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1. Introduction and notation.

For a sequence xl,xz,xs,... of independent, identically distributed ran-

dom variables, and a symmetric Borel-measurable function &: R" +IR satisfying

E|o(X, ,...,X. )| <=
11 m

for all positive integers 1 < i1 <...% im < m, the corresponding sequences of

U-statistics and von Mises statistics are defined by

u =@ Y. ) e, X ) nzm
£i <...<i_=n 1 m
1 n
and
_ml’l n
v,=n } ...} (X, 5..nX, ) n2m,
i)=1 i =1 1 m

respectively. Following Hoeffding (1948), let
6 = E[@(Xl,...,xm)]

and for h =1,...,m, let

E[0(X},.--,X ) [X;= x

@h(xl,...,xh) 1 1,...,Xh= xh],

Wh(xl,...,xh) = @h(xl,...,xh) -0,
and

2
oy = E[wh(xl,...,xh)] .
Hoeffding showed that if Cn <

veru) =@ 3 BER o
h=1

2

B[V, - 12 = o@D,
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and if Cl >0, then as n -+ =,

/R (U_-6) bz (1.1)

and

/A, -6) £ nvZ]

where Z is a standard normal random variable. Callaert and Janssen (1978) found
the rate of convergence in (1.1) to be O(n-%).
When Cl = 0, however, the asymptotic distributions of Un and Vn are more

cumbersome. Viewing
6(F) = [...] ®(xps-eox)) dF(x))...dF(x )
as a functional on the space F of distributions on IR satisfying
fo..] o(x x )2 dF(x,)...dF(x ) < w
. 1200 Xp P " s

and noting that cd = 0 implies Cd-1= 0 for d = 2,...,m, Hoeffding called 6(F)

stationary of order d at FO € F if
Lg(F) = 0 and g, (Fy) > 0.

Von Mises (1947), Filippova (1961), Gregory (1977), Neuhaus (1977), Eagleson (1979),
Hall (1979) and Janson (1979)-have all investigated the limiting behavior of
Un or Vn in this degenerate caée, i.e., when the order of stationarity is greater
than zero. |

Following Gregory (1977) for the case m = 2, let {Ak: k =0,1,2,...} denote
the sequence of eigenvalues and {wk: k = 0,1,2,...} the corresponding sequence of

orthonormal eigenfunctions of the kernel function

Y(x,y) = ¢(x,y) - 6.
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That is,
E[lPk(Xl) ll)k|(x]_)] = dkk"

E[¥(X,X,) % (%) [X[] = Ay (X)) a.s.,
and

K
Lim E[¥(X,X,) - Y Ay (X)) ¥, (X,)1° = o. (1.2)
Koo k=0

When Cl = 0,

E[W(Xl,xz) Xl] =0 a.s,.

so that A  may be taken to be zero with corresponding eigenfunction wo =1,

0

Under these assumptions, Gregory showed that if &y > 0, then as n + o,

n(u_ -6 % kzl A (2 - 1) (1.3)

and if in addition Ikk|< ®, then
kz1

2

nw -0 %) A 7

k=1

(1.4)

where 21,22,23,... are independent standard normal random variables. Gregory
cites several examples.

Gregory's results have been extended to two-sample U-statistics (Neuhaus
(1977) and Eagleson (1979)), fo functional limit theorems (Neuhaus (1977) and
Hall (1979)), and to orders of starionarity d > 1 (Eagleson (1977), and Janson
(1979)).

This paper studies the rates of convergence in these results. Using the
methods of Sazonov (1968b and 1969), Theorems 2.1 and 2.2 estimate the rate of
convergence in (1.4) and (1.3), respectively. Section 3 considers first order

stationary kernel functions of degree m > 2. Extensions to functional limit

theorems and two-sample statistics are also possible.
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2. Rates of convergence for first order stationary kernels of degree two.

