tys-1/2 (n—m)e
P(I#;=Ralle > )= P(2] T +117)2;> — )= P(U] 232 (T + 11 JZa,_de24—6,j)
2
n—mje
—p(u] MU; 2! 46].) J M=x a1,
J

For a symmetric matrix matrix M;, Hanson and Wright (1971) have determined a lower bound on
the tail probability of any quadratic form U’ M, U of a sub-Gaussian random variable U with mean

0 and variance-covariance matrix o21 as follows:

ay tz azt )]

P(UTMU >t +0?%tr(M,;)) < exp| —min ,
(v ) <exp| (a4||M1||F o2 Ml

(B.2.1)

for some constants a;, a, > 0. Here ||.||z and ||.||s,, are the Frobenius and spectral norms, respectively.

Applying the bound in (B.2.1) to our problem, we obtain, as n — oo,

. € (n—m)e?
P~ Rall > )= P(U} MU, = =725 )
j
. (a((n—m)e? —4q;tr(M)? ay(n—m)e*—4q;tr(M))
Sexp[—mm( ™ , — )]
q; 1M || 4q;|IM |5,

a,(n—m)e*—4q;tr(M)y
1671 M|

As n increases, (n —m)? > (n — m), and eventually for larger n, min(

)
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a((n—m)e* —4q; tr(M))) _ ay((n—m)e* —4q;tr(M))
44| M|lsp 4q;||M||sp

ow,

tr(M)=tr(S? (I +117)5Y2 V= tr(Se_a)+ tr(17Sg_q1)
d—

Z al(l Ral +ZRQI_ZZRQII a,l,

l] 1[2 1

)—A

-1

-1 d
= a,l(l_Ra,l)+(ZRa,l)(1_ZRa,l) ZRal (1- Ral =sy(say);
=1

=1 =1 =1

QU
—

1/2 1/2
IMllsp =120 -a+ 25211752 4llsp < IEaallsp + 1750 g1 < _max Rop+Raa(l=Rea)= v

as |[Xg—allsp < - llgla); R,,; by the result of Watson (1996). Hence,

.....

az((n—m)€2—4qjsa)] _ exp(s—a)exp[— az(n—m)ez]

(||7T]_Ra”2 )<exp[ 4qj Uy Uy 4qj Uy

a”2< V)€ Gy Na=1,....k)

3 Hlim iz 5213 () 3 el -]

=7

=>P(|
>

|7 —
ko
3
a=1

2
a,€
Now, setting C1( = exp( ) G, = 42_, one gets the conclusions of the theorem.
Va qjVa

B.3 Proofof Theorem 4.3.5

Recall that 7, = N ¢ / Ng ;. Denote the common transition probability for the estimated group

64(7) as

>oconNot N
N €Bu(A) Vot ¢
. 0 j€a(A) "0 ) _ _taWt Va=1,...ksl=1,...,d.

2o et Noy  Neo

Thus, the log-likelihood is given by
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Note that, as A increases, the number of clusters decreases. Also, by the continuity of the solution
of (4.2.3) w.r.t. A, M;, is a submodel of M, for A, < A, as the separate clusters for lower A values
are clumped together to form new clusters with larger size as A increases. Hence, we can write
M,, € M, . Subsequently, £,,(A,) > £,(A,). Let g; be the stationary probability of the state o ;, and
QY(A) be the stationary probability of the partition 4,(A). Thus, Q@(A) = > PN OLUL We have to
show that the true model minimizes the BIC with probability tending to 1 as n — 00. We prove this

for two cases.