For m = 2, let
.1 o
W,=n(V-8=n" T 7] (X, X)),
i=1 j=1
Hn(x) = P[wn < x]
and
2
H(x) = P[ ] A, Z{ < x]
kz1 Kk
where 21,22,23,... are independent standard normal random variables and

{Ak: k=0,1,2,...} and {wk: k = 0,1,2,...} are as in (1.2).
THEOREM 2.1 If £, = 0 and ¢, > 0, if the eigenvalues {Ak} satisfy
Al 2 AZ 2...> 0

and

I B} <w 0<ps1,
Ky K

and if the eigenfunctions {y, } satisfy
k

sup [, 0| < =

and
K
E[¥(X,,X) - } A $2(X)]% = 0(1) as K + =
1) o L A Ny
then

sup|H (x) - H(x)| = 0(n(P=2)/(22p+4)y
X
PROOF  For fixed positive integers K > 8 and n > 2, let

W(K)(x,y)

K
AL ¥ ()Y, ()

ﬁ(x)(st) vix,y) - ¥ o0y,



K _ -1 ¢ T K
) = n Yovt . ,x.)
n 121 j=1 1]
n n
W a3y ¥ x),
i=1 j=1 J
and
Héx)(x) - P[wﬁx) < x]
HO () = py § A 22 < x]
2k
Then
sulen(x) - H(x)| = A+ By + A
X
where
(K)
A =58 H( - H (' )\):
1 2p| n(¥) n X kzk k |
A, = s:leﬁK)(x) -1
and
ay = supH®x - T Ay - HE
X k>K

We proceed to

estimate each of Al, Az, and A, in turn.

3

Estimation of Alz For any € > 0,

H () - HéK)(x -

P < x -

k>K

1A

k>K

~(K)
2 Ak’ Iwn

Il s |P[wr(lK) <x - WI(IK), IWIEK)-

page S

) Akl < €]

k>K

< (X) ~(K)
- A <e}|+ |PIW £x-W s
IZK kl ]I I [ n n

v < x -kzxxk, IWIEK)-kZKAkI > el] s [PV x- §E), (R

(K)
-P[W"sx-) A ,IWH7- ) A | < + P[IW ) A >
[ n RZK k I n RZK kl E]I [l n 2 k' > el

IA

X

k>K

sup P[x -e< wﬁx)s X + €]+ P[|W£K)-kz Akl > €].
>K

LA NS
n kzk k

YAl <e]
k5K X
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‘ The first term is

sup P[x - € < WI(IK)S X+ €] = sup(P[wIEK)s x + €] - P[W(K)s X + €]
X X

s PO x v 6] - e x el v s x ey v pMex - e

X+€

< A2 + sup f h(K) (y) dy + A2 < 2A2 + 2€ sup h(z) (x)
X Xx-€ X
®) Y2
where h denotes the probability density function of ) }‘k Zk'
k=1

This and an application of Chebyshev's inequality imply

-2 . ~(K) 2
A, <20, + Cie + €2 E[WCY - T A ]
1 2 1 n K>K k

where C1 is a constant which may be taken to be 0‘1)‘2)-%' Minimizing the RHS

. with respect to € yields

: ~(K) 2.1/3
A, s 28, + C,(E[W- ) A 1)
1 2 27 Tk

for some constant C2. Noting that

2

™, x01% = I A7

k>K
and

5 (K) v (K) -
one can show that

~ - 2 - v
E[WéK)-szAk]Z = 2(n-1) 1 nkgKAk +n! E[W(K)(Xl,xl) -kgxkklz

- 21 (K 2 1-2 i
PyaP+nl pfdl )(xl,xl) - I a1 s cle ¢, !

k>K k>K

s 2)

2
K 3

where C3 and C 4 are constants such that

P p/(2-p)
kA, s C3 P
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and
E[?(k)(xl,xl) -7 Aj]z s ¢,
3>k
for sufficiently large k. Thus,
1-2/p -1,1/3
Als 2A2 + CZ(CSK + C4 n ) "’", (2.1)

Estimation of Az: Applying Theorem 1 of Sazonov (1968a) with equation (10)
of Sazonov (1968b) to the sequence of K-dimensional sample means

n

L

-1
n
i=1

T
W) (X5 -0 e b (X))
yields

K
3 _- 3 -
A, < CK™ ¥ kgl Ely, X s ¢ k* n% (2.2)

where C. is an absolute constant and C, = C. . sup Elw X )|3.
5 6 5 X k"1

Estimation of AS: By Lemma XVI,3.2 of Feller (1971)

I A )h(e)

K o~
exp(-it } A )R ()-exp(-it
k=1 k=1

&>
A
S

: o

8*—=— 8

where
h(t) = [ e*™aH(x)
and

R () = [ 1 au(® (.

The numerator of the integrand on the right can be written

lgtx)(t)

exp(it § ) - 2 (g
k5K
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where
& h . = (K)
~(K h(t twW
QT YO R
Y™ (1)
t2 _ ~(K).2 2
=1 +it) | L o(|t]9)
k>K
t2 2 2 2
=1+ it z -5 (( ) Ak) +2) Ak) + o(|t]®)
k>K k>K k>K
Writing
. t
expit JA) =1+ ic [ - ( I2)%+ ot
k>K k>K k>K
yields . t 2 A . °(|t| )
<1 K k>K
by = ofolh()(t)ll - ldt
I
~(K
- IRINIOHE o(ltl)' at
where the integral is finite for K 2 8. Since 2 Ai < C3K1'2/p,
k>K
by < ¢ kTP, (2.3)

3 7
Combining (2.1), (2.2), and (2.3), one obtains

sup|[H (x) - H() | s 3¢, K n ¥
X

+ Cyc; KPu g, a7H/3 w ) 2P,

- n3p/(22p+4)

Letting K yields the desired result.

REMARKS (1) In the above theorem, the kernel function ¥ is assumed to
have infinitely many positive eigenvalues. If, however, only finitely many

eigenvalues, Al,...,AK, say, are non-zero, then the estimation of Az above shows
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that

sup
X

K
H () - HX)| sC K3 n7¥ ) Elwk(X1)|3
k=1

where wl,...,wK are the orthonormal eigenfunctions of Y corresponding to Al,...,AK
and C is an absolute constant. This is the case for the familiar chi-square good-

ness-of-fit test.

(2) The assumed positivity of the Ak's is used to ensure the convexity of
certain sets iank to which Theorem 1 of Sazonov (1968a) is applied to obtain

(2.2). The assumption can be circumvented.
(3) For the Cramer-von Mises goodness-of-fit statistic
2
JIF(x) - F (X)]° dF(x)

where Fn denotes the corresponding empirical distribution function, the eigen-

values have the form

v
[

A = (k)72 k
so that p could be taken to be slightly larger than %. The resulting rate of
O(ne_l/lo) for arbitrarily small positive € matches the first estimate by
Sazonov (1968b) but falls short of his later (1969) result in which advantage

was taken of the particular kernel function.

(4) The rate may be improved by assuming LZr-convergence (r22) in place
of Lz-convergence in (1.2). There does not seem to be any practical justifi-

cation for doing so, however.

Now let
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and
2
G(x) = P[ } A (Z-1) s x]
k21
where the Zk's, Ak's, and wk's are as before.

THEOREM 2,2 If the hypotheses of Theorem 2.1 hold, then

= 0(n (p-Z)/ (22P+4)) .

sup Gn(x) - G(x)
X
PROOF
G_(x) = P[T. < 2 Y(X,X) - LA | s €]
n n i=1 ka1 K
+ P[T_ < Z Y(X.X) - LA > €]
i=1 k>1
< P[T_ + Z Y(X,,X;) < ) A
i=1 k>l
) )
+ P[n Y(X.,X.) - A f > €]
i=p 1T 5k
= H (x + z‘y(x XD = PN > el
n k21 ¥ k>1
Similarly
H (x + ) A €) < n~1 Z Y(X.,X,) - } A > el
kzl i=1 k>1
Thus,

sup |G (x) - 6(x)| < sup[H_(x) - H(x)]
X X

+swmuw)-mnl+ﬂh12wu XD - IA] > el
i=1 k=1

where the first term on the right is estimated by Theorem 2.1, the second term
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is
* X+€E
sup(H(x+€) - H(x)) = sup [ dH(t)
X X X

< € sup h(z)(x) =c/ /Alkz s
X

and the third term is

n
-1
P[In™" J ¥(X.,X.) - 2 A | > €]
jo1 21T g5k

< e a7t EQY(R,X) -kz N2
21

so that

6, () - 6| = ¢ -2/ (2, ¢ iy

-2 -1 2
+ €0 E[¥Y(X,,X) - 2 ALC.
1’71 7Lk

Choosing

_ 2 _-1.1/3
€ = (2¢X11; E[¥(X),X)) -kglxk] n )

to minimize the right hand side yields the desired result.