Case 1: Suppose that A < A, and M, ¢ M. Clearly, k;, < k;. Since M, is the true underlying model

by Theorem (1), M;, ={6,,..., 6k}, and

d
Zn= _2(5"“0)_5 nw) = Llr—to)d1)
Hence, as n — o0,

P(BIC,,()LO) > BICn(A)) = p(zn > (k — ko)(d —1)log n)

Sexp[_wbgn]

(ky—ko)d—1)
=n 4 — 0.
Case 2: Now let Ay < A and M C M, . For ' =1,..., kj, w.lo.g. we can write
A=ty
U

a=tyr_1+1

forO=1ty<t; <t <...<ty, = ky. Now, as n — 0o,

ko d
0 :_ZszgR LSSYS gy, Res 108 R
a=1 (= a=1(=1 je%b,

d
=3 Q“A0)Ra 108 Ry = Ag;

a=1 (=1

and
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d k

I 1 ka d Z]GTD{/
()= > Ny alogRi = ———> > (> N, )log(ZﬁT)

a’=1 /(=1 a’:1£:1 je a/M

NS

12% Lo/

d dls, w1 Ng,
_ n_lm ZZ( :tz N%'/g)log( Zat;/talﬂ G, Z)

a=ty_+1 N%a

A d 7% far @(A0)R,
P, ZZ( Q(a)()\o)Ra,g)log(za_fZ‘HQ ( o)R) I)ZA()\)-

S QG

Now, applying the Jensen’s inequality by using the strict convexity of —log x,

/ tyr
L& il 1 Q0)

AW=-2.2( 2, Q0ReJlog(s e
0/'a

=la’=1 a=ty_;+1 a=ty_1+1

~

S & DI Q('Z)(AO)RM.(l/Ra,@))

d
__ZZ( Z Q(a)(AO)Ra’f)IOg( _Z;a/ Q@(Ag)Re

=la’=1 a=ty_;+1 a=ty_1+1
d k ty

<SS QAR log(1/Re)

(=1 a'=la=ty_;+1
k), ty

d
=3 > QWA)Rel0g Ry = Ao,

(=1 a'=la=ty_1+1

Hence,

(€a30) = a0 2 Ag— AL2) > 0, and P——— (£, ()~ £,(2) = 5 (Ag— AQR)) — 1 as

n — o00. Since logn/N — 0 as n — 0o,

P(BIC,(2Ag)2 BIC,(2))=P(20,(20) < 20,(A) + (ko — k;)(d —1)logn)
= P(£4(A)—£a(2) < (Ko~ k;)(d ~1)log )

|
= PR — a0 < (Ko — A — 1))
n—m n—m
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B.4 Proofof Theorem 4.3.6

By definition we can easily conclude that the weights w; ; are symmetric, hence the first part of (A1)

is satisfied. Now, observe that,

I1fei = jllo <17 — Rylla+ 17— Rell2 <€, for i, j € €,
I17; =7 jllo 2 [[Rg — Rplla— 17 — Rell, = | j — Rgll2

>6—¢, fori €6, j€Cpap.

Hence, for € < 6/2, w; ;>0 for i, j € 6, and thus (A1) holds.

First, assume that the cluster sizes are different. Note that, for i € 6,

S WP =S" S wip < (K +1- pesp[ - p(6— €]

B#a BFa i€y

since at most k' —(p, —1) many w; ;; can be non-zero if i’ ¢ 6,,. Thus, for i, j € 6,

y(la]) < Z wlgﬁ)+z w](-ﬁ) <2(k'+1—p,)exp[— (6 —€)];
B#a B#a

and @
a

M j - 2(k'+1—pg)exp[ — (6 —€)?] <2(k’+1

Pa Wi, j paexp|—ge?] Pmin

_ o 1 2(k" +1—pmin)
=exp [2¢5(e— 5 + 206 log( o ))]

<1, fore< €, -

—l)exp[—¢(52—256)]

=exp [2¢5(€_ emax)]

Thus Condition (A2) holds. Now,
81> Pminexp|—@e*]—2(k"+1—p,)exp[ — (5 —€)’]
> Pinexp[— 9 €%, - 2(k' +1—py)exp[— p(6 — € ax)?] = 57",

Also,

w D =" w < py(k'+1-py)exp[— p(6 )]

€6,
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Hence,

§,< max (2k'+2—p,—pp)exp[—¢(6—€)]