3. Rates of convergence for first order stationary kernels of arbitrary degree m.

Again let
Gn(x) = P[Tn < x] and Hn(x) = P[wn < x]
where
= 8) = -1 Z
T =n(U-6) =nm)™" J LY LX)
1<i.<...<1_<n 1 m
1 m
and .
n n
Wo=a-0) =a ™ 7 ) ¥ ,....X )
n n Pl s 1
11—1 1m—1 1 m



page 12

Hoeffding (1961) showed that

mooo h
u-o= ) () u™ (3.1)
where
o™ o ®ty Ly T(h)(xi beerX, ),
n 1) <., . <ij sn 1 1h

v 0 =y 0,

and for h= 2,...,m,

h-1 .
w(h)(xl,...,xh) =y ) - L 1 T ¥ veeesx, ).

j=1 lsil<...<ijsh
Similarly,
T oM )
v, -6=1 (n) v, (3.2)
h=1
where
n n
v Cpthy T @™ ).
i=1 i = 1 *h
1 h
When Cl =0,

1L _ 0 _ -1
Un = Vn =n ;

¥ (x)

nes18

1

is almost surely zero so that (3.1) and (3.2) become

u - 0= (2) uf? +pl¥

and ‘
(2 2

V,- 8= (gj vy ) Qé )

where
@ _ 5 (h)

“n C hESGl:) ’n

and
m
o7 = 1 ™.

Since E[Rr(lz)]2 and E[QTEZ)]2 are both O(n-s), (1.3) and (1.4) applied to Uéz)

and Véz), respectively, yield the following results:
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THEOREM 3.1 If gl = 0 and CZ > 0, then as n =+ o,
2
n(u_-6) % (?)kglxk(zk-l)

where {Ak} is the sequence of eigenvalues of the kernel function ¥, and {Zk}

is a sequence of independent standard normal random variables.

THEOREM 3.2 If in addition to the hypotheses of Theorem 3.1, § lxkl < o,
k=1
then as n » =

2
n(v_-e) & (?)kglxk zZ

Estimates of the rates of convergence in Theorems 3.1 and 3.2 can be
obtained from applications of Theorems 2.2 and 2.1 to U(z) and V(Z), respec-

tively.

THEOREM 3.3 If T; = O and L, > O, if the eigenvalues {% } of ¥(?) satissy

Al 2 AZ 2...> 0
and
z AW o< o,
k=1 K

and if the corresponding eigenfunctions {wk} satisfy

sup Ely XD 1° < =

and
k
B 0 - L w1 = o) as ks e,
then

sup|G_(x) - 6(x)| = o @-2DA22p+4)
X
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PROOF For any € > 0,

IA

6,(x) s PIT_ s x, [nR{D | <] o PIInR(D)| > ¢

n

P[Tn - nRéz) < x4+ €]+ P[lnR£2)| > €]

IA

Pn(2) ulP < x + ] + p[IR(D| > ¢].

Similarly,
P[n(g.l) urfz) < x+ €] <G (x)+ P[lnR,EZ)I > €].
Thus,
suplGn(x) - G(x)] < sup P[n(?) Uéz)s X + €] - G(x+€)
X X
+ sup|Gxre) - 60| + P[InR(P)| > €. (3.3)

X
The first term on the right hand side of (3.3) is O(H(p-Z)/(22p+4)) by
Theorem 2.2. The second term is O(€) as € -+ 0. Since E[Rn]2 = O(n-s), the
third term is O(n'le'z). Choosing € = n(p-2)/(22p+4) completes the proof.

The proof of the next result is exactly parallel to that above.

THEOREM 3.4 Under the assumptions of Theorem 3.3,

sup[H (x) - H(x)| = o(nP-2)/(22p+4),
X
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