1<a<f<ky

< Z(k" +1 —pmin)exp[_ ¢(5_€max)2] — 5(2max).
B.4.1 Proof of Corollary 4.3.6.1

Note that (a) follows directly from the definition of A and A - Now if (a) holds, A< A ax if

mln
mln
55

€< W’ and (b) holds if € < €,,,,, proving the result.
1 10

B.4.2 Proof of Corollary 4.3.6.2

Under the conditions of theorem (4.3.6), w; ; > 0 for i, j € 6, forsome a =1,..., k. If p, = p/k,
and k =p/ky—1, then k" = k = p/ky—1 as well, since all the weights w; ; =0 if the two m-tuples o;

(max)

and o ; belong to different cluster. Hence, 6, =0. Also, in this case ,ul ] =0if e < 6/2,and hence

Pa Wi j > ‘“iJ =0for i, j € 6,. Thus,

81> (p/ko)exp[—p€*] = (p/ko)exp[—p(6/2)]

)
and Amln 251 ’ A’EI?E)J.X

[l
2
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APPENDIX

C

SUPPLEMENTS FOR CHAPTER 5

C.1 Stopping Criterion for ADMM

Consider the following constrained optimization problem

min(b)+ g(v)
subjectto Ajb+B;v=c¢;

Azb + B2V =Cy

The augmented Lagrangian for this problem is

-gv(b»v”y’ ¢) = f(b) + g(V) + (7’c1 _Alb_B1V> + (d),Cz _AZb_B2v>

y y
+ 5”01 —Alb—B1VI|§ + 5”02 —Azb—BZVHg-
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If the optimum solution of the optimization problem is (b*, v¥,v*, ¢*), then the satisfy the primal

feasibility
Alb* + Blv* =C
(C.1.1)
Azb* + BzV* =Cy;
and the dual feasibility
0€df(b*)—Alv*—A] ¢*
(C.1.2)
0€0g(v")—B/~*—B, ¢*.
The ADMM updates after (# + 1)" iteration satisfy the equation
S 3f(b(t+1))—A1T'y(t+l AT¢ (t+1) + VATB1 ‘f(t+1 )+ VATBZ V(t+1
(C.1.3)
VAITBI(V(t+1)_‘f(t))+ VAZTBZ(V(HI v(t Ef t+1 ,7(t+1)_Ag¢(t+1).

The LHS of the above term should converge to 0 as the RHS will be 0 when the iterations reach
optimality. We denote the quantity in the LHS as the dual residual. In the context of convex clustering,
Chi and Lange (2015) have shown that A; =[A, ,...,A; ], where A; ; = (e, —e,) XL, B, =—1 ;4

and c; = 0. From the constraints 1”b j =1, we can conclude,

A =1,X)14,B,=[0l,c, = 1,,.

Note that, we have taken b” = (b], ... ,b;) andv’ =(v],... | é“l) Hence the p many dual residual

vectors are

t+1 [Z(Vltﬂ (t Z(v(ltﬂ) _V(lt))]'

l] i lzzi
The primal residuals are already defined in section 5.3. Denote AT =[AT,Al], BT =[BT,B]], ¢’ =

(cl,elandnT =(yT,¢T). Boyd etal. (2011) suggests to stop if |[r?)]||, < €, and [|s)]|, < € gya1, Where

Epri = ﬁeabﬁerelmaX*{llAbmllz, IV, ||0||2};

€dual = \/Eeabs + erel”ATn(t)Hz-
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After some basic algebra, we find that

p
1A, = | > Iby b3+ > (17b{)e
i=1

i<j

p p
AT U= D (1> A =D+ a D (o
1

i=1 L= L=i i=

which justifies our selection.

C.2 Dual Objective for AMA for Squared Error Loss

This computation will be similar as described in Chi and Lange (2015). By adjusting the constants

0 j, we find that the dual for the optimization problem is given by

9= };{lge‘fo(B,V, I)

141
=25 |2
j=1 ") T =j lL=j

2
Z—Z(‘Yl,fle —ﬁ'lz)—zﬁc,(’n),

leg leg

where J4(x) =0 if x€ A, oo otherwise. Note that we don’'t need ® here, as for DPD with y =1, the

optimum solution is a valid probability vector.
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